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Abstract

As the computing power of supercomputers continues to increase exponentially
the mean time between failures (MTBF) is decreasing. Checkpoint-restart has
historically been the method of choice for recovering from failures. However,
such methods become increasingly inefficient as the time required to complete
a checkpoint-restart cycle approaches the MTBF. There is therefore a need to
explore different ways of making computations fault tolerant. This thesis studies
generalisations of the sparse grid combination technique with the goal of develop-
ing and analysing a holistic approach to the fault tolerant computation of partial

differential equations (PDEs).

Sparse grids allow one to reduce the computational complexity of high di-
mensional problems with only small loss of accuracy. A drawback is the need to
perform computations with a hierarchical basis rather than a traditional nodal
basis. We survey classical error estimates for sparse grid interpolation and ex-
tend results to functions which are non-zero on the boundary. The combination
technique approximates sparse grid solutions via a sum of many coarse approx-
imations which need not be computed with a hierarchical basis. Study of the
combination technique often assumes that approximations satisfy an error split-
ting formula. We adapt classical error splitting results to our slightly different

convention of combination level.

Literature on the application of the combination technique to hyperbolic PDEs
is scarce, particularly when solved with explicit finite difference methods. We
show a particular family of finite difference discretisations for the advection equa-
tion solved via the method of lines has solutions which satisfy an error splitting
formula. As a consequence, classical error splitting based estimates are read-
ily applied to finite difference solutions of many hyperbolic PDEs. Our analysis
also reveals how repeated combinations throughout the computation leads to a

reduction in approximation error.

Generalisations of the combination technique are studied and developed at

vil
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depth. The truncated combination technique is a modification of the classical
method used in practical applications and we provide analogues of classical error
estimates. Adaptive sparse grids are then studied via a lattice framework. A
detailed examination reveals many results regarding combination coefficients and
extensions of classical error estimates. The framework is also applied to the study
of extrapolation formula. These extensions of the combination technique provide
the foundations for the development of the general coefficient problem. Solutions
to this problem allow one to combine any collection of coarse approximations on
nested grids.

Lastly, we show how the combination technique is made fault tolerant via
application of the general coefficient problem. Rather than recompute coarse so-
lutions which fail we instead find new coefficients to combine remaining solutions.
This significantly reduces computational overheads in the presence of faults with
only small loss of accuracy. The latter is established with a careful study of
the expected error for some select cases. We perform numerical experiments by
computing combination solutions of the scalar advection equation in a parallel
environment with simulated faults. The results support the preceding analysis
and show that the overheads are indeed small and a significant improvement over

traditional checkpoint-restart methods.
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Chapter 1

Faults in High Performance

Computing

In this thesis we are concerned with the development of fault tolerant algorithms
for solving PDEs. In order to motivate this we discuss the occurrence of faults
in current and future computer systems. Questions of importance are why do
faults occur, how often do faults occur, what types of faults occur, and how
do faults affect computations? After surveying several articles which attempt
to answer these questions in Section 1.1 we start to develop several different
models of faults. As faults are random in nature these models are necessarily
stochastic. In Section 1.2 fault models for a single processor are discussed. As
a high performance computer is essentially collection of electrical components
working in parallel this will be a fundamental building block of system models
which are considered in Section 1.3. Lastly, in Section 1.4 we apply fault models
to some simple calculations in a parallel environment, we review the estimation
of the optimal checkpoint frequency for checkpoint-restart based routines and we

study the problem of simulating faults.

1.1 Motivation and background

1.1.1 Faults in HPCs

In the 1940s and 1950s the first all-electric computers were constructed using
vacuum tubes as the electric switches that performed bitwise operations. The
most notable computers of the time consisted of several thousand vacuum tubes,
the ENIAC (Electronic Numerical Integrator And Computer) had over 17 000.

1



2 CHAPTER 1. FAULTS IN HIGH PERFORMANCE COMPUTING

There were several issues with vacuum tubes at the time including size, cost, and
a relatively short mean time to failure. Now it is important to clarify what we
mean by relatively short life span. A long-life vacuum tube at the time had a
life expectancy in the order of O(5000) hours [97] (some specially designed tubes
in the 1950s had much more) which was reasonable given the manufacturing
processes of the time. However, having several thousand such vacuum tubes
operating at once it was observed that tubes would fail and need to be replaced
at a frequency in the order of days. A notable example is the ENIAC for which
it was stated that a tube failed roughly every 2 days [2].

Since the advent of transistors and their incorporation into integrated circuits
it has been possible to have large numbers of electric switches on a single com-
ponent. This soon lead to components in the early 1970s whose life expectancy
was of a similar magnitude as the vacuum tube but could do the same amount of
work as computers containing thousands of such tubes. This lead to a significant
improvement in the reliability of computers vs computing power. With improved
photolithography techniques allowing for ever smaller transistors to be etched
into semiconductors the trend continued allowing what is now in the order of bil-
lions of transistors on a single electrical component whose lifetime exceeds that of
the average vacuum tubes in the first all-electric computers. Modern CPUs are
so reliable that failures in a modern computer are more likely to have root cause
in other components like the power supply, hard drives, cooling systems, etc.

One would therefore expect that reliability is not a big issue for modern day
computers. To a large extent this is correct and there have been several decades
for which reliability has not been a significant issue for high performance comput-
ing, certainly not to the extent of the early vacuum tube computers. However,
in recent years it has become increasingly difficult to put more transistors on a
single chip. This has caused a slowing of Moore’s law (the prediction that the
number of transistors on a single chip doubles every two years [100]). Despite
this supercomputers have continued to grow at roughly the same rate (although
this is starting to slow now it is clearly delayed from the slowing of transistors
in CPUs). This has been achieved by increasing parallelism, that is by adding
more CPUs to each system. As a result, new systems have significantly more
components and now that we have exceeded petascale computing and approach
exascale computing there are several computers with cores in the order of mil-
lions. This typically means in the order of @(100000) compute nodes each built
with components whose life expectancy is in the order of @(100000) hours. It is

clear that this is similar to the situation faced by the vacuum tube computers,
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Figure 1.1: System mean time to interrupt (SMTTI) versus the number of sockets N
for different one-hour socket reliabilities R = 0.99999 and R = 0.999999 [26]. The plot
is of the estimate SMTTI = 1/(1 — RN) which is flawed in that the limit is 1 hour as
N — oo with0 < R < 1.

that is where the number of components is similar in magnitude to the expected
life time of these components (in hours). Thus we would expect that reliability
will again become an issue for high performance computing. Whilst this discus-
sion so far has been somewhat anecdotal, several recent studies and surveys have

observed this trend.

In recent years there have been several survey articles predicting a decreasing
mean time between failure in high performance computers, see for example [26,
117, 27, 105]. The major contributing factor for this trend is typically identified
to be increasing system sizes. As the clock rate of individual cores is no longer
increasing in significant amounts, higher performance is achieved primarily by
increasing the number of cores. Although this is partially offset by increasing
numbers of cores per socket, the largest systems contain an increasing numbers
of components. As one would reasonably expect twice as many components
to fail twice as often, the increases in number of components is the primary
driver of decreasing MTBF (mean time between failures). More precisely, if a
single component has a (constant) failure rate F', that is in any given hour it has
probability F' of failing, then it has probability 1 — F' of not failing in a given
hour. It follows that for N identical components with the same (constant) failure
rate the probability that none fail within any given hour is (1 — F)¥, thus at
least one fails with probability 1 — (1 — F)Y. For small F' (and N << 1/F) this
may be approximated as 1 — (1 — NF + O(F?)) = NF + O(F?). Figure 1.1
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demonstrates the decrease in system mean time to interrupt (SMTTI) for some
different levels of reliability R = 1 — F' based on this simple model. This trend
was observed by Schroeder and Gibson in their study of computers at LANL (Los
Alamos National Laboratory) which found that the rate of failure was roughly
proportional to the number of nodes in each system [116].

A second contributing factor is that the reliability of individual components is
likely to decrease as feature size becomes smaller [33, 28] and chips become more
heterogeneous due to increased integration. The reliability of components is also
closely linked with energy consumption. For example, typically noise in the CPU is
addressed by error detection and correction mechanisms built into the hardware.
However this consumes a significant portion of the total energy. As improving
energy efficiency is also one of the big challenges for exascale computing [37], it
seems unlikely that increased CPU noise caused by decreasing feature size can
be entirely addressed by changes in hardware if the energy target of 100 MW
for an exascale computer is to be achieved. Compute nodes are also becoming
increasingly complex particularly as general purpose graphics processing units
and other accelerators become integrated into more systems. Similarly to the
entire HPC system, the reliability of individual nodes will likely decrease as more
components are added to them.

These arguments would indicate that hardware is the primary source of faults
in HPC’s, that is that failures in the system occur when a physical component

breaks down. Faults are typically classified into one of three categories [101]:

e permanent fault: a component may completely break down such that it no

longer functions or produces incorrect results,

e transient fault: a component may temporarily have reduced performance

or produce incorrect results,

e intermittent faults: a component oscillates between correct and incorrect

operation.

One may also have subcategories where a component produces incorrect results, if
these are not detected by the system they are often referred to as silent errors. The
frequency at which faults from each category occurs is not well studied, rather
studies typically look at the root cause of a faults. Typical causes tabulated
include hardware, software, environment and unknown. Such studies reveal that
hardware is not the only source of faults in a system and that software faults

are also a significant cause. Just how common software faults are compared
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Figure 1.2: Schematic of a simple checkpoint restart implementation. Block ‘s’ is for
program startup, ‘r’ is main program execution, ‘c’ is for writing checkpoints, ‘e’ is the

restart of the application and loading of the previous checkpoint.

to hardware faults is not so clear as different studies in the literature give very
different results. The recent study of Schroeder and Gibson showed that hardware
is the most common cause followed by software. However a other studies [102, 93,
55] have indicated that software was the largest cause of failures. In this thesis
we are not particularly concerned with the root cause but it is clear that more
systems need to be studied if we are to better understand the causes and effects

of faults in a system.

In most current systems, regardless of the type and origin of a fault, an appli-
cation using resources which are affected by a fault is interrupted [27]. As such,
the affected application must be restarted, either from the beginning or from a
previously saved state. The approach of periodically saving the state of the ap-
plication such that it may be restarted from a relatively recent state is known
as checkpoint restart and a simple example is depicted in Figure 1.2. There are
a couple of reasons for its success. First, its simplicity means that it typically
requires little effort by application developers and system managers to implement
and support. Second, the MPI standard specifies that the default error handler
for MPI.COMM_WORLD is MPI._ ERRORS_ARE_FATAL and as a result MPI
implementations typically do not support continued use of MPI after a failure has
occurred (http://www.mpi-forum.org). As a result of its success, checkpoint
restart is the primary solution to fault tolerance implemented on most, if not all,
current HPC systems. This presents a problem, as not only is the frequency of
faults increasing with system size, the time required to take a global checkpoint
also increases with system size. There are two main reasons for this, first some
level of synchronisation across the application if the checkpoint is to be consis-
tent, and second increased data size takes longer to write to stable storage due to
limitations in bandwidth. In particular, if the MTBF is less then the time required

to complete a checkpoint restart cycle (i.e. time to restart from a checkpoint and
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then immediately save a checkpoint) then machine utilisation will be extremely
low [117, 26, 117, 40]. Significant work has been put into improving the check-
point restart approach including the use of uncoordinated checkpoints [6, 41],
non-blocking checkpoints [29, 96], diskless checkpointing [106, 107, 108, 42| and
message logging [87, 14, 15]. However, it is imperative that alternative approaches
to fault tolerance are also developed and evaluated.

Several other categories of approaches to fault tolerance are discussed in the
literature, see for example the surveys [26, 27]. We have already discussed check-
point restart based approaches, sometimes also referred to as rollback recovery.
Replication is often discussed as a viable option if the utilisation of other ap-
proached drops below 50%. At this threshold the cost of duplicating computa-
tions is competitive and can tolerate faults affecting one of the two duplicates.
Failure prediction is another approach where by continuous analysis of the system
is used to predict when particular components may be about to fail [49]. Compu-
tations can then be moved onto other resources in order to avoid failures. Another
concept that has been recently proposed is selective reliability where parts of an
algorithm which are naturally fault tolerant can be run on less reliable hardware
at a lower energy cost whilst critical parts are run on highly reliable (and more
expensive) hardware [16]. The implication is that the use of naturally fault tol-
erant algorithms may also provide solutions to the energy problem. Algorithm
based fault tolerance (ABFT) is typically based on a fail-continue model in which a
process fails but continues operation possibly providing incorrect results. In some
cases such errors are detected by the system and corrected, in others they go un-
detected and are thus referred to as silent. Most ABFT deals with the detection

and correction of these silent errors which we review in the next subsection.

1.1.2 Algorithm based fault tolerance

ABFT is typically referenced as beginning with the work of Huang and Abraham
on detecting and correcting silent errors in matrix-matrix multiplication [74].
However, naturally fault tolerant algorithms, a subset of ABFT of algorithms
which are self correcting such as those based on optimisation [118], can be traced
back much further. Gauss made the comment that iterative methods were error
tolerant [51]', of course he was not referring to computer errors but rather human
errors. If an arithmetic error is made on one iteration it did not matter as

subsequent iterations would still converge. Nonetheless, Huang and Abraham

1See Gauss’ letter to his student Gerling on pp.278-281.
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opened up an entire area of research devoted to error detection and correction in
a large range of matrix based calculations.

Let A, B € R" " be real matrices and e = (1,1,...,1) € R" a vector and
consider the computation of C' = AB. Huang and Abraham observed that adding

a checksum row to A and a checksum column to B led to the computation

A
el A

AB A(Be)
(e’ A)B (e A)(Be)

C Ce

B Bel| =
[ d elC eTCe

Assuming that (eZ A)B and A(Be) are correctly computed then errors in C' can
be detected by comparing the vectors (¢? A)B,eTC and A(Be),Ce. If a single
silent error occurred for a given Cj; then one would find (e? AB); # (e!'C); and
(ABe); # (Ce); thus giving the location of the error and further one can correct

the value via

Cij = (¢"AB); = > Crj = (ABe)i = Y Ci.
k#i k#j

Multiple errors can be detected and corrected in a similar way as long as the
location of errors in the matrix allowed the locations to be uniquely identified by
the errors in the checksums. They demonstrate empirically that the proportion
of these exceptional occurrences decreases as n increases when location of errors
are randomised.

The computation C' = AB consisted of n? dot products of length n vectors
whilst the computation with checksums consists of (n + 1)? 4+ 2n dot products
of length n vectors, where the additional 2n is for the computation of eZ’ A and

Be. Thus the relative overhead is 4”“

= O(1/n). For parallel computation they
developed several partitioned checksums which could be used for detection and re-
covery in a similar fashion. In summary their recovery algorithm exhibits greater
coverage (i.e. can recover from a larger proportion of errors) and less overhead
as the problem size increases. As a result one would expect the approach to scale
extremely well to large problems on large machines. This is a staggering result
contrasting the decreasing performance of checkpoint restart based approaches
with increasing system and problem sizes.

Since the original paper was published there has been a significant amount of
work on the analysis and extension ABFT [8, 94, 114]. More recently there has
been significant work on matrix factorisations (including Gaussian elimination)
and implementation within scientific software [31, 13, 38, 128, 124]. Most of this

work continues to focus on the use checksums or other matrix encoding/decoding
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schemes which can be checked throughout a computation. Algorithm based fault
tolerance has also been considered in other problems like Newton’s method [90],
heat transfer [92], iterative methods [30], stochastic PDEs [103] and many others.
Naturally fault tolerant algorithms have also received some attention in the liter-
ature [52, 118]. Whilst work on fault tolerance is slowly broadening, the majority
of the literature surrounds the detection and correction of silent errors within
linear algebra computations. A significant difficulty in the research of fault tol-
erant algorithms is a lack of support in the MPI standard for detecting process
errors and reconstructing communicators so that an application can continue.
There have been a few efforts in implementing such support within MPI most
notably FT-MPI [43, 44, 46, 45, 47] and more recently User Level Fault Mitigation
(uLFM) [11, 10]. The former was able to survive the failure of n — 1 processes
in a n process job and respawn them. Unfortunately it was built on the MP1 1.2
specification which is now outdated. The latter shows some promise and some
effort has been made to get their work accepted into the MPI 3 standard. However
at this time it is not a part of the standard and the implementation is in a beta
phase.

There seem to be two knowledge gaps in the literature. Although some work
has been done on heat transfer and iterative methods it is not clear how these
methods will apply more generally to time evolving PDEs, particularly those based
on explicit methods. Second, the ABFT in the literature is typically not designed
to cope with fail-stop faults, that is where a fail results in loss of all data on one
or more processors. Thus in practice it may be necessary to use checkpointing
alongside ABFT if all bases are to be covered. Another observation to be made is
that much of the effort has been focused on exact recovery of errors and/or lost
data in both checkpointing and ABFT research. (An exception is the work done in
the context of stochastic PDEs [103], but we refer mainly to algorithms which are
not stochastic in nature). Whilst this is a sensible goal in terms of repeatability
of computations it contrasts the approach used in many other systems, telecom-
munication for example, where a temporary performance degradation is typically
tolerated and even preferred over complete loss of functionality. Given the energy
challenges facing exascale computing and the expense of requiring exact recovery
in all circumstances it may be sensible to consider algorithms which allow com-
putations to continue through faults but producing (slightly) degraded results.
One might call upon the HPC community to be more tolerant of faults whilst
conducting research on fault tolerance.

In this thesis we aim to address these gaps by the development and analysis of
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a new form of algorithm based fault tolerance based on the sparse grid combina-
tion technique (introduced in Chapter 2). At the same time we hope to suggest
a new paradigm for fault tolerant computing in which one is able to trade off
recovery times for slightly degraded solutions. To reiterate, our approach differs
from existing work in several ways. First, it is a much more holistic approach
with respect to making the computation fault tolerant. The approach can be used
to survive a wide variety of faults from fail-stop faults to silent errors (coupled
with a suitable detection algorithm). Additionally, rather than focus on one as-
pect of the computation like the linear algebra, the majority of the computation
is made fault tolerant by this approach. Second, the approach is applicable to
a wide variety of PDEs for which many of the previously developed ABFT algo-
rithms are not applicable. Third, the ability to trade off increased recovery time
for slightly degraded solution (in algorithms which are not stochastic in nature)
is something new to the HPC fault tolerance literature and is something we feel
is worth investigating.

This thesis is organised as follows. The remainder of this chapter is devoted to
the development of fault models which we use later in the analysis of the proposed
fault tolerant combination technique (FTCT). In Chapter 2 we introduce sparse
grids and the combination technique. We review the classical error analysis as
the techniques used here will be extended to the study of the FrcT. In Chap-
ter 3 we review some simple hyperbolic PDEs. We describe the problems that are
used for numerical results throughout the thesis and discuss how the combination
technique is applied to such problems. In Chapter 4 some extensions and gener-
alisations of the combination technique are developed. The main contribution is
a detailed analysis of adaptive sparse grids and extension of some of this work to
extrapolation techniques. A generalised combination technique for the combina-
tion of arbitrary collections of approximations on regular grids is also developed
from this work. This leads naturally to a fault tolerant algorithm. In Chapter 5
we perform numerical analysis on the FTCcT. We compute the expected error of
some specific applications of the FTCT using simplified fault models. An analysis

of the computation overhead is also given.
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1.2 Component fault models

In this section we look at two stochastic models of the state of individual compo-
nents of a machine, specifically a central processing unit (CPU). We first consider
sampling the state of a processor at regular intervals which will be modelled as
a sequence of Bernoulli trials. Following this, renewal processes are reviewed as
a model for the number of failures that occur over time for a processor which
is replaced upon failure. These simple models will form the building blocks for
modelling failures in machines consisting of many processors which operate in
parallel in Section 1.3. Note that the models discussed in this section are not
specific to computer processors and could be equally applied to any component

(electrical or mechanical) which has finite expected lifetime.

1.2.1 Bernoulli trials

In the simplest of circumstances we can consider a processor as being in one of
two states at any given time. Either it is ‘operating as intended’ or it is ‘not
operating as intended’. In the state ‘not operating as intended’ we include the
possibilities that the processor produces no output at all or produces incorrect
output. To simplify the discussion we refer to these two states of operation as
‘on’ and ‘failed’ respectively. The state of a processor is then observed at regular
intervals of length ¢. It is assumed that data computed in the previous interval
is collected during each observation. If the processor if found to be in the failed
state then all computations from the preceding interval are lost and we may
therefore consider the process as being in the failed state throughout the entire
interval. When a processor is observed in the failed state it is instantly replaced
with another processor which is statistically identicals with respect to operating
characteristics. A reasonable first failure model is to simply keep track of the
proportion of times the processor was found to be in the failed state versus the
total number of observations. After a sufficiently large number of observations the
proportion of observations in the failed state can be used as an approximation
of the probability of subsequent observations being in the failed state. This
experimental setup can be modelled as a sequence of Bernoulli trials.

More formally, let By, Bs, Bs, ... be a sequence of independent and identically
distributed random variables for which each B; denotes the state of the proces-
sor throughout the ith interval. Let B; = 0 denote the state 'on” and B; = 1
denote the state ’failed’ in the ith interval occurring probability 1 — p and p
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Figure 1.3: The Bernoulli trial model of process failure. B; is the status of the ith
interval with 1 being a failure. The N; are the cumulative sum of the B;. S; denotes
the first ¢ for which N; > j.

for some p € (0,1) respectively, that is B; ~ B(1,p) (where B(m,q) denotes
the binomial distribution having probability mass function (')¢*(1 — ¢)™* with
ke {0,1,...,m}). It is implicit in this model that failure rate is constant over
time. Checking the processor at the end of the ith interval is then synonymous
with sampling the Bernoulli random variable B;, also known as a Bernoulli trial.
We note that E[B;] = (1 —p) -0+ p-1 = p which is the proportion of intervals
for which the processor can be expected to be in the failed state. Additionally
the variance is E[B?] — E[B;]> = p — p* = p(1 — p). Given this simple model there

are many questions one might ask:
e How many replacement processes are required over n intervals?
e What is the downtime and availability over n intervals?
e What is the time to the first failure?
e What is the expected lifetime of each processor?

The number of replacement processors required over n intervals is given by
the random variable N,, = >""" | B; (which also counts the number of failures). It
follows that the number of replacements has expectation E[N,,] = np and variance
Var(N,,) = np(1 — p). The proportion of failures in n checks is given by N, /n.

By the strong law of large numbers

Nn a.s.
? E[Bl] =D,
n n—oo

(with X,, *% z meaning Pr(X,, — x) = 1). Additionally

n n

. [%] E[B) +-+E[B.] np
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The total downtime over n intervals is given by tN,, with expectation E[tN,] = tnp
and variance Var(tN,) = t>np(1—p). The availability is given by ¢(n— N,,) which
has expectation tn(1 — p) and variance t>np(1 — p). The time to first failure is
tS1 where S; := min; {N; > j} for j = 1,2,3,... which denotes the number of
intervals before the jth failure. Figure 1.3 depicts the Bernoulli trial model with
the random variables B;, N; and S;. As S =kiff B, =0for¢=1,2,...,k—1
and B, = 1 it follows that

E[Sﬂzzkp(l—p)k*l:%ZZ(l—p)iz 1? (1_]))]‘3 :1'

p =~ pi=1—-(1—=p) p

Therefore the expected time to the first failure is E[tS;] = i. The time between

failures is given by S;11 —5; but since the rate of failure is constant the expected

time between failures is equal to the expected time to the first failure. It follows
t

that the expected lifetime of each processor is tE[Sj1 — ;] = 7.

Whilst this is a very simple model there are a variety of cases where limited
information about failure rates is available and this model has practical use.
Suppose you have bought a processor and switch it on. The only information you
may have available regarding how long that component will operate successfully
may be the manufacturers rated lifetime. Suppose the processor is rated for M
continuous operating hours, then if we take M to be the expected lifetime then
our Bernoulli model says E[tS;] = 1% = M and thus p = ﬁ is the probability of
failure for each observation (with ¢ the time between observations in hours). As a
systems administrator you may be expected to ensure a processor is available for
use for 4 years (35064 hours). The number of observations over these 4 years is

@. It follows that the number of replacements has expectation E[V,] = np =
35064 ¢ _ 35064

t M M

In Section 1.2.2 we will consider a renewal process model of faults. To motivate
this we will consider the failure distribution the Bernoulli trial model where the
length of the interval ¢ between observations vanishes. We are interested in a total
time s for which there are n = [s/t] intervals. In the infinitesimal limit ¢ — 0 we
assume the probability of failure in each interval is proportional to ¢. Specifically,
let p; be the probability of failure within an interval of length ¢ and lim; o & = 7 <
0o. We now claim that as we increase the frequency of observation, that is ¢ — 0,
then the probability of observing k failures in a fixed interval, that is Pr(V, = k),
converges to a Poisson distribution. The probability of observing k failures out

of the n observations is given by the binomial distribution N,, ~ B(n,p;) having
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probability mass function

We may rewrite this as

1 np; n—k
Pr(Ny = k) = —(npe)((n = Dpo) -+ ((n =k + Dpy) (1= ")
Now as n — oo (and t = s/n — 0) one has
s
npy = ;pt — ST.
Similarly (n — 1)p; — sr,...,(n — k + 1)p; — sr for fixed k. This leads to the

(-2 (=) (-2 05y (- )
n n n n n

n—00 sr

— 1 xe”

limit

Putting the pieces together one obtains the limit

n k n—=k (Sr)k —sr
(Yss gt

t—0

which is the Poisson distribution. Thus /N,, converges to a Poisson process which
is a special example of a renewal process which is introduced in the following

section.

1.2.2 Renewal processes

Definition 1.1. Let X7, X5, X3,... be a sequence of independent and identically
distributed random variables with support [0, 00) and (strictly) positive and finite
expectation (i.e. 0 < E[X;] < 00). Now for i =1,2,3,... we define the sequence
of random variables S; := 23:1 X;. Associated with the S; we have for ¢ > 0 the

counting process
N(t):==sup{i: S; <t} =Y xpg(Si).
i=1

which is called a renewal process.

Renewal processes are well known in the study of failures/reliability, queues,

arrival of messages (e.g. email or phone calls), survival and numerous other
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5 —---N(t)
4 - o o
3 e—o0
2 o e}
1 e——o0
04— .
0 N s N gNy 5 g

Figure 1.4: The renewal model of process failure. The X; are the times between
failures and the S; are the cumulative sum of the time between failures. N(t) is the

renewal process and is the number of failures that have occurred up to time t.

examples. In the context of processor faults we think of the X; as denoting the
time between the i — 1 and ith failures of a processor (which is immediately
replaced with an identical processor after each such failure). Then S; is the time
at which the ¢th processor fails and N(t) is the number of failures that have
occurred up to (and including) a given time ¢. An example of a renewal process

is depicted in Figure 1.4.

Example 1.2. Suppose we have X; for which the probability of failing at any in-
stant of time is 0 and the probability of failure within any interval is independent
of when the interval begins. We claim that the X; must be exponentially dis-
tributed and the corresponding renewal process N (t) is a Poisson process. More
formally let X7, Xs,... be continuous and Pr(X; <t+s| X; > t) = Pr(X; < s)
for t,s > 0. We will denote the cumulative distribution of the X; by F(t) =
Pr(X; <t). For all t,s > 0 we have

F(t+s)— F(t)
1— F(t)

F(t+s)—F(t) 1—F(t+s)
1—-Ft)  1-F(@)
= (1-F(s))(1-F@)=1—F(t+s).

F(s) =

= 1—-F(s)=1-—

It follows that 1—F (3, ;) = [[1-,(1=F(¢;)) for ty,...t, > 0. Let r = 1—-F(1),
then foralln =1,2,... onehas 1 — F(n)=1—-F (>, 1) =(1—F(1))" ="
Similarly /7 = (1 — F(1))Y" = (1 = F (X", 1/n))"" = 1 — F(1/n). Thus for
any convergent sequence of (positive) rationals 7 one has lim; oo 1 —F(m;/n;) =
lim;_,0e 7™/™ and since F' is continuous it follows that 1 — F(t) = r* for all
t €[0,00). Thus F(t) = 1 — €8 that is X; is exponentially distributed with
mean @ (note that » =1 — F(1) € (0,1) and so log(r) < 0). Now consider
the corresponding renewal process N(t) for a fixed time ¢t. With S; = 22':1 X;
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and Fjg, the cumulative distribution function of S; note that via the law of total

probability
t
PI“(N(t) = k’) = PI‘(Sk <t< Sk-i—l) = / Pr(XkH >t — Sk | Sk = 8) dFSk(S)
0
t
= / Pr(Xyi1 >t —s)fs.(s)ds
0

Now Pr(Xgy1 >t —s) = ell=9)1e() and fg ) = M is given by the k-fold
convolution of the probability distribution f(¢) = ( = —log(r)et'e( of each

of the X;. Assume that fg,(s) = %_—lf@eSIOg( ) (Whlch is clearly true for
fsy = fx, = f) then

Foeals) = [ fals—t1ar(
:/0 ( s—t)(k_(l)lf)g( )" e(s—t)log(r)) (- log(T)etlog(r)) di

= (—log(r))k+Lestos( /OS —(?k:_—ﬂl)' dt

(e — +\k]° k(1 k+1
— (_ log<r)>k+1eslog(r) [ (S : t) :| _ S ( Og|(’l")) eslog('r) )
Mo, Kl

Thus by induction fg (s) = ‘Wlék_flcl’sg’!()) slog(r) for all k =1,2,... and therefore

PI‘(N(t) — k) — / S ((k _O].g)('r)) €t log(r) ds = ( Z'g(r>) 6t log(r) )
0 . !

Hence N(t) is Poisson distributed. This completes the example.

One may wish to know the average rate at which N(¢) grows. As N(t) is

constant except at the points Si, S5, ... where it is discontinuous it follows that

dN(t)
dt

study Y& ) for large t.

= 0 almost everywhere. This is not a particularly useful result so we instead

Lemma 1.3 ([99, 76]). Given a renewal process N(t) with inter-arrival times
Xy, Xo, ... which are independent and identically distributed (11ID) one has

N(t)
"t T E[Xi]



16 CHAPTER 1. FAULTS IN HIGH PERFORMANCE COMPUTING

Proof. With S; = 23:1 X; note that Sy <t < Snu41 and therefore

SN < t SN(t)+1
N(t) = N(t) ~ N()

By the strong law of large numbers we have that

1—00 7 1—»00 Z

1
lim -§; = lim - ZX —)EXl
7j=1

Similarly X s
. 1 i+1 as
lim =S, =1 .
zggz 7 + zggz 7 14+1

— BE[X4].

Therefore given any sequence of times ¢; such that t;, — oo and N(¢;) = i one has

t; <SN(tZ~)+1 Sit1 as

= — E|X
and . g g
G LN A

It follows that ( 3 —> E[X1], or equivalently N(t;)/t; — 1/E[X;]. (Note
1—00

that the existence of the sequence t; — oo with N(¢;) = ¢ for all i is guaranteed
by the condition 0 < E[X;] < 00). O

Therefore for sufficiently large ¢ one has N(t) ~ . One might conjecture

E[X
that E[N(t)]/t — 1/E[X;] is an immediate consequence. Whilst the conjecture
is true the proof requires some care and the result is referred to as the elementary

renewal theorem.

Theorem 1.4 (Elementary renewal theorem [99]). Let {N(t);t > 0} be a renewal

process with mean inter-arrival time E[X,], then

L CEING) 1
ittt BN

Several different proofs of this may be found in elementary texts on stochastic
processes, see for example [76, 121, 113] or Cox’s monograph [35]. We include a

proof here that uses the notion of stopping times similar to that in [99].

Definition 1.5. A stopping time T for a sequence of random variables Xy, Xo, ...
is a positive integer valued random variable with E[T] < oo for which the event
{T > n} is statistically independent of X,,, X,,41,... (i.e. it may only depend on
X1y, Xp1)-
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Notice that N(¢) + 1 is a stopping time since the event {N(t) + 1 > n} =
{S,_1 < t} depends only upon Xi,..., X, ;. Clearly N(¢) is not a stopping
time because {N(t) > n} = {5, < t} depends on X,,. The following theorem

regarding stopping times is extremely useful.

Theorem 1.6 (Wald’s equation [99]). Let X, Xo,... be a sequence of 1ID ran-
dom variables each with mean E[X1]. If T is a stopping time for X1, Xs, ..., and

E[T] < oo, and Sp = .1, X;, then
E[S7] = E[X4]E[T].
Proof. We can write .
St = ZXiX[i,OO) (T).
i=1

As the event T > i is independent of X;

E[Sr] = E | XiXjioo)(T) | = > E[Xixjioo)(T)]
= E[X1]E[X(io0)(T)]

where the interchanging of the expectation of infinite sum is valid because E[T]

is finite and the last equality uses the identity

BT) =2 jPr(l =j) =3 > Pr(T=j) =3 % Pr(T =)

j=1 i=1 i=1 j=i

:iPr(TZi).

We now prove the elementary renewal theorem.

Proof of Theorem 1.4. Fix s > 0, then for ¢« = 1,2,... we define the truncated
random variables XZ» = X, for X; < s and Xz- = s for X; > s. As the X, are 11D
then the X; are also 11D and by considering S; = 22:1 X ; we form the renewal
process N(t) = sup{i : S; < t} for t > 0. Clearly S; < S; implies N(t) > N(¥)

and therefore E[N ()] > E[N(t)]. By Wald’s equality

B[Sn()+1] = EIXGE[N(#) + 1] = ELX(E[N(@)] + 1)
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and therefore since Sy()4+1 > t one has

EN@®)] _ ElSvonl/EX] -1 1 1

t t “E[X] ¢ (1.1)

Similarly for the S; we consider the stopping time N(t) + 1 for which one has
SN(t) <t and as XN(t)-i—l < s it follows that gN(t)—i—l <t +s. Again by applying
Wald’s equality one obtains

E[X.J(E[N(8)] +1) < E[X)JE[N(#)] + 1) = E[Sg ] < t+s.

Re-arranging and dividing by ¢ we have

E[N(t t+s)/E[Xq] -1 1 5 1
IR T2. EL N S S P
Now by setting s = v/t and combining equations (1.1) and (1.2) one has
1 1_EN@]_ 1 L1
E[X,] ¢t~ t T EX|] VIiEX] t

then as s — oo we observe that E[X;] — E[X;] and now letting ¢t — oo clearly
E[N(t)]/t — 1/E[Xq]. O

A related theorem by Blackwell gives the asymptotic rate of the expected
number of renewals occurring in an interval of fixed length. We give the non-
arithmetic case here (a probability distribution is arithmetic if the distribution is

concentrated on a set of equally spaced points).

Theorem 1.7 (Blackwell’s theorem [99]). Let X1, Xs,... be positive 1ID random
variables which are non-arithmetic with mean E[X;] < oo and let {N(t) : t > 0}

be the associated renewal process. Then for any s > 0

Jim (EIN(t + )] = EIN()]) = e

We note that for large ¢ the elementary renewal theorem gives E[N(t + s)] —
E[N(t)] = (t + s)/E[X1] — t/E[X}] = s/E[X;]. For a rigorous proof we refer the
reader to [99].

Example 1.8. Let N (t) be the Poisson process as in Example 1.2. One has

= —1 1Og tlog(r) tlo (r) —1 1Og
Z ko ————e" 8" = (—tlog(r s Z
k=0

= —tlog(r)e''ee- “Og( ) = —tlog(r) :

and thus
opposed to the result of Theorem 1.4. This completes the example.

w = —log(r) = m Notice that this is for any ¢ € [0,00) as
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The following theorem tells us about the convolution of functions with the

expectation of N(¢) in the limit ¢ — oo and will be used later.

Theorem 1.9 (Key renewal theorem [99, 48]). Let H(t) be directly Riemann
integrable and H(t) = 0 fort < 0, Xy, Xs,... be positive ID random variables
which are non-arithmetic with mean E[X;] < oo and let {N(t) : t > 0} be the
associated renewal process with M(t) = E[N(t)], then

/0 H(t — 5)dM(s) =5 E&ﬂ /0 T H(s) ds.

A full proof can be found in [48].

So far we have studied the mean of N(t)/t, of course it would also be useful

to know something about the variance. The following central limit theorem holds

for renewal processes.

Theorem 1.10 (Central limit theorem for renewal processes [99]). Let {N(t) :
t > 0} be a renewal process where inter-arrival times have finite standard devia-
tion o > 0, then

lim Pr { ]Zg[));]t_/g)\j%] < g;} = \/% /:; V2 gy

For a proof we refer the reader to [99]. We merely comment here that the

t—o00

result implies that N(¢) tends to a normal distribution with mean ¢/E[X;] and
variance o?E[X;]73t.

The above asymptotic results are very useful when one wishes to estimate the
long term consequences of failures in a system. For example, system administra-
tors can estimate the expected cost of replacing components over a long service
period ¢ by multiplying the individual cost of a component by N(t) ~ ﬁ
as a result of Theorem 1.4. Similarly, a user running a job in late produc-
tion (large t) for time s can estimate the expected number of failures to be
BIN(t+5)) — BIN()] ~
vious results are asymptotic (t — oo) it is not clear if they may be used as
% for
all t € [0, 00) when the inter-arrival times are exponentially distributed. Thus one

as a result of Theorem 1.7. However, as the pre-
estimates for relatively small ¢. In Example 1.8 we saw that E[N(t)] =

might expect that for distributions similar to that of the exponential distribution
(for example, the Weibull distribution with shape parameter close to 1) then the
asymptotic estimates may still be applied to small ¢ with reasonable accuracy.

To study times ¢ which are not large one has the renewal equation.
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Theorem 1.11 (Renewal equation [99]). Let {N(t);t > 0} be a renewal process

with mean inter-arrival times 0 < E[X] < oo, then
¢
E[N(t)] = F(t) + / E[N(t — s)]dF(s), (1.3)
0

where F(t) is the cumulative distribution of the X;.

Proof. From the law of total expectation E[N(t)] = Ex,[E[N(¢) | Xi]]. Further,
note that for X; > ¢ one has E[N(¢) | X;] = 0 and for X; < ¢ the renewal process
N(t) — 1 from the time X is statistically identical to the renewal process N(t)
starting from 0, in particular E[N(¢) | X; <t] = 1+ E[N(t — X;)]. It follows that

BN () = [ BING) | X0 = ol dF(s) = [ (0 BN = ) dF ()
= F(t)—i—/o E[N(t — s)]dF(s),

as required. O

The result shows that E[N(¢)] is the solution to a Volterra integral equation
of the second kind. It is also related to a more convenient expression for E[N(t)].
If X, has a probability distribution f then the renewal equation can be written
as the convolution M = F + M x f where M(t) := E[N(¢)]. Remember that for
two independent random variables X and Y which have probability distributions
fx and fy respectively then the probability distribution of X + Y is given by
the convolution fxiy(t) = (fx * fy)(t) = [ fx(t — s)fy(s)ds. Similarly if
Fx, Fy, Fx.y are the cumulative distributions of X,Y, X + Y respectively then
Fx.y = Fx x fy = fx % Fy. Thus if we define F}, :== F,,_1 % f with I} = F being
the cumulative density function (CDF) of the X; then Fs, = F'x, 1 x,+..1x, = Fhn.
Since N(t) = > Xj0,4(S:) then

M(t) =E[N(t)] =) Pr(S, <t)=>_ Fu(t).

As a consistency check we note that if the probability density function (PDF)

f(t) = %ﬁt) is well-defined then

iFn—F—l—iFn—F—l—(iFn>*f_F+M*f_M.
n=1 n=2 n=1

The renewal equation generalises to the following result.
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Figure 1.5: Forward and backward recurrence times Sy 41 —t and t — Sy respec-

tively.
Theorem 1.12 ([99]). Given F and M defined above and

h(t) = g(t) + /0 h(t —s)dF(s)

fort >0 then

h(t) =g(t) + /Otg(t —s)dM(s).

This can be proved by taking the Laplace transform, re-arranging to get an
expression for h and taking the inverse Laplace transform, see for example [99].

For a user logging into a compute node at a random time the most relevant
question may be: what is the expected time from now until the next failure?
Equivalently, given a time ¢ at which the user logs in, he/she would like to know
E[Sn@+1 — t]. This is referred to as the forward recurrence time, or sometimes
as the residual lifetime or random incidence and is depicted in Figure 1.5. The
following theorem gives us an integral for calculating E[Sy )41 — t] for a given ¢

as well as the asymptotic behaviour for large ¢.

Theorem 1.13 (Forward recurrence time [99]). Let X, X, ... be positive 11D
random variables with mean 0 < E[X;] < oo and cumulative density function
F = Fx,. Let S; = 22:1 X; and N(t) be the associated renewal process with
M(t) := E[N(t)]. Then, for s,t € [0,00), the cumulative distribution of the

random variable Sy —t s given by
t
Pr(Snw41 —t < s) = F(t+s) —/ 1—F(t+s—r)dM(r). (1.4)
0

Further, if the X; are non-arithmetic then

| 1
Jim Pr(Shys1 ~1 <5) = e /0 L~ F(r)dr. (1.5)
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Proof. One has
Pr(SN(t)+1 —t S 5) =1- PI(SN(t)+1 -t > S)
= 1—/ Pr(Syw41 —t>s| Xy =7r)dF(r).
0

If r > t+s then X; >t and so N(t) = 0. Therefore Syy41 = S1 = X1 =7 > t+s
and so Pr(Syw41 —t > s) = 1. Similarly if t < r < ¢+ s then again N(t) =0
and therefore Sy)41 —t = X; —t < s and so Pr(Sy)41 —t > s) = 0. Lastly if
r < t then the process is restarted from ¢ = r and we have Pr(Syu41 —t > s |
X1 =71) =Pr(Sng-ry+1 — (t =) > s) (i.e. shifting so that X is the origin gives
an equivalent renewal process). Putting the pieces together one obtains

e}

¢
Pr(Snyp1 —t<s)=1-— / Pr(Sn-ry41 — (t —7) > s)dF(r) — / 1dF(r)
0 ¢

+s
=F(t+s)— /Ot 1 —Pr(Sn—ry41 — (t =7) < 5)dF ()
=F(t+s)—F(t)+ /Ot Pr(Sng—ryt1 — (t —1) < 5)dF(r).
We can apply Theorem 1.12 to this last line to obtain
Pr(Snw41 —t < s) = F(t+s) —F(t)+/0tF(t+8—r) —F(t—r)dM(r). (1.6)

Now notice that [ F(t —r)dM(r) = [} M(t —r)dF(r) = M(t) — F(t) by The-
orem 1.11. Substituting this into (1.6) leads to (1.4). To obtain (1.5) we apply
Theorem 1.9 to (1.4) to obtain

F(t+s)—/0 1—F(t+s—r)dM(r) t—>oo>1_E[X1]/0 1—F(r+s)dr
:1_E[§(1]/5 1— F(r)dr

=1— (1 - E[é(l] /0 1— F(r) dr)

1 S
:m/o 1— F(r)dr,

as required. O

It follows that the PDF of the asymptotic forward recurrence time is given by
1-F(s)
E[X1]

and hence the expectation is

. 1 o
Jim B[Sy —1) = g [ 50 = Pl ds,
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If the X; are exponentially distributed with mean p then one obtains
tliglo ElSvw+1 —t] = ,ul/o s(1—(1- €7S/H)> ds
= [—se‘s/“]:io +/ e Mds = .
0

This is consistent with the memory-less property previously described. If the X;
are Weibull distributed with scale A and shape s then

. 1 o e
tligloE[SN(t)H—t]:m/o s(l—(1—e (s/n) ) ds,

and making the substitution s — Az'/* results in
1 > A ()
lim E|S -t = ——= Nelhe 22 by — 2wl
i BlSvwn =1 = Sra T /0 ) L G

If the user is able to access system logs and determine the time of last failure,
that is Sy (), and knows something about the distribution of time between failures
(i.e. the X; and hence Xy)41) then one could attempt to compute the forward

recurrence time via
E[Sn@+1 —t] = E[Sve) + Xvw+1 — 1] = E[XNn@+1] — E[t — Snv)]-

The trick here however is that typically E[Xxy@)+1] # E[X;]. This is known as
the inspection paradox. For example, it can be shown (similar to the proof of
Theorem 1.13) that

. 1 °
tlil’élopr(t — SN(t) S S) = E[Xl] /0v 1— F(T’) dT’

and as a consequence

2 o
E[X1]/o s(1—=F(r))ds.

For exponentially distributed X; this evaluates to 2E[X;] and thus E[X 1] is

twice the expected interval length for a Poisson process. The simplest explanation

EXNn] = Elt = Snvey] + ElSvp — 1] =

of this phenomenon is that one is more likely to intercept a long interval than
a short one. This result has important consequences for estimates based on
observations at random times. For example, estimating the mean time between
failures by taking the average over intervals which were observed at randomly

chosen times will result in an overestimate.



24 CHAPTER 1. FAULTS IN HIGH PERFORMANCE COMPUTING
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Figure 1.6: The renewal reward model with R(t) = ;2| Rix[04(Si)-

A useful extension of the renewal process is the renewal reward process. The
renewal process N (t) is obtained by incrementing by 1 whenever a renewal occurs,
i.e. at each S;. Suppose instead we have a process R(t) which changes according
to a random variable R; at each S;. More formally we let R; be 1ID random

variables and define

N(t) 00
R(t) == Z R; = Z Rixj0.1(Si) (1.7)
i=1 i=1

with R(t) := 0 for N(¢t) = 0. An example of R(t) is depicted in Figure 1.6. Note
that the R; need not be independent of X;, in fact many interesting examples arise
when R; is a function of X;. In the context of faults a renewal reward process
may be serve as a model for silent errors. Whilst the X; determine the time
between errors the magnitude of the error can be modelled by the R;. R(t) then
gives the sum of the errors which have occurred up to some time ¢ thus measuring
the cumulative effect. Many of the results for ordinary renewal processes can be

extended to renewal-reward processes. We state a few here without proof.

Theorem 1.14 (Elementary renewal reward theorem [76, 99]). Let X1, Xo, ...
be a sequence of positive 1ID random variables with finite expectation and N(t)
be the associated renewal process. Further, let Ry, Ry, ... be a second sequence
of 1ID random variables with which we define the renewal reward-process R(t) =
Zi]\i(lt) R;. Then with probability 1

E[R(®)] _ E[R]

li = )
it E[X]

Similarly we have a result analogous to Blackwell’s theorem.

Theorem 1.15 ([95]). Let X1, X, ... be positive ID random variables which are

non-arithmetic with finite expectation and N (t) be the associated renewal process.
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Further let R, Ro, ... be 1ID random variables associated with the renewal-reward
process R(t) = ng R;. Then for any 0 < s < oo
SE[Rl]

Jim (B[R( -+ 5)] ~ BIR())) = o

There is also a central limit theorem for renewal-reward processes.

Theorem 1.16 ([126]). Let X1, Xo, ... be a sequence of positive 11D random vari-
ables with finite expectation and N(t) be the associated renewal process. Further,
let Ry, Ry, ... be a second sequence of non-negative 11D random variables asso-
ciated with the renewal reward-process R(t) = vaz(f) R;. If E[X?],E[R}] < oo
then

lim Pr
t—o0

E[(R1 — XiE[Ri]/E[X1])2]/t/E[X4]

There are many other extensions of renewal processes worth mentioning. The

( R(t) — tE[R1]/E[X1] < ;1:) _ 1 : e 2V dy |

first is the delayed or modified renewal process where the first arrival time has
different distribution then the rest. That is X5, X3, ... are IID with finite expecta-
tion but X; may have different distribution (but finite expectation). An example
of this is where one starts observing a process with 11D inter-arrival times at some
random time. The first observed arrival is given by the forward recurrence time
whilst subsequent arrivals are identically distributed. Most of the results for ordi-
nary renewal processes are easily adapted to delayed renewal processes as the first
arrival does not affect the asymptotic behaviour. Alternating renewal processes
occur when one has two 11D sequences Xi, Xs,... and Y7, Y5, ... such that the
inter-arrival time X; is followed by Y; which is then followed by X;,; and so on.
An example of this would be where the X; are times between component failures
and the Y; are the repair times. If N(¢) is incremented at the end of each X; +Y;
cycle then the theory for ordinary renewal processes is again easily adapted. An
example relating to faults which combine both alternating and renewal reward
processes is in the estimation of cumulative downtime of a system. Given 11D
uptimes X; and 11D downtimes Y; then we can consider the rewards R; = Y; oc-
curring at the end of each X; +Y; cycle. R(t)/t then measures the proportion of

time the system was down up to time ¢ and by applying the previous results it is
[R(t)] E[Y;]
t E[X;]+E[Y;]”

straightforward to show that =

7
t—00
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1.3 Models of many processor systems

We apply the models used for a single processor to the modelling of many pro-

cessors, e.g. as in a HPC system.

1.3.1 Bernoulli processes

Consider again the simple models of Section 1.2.1 where the event of having a
single processor either available or failed within a fixed interval of time is modelled
as a Bernoulli trial B; ~ B(1,p). Now suppose we request m such identical
processors to run independently in parallel for the same fixed interval of time.
Let By, Ba,, ..., By, be the random variables for the state of each of the m
processors in the ith interval. We define D; := ZZLI By, ; which is equal to the
number of processors which fail in the ith interval. Clearly D; ~ B(m,p) and the

probability of k processors fail in the ith interval is given by

pe(Di= 1) = ('} )t -

The analysis of D; is similar to that of the B; in Section 1.2.1. Via the bino-
mial formula it is straightforward to show that the expected number of failures
throughout the ith interval is E[D;] = mp. It follows that the expected num-
ber of processors alive throughout the ith interval is m(1 — p). Similarly it is
straightforward to show the variance is Var(D;) = mp(1 — p). As in the case of a
single process model we may ask what is the time to first failure. This is given by
S1 := min {j 3 Dy > 1}. We note that Pr(D; = 0) = (1 — p)™ from which
it follows that Pr(D; > 1) =1 — (1 — p)™, therefore

E[S)] = Z F(1L=p)"* Y (1= (1-p)™)
1— 1— > &
R I
1 1— = > p)™i 1
T - ZZ Z yr 1= (1—p)"

As m increases the denominator approaches 1 from below and hence E[S;] gets
smaller. As in the single processor model, the fact that the failure rate is constant
means that the MTBF is equal to the time to first failure.

For a typical checkpoint restart approach to recovery, the failure of a single

process triggers the restart of the entire system. This means that all processors
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are to be considered down in an interval when at least one processor fails in that
interval. Thus, the expected availability of a system in these circumstances over n
intervals is n(1—p)™. In contrast, if the system is able to replace a failed processor
without restarting all other processors then one may consider the availability to be
the proportion of processors which are up over the n intervals. As the expected
availability in one interval is m(1 — p) it follows that the availability over the
n intervals is nm(1 — p) which is significantly larger than the availability if all
processors must be restarted whenever a failure occurs, particularly for large m.

Whilst this may seem like a rather crude model it can be effective in cir-
cumstances where one repeatedly runs a computation on several processes that
takes roughly the same amount of time for each iteration. One can estimate the
value of p by keeping track of how often processor failures occur. For example,
in weather forecasting the same computation is run several times each day, every
day of the year, but with different initial conditions. It is reasonable to assume
that the run times do not vary significantly for each computation and therefore

this model may give a reasonable estimate once the p has been estimated.

1.3.2 Superposition of renewal processes

Suppose a high performance computer consists of m (fixed integer) processors
operating in parallel (independently). We assume that each of these proces-
sors and their replacements have identical distributions of failure times. Let
Ni(t),..., Npy(t) be the renewal processes associated with the life cycle of each of
the m processors. As each is processor is identical and independent each of the
N;(t) can be assumed to be independent and identically distributed.

The total number of failures occurring across all m processors is given by the

superposition process

An example is depicted in Figure 1.7. In general Z(t) is not a renewal process as
it is typically not the case that inter-arrival times for Z(¢) are independent and
identically distributed. However, given the identical and independent nature of
the NV;(t) one has E[Z(t)] = mE[N;(t)] and thus results relating to the expectation
of ordinary renewal processes can be trivially applied to Z(t). For example, it
follows from the elementary renewal theorem 1.4 that

EZ®)] _ m

lim =

t—00 t E[X] ’
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Figure 1.7: Here we depict a stochastic process Z(t) which is a superposition of the 3
renewal processes N1(t), Na(t) and Ns(t).

where E[X] is the mean inter-arrival time for all processors in the machine. Sim-

ilarly Blackwell’s theorem 1.7 gives

lim (BZ(t + )] — B[Z(1)]) = Ef{?q .

Thus we immediately see that the number of processors is proportional to the
asymptotic rate at which faults occur when measure over the entire timeline and

within intervals of fixed length.

Example 1.17. Suppose that the time between failures for each processor are
exponentially distributed and independent with mean E[X]. We know from Ex-
ample 1.8 that the N;(¢) are Poisson with Pr(N;(t) = k) = %e*tmm. For
m = 2 one has Z(t) = Ni(t) + No(t) and it follows from independence that

Pr(Z(t) = k) =Y Pr(Ni(t) = i) Pr(Na(t) = k — i)

- ((t/Ei[!X])ie—t/E[X]> <(t/(§[i(gl:_ie—t/E[X})

|

=0

k k
= (/XIS z'!(kl_ o GEXD. o-arer

k!

where the last equality holds since Zf:o (]:) = 2% Now consider Z(t) for m > 2
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and assume Pr(37 " Ni(t) = k) = We_(m_l)tmm, then

J
=4
N
=
I
N>
I
[~
J

H(Na(t) = §) Pr(NY () + - + Ny (£) = b — 1)

i0(@g¥@;%mm)(«m—aﬁighk;wwmmm)

P m =1 (m k
— (t/E[X])Fem/BIX] Z z'(!(k _1Z_))| _( t/g![X]) ¢~mi/FIX]

where the last equality holds since S5 (m — 1)1(];) = m*. Thus by induction
Pr(Z(t)=k) = We”’“mm, that is Z(t) is Poisson distributed with mean
m times that of Ni(¢). Further, this implies that Z(t) is a renewal process in this
particular case with inter-arrival times which are exponentially distributed with

mean E[X]/m. This concludes the example.

The central limit theorem for N; () says that Var(Ny(t)) — oc*E[X]® ast —
oo (where 0% = Var(X) is the variance of the inter-arrival time for all processors

in the machine). As with the expected value, this result can be extended to Z(t)

with i
Py (Z(t) — mt/E[X] < x) oo, L/ V2 dy
ovVmtE[X]3/2 V2T J

and thus Var(Z(t)) — mo?tE[X]73.

As with an ordinary renewal process, a random variable of interest may be

the forward recurrence time. However as Z(t) is generally not a renewal process
it is not immediately clear what the forward recurrence time means. However,
we may take the forward recurrence Y for Z(¢) to be the minimum of the forward

recurrence times Y; for N;(t), that is

Pr(Y(t) <s)=1- ﬁPr(Y} >s5)=1—(1-Pr(Y; <s))™.

i=1

For large t one may apply Theorem 1.13 to the Y; to obtain

Pr(Y; < s) =51 (hﬁ/jl—ffx(r)dr)m

— 1B (/:01 () dr)m |

An important question is again how large ¢ should be for the asymptotic results

to be a suitable approximation to reality. For large m one would hope that even
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for relatively small ¢ that the behaviour of the m renewal processes ’averages
out’ such that the convergence toward asymptotic behaviour is accelerated. Thus
for large HPC systems the asymptotic results may be quite accurate even for
relatively small ¢. Whilst Z(¢) may not be a renewal equation in general we may
consider approximating it by a renewal equation. One approach for doing this is
to fit Z(t) with a renewal process such that the first few moments are the same,
see for example [125]. As we already know the limiting behaviour of the mean
and variance of Z(t) a rough approximation may already be obtained using these.
Consider processors where the time between failures is Weibull distributed.
Schroeder and Gibson [116] and others have shown that the Weibull distribution
is typically the best fit of time between failures from real fault data. The Weibull
distribution with shape parameter x and scale A has the probability distribution
function
; (;)H_l e~ @NT for x> 0. (1.8)
(and 0 for z < 0) which has mean A\['(1+1/x) and variance \*(I'(1+2/x) —T'(1+
1/k)?). The resulting Z(t) asymptotically has mean E[Z(t)] — mt/(A[(1+1/k))

and variance

mt(T(1+2/k) —T(1+1/k)?)
A1+ 1/k)3 '

Supposing we were to approximate Z(t) with a renewal process whose inter-arrival

Var(Z(t)) —

times are also Weibull distributed with parameters ', \’ we observe that v = k
and X' = A\/m will give the same expectation and variance in the limit ¢ — oo.
This is consistent with the analysis of fault data by Schroeder and Gibson [116]
which found that late in production the best fit of failures in a single node to be
Weibull with shape 0.7 and the best fit for the entire system was also Weibull but
having shape 0.78 which is close to that of a single node. Whilst the asymptotic
behaviour of this approximating renewal process is the same in the first two
moments, determining the how close it is to Z(t) for small ¢ requires further
investigation. This is emphasised by Schroeder and Gibson fit of faults early in

production which is very different from the behaviour late in production.

1.3.3 Summary

The fault models discussed here are relatively simple in nature and could be
extended in many ways. For example, in practice it is unlikely that all processors
operate completely independently with identical distributions for failure times.

An example of dependence is that typically a fatal hardware error for a processor
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will affect many/all processors on the same socket and/or node. However, the
models considered may be analogously applied to a socket and/or node handle
this type of dependence. In practice, the fault rate may also be sensitive to the
workload and therefore if workload is not evenly distributed then the fault rates
are likely to differ slightly. For example Schroeder and Gibson’s study [116] shows
less faults occurred on weekends (when workloads are lower). Unfortunately it
is not clear from their study exactly how the distribution of failure times vary
with respect to workloads. It is clear that more studies need to be done into
the correlation between workload and fault rate. Small variations in operating
conditions could also effect the fault rate, for example the operating temperature
of a node may vary slightly depending on its position in the machine room and
the workload of neighbouring processors.

In this thesis we assume that during a computation workloads are relatively
uniform across the processors/nodes in use and that they therefore have very sim-
ilar distributions for failure times during the computation. Further, for computa-
tions on a large machine, the law of large numbers means that small perturbations
in fault rates should average out and thus models based on the typical fault rate
should closely approximate reality. We model the occurrence of faults on each
socket /node as an ordinary renewal process with a fault on the socket/node re-
sulting in the death of all physical processors and software processes on it. For
simplicity it is assumed that ¢ is large enough such that the asymptotic results of
the renewal theory are a close approximation to reality. Future work may involve
investigation into smaller ¢ using the more general results. When a computation
begins the distribution to the first failure on each node is given by the forward
recurrence time. This would suggest that a delayed (or stationary) renewal pro-
cess may be an appropriate model as subsequent failures will have the usual
distribution. However, we argue that in practice the physical node/processors
that fail will not be replaced upon failure with a new processor but rather the
replacement will consist of a different node/processors in the machine which is
available. Thus this replacement also has failure distribution given by the forward
recurrence time. Therefore we often use the ordinary renewal process model but
with inter-arrival times which are given by the forward recurrence times of an-
other ordinary renewal process whose inter-arrival times model the time between

failures.
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1.4 Application of fault models

Here we show how the fault models developed can be applied to different prob-
lems affecting high performance computing. In Section 1.4.1 we look at the effect
of faults on computations involving sums and averages in a parallel environment
using the Bernoulli process model of faults. The results here are standard cal-
culations of expectations and variances. In Section 1.4.2 we review the classical
checkpoint restart problem of determining the times at which one should perform
checkpoints to maximise utilisation. This utilises the renewal process model of
failures. Whilst the result itself is relatively well-known the calculation presented
here is perhaps a little more precise and detailed than that found in most refer-
ences. Lastly, in Section 1.4.3 we look at the problem of fault simulation using
the renewal process model of faults. To test new algorithms developed in this
thesis we need to make sure they perform well when faults occur. As our compu-
tations will be done on a relatively small scale it is impractical to wait for faults
to naturally occur. As such we will need to simulate faults, or at the very least
their effects. We describe our approach to fault simulation for the computations
performed in this thesis. It is shown that for shape parameters x € (0, 1] one can
replace Weibull distributed times to failure with exponenitally distributed times
to failure in simulations without giving our results an advantage. I have not come
across the two results from this section in the literature although it is possible

they are known within the probability modelling community:.

1.4.1 Computation of sums and averages

Consider the computation of a sum or average of real numbers computed on
different processors. Let m be the number of processors and vy, ..., v, € R be
the m numbers with each v; corresponding to the number computed on the ith
processor. Let u = " v; denote the sum and thus u/m denotes the average.
We assume that each of the v; are strictly positive and therefore u > 0.

Suppose that some of the processors may fail and that failed processors do not
contribute to the sum. Let By,..., B,, be Bernoulli random variables denoting
the state of each processor at the moment u is computed. Let 1 denote the
‘on’ state and 0 denote the ‘failed’ state. For each i let p; := Pr(B; = 1) and
hence 1 — p; = Pr(B; = 0). It follows that E[B;] = p; and Var(B;) = p;(1 — p;).
The total number of processors in the ‘on’ state is given by the random variable

M :=>"" B; and thus the number of failed processors is m — M. The expected
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number of processors contributing to the sum is E[M] = >~ | p; and the expected
number of failed processors is m — E[M]. In the case that all of the p; are equal
to some p € (0,1) then E[M] = pm (> 0) and m — E[M] = m(1 — p).

The sum of v; on the processors in the presence of faults is given by

U = Z Bﬂ)i
i=1
for which one has

E[U] =) E[Biv = Z Div; .

i=1

If all of the p; are equal one has E[U] =p> 7" v; = pu. Thus the expected value
of the sum differs from the actual sum u by (1 —p)u and therefore the expectation

of the relative error is 1 — p.

There are two ways that one may attempt to correct the sum depending on
whether all surviving processors are aware of how many processors have failed.
If they are aware then one may compute ;U (which we define as 0 if M = 0).
If they are not aware but E[M] is known one may compute %U . We first look
at the expectation of these two approaches.

Proposition 1.18. Fiz m € N. Let (vq,...,v,) € R and By,...,B,, ~ B(1,p)
be independent Bernoulli random variables with p € (0,1). Let U = > | By,
and M =" B;, then

where u =" v;.

Proof. For % we have
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For mWU via the law of total expectation

Now as the B; are 1 with equal probability then given M = k the probability
any one B; is 1is £, that is Pr(B; = 1|M = k) = £, thus E[B;|M = k] = £

(Alternatively, note that Pr(B; = 1, M = k) = p(7~ )pk (1 — p)™=* and thus
Pr(B;=1, M=k) _

B (V=) 7). Substituting this into the previous equality one obtains

E [m%} = ZPr(M =ku=u(l—-Pr(M=0)=u(l-(1-p)™),

as required. O

It may at first seem that % is the better option as the expectation of

mU-differs from the true sum. Note, however, that the factor (1— (1 —p)™)
relates to the fact that the result is 0 if every processor fails and that this cannot
be corrected in any way. In such circumstances one would typically start the
computation again until a non-zero result is obtained. Thus one might instead

consider E [ U ’M > 0] which is indeed equal to u.

mU_

be applied to estimate the average in the event of faults. Notice that in the case of

The formula and mﬁU for a corrected sum in the event of faults may also

computing an average as Q one has E [Q] = % = 2% (when all the p; are equal

to p). However, if one replaces U with the sum —=~~U, one instead computes the

E[M]
average as ’?ﬁ] L — E[M which has mean E [ M]} = % = 1% = = which is the
same as the average in the absence of faults. Similarly, if one uses the corrected
sum 7:U then one has the average % which for which E [%] = (1_(1_%. Again,

if we restrict ourselves to the case M > 0 one has E [%|M > 0} ==

From the expectation alone it is not clear which of EFX/I] Uor 2 U is the better
computation for a sum on a faulty machine. To get a better understandlng of
how far results are spread from the mean we will look at the variance of each

random variable.
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Proposition 1.19. Fiz m € N. Let (vq,...,v,) € R and By, ..., B, ~ B(1,p)
be independent Bernoulli random variables with p € (0,1). Let U = >"1" | Byv;
and M =" B;, then

mU 1 —p 9
Var = v;
<E[M]> p ZZI

Var (%50 ) <t (- p) (Z) —- (-,

where u =" v;.

Proof. First note that

Var(U) = Var (Z Bwi> = ZU?Var(BZ-) =p(1 —p) Z v

It follows that

Var (WU) = WVM(U) = Wp(l —p) ;’UE
_ 1o
-— ; 2.

For the variance of mWU we have

we(3) = n{ (5)] o[

= m?E <%>2 — (1= (1—=p)™)u?.

For the E [(%)Q] term we have via the law of total expectation

M = k] Pr(M = k)
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Now expanding the sum within the expectation one has

(i Bivl-) M=k| = (i vIE[B}M = k])

i=1

m—1 m
=1 j=i+1
nd since B;B; =1iff B, = B; =1

Note that E[B|M = k] = E[B;|M = k] = £ a
*=2(1 — p)™* and thus E[B;B;|M =

one has Pr(B;B; = 1, M = k) = p*(72)p

k] = et Tt follows that

; 2 ko k(k—1) 22 &

i=1 j=i+1

Notice that as 2v;v; < v} + v7 one has

(with equality if all of the v; are equal). Therefore
Uy oL Zm:qﬂ iPr(M—k)
M Tom A\ ' B
(Z 03 ) (1—p)™).

Substituting this into the variance one has

Var(mﬁU) <m(l—(1-p (Zv)— (1—(1—p)™)u?,

as required. O

E

o v? such that one has

Notice that if all of the v; are equal then u? = m > "
Var (22) = m(1 — p)™ (1 — (1 —p)™) >_i", v7 which is small for large m as a

result of the (1—p)™ term. One might expect the variance in this case to be zero,
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but the contribution here is from the case M = 0. One could instead consider

i 2
Var (%U’M > O) = m’E (%)
- >
= m’E (%‘M>O> —u?,

] mU 2
M>0| —-E|—|M>0

for which E [(%‘M > 0)2] < % >, v? follows from the proof of the Lemma.
When all of the v; are equal then Var (mWU|M > 0) = 0. For v; which are close
together we therefore expect the variance to be small and, in particular, signifi-
cantly smaller than Var(U) and Var (%)

This rather simple model already gives us a nice analysis of different ways to
compute the sum or average of values on a machine which may experience faults.
mWU is typically the better estimate of the sum with % being the corresponding
estimate of the average. This model could easily be extended to B; which are not
11D although the calculation of mean and variance becomes increasingly complex
and may have to be estimated computationally via Monte Carlo methods. One
could also consider the case that the v; themselves are random variables, e.g. they

may be samples of a stochastic process or stochastic differential equation.

1.4.2 Optimal checkpoint restart algorithms

In Section 1.1.1 the checkpoint restart approach to fault tolerance was discussed.
Checkpoint-restart involves periodically saving the state of the computation such
that when a failure has occurred the computation can be started from the last
saved state rather than from the beginning, see Figure 1.2. A classical problem in
the development and analysis of checkpoint restart algorithms is the determina-
tion of the optimal checkpoint interval, that is the frequency at which checkpoints
should be saved to maximise utilisation.

As in Figure 1.2 we denote s to be the initial start up time and e to be the
restart time after a failure. For simplicity we will assume that e = s. We use ¢ to
denote the time it takes to save a checkpoint and it is assumed this is constant
(i.e. does not change during the computation). The computation time before
each checkpoint is denoted by 7. It is r that we want to optimise with respect to
the utilisation.

Let the number of faults which have occurred on a processor up to time ¢ be

modelled by a renewal process N (t) with inter-arrival times given by X;, Xo, ...
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which are 11D. If we start computing at some time ¢ then the interval up until
the next fault occurs, that is [t, Sy41) with S, == 3" | X;, consists of

e an initial startup (or restart) of length s
e a number of full compute-checkpoint cycles (each of length r + ¢)
e a last compute compute-checkpoint cycle in which a failure occurs.

An exception to this is if a fault occurs during the initial startup interval in
which case we must restart without having computed anything. The number of

%ﬁr—sao} J . It follows that the

complete compute-checkpoint cycles is given by {
max{X;—s,0}
B —

utilisation we can consider the equivalent problem of minimising the waste time

utilised time in the ith interval is r L J Rather than maximising the

where the waste in each interval is given by

max{X; — s,0}
c+r '

RZ:Xl—T'\‘

Notice that as the X; are 11D the R; are also 11D so we may therefore consider
a renewal reward process R(t) = Zfi(lt) R; which adds up the waste time from
all intervals X; up to Xy — 1. Note that it does not take into account any
waste accumulating in the current interval Xy ;). The elementary renewal reward

theorem 1.14 tells us

E[R(t E[R
- ER() | B[R]
t—o0 t E[Xl]
That is, the average rate at which the expected waste time accumulates is equal
(asymptotically) to the expected rate in the first interval. As a consequence, we

need only consider minimising E[R;] to maximise the expected utilisation.

Proposition 1.20. Let s,c,r > 0, Xy be an exponentially distributed random

variable with mean A = E[X1] >0, and Ry = X, —r LWJ , then
re=s/A

Bl =X - o

Proof. Via the law of total expectation
E[Rl] = E[R1|X1 < S] PI'(XI < S) + E[Rl‘Xl > S] PI'(Xl > S) .
It is straightforward to show that

E[R|X; < s]Pr(X; <s) = / %e‘x/’\ ds =\ — (A +s)e™*/*.
0
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For the second term we have

_ .
E[R||X, > s] =E Xl—r{ ! SJ

c+r

I X
—E X1+S—T{ 1HX1>0}
| c+r

[ X
“r[ e (|55
lc+r c+r c+r

EIX X X
c+r c+r

Using the fact that X; is exponentially distributed one has

| = G ] e
c+r ct+r 0 \¢c+r c+r]) A

= / (x — m)ci—re—x(c’”)/’\ dr .
0

Now for each k =0,1,2,... and = € [k, k + 1) we have |z| = k and so

oo 1
gl XL | X S / EET R gy
c+r c+r 0 A

k=0

oo 1
— Z (e—k(C-H")//\ / ZL’C + re—:c(c-i-r)/)\ d!L’)
k= 0 A

0

(c+r)/A 0
= A / re " dx Z e kletn)/A
c+r \Jo P

Now as 7, e kletr)/A — (1— e~ (/M) =1 and

(c+r)/A (e+r)/A
/ ze Pdx = [—xe’x] (etr)/x + / e *dx
0 0

z=0
_ —HTTG_(C+T)/)‘ 4 [_e—x}ic;roﬂ//\ —1_ (1 X C‘)’\‘T) e/
one has
X1 X1 A c+r _ 1
E _ _ 1- (1 ety _ 1
L—i—r L—l—'r’H c—i—r( ( L )e 1 — e(etn)/A
A 1
et ele/A—q
Therefore

cA X1 X1 r
E[R1|X1>8]_H—T+S+TE[ —\‘ J:|—/\+S—m

Substituting this into the expression for E[R;] along with Pr(X; > s) = e~/
gives the desired result. ]
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Notice that E[R;|X; > s is the only term which depends on r. Thus to
minimise E[R;] with respect to r we need only minimise E[R;|X; > s| with

respect to r. Further, the term E [C)i—lT — Lc)i—lrﬂ tells us how far into the last

compute-checkpoint cycle we are expected to get before a failure occurs. If the

fault rate is constant one might conjecture that this term is equal to % In fact

this is note quite true, although close if E[X;] < ¢+ r. Using Laurent series

expansion
3
x x
+ ===+ O(:c5)

1 1
B 2 12 720

er —1

1
T
we have

X, X, 1 c+r | (c+r) 55
EL+7~ L+TH_2 ox o T O,

which is approximately 1/2 for (¢ +r) < A. Thus

E|X X X E|X
E[R1|X1>S]=C | 1]+s+rE{ . —{ : H ~ - [ 1]+s+i.
c+r c+r c+r c+r 2

Minimising the right hand size with respect to r we note that

9 cE[X1]+ LT _ cElxy] 1
o\ ctr T 2)7 (c+r)2 2

and therefore the minimum is achieved for
r=—c+\/2cE[Xq].

As r+c o \/E[X] we indeed have ¢ +r < E[X)] for large E[X;]. Thus for large
E[X}] the optimal compute-checkpoint interval is approximately r+c = y/2cE[X/]
which is similar to approximation of the optimal checkpoint interval derived by
Young [130]. The exact solution is given by r = A(W(—e~'=%*) + 1) where W is
the Lambert W function (which satisfies W (z)e"V®) = 2).

In this calculation we made two assumptions, that checkpoints occur at regular
intervals, and that the X, are exponentially distributed. More detailed calcula-
tions of optimal checkpoint intervals in the literature deal with both non-regular
checkpoint times and arbitrary failure distributions, see for example [91]. Our
derivation is easily applied to arbitrary failure distributions although the term

E [C)_i—lr — \_ﬁ—;“ may need to be estimated computationally. For example, if the
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X; are Weibull distributed with scale 4 and shape parameter x one has

/°° x x A o=/ g
0 c+r |c+r
:/oo (x_ C+7’ (.T c+r ) B —(:E(C—H”)/u)” dw
0
oo 7 k—1
_ 1 Z /’+1 C+T ZE(C+T> e*(x(C‘FT')/NI)H dx
c—l—r — s
_ ( ) f:—wmm () )
— —e
c+r

E[X = .
:Lj_z}wmwm’

c+r ,
=1

where E[X;] = uI' (1 + 1). Thus in this case

cE[X E[X = .
E[Rl‘Xl > S] = % +s+7r (% — Ze*(’(@ﬂ’)/ﬂ) )

i=1

i=1
One then would need to find the minimum with respect to r for a given u,x and

¢ which could be done computationally (using Newton’s method for example).

1.4.3 Fault simulation

In Section 1.3.3 some assumptions that are made regarding faults and fault models
in this thesis were discussed. Here we make some additional comments regarding
our approach to the simulation of hard faults (i.e. where a processor or node
stops working permanently). As previously mentioned, at the current time there
is limited software available which notifies applications of a fault so that the
application itself can decide what action to take. User Level Fault Mitigation
(ULFM) is an extension of MPI which allows an application to detect the loss of
an MPI processor and then shrink the global communicator or even replace the lost
processor. Although ULFM is still in beta some use cases are emerging [103, 4].
Because software like ULFM is still in early development it is difficult to test
software recovering from real faults. Further, limited resources mean we cannot
test our algorithms at the peta- to exa- scale waiting for real faults. The difficulty

in testing faults at a smaller scale is that faults are less frequent. As our main
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interest is algorithm development testing is essential. Thus, our approach will be
to artificially raise the fault rate on smaller problems via fault simulation with
small MTBF such that the rate at which faults occur on the smaller problems is
similar, or even more frequent, than that for larger problems. Also note that
the loss of data on one node for a problem running on O(10) nodes is more
significant than a loss of one node for a problem running on O(10000) or more
nodes. Therefore, with good results in these circumstances we can be confident
that the algorithm will perform well at a larger scale.

We will make the following assumptions regarding simulated hard faults.

e affected processors fail permanently, all data on the affected processors is

lost,

e a software mechanism is in place to replace the failed processors (by other

processors on standby) and this is transparent to the application,

e the application is notified that a fault has occurred and which processors

were affected,

e other processors are not aware of the failure until they attempt to commu-

nicate with other processors (failed or otherwise).

This is simulated by deleting all data on the MPI processors for which a simulated
failure was flagged, from that point on we assume the affected MPI processors
have been transparently replaced by a supporting software mechanism. Only at
a communication block of code does the application become aware of the failure.

In a real computer system most permanent failures will result in the loss of an
entire socket or node. With a modular system design one could argue that sockets
should be able to operate independently and therefore only a socket should be
typically affected by hardware failure. Thus, assuming that future hardware is
implemented in such a way to reduce the impact of hard faults, we model the
life cycle of each socket as a renewal process. This is simulated by having one
thread on each socket sample an appropriate distribution for the time to the next
failure. A flag is then raised so that at the next communication block of code the
application becomes aware of the failure. All threads on that socket are notified
that the data is void. The thread responsible for fault simulation on that socket
then enters a new interval in the renewal process and thus samples another time
to next failure. The application then enters into some recovery scheme to replace

or recompute the lost data which may or may not involve processors from other
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sockets (which also become aware of the fault at the next communication block).
From here computations continue as usual until completion or the occurrence of
another fault.

For the distribution of time between failures we focus on the Weibull distri-
bution (1.8) with shape parameter 0 < x < 1. The reason for this is that the two
studies [116] and [91] of faults in high performance computers found the Weibull
distribution to be the best fit and the former study found both individual nodes
and entire systems exhibited shape parameters of approximately 0.7 and 0.8 re-
spectively in late production. There are a few important observations to be made
for the Weibull distribution with shape 0 < k < 1. First, for k = 1 it reduces to
the exponential distribution. Second, for x < 1, unlike the exponential distribu-
tion which is memory-less, the failure rate (or hazard rate) decreases over time.

In particular one has the following lemma.
Proposition 1.21. If X is Weibull distributed with x € (0,1] and s,t > 0 then
PrX <s+t|X >s) <Pr(X <t). (1.9)

Proof. One has

Pr(s < X <s+1)
Pr(X > s) '

Pr(X <s+t|X >s)=
Noting that a Weibull random variable has cumulative distribution
Pr(X <t)=1—e N fort>0, (1.10)

(and Pr(X <t) =0 for t <0) one has

o (/N _ o~ ((s+)/2)"

Pr(X <s+t|X>s)= o — 1 — e =+
e S

As k € (0,1] and s,t > 0 one has s® — (s + )" > —t* and hence
Pr(X <s+t|X >s)<1—e N
as required. O
One can easily extend this property to the fact that for s, > s; > 0 one has
Pr(X <so+t| X >s) <Pr(X <s +t|X>s1).

This has important implications on the order in which we compute successive

solutions on a single node. Solutions one is least concerned about not completing
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due to a fault should be computed first and solutions for which we would like to
minimise the chance of failure should be computed last. For x > 1 we note that
these inequalities are reversed, that is failure becomes more likely as time moves
forward.

Remember, the forward recurrence time is the time to next failure given a
starting time ¢, that is Y = Sy — . The cumulative distribution of the
forward recurrence time for an ordinary renewal process is given by (1.4). We
assume that ¢ is sufficiently large that the limiting distribution (1.5) for ¢ — oo
is a good approximation to the forward recurrence time. If the inter-arrival times
are Weibull one has the limiting distribution

1 e (

Pr(Y <s) =

Thus, given a computation starting at a random time in a processors life cycle,

we can sample this distribution to obtain a time until the next failure for our
simulation.

Recall that for x = 1 one has Pr(Y < s) = Pr(X < s) =1 —e*/* The

following lemma shows that Pr(X < s) is an upper bound for Pr(Y < s) if

€ (0,1].

Proposition 1.22. LetY be the forward recurrence time for the ordinary renewal
process with inter-arrival times given by the Wewbull distributed random variable

X having shape parameter k € (0,1]. Then
Pr(Y <t) <Pr(X <t), (1.12)
for all t.

Proof. We note that via a change of variables followed by integration by parts
that

1 Rt K [\ "
r(1+-)= feVdy = _(_> ~(@/N" g
(+,€) /0 Yyre Y /0 Y e T
_ [ ) E(f)“—le—w > i
/0 ()\ ()\ A
_[.z —<w/A>K~]°°_/°O_l (/N g
[ 2 Y v

Note that for z = 0 one has e ~(@/N" = 0. Further, note that e* > 2 ; for any
m € N and z > 0, and thus by fixing m > 1/k and z = x/\ we have

/A . zm! . _
lim L < lim =— =m! lim 2" "™ =0,
T—00 e(x/)\) r—o0 ZMK T—00
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as 1 —mk < 0. As lim,_, e(f//f)ﬁ is also clearly bounded below by zero the limit

itself must be equal to zero. Therefore one has [— se —(@/A)" } = 0 and thus

r (1 N l) /N _ / L e gy
K 0 A

Since 0 < k < 1 and ¢,z > 0 one has 2" + t" > (z + t)" and hence

r (1 N l) O < / L (@ g,
K 0 A
<1
:/ —e @/ gy
t A
00 t
_ / L g / L@y
0o A 0 A
1 I .
—F(1+ )__/e—(x/k) dz .
K A Jo

Rearranging gives

which is the desired inequality. O]

This last property is extremely useful as it says that for 0 < & < 1, if we
perform our fault simulations sampling the Weibull distribution instead of the
corresponding forward recurrence time the simulated faults will occur more fre-
quently. Thus, if we simplify our simulation by sampling X instead of Y we will
not be giving ourselves an advantage when 0 < x < 1 and the simulation is in fact
signalling faults occurring more often than in reality. If a fault tolerant algorithm
performs well under these circumstances then we can be confident that it will
work well in practice.

The remaining question is how might we sample the variables X and Y in a
simulation. The Weibull distributed random variable X is straightforward to sam-
ple via the inverse transform sampling method. Note that the CDF of X has the
simple form Fx(z) = 1—e~®™" which has inverse Fi;*(y) = A (— log(1 — )",
We may therefore compute a sample ¢ of X by computing a sample y from
U([0,1)) (the uniform distribution on [0,1)) and then setting t = Fy'(y). The
forward recurrence time Y is somewhat more difficult to sample. As the cumu-
lative distribution of Y is defined by an integral it is difficult to invert. Here we

will outline how samples may be drawn for % < k < 1 using acceptance-rejection
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sampling. Notice that we may obtain the PDF fy of Y by differentiating the CDF

d d 5 e-@ e (/%)
= —F - ds = .
fris) = g bv(s) = ds/o M1+ 0" T A+

Now we need to find a function ¢(s) such that fy(s) < g(s) for all s € [0 oo)
and such that samples from Z having probability distribution g(s)/ fo

are easy to calculate. We consider the function

g(s) = —)\F(11+ Iy (e*S/A + e’\/s/_’\> .

Notice that for 0 < s < X one has e */* > ¢~ /Y" and for s > X one has

eV > (/" Tt follows that g(s) > f(s) for all s € [0,00). Further, the

normalising factor for ¢ is given by

(@) 1 [ee]
ds = ——— —s/A f\/s//\d
/0 g(s)ds )\F(1+l)/ e +e s

_/\F(1—+(A+/ st).

For the remaining integral we substitute s — 22\ to obtain

/e_\/s/)‘dSZ/ e “2z\dz
0 0

= [—2)\2672]:10 + / 2 e Fdz =0+ [—ZAe’Z]OO =2\,
0

z=0

1
and therefore Wg(s) has the necessary properties of a probability density

function on [0, 00). Further, one has

L(1+2) 1/1 2 (1
. T4 — Z | Zems/A zZ s/A
3 98 =3 (Ae ) * <2/\€ )

1
raty g(s) is a mixture distribution with 1 e~%/* corresponding to the

3
PDF of an exponentially distributed random Varlable /1 with mean A\ and #

corresponding to the PDF of a random variable Z, (note that Z, has identical

and thus

distribution to ¥ when k = %) One can sample Z as follows:
1. Sample u from U([0, 1)),

2. If u < 1/3 then sample Z;, otherwise sample from Z,.
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Sampling from Z; is straightforward using the inverse transform approach (in
fact it is identical to sampling the Weibull distribution described above with
k = 1). Sampling from Z, can also be done with the inverse transform method
but requires a root finding algorithm to find the inverse. Notice that the CDF of
Zy is given by

1 S
Pr(Zy, <s) = ﬁ/ e Vi dg
0

1 \/ S/A
22 /o

=[-2 \/7 /S/ e “dz
f VA eV — 8/A<1+\/s/_>\>.

Thus we may sample from Z, as follows:

e “2X\zdz

1. Sample u from U(]0, 1)),

2. Solve 1 —u = e *(1 + 2) for z, for example, using Newton’s method z,,1 =

Zn + 1+ i — =% (a good initial guess is zp = 1 — log(1 — u)),

Zne

3. Return the sample \z2.

Now that we have the function g(s) > fy(s) and a straightforward way of sam-
r(+2)
3

pling the random variable Z which has PDF g(s) we can use acception-

rejection sampling to sample Y as follows:
1. Take a random sample z from Z,
2. Take a random sample u from U((0, 1))
3. If ug(z) < f(z) then accept z as a sample of Y, otherwise return to step 1.

The performance of this approach depends upon how often samples are rejected.
The unconditional acceptance probability is given by

(v g) =P iG] = [y

P1+5) [~ I+,
= =3 /0 f(z)dz-—g )
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Figure 1.8: Here we plot a histogram of 10° samples using 10> bins of the random
variables X and Y corresponding to the Weibull distribution and forward recurrence
times respectively with A = 1000 and k = 0.7. The plot on the right is of the same data

but with a log scale on the y axis.

As k € [1/2,1] one has 1 < T'(1 + %) < 2 and therefore the unconditional

acceptance probability is in the interval [%, %} With an acceptance probabil-

ity of % the expected number of iterations before a sample is accepted is 3
O,y g (%)kil = 3). Suppose the computation time is proportional to the num-
ber of times the uniform distribution on the interval is sampled, then, as sampling
Z requires 2 samples (one to determine which of Z; or Z is to be sampled and
the second for the actual sampling), we see that the expected number of samples

of U([0,1)) to obtain a sample of Y is 3(2+ 1) = 9.

Note that this sampling method is easily extended to x in each sub-interval
Here one finds that fooo g(s)ds = r(11++ni ) which leads to the acceptance probability
P(144) (n—1)! nl

1+n! 14+n! 7 14n!
and Gibson [116] did not fit any shape parameters outside the interval s € [£, 1]

[, L] for integers n > 2 by considering g(s) =

n’n—1

which lies in the interval [ ] . However, as the study by Schroeder
to the distribution of time between failures for computers at LANL, we restrict

our simulations to shape parameters within this interval.

We conclude with an experiment comparing the distributions X and Y. In
Figure 1.8 we plot the histograms obtained by taking 10° samples of X and Y
for kK = 0.7 and A = 1000. On the left we plot the raw histogram data and on
the right we plot the log of the histogram data to make the difference between

the two clearer. The random variable X has significantly more samples in the
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first few bins and then quickly drops below the number of samples of Y for
the majority of the remaining bins. The mean and standard deviation of the
samples of X are AT'(1 + <) ~ 1268.35 and /\\/F(l +2) =T (1+1)% ~ 1852.83

respectively (compared to the true expectation and standard deviation ~ 1265.82

and ~ 1851.17 respectively). The mean and standard deviation of the samples

of Y are 1988.65 and 2426.15 respectlvely compared to the true expectation and

)\F( ) _
std. dev. oo & 1986.51 and s ID(1+ —T(2)? & 242048

respectively). The observation that the mean of the samples of Y is larger than

that of X is consistent with the result of Proposition 1.22.
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Chapter 2

Sparse Grids and the

Combination Technique

In order to develop fault tolerant algorithms based upon the sparse grid combi-
nation technique it is essential to give a thorough description of both sparse grids
and the (sparse grid) combination technique. Many important results from the
existing literature which are presented as the techniques used to derive these re-
sults will be useful in the analysis of generalisations of the combination technique
and, in particular, fault-tolerant adaptations of it. We review many of the classi-
cal results from the literature in the context of a slightly different convention for
combination level. The techniques used in the proofs are also of interest as these
will be useful in the analysis of generalisations of the combination technique and,
in particular, fault-tolerant adaptations of it. We start by introducing sparse
grids in Section 2.1. In particular we will motivate their development with a
discussion of high dimensional problems and the hierarchical basis representation
of functions. By studying the contributions of different hierarchies in relation to
the number of unknowns in each we develop sparse grids in a manner similar to
the original literature on the subject. However, unlike existing literature where
sparse grids are typically developed for functions which are zero on the boundary
of the domain, we develop a more general case in which the boundary values are
not necessarily zero. We follow this with Section 2.2 which introduces the com-
bination technique as a way to approximate sparse grid solutions without having
to work directly with a hierarchical basis. An important observation will be the
combination technique’s equivalence to an inclusion-exclusion principle applied to
tensor products of function spaces which motivates the study of adaptive sparse

grids in Section 4.2. We also point out some attractive computational features

51
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and inherent redundancies in the combination technique which make the combi-

nation technique a good starting point for developing fault-tolerant algorithms.

2.1 Sparse Grids

It is first useful to introduce some notation from the theory of partially ordered
sets, or posets, which is used throughout this section and the remainder of the

thesis.

Notation 2.1. We consider multi-indices i, j € N? with the partial ordering i < J
iff i, < gy forall k=1,...,d (where i = (i,...,44)). Then,

e the strict inequality i < j is equivalent to i < j and i # j,

the meet (or greatest lower bound) [ = i A j is the largest element satisfying
[<iand[<j. In N? it is simply the component-wise minimum of the two

indices, that is [y = min{ig, ji} for k =1,...,d,

Similarly the join (or least upper bound) i V j is the smallest element satis-
fying[ >iand [ > j. In N? it is also the component-wise maximum of the

two indices, that is [, = max{ix, ji} for k=1,....d,

For a € N we write a as shorthand for (a,...,a) € N% for example 0 =
0,...,0),1=(1,...,1)and 2 = (2,...,2) is frequently used.

|i| denotes the sum S°7_ |ij].!

2.1.1 Preliminaries and motivation

Sparse grids were introduced by Zenger in 1990 [131] and subsequently developed
by him and Griebel [56, 62]. They were born from the realisation that for suf-
ficiently smooth problems a full grid resolves many high frequencies which have
a relatively small contribution to the solution. Zenger demonstrated that by not
resolving these frequencies one could drastically reduce the cost of computing a
solution whilst having a relatively small impact on the solution error. Some of the
underlying ideas can be traced back to Smolyak [119] in the study of quadrature

for tensor products of functions spaces.

Note that as i € N? the |- | is redundant. However, as we consider multi-indices with

negative components later in the thesis this definition is preferred.
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Bungartz also made several contributions [17, 20, 21] particularly in extending
the ideas to higher order methods in the early 2000s. In 2004 Bungartz and
Griebel published a survey of sparse grids [22] which is the canonical reference for
the subject. More recently Garcke has published a much condensed introduction
to sparse grids [50]. Of course many others also made significant contributions,
particularly looking at extensions and generalisations of the initial concept, but
we defer discussion of these contributions to Chapter 4. In this section we focus
on the development of classical sparse grids.

We start by introducing the function space H?

mix*

Definition 2.2. Given Q C R?, a real valued function v € L?(Q2) and s € N,
then v € H?

m = =2 =2

finite L2 norm. This function space may be equipped with the norm

el o = 2

2

ol

UHLQ(Q) '

o =i
© L2 ()

Where the domain is clear we drop the €). The subset of H, consisting of
functions which are 0 on the boundary is denoted by Hg ;.. Of particular interest

is the function space H2;, for which we note that H2, (Q) C H*(Q) C L*().

mix m

Consider the approximation of functions defined on closed intervals of the real
line. Without loss of generality we will always assume our interval to be [0, 1] as
any other interval can be easily transformed to this via a dilation and translation
operation. Let w : [0,1] — R be a real valued function which is continuous and
bounded. Note that we could just as easily consider complex valued functions
but for simplicity we consider real valued functions in this thesis.

In order to approximate a continuous function u on a computer one typically
begins by discretising the domain. In particular, it is common to break the
interval up into evenly spaced/sized elements. For example, in finite volume
methods an interval is typically broken into sub-intervals of equal length called
cells in which one considers the function average within each cell, and in finite
difference methods one typically considers the value of the function at evenly
spaced points along the entire interval (and interpolates between these points).

In this thesis we are interested in finite difference methods for hyperbolic PDEs



54 CHAPTER 2. SPARSE GRIDS AND THE COMBINATION TECHNIQUE

and therefore consider evenly spaced points within the interval but we note that
the development is much the same for finite volume methods. Furthermore, it is
also commonplace to consider nested coarsening and refinements for which the
distance between points (or cell widths) for different discretisations differs by a

power of 2. In light of this we introduce some notation.

Notation 2.3. Given the domain 2 = [0,1] and i € N we denote ; to be the
discretisation of 2 into 2¢ + 1 evenly spaced points (including endpoints). That
is

Qi ={z:;1j=0,1,...,2"}

where z; ; 1= j 277, €, is referred to as a level i discretisation of the interval.

A function u : Q — R may be approximated by a piecewise linear function
u; € — R whose function values at x € {2; approximate those of u. In this section
we specifically consider u; satisfying u;(x) = u(x) for all x € ;. There are many
ways in which one might construct such functions. We are particularly interested

2

in those which are linear? on the sub-intervals [x; j, z; ;1] for j = 0,...,2" — 1.

These may be described as a linear combination of nodal basis functions.

Definition 2.4. The nodal basis function ¢, ; is defined as

1— 22|£E — -Ti,j’ T € [xi,j — 2_i,$i7j + 2_1] N [0, 1]
¢ij(x) == :
0 otherwise

We see that for each z;; the corresponding nodal basis function ¢; ; satisfies
¢ij(xi;) =1 and ¢; ;(z; ) = 0 for all k& # j. Further, each nodal basis function
is clearly linear on the sub-intervals [z, j, z; j41] for all j = 0,...,2" — 1. As such

we may define piecewise linear interpolants as follows.
Definition 2.5. The piecewise linear interpolant of samples of u : {2 +— R on the
set of points x € €); is denoted by

2i

Tow= ulwi;)di;(z). (2.1)

§=0
We refer to Z;,u as the piecewise linear interpolant of v on 2;.

The function space of all such approximations is given by the span of the

nodal basis functions.

2By ‘linear’ here we really mean ‘affine’. As it is generally well understood what this means

we use the term linear for consistency with the existing literature.
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Definition 2.6. The space of piecewise linear functions which is linear on the

sub-intervals [z; ;, x; j+1] for all 7 = 0,...,2" — 1 is defined as
V; :=span{¢;; :j =0,...,2'}.

The nodal basis functions have the following properties (adapted from [22, 50]

to include the boundary nodes).

Lemma 2.7. Leti € N, ifi >0 and j € {0,...,2}, then

. N2
il =27", |oill2 = (5) 27 and iyl = 1.
Additionally, if i =0 and j € {0,1} then
1 1 1/2
ol =5 Toule=(3) + and loyle=1.

Proof. Straightforward evaluation of integrals for the first two and the last follows

from the fact that the maximum of each ¢, ; is 1. n

Of course, nodal basis functions are well known and are the cornerstone of
approximation theory being commonly used for numerical approximation of func-
tions. For example, nodal basis functions are widely used in the finite element
method to solve the Galerkin formulation of a variety of partial differential equa-
tion. Whilst for sufficiently large ¢ the u; described by (2.1) are typically a
reasonable approximation of u € Ly(f2) it is worth pointing out that it is typi-
cally not the best approximation of u in V;. For example, the best approximation
in V; for u € Ly(Q) is given by

min fJu — vz,

and the study of such projections from Ly to V; is fundamental to finite element
methods. The representation of elements of V; via the nodal basis is attractive
computationally as it typically leads to sparse linear systems of equations that
may be solved quickly and efficiently. For example, given the nodal basis functions
¢i; and ¢y for j,k € {0,...,2"} the supports overlap iff |j — k| < 1. This
leads to tri-diagonal stiffness matrices for a large class of problems in one spatial
dimension.

We now consider an alternative description of our approximations ;.
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Definition 2.8. Given the index sets

1,3,5,...,20 =320 —1 [>0
B, = .
0,1 [=0

then the level ¢ hierarchical basis functions are the ¢; ; with j € B;. Further, the

space of functions spanned by these basis functions
W, :=span{¢;; : j € B;}

is referred to as the space of level 7 hierarchical surpluses (or ith hierarchical space
for short).

We claim now that u; = Z,u can be written as the sum

7
ui=y Y by

=0 jeb;

for some appropriate choice of ¢;; € R.

We first note that each of the ¢; ; with [ < ¢ has wider support than the typical
nodal basis functions. However, like the nodal basis functions for each z; ; (€ €;)
there is a ¢;; (0 < [ < i and j € B;) such that ¢;;(z;x) = 1, in particular
¢1,5(x;9i-1;) = 1. Note that given the definition of ; ; one can write z; yi-1; = 2y
in which case one has ¢ ;j(x;;) = 1. We also notice that ¢p j(z;,;) = 0 for all
I' > 1 and j* € By. This suggests a so-called 'bottom-up’ approach. We note
that ¢po(a) = ¢o1(b) = 1 and ¢oo(b) = ¢o1(a) = 0 whilst all of the other
¢ (I > 0) are 0 at both a and b. It follows that c¢pp = u(zo0) = u(x;p) and
coq = u(xg1) = u(x; ). For [ =1 we have only the one hierarchical basis function
$1.1. Since cpopo,0+ o101 gives us a linear interpolant between a and b then we

must have
U(l'o,o) -+ U(Z'OJ)

2

U($1,1) = + C1,1¢1,1($1,1)

from which it follows that

e = u(zry) — u(wo,0) ;U(xo,l) = w(zip) —

With induction on [ it is similarly shown that

w(xip) + u(w; 2)
5 )

u(zyj-1) + u(r11) w(@;gi-1(j-1)) + u(@igi-1(j41))
2 2 ’
for € Byand [ = 0,...,:. This is typically expressed as an operator for which

Cj = u(xl,j) - = U(%,zz‘*lj) -

we write

U =5 Ja = () = 0.5(u(y; — 27" + ua; +27)

N[
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Figure 2.1: Here we depict the linear nodal and hierarchical basis functions in one
dimension for increasing levels of discretisation. The top row shows the nodal basis
functions from level 0 on the left up to level 3 on the right. The bottom row shows the

hierarchical basis functions for the same levels.

By construction the resulting function is clearly equal to u;. Further, we can
write ,
(2
W:@Wi:span{qﬁl,j:le,...,iandjEBl},

1=0
from which it follows that

Vi=VioidW,;.

Figure 2.1 shows the hierarchical basis functions for level 0,1,2 and 3 discreti-
sation of an interval. The large support of many of the hierarchical basis functions
is evident in the figure. As a result one typically obtains relatively dense linear
systems to solve compared to the sparse systems obtained from the nodal basis
function representation.

The following result provides an integral formula for the hierarchical coeffi-

clents.

Lemma 2.9 ([22, 50]). Let u € H*(Q) and ¢, be hierarchical coefficients such
that u; = Zyu = Z;ZO ZjeBl 01, then for 1 >0 one has

2~ 0%u
W=y /ﬂu‘@dw

Proof. Using integration by parts one obtains

0*u Ou ]+t TLi+L Oy - Ou
2 dr = il _ Rl el |
/Qgle o2 " {% ax] . / or dz "
1 hi Ou 1 TLitl Oy

Tl,5—1

= oo (=) —ulig—1) + (ulzien) = ulziy)))

— —% (u(l’l,j) - %(u(xl,j—l) + (U(xl,j-kl))) — T 5

L5

| =



58 CHAPTER 2. SPARSE GRIDS AND THE COMBINATION TECHNIQUE

Multiplying both sides by %_l gives the required result. Observe that the above
calculation holds as H*(Q) C C'(Q) (in particular the Sobolev embedding the-
orem [1] gives H(Q) C C2(Q) with C**(2) being the Hélder space for which

the kth partial derivative exists and is Holder continuous with exponent «). [

Lemma 2.9 shows that as [ increases the hierarchical coefficients decrease like
O(271), in fact as the support of the integral term is also O(27!) the hierarchical
coefficients decay even faster. This decay in hierarchical coefficients is similar to
the decay of Fourier coefficients in smooth functions. This suggests that just as
the tail of a Fourier series may be truncated to approximate functions with a small
amount of data a similar approach may be taken with hierarchical coefficients.
Note that since the support of the corresponding ¢; ; also decreases we see that
the contribution to wu; from each W, decreases exponentially as [ increases (see
Lemma 2.7). At the same time however the number of ¢; ; which span a given
W, increases, in particular it is equal to the size of By for which |B;| = 2!=1 for
[ > 0 and |By| = 2. It follows that as we refine an approximation to u the cost
increases exponentially whilst the benefit decreases exponentially. It is with this
observation that we build up sparse grids for functions in two or more dimensions.

Consider © C R? for a fixed integer d. In particular we consider domains which
are topologically equivalent to tensor products of closed intervals (possibly with
identification of opposite edges/faces), that is after an appropriate transformation

we may write

Q=77 x---xTy

for some closed intervals Jy,...,J; C R. Without loss of generality it is enough
to consider Q = [0, 1] (e.g. by applying an affine transformation to J; x - - - x Jy).
The fact that Q = [0,1]¢ is simply a tensor product of unit intervals J = [0, 1]
means that much of what we developed in one dimension may be extended to 2
via tensor products.

Again we consider functions u : €2 — R which are continuous and bounded.
To approximate the function u we start by discretising our domain. Let i € N,

then
QiZ:QhX"'XQ

iq
where each ;, is a discretisation of the unit interval J = [0, 1] as in Notation 2.3.

In particular

Qi ={x=(21,...,09) ER¥: 2 = jj-27% for j, =0,...,2% and k= 1,...,d}.



2.1. SPARSE GRIDS 29

Similarly we use the notation z; ; for elements of {); where
.I'Ll‘ = (xh,jl? . ,ilj'ide) = (j127i1, . ’de*id)

where j, € {0,...,2%} for each k =1,...,d.
Consider piecewise (multi-)linear approximations of u :  — R which are
(multi-)linear on each [z, j,, @i, jy41] X -+ X [Tiyju» Tigjg+1)- Such functions are

again typically represented as a sum of (d dimensional) nodal basis functions.

Definition 2.10. The d dimensional nodal basis functions are defined by

d
g (@) = [ [ b () -
k=1

Noting that each ¢, ; is 1 at z; ; and 0 for all other points in §2; we can express
an approximation to u which is ai(multi—)linear interpolation of samples of u on
Q; as
w(@) = Tu@) = > ules)éi(@), (2.2)

7 (0<) <2t
where 2t := (21, .. 2%).
Notation 2.11. We denote the space of piecewise (multi-)linear functions given
by the span of the ¢;; by
Vi :=span{¢;; : (0 <)j <2},

Given the product nature of the nodal basis functions and the space € it
follows that V; can be expressed as a tensor product of our one dimensional V;,
that is

Vi=Va®- @V,

As before, Z;u is not necessarily the best approximation of u in V;.
We extend Lemma 2.7 to our d-dimensional nodal basis functions (adapted

from [22, 50] to include the boundary nodes).
Lemma 2.12. Let i € N and (0 <)j < 2%, then

s lly = 27 (@ lio)g-l

N2 |
H%le = (5) 2|1|0/22—|g|/2

@il =1,

where |i|o is the number of non-zero entries in i.
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Proof. Using the product structure of ¢;; in Definition 2.10 each equality is ob-
tained by taking the product of the results of Lemma 2.7. [

As in the one-dimensional case, for a given i approximations with the nodal
basis functions typically lead to relatively sparse linear systems since the support
of ¢; ; for each (0 <) j < 2% overlaps with at most 3¢ neighbouring basis functions
(inch;ding itself). However, we again consider a hierarchical description of our

function space V;.

Notation 2.13. Let [ € N¢ then we define the (multi-)index set

r=1,305,...2%—1 ifl, >0, k=1,...,d
BL::Bllx'”XBld: ]]k )9y ) 1 k s 5 , ’
- k=01 ifl,=0k=1,...,d

and let
W, = span{@i 1 J € B}

Just as the V] is equal to V;; ® --- ® V;, one similarly has
W,=W,®---0W,.

Furthermore, it follows that

- -B(@m)- @ (&) o

0<i<i \k=1 0<I<i

Henceforth we drop the lower bound 0 for sums over [ < ¢ as this is implicit for
e N9,

The obvious question at this point is how one calculates coefficients ¢;; such
that

u; = E E CLjPLj
1<i \jeB

The tensor product structure is again invaluable as we can simply apply our one

dimensional hierarchisation operator to each dimension. That is, for [ > 1

d
= (H[ —= 1 —% ]wlk»jk’lk> U .

k=1

N |

At this point it is important to note that the literature generally considers the
domain [0,1]¢ with the additional assumption that functions are zero on the

boundary. This somewhat simplifies the development and also fits in with the
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application of elliptic PDEs with zero boundary which is typically presented in the
literature. In particular this means that they only need to consider [ > 1. With
our interest in hyperbolic PDEs however, we must consider non-zero boundary
conditions and therefore must consider hierarchical basis functions which are
non-zero on the boundary. Let

o=

0o [ =3 1 =5 1, i1>0
.1‘1,]',1 T .
[ 01 0 ], , ifl=0

then one has for all [ > 0
d
C—’i = <H Hmlk,jkvlk> u.
k=1

We now extend Lemma 2.9 to our d-dimensional hierarchical coefficient ¢ ;.

Lemma 2.14 ([22, 50]). Let Q =1[0,1]* and u € H2,,(Q) and c;; be hierarchical

coefficients such that u; = Tju =3, > icp C1Prj, then for L > 1 one has
ay = (—1)‘12—'”—d/ ¢ D da (2.3)
Q

Additionally for 1 21 (and 1> 0), let k be the number of non-zero members of |
and {my,...,myu} C{1,...,d} be such that l,,,, ... Ly, #0 and {my41,...,mq}

are the remaining indices, then one has

ko ll—k 1 1 52 O?
Cf’l' = (-1) 2 - /0' ce /0' ¢£7lax$nl e ax?ﬂkulwmk+1:jk+l ..... wmd:jd d(L’ml e dxmk .
(2.4)

Proof. Given the product structure of both ¢ ; and ¢; ; then (2.3) follows immedi-
ately from Lemma 2.9 (observing that H2, ([0,1]¢) = H?([0,1])®---® H?([0, 1]),
see [73]). Similarly (2.4) is the same argument applied to those indices which are

non-zero. O

For [ < i we use the notation uLh to denote the contribution to the function
u; from the hierarchical space W, that is uf C Wi Assuch u; = >, uf
The following Lemma bounds the contribution from hierarchical surpluses and is

effectively a collection of two separate lemmas in [22].

Lemma 2.15 ([22, 50]). Let u € H2,,

and for i € N¢ let u; = T; be piecewise
linear approzimations of u as in (2.2). For [ <i and j € By let ¢;; be such that

U= Y1y (X yem cins ) then for 1> 1

< - H D2u] supp(on ;)

CLiDL i .
Ll(bbl 9
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Additionally, if uf € Wy are the hierarchical surpluses such that u; = Zzsz uf,
then for 1 > 1 one has

1 d
Jotll < (5) 2 0,

Proof. Combining Lemmas 2.12 and 2.14 for [ > 1 (for which |I|o = d) one has

(via Holder’s inequality)
2 1\¢
— (-) 29—l /¢ljD2u(a:)da:
2 6 Q o=
1

d
( ) el ‘@,g
d 2
- ( ) sl ‘D2U|supp(¢1,g)

.
Summing over all j € B, for a given [ > 1 we note that the supports of the ¢ ;

2 2

Hcl’iqﬁl’i 2 -

2

buj

ClLj

2

IN

2
2
) HD’U|supp(¢;,i)

(=)

2

Nel i

overlap only on their boundaries and the union is €2, thus one obtains the bound

1 d
Jotll, = | X ewsens| < (5) 2 D2,

j€B; 9
as required. O

We see that the contribution to the approximation from the hierarchical sur-
plus uf decays exponentially according to the 1-norm of [. At the same time, the
number of hierarchical basis functions making up w," is given by |By| = 2/=¢ for
[l > 1. Thus the cost increases exponentially whilst the benefit decreases expo-
nentially. We see that the uf with the same cost and benefit are those with equal
|[|. The idea of a sparse grid is that rather than consider a full grid solution of
level n, that is ue,.. ) = Z;g(n,...,n) ui we instead consider ngn uf As will be
quantified in in the following subsections, this significantly reduces the number

of unknowns in the representation whilst only having small impact on the error.

Notation 2.16. We denote the sparse grid function space by V7 and it can be

expressed in terms of its hierarchical decomposition into

V=

ll|<n

Similarly we denote uj := Z‘ I<n uf to be an approximation of the function w in

the sparse grid space. It is typically referred to as the sparse grid solution.
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Figure 2.2: Here we depict a two dimensional sparse grid. On the left is a sparse grid

without boundary points and on the right is the same sparse grid with boundary points.

The largest hierarchical spaces in V,® have O(2") unknowns and contribute
O(27?") to the solution. Compared to a full grid where the largest hierarchical
space contains approximately O(2¢") unknowns and contributes only O(272")
to the solution we already have some indication that the sparse grid is more
efficient. Figure 2.2 depicts the sample points in a classical sparse grid in which
it is evident that the total number of points is far less than those of the smallest
full grid containing the sparse grid in each case. In the next section we quantify
the number of unknowns in a sparse grid. Following this we consider the error

|lu — us ||» allowing us to quantify the intuition gained thus far.

2.1.2 Number of unknowns in a sparse grid

On a level n full grid it is clear that we have (2" + 1)? if the grid includes points
on the boundary and (2" — 1)? if it does not include points on the boundary. In
either case we can see that the number of unknowns is approximately 2%". We
first consider a sparse grid without boundary points as in [22, 50]. In literature
referring to sparse grids without boundaries it is typical to ‘shift’ the origin so
that what they refer to as a level n sparse grid is actually level n +d — 1 in the
notation introduced here. This shift accounts for the fact that 1 is the smallest
hierarchical level in this case. We will not do this and thus the result here differs
slightly.

Proposition 2.17 ([50]). The number of unknowns in a level n sparse grid with-
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out boundaries is given by

(—1)% 4 gn—d+1 § <d - Tf_ k) (—2)*. (2.5)

k=0
Proof. Given no boundary points we note that the hierarchical levels of interest

are [ > 1 (point-wise) and that for such [ one has
|B)| = =1 o ...y 9la=l _ 9lll=d

Therefore the number of unknowns are

TSl (D I o () P S G

&

>1,]l<n k=d \l>1,||=k k=d k=0
Following from our last equation we have
n—d n—d
Z(k+d_1> Z Ic—l—dl(dl
d —1 ' r=2
k=0 k=0
- (d-1)
Z k+d— 1 )
k=0 o
1 ZEd_l — " (d-1)
:(d—l)!( 1—z ) )

where the notation f(x)® denotes the ath derivative of f(x) with respect to z.
Applying the product rule we obtain

T ((d; Y (2 )()>
() e ) ()

_ ((d; 1)33 ) @ x> (1 - )

Substituting in z = 2 at this point yields

SR

k=0 k=0
d—1 d—1
< ) d 1=k _ on (Z) (_1)d7k27k'
k=0 k=0

r=2

r=2
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Noting that (z+y)41 = Z;(l] (d ) akyd=1=F then substituting z = 1 and y = —2

we see that the left sum reduces to (—1)?"! yielding

n—d d—1

k+d—1\_ _ d_ on n k-+1o—(d—1—k)
Z( )2_( 1) QZ(d—l—kz)( 1)k+12
=0 k=0
d—1 n
_ n—d+1 k
S Rt D (R [
as required. O

If n > 2(d — 1) then this result can be bounded by 1+ 2"1(,",). Following

from this we have the asymptotic estimate

n! nd—1

(ErESCE ((d “it O(”H))

which we see grows asymptotically like O (2"nd_1) which is much slower than the
O (29) for the full grid (d > 2).

The calculation for a sparse grid with boundary points is more complex and

1 T 2n+1

is not something I have come across in the literature.

Proposition 2.18. For a level n > 2(d — 1) sparse grid with boundary points the
number of unknowns is bounded above by

1 4 2n=d+1 (g4 — 59) (d " 1) . (2.6)

Proof. We first observe that on the boundaries lie level n sparse grids of smaller
dimensions, e.g. the (d — 1)-faces on a d-cube are sparse grids of dimension d — 1
without boundaries, the (d — 2)-faces are sparse grids of dimension d — 2 without
boundaries, etc. until one gets to the 2 vertices in the corners. Given that
there are 2¢-¢ (Z) e-faces on a d-cube we apply (2.5) to find that the number of

unknowns for a sparse grid with boundaries to be

924 4 é 9d—e (i) ((—1)6 4 gnetl i (6 - 7;_ k) (—2)’“)

k=0

d e—1
=1 2y S e ( ) ( . ) (—2)F. (2.7)
€ e —1—
k=0

e=1
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Givenn > 2(d—1) then (__7 ) < (,,) foralle=1,...,dand k=0,...,e—1,
thus

d e—1
d n
27V < 1 2n—d+1 22(d—6) 2k‘
S ()

— 1 4 gn-d+l <d " 1) 24‘1—8(26 1) (Z)
(2 e
= 1420 (d B 1) 4 ((3/2)* — (5/4)%)

:1 2n—d+1 d __ d n
poene s ")

as required. O

We see that the asymptotic rate with respect to n is the same as that without
boundaries, namely O(2"n?1). For d = 1 we can see the result is 1 + 2" which
is exactly the number of unknowns in the level n discretisation of a unit interval
with boundaries. However, for d > 1 this result over-estimates of the number of
unknowns. In practice one can use (2.7) to quickly compute the exact number of

unknowns in a sparse grid with boundaries.

2.1.3 Error of sparse grid interpolation

Now we consider the error for interpolation u € H?2

Tix onto a sparse grid. The
result will be obtained by bounding the contribution from hierarchical spaces that
are not included in the sparse grid. This is done using the result of Lemma 2.15,

namely for [ > 1
1\¢
Jutll, < (5) 2202l

We start by deriving the classical result for functions which are zero on the
and later exploit the fact that the

boundary is made up of lower dimensional sparse grids. Note that this result again

boundary of the domain, that is u € H

mix

differs slightly from the literature due to the different convention of only including

hierarchical spaces up to level n in the sparse grid (as opposed to n + d — 1).
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Proposition 2.19 ([22, 50]). Let u;, = > <pai1 uj' be the level n sparse grid
interpolant of u € Hy ...([0,1]%), then

oo <208 (5)' ||Dmu2§ G e

Proof. Given the hierarchical decomposition of v and u it follows that the error

of sparse grid interpolation is

lu—willz< Dt

]>n&>1

1 d
< 2 (3) 272 D2l
[l[>n & i>1
1\¢ >
-(3) e > o

k=n+1|l|=k & >1

As the number of [ satisfying || = k&1 > 1 is equal to (gj) one has
. 1\“ < (k—1\__
fo-wle< (3) 10l 3 (57 1)2*
k=n+1
1\? > (k+n
_o—2(n+1) [ = 2 —2k
=2 (3) HDuHQZ(d_1>2 :

k=0
For the sum we can use a similar approach as used in Proposition 2.17. Let
0 <z <1, then

o) k —n ') (d_l)
l’k +n — & karn
d—1 (d—1)!

k=0 k=0
g g @D
 (d— 1)' 1—2x

n (d—1-F)
1! k: l1—x
k=0

_a L fd-1\ 2Rl (d—1—-kF)!
- (d-1)! k) (n—Fk)! (1—x)iF

d—1 d—1—k

B n x 1

B (k) (1 — x) 1—a’
k=0
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therefore yielding the error bound

1 1 d d—1 n 1 d—1-k
fo-uite <23 (5) 102X (7) ()

k=0
as desired. O

We note that if n > 2(d — 1) we can sacrifice some tightness of the bound for

simplicity to obtain

s ol (1) n
o=l <225 (5) 10%l( " ). (2:9)

Thus one expects an asymptotic rate of convergence of O (2_2”nd_1) with respect
to n.
For comparison we can apply the same technique to estimate the error for

interpolation onto a full grid w;. This has been done for an isotropic full grid

Lemma 2.20. Let u € Hj
polant u; € V; of u satisfies

and i € N¢, then the piecewise multi-linear inter-

miT

d
= wlle < 97| D2l 3 47 (2.10)
k=1
Proof.
lu = wills < s
1543
< 37Dl Y 272
54
= 3—d”Dzu||2 ZQ—M _ Z 9—2l
>1 1<i<i
o0 d g i
= 37| D2l (Z 4’) -1l ( 41)
=1 k=1 \ =1
d
= 97| D2ul|y (1 = 4—%)> :
k=1
Now we claim that given z,...,24 € (0,1) one has

d

d a1 ] - ).

k=1



2.1. SPARSE GRIDS 69

If d =1 then one has 2y = 1—(1—x1) and for d = 2 one has 1 — (1 —x;)(1 —x5) =
1+ To — x179 < 11 + 2. Assuming the claim is true for the case d — 1, then for

the case d one has

d d—1 d—1
L= [ =z =1=JJ(0 = a) + 20 [0 — )
k=1 k=1 k=1

d—1 d
< E T+ xq = E Tp s
k=1 k=1

and thus the claim is true for all d by induction. It follows that

d
lu = willz < 97| D2ull Y47
k=1

as required. O]

Note that it can be similarly shown [22] that

d
= il < 67 D2l D47
k=1
Ifi = (n,...,n) for some n € N then our bound (2.10) reduces to the known result

for an isotropic grid ||u— g, |2 < d97947"|| D2u|, . Here we see the expected
convergence rate of O(47") for isotropic full grids in which case it is clear that the
sparse grid is only a factor of n?~! slower to converge asymptotically with respect
to n despite having O(n?'27"@=1) times the number of unknowns. Figure 2.3
depicts the difference in rates of convergence for the right-hand sides of (2.9)
and (2.10) with respect to the number of unknowns.

We pause for a moment to prove an inequality stronger than Friedrich’s in-
equality [32] for functions u € H{ ([0, 1]?). As far as I am aware this has not

been shown in any other literature.

Lemma 2.21. Ifu € Hg ,.,([0,1]*) then
lulla < 97| D%uls . (2.11)

Proof. We note that as u can be expressed in terms of the a sum of its hierarchical

components u = Y-, ul'. Therefore

lulle < 3 Jufle < 379 D2ully " 272

>1 1

00 d
= 37| D2ul|, (Z 4—l> = 97| D2ul|,
=1

as required. O
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Error vs Unknowns (2D) Error vs Unknowns (3D)
0 7\ I — ] 101 = I ——
10 ——sparse grid ——sparse grid
—— full grid —— full grid
10—4 - . 10_3 [ |
- -
3 3
1078 | | 1077 1
10—12 = ! ! ! = 10—11 L ! ! ! |
100 10% 105 10° 10°  10*  10% 10'2
total unknowns total unknowns

Figure 2.3: We plot an example of the error against the number of unknowns in two
and three dimensions. It is clear that a sparse grid can achieve the same accuracy as a

full grid with far fewer unknowns.

We now move on to the case with non-zero boundary. As far as I know this
has not been covered in the existing literature. When we estimated the unknowns
on the sparse grid with boundaries we noted that the boundaries are composed of
sparse grids in lower dimensions without boundaries plus the 2¢ vertices of the d-
cube. This same property may be used in the analysis of sparse grid interpolation

for functions u € H?, . We first introduce some notation. Given Q = [0,1]¢ we

let 0L denote the boundary of 2, that is the union of the 2d (d — 1)-faces which
are each isomorphic to [0,1]¢71. Similarly, for 1 < k& < d we denote 9% be the
union of the 2% (Z) (d — k)-faces which are each isomorphic to [0, 1]97*. Given a
function u € HZ,,

each of the (d — k)-faces of ), that is

then |u[g2 (srq) denotes the sum of the H7;, semi-norm over

mix

ulmz, (or) = > > 1D ula, =1, oy =i | La(0,170-5)
{ml,...,mk}c{l,...,d} ye{O,l}k

Proposition 2.22. Let u € H2,([0,1]%) and uZ be a level n > 0 sparse grid

miz

interpolant of u (including boundary points), then

1 d k—1 n 1 k—1—m
HU - 'U/ZHQ S 5272n Z 3*(d+k)/2|u H?niz(ad_kﬂ) <m> (g) . (212)
k=1
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Proof. Given the hierarchical decomposition of u and u? (with n > 0) we have

e —willz < Y lluflls

|i]>n
= Dl D -
|i|>n & i>1 [i|>n & iZ1

The left sum corresponds to the interior points of the sparse grid and we may
apply Proposition 2.19. We now concentrate on the right-hand sum. Note that
i # 1 is not the same as i < 1, it is equivalent to the statement 3k € {1,...,d}
such that i, = 0. The sum may be split up according to how many components of
i are zero. If ¢ has k zero components then uf is determined by the values of u on
OFQ. With |i| > n > 0 at least one component of i is always non-zero. Similarly,

as 1 # 1 at least one component will always be zero, thus 1 < k£ < d — 1. Hence

d—1
Yoo lufllz=> > ke

li[>n & i1 k=1 [ilo=d—k & |i|>n

we write

For a given k, the sum 2, yepisn |ul||2 is over all nodal basis functions
whose peak lies on the interior of the 2" (Z) (d — k)-faces making up 9*€Q2. This
is precisely a (d — k)-dimensional sparse grid interpolation on these faces with a

tensor product of ¢po or ¢p; in the remaining k dimensions, in particular

S )= > >

lilo=d—k & |i|>n {ma,...mp}U{mp41,....mq} y€{0,1}*
—{1,..d}
Z <uﬂ Tmy =YL, ) ¢07y1 (xm1> e ¢07yk (:Emk)
i1+ img >n rotm =Yk La()
iy = =im, =0
Now as
‘ (uﬂ Tmy =YL, ) ¢07y1 (Im1) T ¢0,yk (xmk)
<o Tmy =Yk LQ(Q)
= [|uf| #mi=01, 190,51 (@ma)l ao,17) * * + 190,45 (Tog) | 22 10,1)
YRl Ly (0,1)9F)
and each of the /¢, ()| 1,01 = 37/ by Lemma 2.7 then
S
lio=d—k & |i|>n
_ 3—k/2 Z Z Z uz" Tmy=Y1, .
{ml,...,mk}u{mk+1,...,md} yE{O,l}k imk+1 +"'+imd>n otmy =Yk L2([071}d7k

={1,..d by = =im,, =0
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Now the remaining sums simply bound the sparse grid error on the interior of
the (d — k)-dimensional boundaries for which Proposition 2.19 may be applied.
It follows that

d—1 d—k—1 d—k—1—m
|, < 3719/227211137@71@) n 1
Z il < Z 3 [ul bz, (o+0) Z m/) \ 3
k=1 -

|i]>n&iF1 = m=0
1 d—1 k—1 n 1 k—1-m
_ —2n E —(d+k)/2
= 52 e 3 ( )/ ’u‘Hrgnix(ad_kQ) P (m) (g) .

Adding in the term for the interior of €2 one obtains

1 d k—1 n 1 k—1—-m
||u B Ui”g < g2—2n Z 3_(d+k)/2|u|HiiX(8d*kQ) <m> <§> :

k=1 m=0

as required. O

We can sacrifice the tightness of this bound to obtain something a little simpler
for n > 2(d — 1), namely

1

d
S —2n —_ n
||u . un||2 < 52 2 Z 3 (d+k)/2|u|H§ﬂx(8d*kQ) (k - 1)
k=1

d
1 n
< 3—d/22—2n( ) U _ )
- 2(\/§ _ 1) d—1 Z| |Hr2nix(8d kQ)

k=1

One can also obtain an inequality similar to that of Lemma 2.21 in the case of
a non-zero boundary. Taking (2.12) for n = 0 and adding the level 0 hierarchical

basis functions which are each 1 at one of the 2¢ vertices one obtains

d
e <392 [ 3™ uteay)] | + (z s—<d+3k>/2|u|ﬂgm(adm>> |
k=1

0<y<1

2.1.4 Additional remarks

Classical sparse grids may not be suitable for all problems. For example, for some
problems it may be desirable to solve some dimensions at a finer scale than others,
e.g. consider phase space in which the velocity coordinates may not need be as
fine as the spatial coordinates. Problems with multi-scale phenomena may also
be problematic due to the difficulty in resolving fine scale effects in the absence
of the finer hierarchical surpluses. Fortunately there are many adaptations and

generalisations of classical sparse grids that address such issues. A particularly
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nice use of sparse grids is in multi-grid and multilevel methods [59, 19, 57]. There
are also extensions which utilise higher order hierarchical basis functions, see for
example [18]. Whilst finite difference methods for hyperbolic PDEs have been
developed directly on the sparse grid, see for example [63, 60], this thesis will
focus on the combination technique for approximating sparse grid solutions which

is introduced in the following section.
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2.2 The Combination Technique

The combination technique was introduced in [61] as a method of approximat-
ing sparse grid solutions without the need to compute directly with hierarchical
basis functions. By adding approximations from several different V; (which may
be computed using nodal basis functions for example) one is able to obtain an
approximation in V7. We motivate the combination technique by discussing the
problem of adding approximations from different approximation spaces in order
to obtain an approximation in a larger space. After giving the classical combi-
nation formula we then provide formula for the total number of unknowns in 2
and 3 dimensions and a bound for higher dimensions. We then review estimates
of the error of solutions obtained by the combination technique using an error

model for known as an error splitting for the approximations in each of the V;.

2.2.1 Preliminaries and motivation

Suppose we have two approximations u;,u; to the function v € H, 2. in the

mix

function spaces V;, Vj respectively. In particular we have

u € PWe, we@PwWs.
k<i k<j
Now consider the function u; +u;. Clearly this will give an approximation in the
space
utu; €Vi+ V= @ Wi, .
{k|k<i or k<j}

Since V;, V; C V; +V; then one expects that one should be able to obtain a better
approximajcion to u in the space V; + V;. However, it is clear that u; + u; will
generally not be a good approximation to u, but typically a closer approximzltion
to 2u (e.g. consider i = j). We can see what is happening if we look at the

hierarchical decomposition of our approximations. We have
h h h h
U; + Uj = E u | + E up | = g up | + E Uy
k<i k<j {k|k<i or k<j} k<inj

From here it is clear that we have additional contributions to the hierarchical
components ug for k£ < 1 A j which is equivalent to an additional contribution

from w;;. Therefore, in order to approximate u in V; +V; we may compute

Ui—FUl—U@'/\Z.
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Figure 2.4: The combination uj for d = 2. The 9 component grids are arranged
according to the frequency of data points in each dimension. A plus or minus denotes
a combination coefficient of +1 or —1 respectively. In the top right is the (enlarged)

sparse grid corresponding to the union of the component grids.

This is effectively a simple application of the inclusion-exclusion principle, we add
an approximation from two function spaces and subtract an approximation from
the intersecting space to obtain an approximation in the combined space (or join
space).

The combination technique can be viewed as the extension of this observa-
tion to obtain approximations in the sparse grid space V,® by attempting to add

approximations from V; for |i| = n. The classical combination formula [50] is

ué = 0(—1)’“<d;1) >, (2.13)

where uf, is referred to as the combination solution and the u; € V; are often
referred to as component solutions. A detailed derivation of this formula is given
in Lemma 4.25 via the more general theory of adaptive sparse grids. An example
of the combination technique in two spatial dimensions is depicted in Figure 2.4

For interpolation, that is u, = Z;u, the combination u is equal to the sparse
grid interpolant [61, 50]. One can see this by decomposing each u; into their
hierarchical components which then cancel out (via the inclusion-exclusion prin-
ciple as in our simple example) leaving the same hierarchical contributions as

the sparse grid interpolant. As an immediate consequence the error bounds of
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Propositions 2.19 and 2.22 may be applied to u;, when u; = Z;u.

2.2.2 Unknowns in the combination technique

Given that the u; making up u have hierarchical components in common with
each other it is clear that the combination technique has more unknowns than the
sparse grid. Note that, whilst both u; and uS have range V7, for the combination
technique we count the total number of unknowns in the collection of function
spaces {V; : n —d+ 1 < |i| < n}. The reason for this is that one needs to
compute an approximation u; in each V; to construct ¢ and as this is generally
done for each u; independently (despite some redundancy in the information they
carry) we sum the number of unknowns in each V; for which u, is computed. The
obvious question that arises is whether the redundancies are few enough that
the combination technique is still an efficient way to compute approximations of
win V7. If an approximation u; includes boundary points then the number of

unknowns is

[Ta+2%).

k=1

We denote the sum over the unknowns in each u; with |i| = n (with i € N¢) by

ama= Y JJa+2%). (2.14)

{ieN|i|=n} k=1

Therefore the total number of unknowns computed for the combination w; is
d-1
k=0

k4. For d = 2 we have the following result.
Lemma 2.23. Given o, 4 defined by (2.14) and d = 2 then
Qpo=n—14(n+5)2"

and therefore the total number of unknowns in the computation of ug is

2n — 3+ (gn+7> A
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Proof. We have

n

tnp= Y (1+20)(1+22) =) (1+2")(1+2"")

i1+i2=n i1=0

= (1427 4270 4 2n)

11=0
= (n+1)(1+2") + 22" —1)
=n—1+(n+5)2".

It follows that

Una+n1a=n—1+n+5)2"+n—2+ (n+4)2""

3
=2 -3+ (§n+7) P
as required.

Notice that o, 4 may be calculated recursively as for d > 2 one has

n d n
Ond =) > [Ta+2%) ] => 1+ 29ania-

1g=0 \ 11+ +ig_1=n—1q k=1 1q=0

This property will be useful in the following result for d = 3.

Lemma 2.24. Given a4 defined by (2.14) and d = 3 then

1 3 1 15
Op3 = 5712 — §n -5+ (5”2 + ?n—i— 13> 2"

and therefore the total number of unknowns in the computation of u is

§7”L2—E71—8—|- (gnQ—%n—i—lG) 2™,

Proof. Using the recursion (2.15) and Lemma 2.23 we have

n n

77

(2.15)

O3 = Z(l + 21’3)0%72 = Z(l + 2i3) (TL —i3— 1+ (n — i3+ 5)2n—i3> ]

13=0 i3=0
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Note that via the substitution iz — n—iz one has Y 1" 32" = Y7 _(n—iz)2"".

Therefore

Ckn,g = Zn—z?, —1+ (n—z3—i—5)2"%3 +(n—Z3 — 1>2z3 + (n_23+5)2n
i3=0

=3 n—iz—1+5-2""% 4 (n—1)2% 4 (n — iz + 5)2"
i3=0

=Y (n—1+(n+5)2") = (1+2")is+5-2"" 4 (n — 1)2

13=0

+1
:(n—1+(n+5)2”)(n+1)—(1+2”)%+(n+4)(2"*1—1)
1, 3 1, 15
N P S (e N AT
277, 2n 5+<2n+2n+ 3)

From here it is straightforward to show

3 15 7 97
Qp3z+ Qp_13+ Q23 = 5712 — ?n -8+ (8n2 — gn + 16) 2"

as required. O

Evaluating this sum for a general number of dimensions unfortunately does
not reduce to a simple equation. However, it may be shown that o, 4 = %2” +
O(n4=22m). Note that

d d
ol =TT 2 < [ +1) < [ 2" = 2" (2.16)
t=1

t=1 t=1

U

which leads to the lower and upper bounds
n+d-—1 n+d—1\_,
i > 2", apa < gd+n
O"d—(d—1) a’d_(d—l)
respectively. Thus asymptotically the total number of unknowns in computing
us with respect to n is

d—1 d—1

Z (n —k+ d )an _ (dn_ 1>!2n+1(1 — 270 + O (n227)

=0
in which case we see the asymptotic growth rate of unknowns in the combination
technique is the same as that for sparse grids up to a constant.

Summarising so far, we have that the combination technique has a similar
number of unknowns compared to sparse grid and gives the same result for piece-
wise linear interpolation of u € HZ, . We will now look at error estimates of u

mix*

for u; which are not necessarily piecewise linear interpolants of w.
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2.2.3 Error of the combination technique

A classical result in [59] for the error of combination technique solutions wf is
obtained by assuming an error model for the u; which is known as an error
splitting. For 2 dimensional problems, an approximation u; of u satisfies the

error splitting model if the pointwise error expansion

U —u; = Cl<h11)thl -+ Cg(h )hp + D(h“, h )hp hp (217)

1712

holds where hy, := 27%, p > 0 and C}, Cy, D implicitly depend on x € Q. Using
this error model, the following Lemma bounds the error of |u—u¢ | which is similar
to the result in [59] but with our slightly different definition of u¢ and arbitrary
p > 0 (rather than just p = 2).

Lemma 2.25 (Adapted from [61]). Let u; : [0,1]*> — R for i € N? be approzima-
tions to some function u : [0,1]> — R which satisfies the pointwise error expan-
sion (2.17) with p > 0 and |Cy(h;)| < K, |Ca(hy,)| < K and |D(hiy, hiy)| < K
Vi for some K > 0. Then the combination uy, =, _, wi — >y _, ;Wi salisfies

lu—up| < (34 (14 2°)n) Kh? (2.18)
pointwise.
Proof. First notice that as };_, u—>_;_,_; u = (n + 1)u — nu = u one has
u—u, =u— Zui— Z u; :Z(u—ui)— Z(u—ul)
lil=n lil=n—1 lil=n jil=n—1

Now substituting the error splitting (2.17) we obtain

w—uf, =Y (Ci(hy)hE + Cohi,)hY, + D(hi,, hiy)BEBE)) —

11" Y12
lil=n
— > (Calhi))B, + Co(hiy)hZ, + D(hiy, hiy )2, 1)
|i|l=n—1
n—1
—201 i) ch i )hY +202 i)l =Y Co(hy,)BE,
i1=0 i1=0 12=0 12=0
+ Y D(hi, hi)Bh = > D(hay by, )hE
i1+ig=n i1+io=n—1

= (Ol(hn)+02(hn)+ > D(hiyhi) =20 > D(hll,h22)> he.

i1+i2=n i1+io=n—1
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Taking the absolute value of both sides we have

| —ug | < |Cy(ha) | By, + [Co(hn) [R5,

+< > DG k) +27 Y DGy >‘>h

i1+12=n i1+12=n—1
< Kh? + Khl + (n+ 1)Kh? 4+ 2PnKh?,
=3+ (1+2°)n) Kht ,

as required. O

A similar result was also derived in [59] for d = 3 dimensions assuming the

pointwise error splitting

+D1(h“,h )hY hp +D2(hz-1,h )hp W2 + Da(hi,, hi,)hEhY

11" 19 71713 129 12" 713

+ E(hy,, hiy, hiy )R B2 1P . (2.19)

119 %3
An analogous result to Lemma 2.25 holds in three dimensions.

Lemma 2.26 (Adapted from [61]). Let u; : [0,1]> — R for i € N* be approz-
imations to some function u : [0,1]* — R satisfying the pointwise error split-
ting (2.19) with |Cy(hi, )| < K, [Ca(hi,)| < K, |Cs(hiy)| < K, | Di(hiy, hiy )| < K
|Da(hiy, his)| < K, |Ds(hiy, hiy)| < K and |E(hg,, hiy, hiy)| < K for all i for some
K > 0. Then the combination

u, —ZUZ—Q Z u; + Z U,

li|l=n—1 li]=n—2

satisfies the pointwise bound
n2
lu —ul| < <7+ (9+ 2% — 22p) 5 + (1 +27)? 5 ) Kh?. (2.20)

Proof. The approach is the same as that of Lemma 2.25 and the details essentially
the same as those in [59]. We give a rough sketch of the proof for completeness.

As ("H) — 2(”;1) + (Z) = 1 one has

u—up =) (u—u) =2 ) (u—u)+ Y (u—uy).
li|=n

jil=n—1 jil=n—2

One may now substitute the error splitting (2.19). We focus on each term indi-
vidually. For the C; term by noting Zm:n fli1,ia,i3) = ZZ:O Z@*“ fli1,i9,n—

i2=0
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iy — i) one has

ch 11 2201 zlh + ZCI zl

lil=n—1 ji|=n—2
n n—i n—1n—1-—1; n—2 n—2—ij
5 D) ICIRIIES b SRCTURTEE Sl ST
11=0 i2=0 i1=0 1i9=0 i1=0 1i9=0
n—iy n—1—11
=Cy (h +Z<Z Ci(ha)hE = > Cl(h“)hp>
11=0 \i2=0 i9=0
n—1—i1 n—=2—1i;
— Cy(h)HE, Z( > Ci(ha)ht = > Ci(hyy) )
11=0 12=0 i2=0
=Cy(hn)h} + Y Ci(hiy)hE — ch a)h? = Cy(ha)R2 .
11=0 i1=0

The (5, C3 terms are similar. For the D; term one has

> Dihiy hi)BERE —2 Y Dy(hiy by B2 RE + Y Dy, hay ) BERE,

|i|=n—1 |i|=n—2
(2.21)
For the first sum one has
n n—1i
ZDl i by )BEBE = " " Dy(h,, b, B2 1,

11=0 72=0

n—1n—1-—11

—ZDl i1 n 21 h _I'Z Z Dl 217 hflhﬁ

11=0 i1=0 1i2=0

Similarly for the second sum one has

n—2 n—2—1

Z Dl(hll’h hthz ZDl i1 n 1- Zl ” 1+Z Z Dl “7 hf’lhi

li|l=n—1 i1=0 i11=0 1i2=0

Substituting these two equalities back into (2.21) therefore yields

ZDl hll,hn 11 ZDl h’lphn 1- Zl)h

11=0 11=0

The D, D3 terms are similar. There is no cancellation in the E terms so that

one simply has

> E(hiy, by, i)y =2 E(hiy, hay, hi)hb > E(hay, hiy, hay )W

li|=n—1 |i|l=n—2



82 CHAPTER 2. SPARSE GRIDS AND THE COMBINATION TECHNIQUE

Thus, taking the absolute values, bounding the remaining C%, Dy and E by K

and summing the terms one obtains

lu —ui| <3KRh? +3(1+(1+2°)n) Kh?
+2)(n+1 +1 -1
((n J(n+1) op+1 (n+1)n 22pn(n )) Ki?

2 2 2

from which the result follows. O

We note that the asymptotic rates of convergence for Lemmas 2.25 and 2.26
with p = 2 are O(n?"'272") which is the same as the piecewise multi-linear
interpolation error for sparse grids. It is noted [59] that this type of proof is
easily extended to higher dimensions, however it is not immediately clear what
the constants will be. Something else that isn’t clear in these results is how large
K may be. This will be problem dependant but if it also increases exponentially
in the number of dimensions then larger n may be required in higher dimensions
to obtain useful results.

Some of these questions are addressed by Reisinger [110, 109] who extends the
two and three dimensional results to arbitrary dimensions. We will review this
work but again, we derive slightly different results given our context of including
boundary points and the different definition of uf. Qualitatively the results will

be the same but constants will differ.

Theorem 2.27 (Adapted from [110]). For i € N? let u; : [0,1]¢ — R be an

approzimation to u : [0, 1]d — R satisfying the pointwise error expansion

d

U—U = Z Z Vi, jm(hih? s 7hijm)h€]-1 e hif]m : (222>

Additionally, suppose there is some K > 0 such that
‘vjl ..... jm(h’jl""?h’jm)’§K v1§m§dandV{jl,,jd}C{l,,d}

Then, the combination

. d—1
w=> () X ow
k=0 |i|=n—k
satisfies the pointwise error bound
2d —1
lu—uf| < K27P"(1 +2°)4! ("2 ) ) :
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Before we prove this we first introduce some notation and prove a few combi-

natorial identities. We define

S(n,d) = Z u;

{ieNd:|i|=n}
where we will typically omit i € N¢. We also define the difference operator § on

functions f : N +— R by
0f(n) = f(n) = fn—1).

Lemma 2.28 ([110]). The combination formula in d dimensions is given by

5118 (n, d) :](—1)’€ (d; 1) 3w

Proof. We claim that §™S(n,d) = 7" (=1)F (%) > lij=n—k Wi (Where the sum is
over i € N%). For m = 0 we note S(n,d) = D _Jij=n Ui, and for m =1 we have

dS(n,d) = S(n,d) — S(n—1,d)

S - Y u<z>=§1j<—1>’“(,1€> S

li|]=n li]=n—1 k=0 li|=n—k

Notice that
§"S(n,d) = 6™ 1S(n,d) — 6™ 1S(n —1,d).

We will prove the claim via induction, assuming the case m — 1 holds one has

5m5(n,d)_§<—1)k<m;1) > uz-—mz_:(—l)’“(mk_l) >

k=0 li|=n—k k= li|=n—1—k
m—1
pfm—1
=Y uw+ > (-1) ( h ) }Z u;
li|]=n k=1 li|=n—k
m—2 m 1
k o m—1
(") T w0t o
k=0 li|l=n—1-k li|=n—m
- m—1
— k o
=Y T+ (—1)(k>Zu,
li]=n k=1 li|=n—k
m—1 m 1
k - m
+> (-1 (k—l) > ui+(—1) 'Z u;
k=1 |i|=n—k li|=n—m
-\ k(T
_Z(—l) (k) Z u;
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Thus the claim is true for all m, in particular for m = d—1 we have 6*1S(n,d) =
us . [l

n

Using similar arguments we can show the consistency of the combination

technique.

Lemma 2.29 ([110]). Let

N(n,d) = 3 1—(”Zle)

{ieNe:|i|=n}
then
§™IN(n,d) =1.

Proof. We claim §*N(n,d) = N(n,d—k). For k = 0 it is clearly satisfied and for

k =1 we have
IN(n,d) = N(n,d) — N(n —1,d)
n+d—1 n+d—2 n+d—2
_<d—1)_<d—1)_<d—2)_NmJ_”
Assuming that 6* !N (n,d) = N(n,d — k + 1) for each n then we have for k by

induction

*N(n,d) = 0" ' N(n,d) — 6" ' N(n —1,d)
=N(n,d—k+1)—Nn—1,d—k+1)
_(n+d—k B n+d—k—1
S\ d—k d—k

n+d—k—1
_( i k1 )_N(n,d—kz).

Thus the claim is true for all k and in particular 6" *N(n,d) = N(n,1) = (}) =

1. O

Note that if u; = 1 for all ¢ then S(n,d) = N(n,d) and therefore As a result
of Lemmas 2.28 and 2.29 one has

1—5d?No%@——gipqﬁ(dgl)ﬂg;ky

We also have a lemma which is the Leibniz rule for our difference operator, a

proof is included for completeness.
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Lemma 2.30. Let f,g: N — R, then for all k < n.

k

oM (f(n)g(n)) = (k> (6" f(n = 7)) (& g(n)) .

=0 \J
Proof. The case k = 0 clearly holds and for £k = 1 we have
6(f(n)g(n)) = f(n)g(n) — f(n—1)g(n—1)

)= f(
= f(n)g(n) = f(n = 1)g(n) + f(n —1)g(n) — f(n —1)g(n —1)
(0f(n))g(n) + f(n —1)(dg(n)).

3

Assuming that the assertion is true for £ — 1 then we have

" (f(n)g(n)) = "1 (f(n)g(n)) — "' (f(n — 1)g(n — 1))

_ (k ) (59 (0 = 1) (@ g(m) |
=\ G )\ @ -1 ) g - 1)

J

Notice that

(8" f(n = 5))(dg(n)) — (" f(n — 1= j)) (" g(n —
=" f(n =) g(n)) — (3" f(n— 1= ) (0 g(n))

+ (8" f(n - 1—9))(539(71)) (0" f(n =1 =) (¢g(n — 1))
=(8" 7 f(n = ) g(n)) + ("1~ ),

1))

T fn—=1-5)"g(n)

and further

and similarly

k—

=0 J

=3 (7))@ s - iniao.

Jj=1

J
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Adding the two parts together using the fact that (k;I) + (l;j) = (];) for j =
1,....,k—1and (I;j) = (’;) for 7 = k one has

5(f(n)g(n)) = (5" +Z()5k 3 fn— ))(g(n)

- Xk: (’;) (6" f(n = 3)) (8 g(n)),

J=0
as required. O

Now we prove a lemma relating to the combination of a quantity whose value

depends only upon the level of each component grid.

Lemma 2.31 ([110]). Led d € N and f : N — R and define
" n—l+d-1
F(n) = . 2.23
m=3 (") (2.23)

If0 <k <d<n then 6*F(n) = Gi(n) + Hy(n) where

0 k=0
Gl ::{ S (B faek k>1

n—k

n—k—Il+d-1
mo=Y (" e
=0

Additionally, §°F(n) = f,.

Proof. For k = 0 it is clear that 6°F(n) = F(n) = Hy(n) = Go(n) + Ho(n).
Similarly for £ = 1 we note that

ZZ:<(n—z+d—1) B (n—tidq))ﬁ

n—1
=0

I
e

We will prove the general case by induction. Assume k& > 1 and §*1F(n) =
Gr-1(n) + Hy—1(n), then

§"F(n) = (6" 'F(n)) = §(Gy_1(n) + Hi_1(n)).
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Looking at 0Gy_1(n) first we have

1
OG- ( ( g 1) Jr—k+ir1 = fr-k1)
=1

k—1 k—
- (Z : ; : 1) fnfk+l+1 = ( ) Zl ( )fn k+1+1
- fn + Z ( ) —k+l1

and similarly

-1 k—1
d—1-1 d—2 d—1-1
1<k_l_1)fn k= (k— )fn R (k—l— )fn ket

=2

N

l

then one has

d—2 ld—1-1
0Gr1(n) = fn — fr—ks1 + fr—kti
k—2 > k—1

1=
d—2 d—2 ffd—1-1
:_(k_z)fn—k—i-l_(k_l)fn—k+1+lz:1:< k—1 )fn—k-i—l
= — <Z : 1) fn—k—i—l + Gk(n) .

Similarly for 0 H;_1(n) we have

n—k+1 n—=k
§Hy1 (1) = Z (n— —l+d)fl (n— —l+d—1>fl
k

1=0 I=
d—1 ~— (n—k—1l+d—1
(d k)fn k+1+l:0( d—F—1 )fl
d—1

= (k: )fn w1+ Hi(n).

Thus 6*F(n) = Gi(n) + Hy(n) and the hypothesis is true for all k > 0. For the
special case k = d — 1 we have

n—d+1 n
0T F(n) = Gaa(n) + Hyo( (Z Jn- d+1+z> + ( > fl) =Y/
=0 =0
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and therefore
n n—1
FFEM) = fi=Y fi=fn
1=0 1=0
as required. O

One last Lemma now which relates to the combination of individual error

terms in the error splitting.
Lemma 2.32 ([110]). Let m,d,p > 1, v: R? — R and forn € N

F(n):= Z v(271 .., 27 )T L P

{i€N:]i)1=n}

Then

where s; 1= Z{iENm:Mh:l} v(27, ..., 270m),

Proof. We begin by noting that we can rewrite F'(n) as

Fn)= Y w2, 27m)27 e
{ieN il =n}
e D DR (¢ e ¢ S
[=0 i1t Fim=l i1+ Fig=n—I

& —l+d-—m-1
=S s (" .
;Sl ( d—m—1 )

Noting F(n) is now in the form of (2.23) with f, — 277 and d — d — m we
have from Lemma 2.31 that

S F(n) =6 (8T (n)) = 6m (277s,,) (2.24)

Additionally using Lemma 2.30 we also have

m—1

5" (5,277) = Z (mj_ 1) (m—1=do =) (§is, ) |

Jj=0

Notice that for £ > 0 one has

gromPn = ghL (7P — 27P(n ) = gl — 9Py TPn = (1 — op)gkTloTen
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from which it follows that §%27P" = (1 — 2P)k27P" Substituting this back
into (2.24) for k =m — 1 — j one has

m—1
(2P, = <
7=0

m—1
=27 (m N 1) (277 — )" (3 sy)

J
— o Pnmmil) (5 4 97p _ 1 ym-lg)

m—1

— 9—p(n—m+1) Z (m B 1) (6 — 1)j2—p(m—1—j)3n‘
, J
7=0

Now (6 —1)8, = Sy, — Sp_1 — S = —S,_1 from which it follows that (§ — 1)s,, =
(=1)?s,,—;. Therefore

m—1
| . ,
5d_1F(n) — 9—p(n—m+1) Z (m] )(—1)]2—P(m—1—j)5n_j
j=0

_gm S (")

J=0
as required. O]

Finally, we have all of the ingredients for the main result.

Proof of Theorem 2.27. From Lemma 2.29 we have that

51 Z u = ud®! Z 1 =ud"'N(n,d) =u,

|i|=n li|=n
and therefore combined with Lemma 2.28 one has
u—uf = 64! Z U — U . (2.25)
[il=n

Letting
Fjl ----- jm(n) - Z Vi, jm(hij1> ceey hijm)hli)jl o him
lil=n
then upon substituting (2.22) into (2.25) and changing the order of summation

one has
d

=Y Y 6, ).

m=1 {]1 ~~~~~ ]m}
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For each of the F}, _;  we apply Lemma 2.32 resulting in

d m—1
u— ufl = Z Z 2P Z (mj_ 1) (_2p)j3n*j,m

m=1 {j1,....jm} J

where ;,, == Z%eNm Vg (Mg - iy, ) Aseach vy, g (hay oo hey ) <K
il1=1
then from the triangle inequality

— -1 -1
sl < (T TTTTT R = max sl < (0T
' m—1 m—1 ' —

and it follows that

m—1 m — 1
Z(.)em%ml
=0 N/

Therefore

c{1,...,d}
d
- d n+m-—1 i
= K2°P Z(m)( i )(1+2P) ! (2.26)
m=1

i 5 ()

m=1
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Now given the Vandermonde type identity

n+2d—1
2d —1
Z (” + kd )xk (1 4 )L

k=0

consider the %! term, one has

G Bl IR B N [ty

m=0 m=1

where the second equality is obtained by the substitution m +— m — d. Since
(a%) = (5,) then

2d — 1
lu —uf| < 1(2—1’7"0(1+2p)d—1(r”r )

d—1
as required. O

Note that for d = 1 and p = 2 our bound reduces to |u — u¢| < K272" as one
would expect from a tight bound. For d = 2 and p = 2 we obtain |u — uS| <
K272"5(n+3) compared to the (3+5n)Kh? derived in Lemma 2.25. Similarly for
d =3 and p = 2 Theorem 2.27 gives the bound |u—uS| < K272 (n+5)(n+4)
compared to the (7 + %n + %nQ) Kh? of Lemma 2.26. In both cases we see the
leading error term is consistent with the result of the previous lemmas whilst the
non-leading error terms are larger. Thus Theorem 2.27 sacrifices some tightness
for generality but still provides an accurate asymptotic result. For a given d one

may expand (2.26) to obtain better estimates of the non-leading error terms.

2.2.4 Other work and additional remarks

There have been many other error analyses of the combination technique in the lit-
erature, see for example [104, 58] which consider the combination of Ritz-Galerkin
and Galerkin projections respectively. We have focused on error analysis based on

error splittings because of our interest in finite difference methods for hyperbolic
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PDEs. It has been shown that the error splitting model is satisfied for the numeri-
cal solutions of the Laplace equation [23, 24, 25] and also for a first order implicit
advection scheme in which time was treated as another spatial variable [110]. In
Chapter 3 we will discuss whether more general hyperbolic problems satisfy the
error splitting model and also review an analysis of leading order error terms as
in [82].

In Lemmas 2.25, 2.26 and Theorem 2.27 it was assumed that the order of
convergence was the same for all of the spatial variables and each of the terms
in the error splitting were bounded by the same constant. In practice there are
applications for which the order of convergence may be different and/or the con-
stant terms may differ significantly in magnitude. For example consider physical
problems defined in phase space for which it is not unreasonable to expect that
convergence with respect to the velocity dimensions is different from that in the
spatial dimensions. This was considered for 2 dimensional Galerkin projections
in [58] with a modified combination technique that allows one to skew the layers
in order to compensate for different rates of convergence.

The combination technique presented thus far is a very specific combination
of component solutions for a given dimension and level. In practice however,
there are several variations of the combination technique which are used. One
such variation is the truncated combination [9]. For some problems the strongly
anisotropic grids, that is those with coarse grid spacing in one or more dimensions
and much finer spacing in the remaining dimensions, may resolve the solution
poorly resulting in inaccurate extrapolation when the combination technique is
applied. To avoid this problem the truncated combination technique excludes
these strongly anisotropic grids from the sum. Another variation is combinations
onto dimension adaptive sparse grids. Here we choose our combination grids and
coefficients differently such that unknowns are only used where they provide the
most benefit. Several other variations and generalisations exist. We will discuss
some of these further in Chapter 4.

The combination technique has several computational advantages over direct
sparse grid approaches. First, there is no need to compute using hierarchical
bases. The approximation on each component/coarse grid can be computed in
almost any way, e.g. finite difference methods, finite element methods, finite
volume methods, to name a few, as long as the same method is used for all
of the component/coarse grids. In particular this means that no modifications
are required for existing grid based solvers if one wanted to try the combination

technique. Second, each component/coarse approximation can be computed in-
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dependently. This makes the combination technique embarrassingly parallel with
respect to the computation of different u;. As a result, the combination tech-
nique has the potential to be easily adapted to existing applications whilst also

providing additional parallelism.
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Chapter 3

Hyperbolic PDEs

Much of the classical combination technique literature has focused on solving
elliptic PDEs. Whilst many recent papers have published numerical results for
the combination technique applied to a wider range of problems, there has been
limited analysis of the combination technique for these problems. Many of the
largest problems being solved on HPCs are physical problems which evolve over
time. These are typically modelled by hyperbolic or parabolic PDEs. Our focus
is on the former of the two but it should be noted that much of the work pre-
sented here applies equally well to parabolic problems. In Section 3.1 we give
a brief background on hyperbolic PDEs. Whilst there are numerous examples
of hyperbolic PDEs our attention is focused on the advection PDE which is used
in subsequent chapters for testing generalisations of the combination technique
(Chapter 4) and fault tolerant PDE solvers based on the combination technique
(Chapter 5). Following this, Section 3.2 reviews finite difference schemes used
to solve the advection equation covering important properties like order of ap-
proximation and stability. Of particular interest are errors which are dependent
on the time stepping as these are not present in the analysis of the combination
technique in most of the literature. We give some proofs of convergence and sta-
bility of some classical schemes for illustrative purposes. Whilst the techniques
are relatively standard and well-known they are presented here with a little more
care than most texts on the subject. In Section 3.3 we look at the application of
the combination technique to the solution of time-dependent PDEs particularly
focusing on numerical aspects like stability, order of approximation and error ex-
pansions. We provide results which extend and make more precise the work found
in [82] which roughly shows finite difference solutions of the advection equation

satisfy an error splitting. Whilst the techniques are relatively standard the results

95
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are original to the extent described.

3.1 Background on Hyperbolic PDEs

The wave equation,

—u—cA=—u=0

ot? Ox?
where ¢ € R and v = u(z,t) : @ x Ry, — R with Q € R and R, := [0, 00),
is typically given as the prototypical hyperbolic PDE. For simplicity we assume
functions are real valued and consider initial value problems moving forward
in time from an initial condition given at time ¢t = 0. For finite domains we
typically consider periodic boundary conditions. The wave equation is extremely
important to science, particularly physics, as it models many physical waves of
interest including pressure waves (e.g. sound in air) and electromagnetic waves

(via Maxwell’s equations). The wave equation may be factored into the form

2 + cﬁ 2 — c3 u=20
ot ox)\ot ox)
Now transforming to characteristic coordinates u(z,t) — u(&,n) where £ = x —ct

and 1 =  + ct one obtains
92
9Ean

Solutions to this equation clearly have the form

u=20.

u(z,t) = F(&)+G(n) = F(x — ct) + G(z + ct)

where F) G : R — R. Notice that F'(z — ct) is a solution to the PDE

(% + c(%) F(x —ct)=—cF'(x —ct)+ cF'(x —ct) =0 (3.1)

(where F'(§) := d%F(g)). The PDE (3.1) is the advection equation in one spatial

dimension. The advection equation is a special case of more general conservation
equations which may be written as
0

0
au—i—%f(u,x,t) =0, (3.2)

where f(u,z,t) is sometimes referred to as the flux of u.
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The (inviscid) Burgers’ equation is one of the simplest examples of a non-
linear hyperbolic PDE. It is obtained from the conservation equation (3.2) with

f(u,z,t) = $u? for which one may write

2

% + % (%) . (3.3)
Solutions may again be obtained via the method of characteristics, namely given
an initial condition u(z,0) = ug(x), then a given point = at ¢ = 0 travels at
constant speed ug(z). It follows that u(z,t) = ug(x — u(x,t)t). However, there
is an implicit assumption made here that the characteristics are well behaved, in

particular that they do not intersect or diverge. This is not always the case and

rarefactions and shocks can occur depending upon wug(z). We give two examples.

Example 3.1. Consider the solution of (3.3) on the spatial domain 2 = R for
t > 0 with the initial condition

1 <0
w(r)=<¢1—z 0<z<l1
0 rz>1.

One sees that the function values for x < 0 propagate forwards at a speed of 1,
for x > 1 do not move, and for 0 < x < 1 move forward at speed 1 — x such that

as t — 1 they all converge towards the location x = 1. In particular for 0 <t < 1

one has
1 <t
u(z,t) =q1-2=t t<z<l
0 x>1,

which converges to the discontinuous solution (shock) u(z,1) = X(—co,1)(2). For
t > 1 a classical solution does not exist but in practice one might continue to
propagate the non-zero portion of the solutions such that u(z,t) = X (—ccq(x) for
t > 1. It is straightforward to show this solution satisfies (3.3) for ¢ > 1 given
the initial condition u(z,1) = X(—cc,1]().

Example 3.2. Consider the solution of (3.3) on the spatial domain 2 = R for
t > 0 with the initial condition ug(x) = X[o,c0)(2). Here we see that for < 0
the solution is zero and does not propagate but for z > 1 the solution propagates
forwards with a speed of 1 such that u(x) = 0 for x < 0 and u(zx) = 1 for

x > t. Here the characteristics diverge such that there is no classical solution
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1f ] i ]
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S S
07 | | | | | | 07 | | | | | |
6 —4 -2 0 2 4 6 6 —4 -2 0 2 4 6
€T €T

Figure 3.1: Here we depict a solution to the scalar advection equation %7; + 2% =0
on the domain R with initial condition u(z,0) = e~ /2 which is depicted on the left.
The solution at time t = 1 is depicted on the right and is simply a translation of the

Gaussian function 2 units to the right.

for 0 < x < t. This is a case of a rarefaction and in practice one may linearly

interpolates in this interval, that is

0 <0
u(r,t) =qx/t 0<x<t
1 x>t

for which it is easily checked that this satisfies Burgers’ equation (in the interval

ou _ -z Ou _zl
(0,t) one has 5¢ = - and ug; = 77).

These examples demonstrate some features that sometimes occur in hyper-
bolic PDEs that make hyperbolic PDE solvers more difficult to develop compared
to parabolic or elliptic PDEs where these features do not occur. The combination
technique has been applied to hyperbolic PDEs for which shocks occur [81]. The
ability to resolve these typically appears to depend on the location and direction
of the shock due to the sparse nature of local regions of a classical sparse grid. It
is an open area to study the combination technique in more detail for such prob-
lems. Whilst being an interesting area of study this is not addressed in this thesis
and as such we focus on problems for which shocks and rarefactions do not occur.
In particular, we focus on problems for which we can write f(u,z,t) = a(z,t)u
and a(z,t) € C'(Q x Ry). In Figure 3.1 we depict an example on the domain
Q = R with constant a = 2 and initial condition u(z,0) = e~*/2.

We consider the solution to the advection equation over many spatial dimen-
sions. Let 0 < d € N be the number of spatial dimensions, 2 C R? be the domain
and u = u(x,t) : Q x [0,00) — R. Given a € R? one has the (scalar) advection
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equation

0

8—1;+V~(au):0. (3.4)
For constant a and initial condition u(x,0) := ug(x) one has V - (au) = a -

Vu and the solution u(x,t) = ug(x — at) is easily obtained via the method of
characteristics. More generally a could be a (vector valued) function of @, ¢.
A noteworthy example is a stationary velocity vector field @ = a(x) for which
Va(x) = 0 for all @ € Q. This corresponds to an incompressible flow and such
a(x) is often called a solenoidal vector field. Again one has V - (au) = a - Vu
and the method of characteristics may be used to obtain a solution, that is by

solving the ordinary differential equation

d t
Eaz(z&) =a(z(t) == x(t)==x(0)+ / a(xz(t))dt,
0
and setting u(x(t),t) = u(x(0),0).
Adding a diffusion term to (3.4) one obtains the advection-diffusion equation

ou
EJFV-(au)—V-(DVu):O, (3.5)

where D > 0 is the diffusivity. This may be used to describe the diffusion of ink in
water flowing down a channel. We do not study this in any detail but test some
of our fault tolerant algorithms on this PDE as well. The advection diffusion
PDE is often easier to solve numerically than a pure advection equation. The
reason for this is that the diffusion term leads to greater stability in numerical
schemes. For example, most explicit advection solvers require some artificial
diffusion to achieve stability whilst for an advection-diffusion solver there is less
need for artificial diffusion because of the presence of diffusion term in the actual
problem.

We now briefly describe some hyperbolic problems that are fundamental to
the physical sciences. Maxwell’s equations for a vacuum (no source or current)

are an example of a wave equation and are given by

0B 1 0FE
VXE—_§7 VXB_§E7

V-E=0, V-B=0,

with ¢ being the speed of light, and E, B being the electric and magnetic fields
respectively. Taking the curl of the first equation and substituting the second

yields
oVxB 1 0*E
o o’

Vx(VxE)=-—
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As
Vx(VxE)=V(V-E)-V?E=-V’E

(with V2E = (V2Ey,...,V?E,)) and observing one can do the same for B then
one reduces Maxwell’s equations in a vacuum to the wave equation in each com-
ponent.

Boltzmann equations are used to describe transport in thermodynamic sys-

tems. A relatively general form is given by

ou p ou

— 4+ =V, F -Vyu=|— , 3.6

8t+m “r pt (at)coll (36)
where V u := <§—;‘1, ey g—;;) and similarly for V,u. Here p is the momentum

coordinates, m is the mass, F' is the force acting on the particles and u is a (prob-
ability density) function over x,p,t. Without the collision term (%)coll this is
often referred to as the Vlasov equations. The Vlasov equations are effectively
an advection equation in 6 dimensional phase space with the velocity field given
by 2 and F for the spatial and momentum coordinates respectively. For the
Vlasov-Maxwell system the force F' is determined by ¢(E + —(p x B)) where ¢
is the speed of light, ¢ is the electric charge of each particle, and E and B are the
electric and magnetic fields obtained by solving the Maxwell equations over the
charged field. When there are many species (i.e. types of particles) then we have
a system of PDEs, i.e. one PDE for each species, which interact via the electric
and magnetic fields (and collisions if included). The GENE code (genecode.org)
solves a related system of equations for simulating plasma turbulence. A gyroki-
netic transformation is applied to the Vlasov-Maxwell system which averages over
the gyromotion (fast cyclic motion) of the particles to obtain a 6 dimensional sys-
tem of equations (5 in space compared to the 6 for the Vlasov-Maxwell system).
In the papers [5, 72] several numerical experiments using the large scale and com-
plex GENE code have been presented. These results validate the fault tolerant
adaptation of the combination technique developed later in this thesis. However,
the study of these systems of equations is not the focus of this thesis and we
therefore refrain from discussing them in depth. For a detailed discussion of the
GENE code we refer the reader to [54]. In this thesis we assume that our hyper-
bolic problems have solutions which are suffiently smooth and that the velocity

(and forces) are locally constant such that they may be treated like advection.
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3.2 Finite Difference Schemes for Solving Hy-
perbolic PDEs

There are several classes of numerical methods for solving PDEs which include
finite difference, finite volume, finite element and meshless methods. Finite dif-
ference is perhaps the simplest to implement, typically using Taylor series ex-
pansions around each vertex of a regular grid to obtain a discrete approximation
to the PDE. Finite volume methods can also be derived using Taylor series ex-
pansions, but applied to the average density over each cell in a mesh. Function
densities are transported over cell boundaries and by equating the outgoing flux
of one cell with the incoming flux of the corresponding neighbours one develops
conservative methods. Finite element methods are designed to find an approxi-
mation to the PDE on a given finite dimensional function space, for example the
space of piecewise linear functions on a given mesh (typically of simplices). By
representing the discrete function space by nodal basis functions and substituting
into the weak formulation of the PDE one derives a system of equations which one
then solves to obtain an approximate solution via the Galerkin method. Meshless
methods is another wide class of methods which do not require a grid or mesh of
any kind (as the name suggests).

As the combination technique combines approximate solutions from nested
regular grids we focus on solving the advection equation on such grids for which
finite difference methods are a natural choice. Whilst finite volume and finite
element methods may also be applied to the advection equation on nested reg-
ular grids we do not consider these in this thesis. In this section we have two
aims. First we discuss the classical approach to the analysis of finite difference
schemes for hyperbolic PDEs. In particular we point out why classical convergence
results are not enough to guarantee convergence of the combination technique.
Second, we examine some classical schemes for the scalar advection equation in
one spatial dimension and demonstrate how these may be extended to the solu-
tion of the scalar advection equation in higher dimensions. This is a challenge as
a naive extension of many one dimensional schemes to higher dimensions leads

to unconditionally unstable schemes.

3.2.1 Classical convergence analysis

We define an initial value problem as follows.
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Definition 3.3. Consider a PDE of the form
ou

Ty .
T u (3.7)

where A is a linear operator which transforms the (possibly vector) function
u(z,t) : R4 x Ry to some other function Au(z,t) : RY x R, via spatial differ-
entiations, matrix-vector multiplications and the like. The initial value problem

is to find a one-parameter set of functions u(t) := w(x,t) which satisfy (3.7) for
0 <t < T given the initial state u(0) = uy.

For simplicity we assume that A does not depend on ¢. Further we do not
discuss boundary conditions in this thesis and for problems on bounded domains
it will generally be assumed that solutions are periodic. Before we can discuss

solutions of such problems it is important that they are well-posed.

Definition 3.4. An initial value problem is well-posed if a solution exists, is

unique and depends continuously on the initial condition.

Remark 3.5. In this brief discussion we will not specify the function spaces
involved. I feel these details are poorly covered by the modern literature but at
the same time a detailed description of the theory in terms of Banach spaces is
beyond the scope of this discussion. For a thorough treatment of the subject
we refer the reader to the early literature, particularly [84, 112]. Typically the
function space will be one which permits a Fourier analysis, for example a Hilbert

space.

Classical convergence analysis for hyperbolic PDEs is based on the notions of
consistency and stability. Lax and Richtmyer consider the discretisation of (3.7)

to the finite difference equations
u(x,t + At) =~ B(At, Azy, ..., Axg)u(zx, t)

where B is a linear finite difference operator, that is a superposition of shift
operators which shift by multiples of Az in the z; direction for each k =1,...,d
with coefficients depending on At, Axq, ..., Axy, which is bounded for any fixed
At,Azy, ..., Azy. It is assumed that Az, = gi(At) with gx(At) — 0 as At — 0
for k=1,...,d and we define

C(At) := B(At, gy (AL, . ..., ga(At)).

Here we provide an abbreviated definition of consistency, stability and conver-

gence as defined by Lax and Richtmyer in [84].
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Definition 3.6. Consider a well-posed initial value problem and a finite difference

approximation C'(At).

e C(At) is a ‘consistent’ approximation to the solution of the initial value

problem if
At)u(t) — u(t
lim Clatult) —ult) _ Au(t)H =0 uniformlyintfor0<t<T
At—0 At

(where the norm is such that the function space of solutions is complete,

typically L?, see Remark 3.5).

e C(At) is ‘stable’ if for some 7 > 0 the set of operators

{C(At)n }0<At§7'7 0<nAt<T
is uniformly bounded.

e C(At) is a ‘convergent’ approximation for the initial value problem if for
any sufficiently smooth uy and any sequences At;,n; such that At; — 0
and n;At; — t where 0 < ¢ < T then

IC(AL;)" up — u(t)] = 0

where here u(t) denotes the exact solution to the initial value problem at

time ¢ (and again the norm completes the underlying function space).

When the solution space permits a Fourier analysis, e.g. L?, then stability may
be shown via a von Neumann stability analysis [123]. This involves showing that
no Fourier mode grows over time in the finite difference equations, or equivalently
that the eigenvalues of C'(At) are no more than 1 (or even 1+ O(At)). Stability
is typically only satisfies for At sufficiently small depending on the width spatial
discretisation Axy,...,Azry. This was first observed by Courant, Friedrichs and
Lewy [34] and is often referred to as the CFL condition. We may now give the

Lax—Richtmyer equivalence theorem.

Theorem 3.7 ([84, 112]). Given a well-posed initial value problem and consistent
finite difference approzimation C(At) then stability is a necessary and sufficient

condition for C(At) to be convergent.

Whilst the above equivalence theorem is very nice and has formed the foun-

dations of numerical analysis of hyperbolic PDEs it does not guarantee that the
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combination technique will converge when applied to a convergent scheme. To
illustrate this let B(At, Axy,...,Azy) be a finite difference approximation of A
such that the corresponding C'(At) is convergent. Fix 0 < ¢ < T and a positive
integer m. Now let At =t/m and u;(t) = B(At, 27, ... 27%) ™y, As C(At) is
convergent then the approximation w;(t) of u(t) converges as m, iy, ..., iz — 0.

Recall the combination technique of level n is given by

d—1 d—1
Uy = (—1)d< i ) Z Uj -
k=0 lil=n—k
Now it is clear that if all of the u; converged as n — oo then uf, also converges
(as the sum of combination coefficients is 1). Unfortunately, all of the u; do not
converge. For example, consider i = (n,0,...,0). Clearly as n — oo the corre-
sponding u; does not necessarily converge to w(t). Thus for convergence of the
classical combination technique it is not enough that our numerical schemes are
convergent. In particular, one typically requires that the error of our approxima-
tion satisfies an error splitting formula as in Theorem 2.27. These error splittings
must be satisfied pointwise and therefore we effectively require that our numeri-
cal schemes converge pointwise. This is much stronger than the usual notions of
convergence and as such we typically require additional smoothness of our initial
condition and solution. In Section 3.3 we show that a particular class of finite
difference approximations for the scalar advection equation do indeed satisfy this

error splitting.

Remark 3.8. We could consider the starting combination u{ with which we
then refine all of the components u;, that is by incrementing each i, by 1 at each
refinement. In this scenario convergence of the combination does indeed follow as
as the number of refinements n’ — oo then each w;, converges. However, these
combinations correspond to a sequence of truncated combinations which will be

discussed separately in Section 4.1.

3.2.2 Numerical schemes for advection

Here we consider the PDE (3.2) in one spatial dimension and the PDE (3.4) ind > 1
spatial dimensions. For any analysis we will typically assume that f(u) = au with
constant ¢ € R and constant a € R? for each of the PDEs respectively. As in
Section 2.2 we consider the domain [0,1]? discretised into level [ grids €, with
vertices (j1271, ..., jq27%) with 0 < Jj< 2L For the finite difference methods that

follow we consider discrete times ¢,, = nAt and grid points x; = jAx for problems
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in one spatial dimension and z; = (j1Az,. .., jsAxy) more generally. We use
the notation Uj" to denote the finite difference approximation of the function
u at the point x; at time t,, that is U ~ u(x;,t,). We emphasise here the
difference between U7', the finite difference approximation of u and some point on
a grid, and u;, the aﬂproximation of u discussed in the context of the combination
technique. S;milarly F denotes an approximation to the flux f(u(z;,t,), zj,t,).
The difference between the approximation and the exact value of u is denoted by
et = Ul —u(xj, tn).

First order schemes

We first look at first order schemes for the advection equation. The upwind, or
forward time backward space (FTBS), discretisation of the scalar advection PDE

in one spatial dimension (3.2) is given by

n+1 n n n
Ui~ - +Fj — Bl

=0, 3.8

At Ax (3:8)

which is used when % > (, that is transport is in the positive x direction. For
transport in the opposite direction one replaces Fj' — Fj', with F}; — F]' to

obtain a forward time forward space (FTFS) scheme. Re-arranging (3.8) yields

the explicit update formula

Uyt = Uy - o F).
If f(u,z,t) = au with constant a > 0 then a von Neumann stability analysis
shows that this method is stable iff 0 < ‘Z—Axt < 1. The Godunov scheme is
a closely related discretisation for finite volume methods where one solves the
Riemann problem over cell boundaries to obtain the flux terms. With % > 0 the
Godunov scheme reduces to the upwind scheme given. The following proposition
tells us that the FTBS scheme is in fact pointwise convergent given a sufficiently

smooth initial condition and constant velocity.

Proposition 3.9. The numerical scheme (3.8) with Fj* = aU}' and constant
a € Ry for solving the PDE (3.2) with f(u) = au and initial condition u(x,0) €
W2>(R) is pointwise convergent if 0 < aAt < Az and U] = u(x;,0). Further,

with t, = nAt and x; = jAx one has the error bound

A At
’u(xj7tn)—Uﬂ Stna rta '

2

0*u(z,0)
ox? ||
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Proof. Using a Taylor series expansion over time around ¢, one obtains

et = UM —u(z), th)

J
. alt, 9] At? 52
= U — A_(U Uj—l) — <U(.Tj,tn> + Ata—U(l'j,tn> + — 9 8t2 (ilf],ft))

. alt [ . 0 At? 9?
— ej — E (U] — Uj—l — A.]?@U(Z'j,tn)) - 2 8t2 (xj7£t)

for some & € [t,,, tn+1]. Now using a Taylor expansion over x around z; we obtain

alt Az? 6 At? 07
€n+1 = — ( — E;Lfl - (£m7tn)) - __u(‘rﬁ gt)

J I Ar 2 Ox? 2 ot
aAt\ ,  aAt aAzAt 9 At? 92
= (1) S+ e T e t) — T (e €.

for some &, € [z;_1,z;]. Notice that if 0 < aAt < Az then (1 — ‘Z—A;) €+ 2ote €71

is a convex combination. It follows that
! aAt\ N aAt

—_— 6 —_—

Az Ax

and therefore

< max{|€j|, [€j_,|} < max|ef],
J

" w1, . GATAL| 0? At* | 92
g1 < max e+ 555 Pl + 5 |t )
Now as % = —ag—z one has % = 37 Additionally, as u(x,t) = u(z — at,0)
for all ,t one has H% = ‘ 8(2 ) for all t > 0. Thus
Az At + a®At? || 62
6] < max|ej |+ =7 ;a 8x2u(x’O)Hoo’

and substituting the result into the right hand side recursively one obtains

aAxAt + a>At?
2

52
axzu(x, O)‘

] < mjax\eg| +n

‘ [e.e]

Note that ¢,, = nAt and therefore given the initial values are exact (62 = 0 for all
j) then

82

52l (x,0) ‘ ‘

€5 < tn

alAzx + a?At ‘
2

[e.9]

from which it is clear that the method is first order pointwise convergent. O
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Notice that the error grows linearly with respect to t. Also notice that the
scheme will still be first order pointwise convergent if we relax the initial values
to satisfy U} = u(z;,0) + O(Ax).

The FTBS scheme has a natural extension for solving the advection equation
in higher dimensions, given the constant velocity vector @ = (ay,...,aq) € ]Ri

then one may approximate solutions of (3.4) with the scheme

Urtt = U - Atz Axk( " Uy ) (3.9)

where e, is the multi-index which is 1 in the jth component and 0 elsewhere.
Treating UJ" as a vector we may write this scheme generically as the matrix vector
product U jﬁH = AU} with A being the matrix associated with the discretisation.
One may allow a; < 0 for any k£ € {1,...,d} and simply use a forwards spatial

discretisation in the corresponding k& terms within the sum.

Proposition 3.10. The numerical scheme (3.9) with constant a € R% for solving
the PDE (3.4) with initial condition u(x,0) € W**(R?) is pointwise convergent
with order 1 if 0 < Zzzl “A’“f: <1 and Uf = u(z;,0). Further, with t, = nAt

and z; = (j1Az1, ..., jalAxa) one has the pointwise error bound

t ( —i—ZakAa:k

Proof. Similar to the proof of Proposition 3.9 one may use Taylor series expan-

u(zj, t,) — Ul <

81&2

sions about u(x;,t,) to obtain

d d
ap At ar At
a=1-> ety e
= —1 Al‘k = B AZL‘k L =k

At? 2 O apAx At a?
k=1

for some &, = (z1,...,%k-1, &, Tht1, - - -, Tq) With & € [zj,-1,x;,] for each k =
1,...,d, and some & € [t,—1,t,]. As before, with 0 < Zzzl “Kf:’ < 1 the

contribution from the {¢}~'}; is a convex combination, and thus as u(z,t) =

u(x — at,0) one has

At?
2

0%u(z, 0) HOO . i ap Az At H821L(9070) HOO . (3.11)

< n-l
651 = maxef ] + o1 2.3 o2
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Now by recursively substituting the {eg"l}j, {e?’Q}j, ... terms into the equation

and using t,, = n/At one obtains

t 0%u d 0?u
€'l < max|el| + = [ At ||=—|| + ar Az, || =— ,
] < mas e 2( |5+
from which it follows that the scheme is first order pointwise convergent. O]

The derived error bound again tells us our scheme is first order in both the
spatial and temporal variables. Whilst this pointwise bound is a nice result it is
still insufficient for showing the convergence of the combination technique. Note

that (3.10) gives an exact expression for the error over one time step. One may
n—2
z i

then iterate to obtain an exact expression of the error. However, this is somewhat

be tempted to substitute in the expression for the e?’l in terms of the €% and
cumbersome and leads to an accumulation of powers of “A’“—fkt terms which do not
fit with the classical error splitting model (2.22). In Section 3.3 we use a different
approach to show that finite difference solutions satisfy the error splitting model.
Rather than the explicit upwind scheme, one could instead use a backwards
time discretisation to obtain an implicit method. For example a backwards time
backwards space (BTBS) discretisation of (3.2) leads to update formula
U;Hl T %(Fjwrl _ anjll) _ an.
A von Neumann stability analysis shows this is unconditionally stable (for % > 0)
and we may obtain an error bound similar to that of the forwards time scheme.
Whilst implicit schemes typically require solving a linear system of equation we
observe that if the left boundary condition is specified, e.g. u(0,t) = ¢(¢) for some
g : R — R, then each time step can be computed quickly via forward substitution.
For periodic boundary conditions the full linear system must be solved. This
scheme is also easily extended to the solution of the advection equation in higher
dimensions. Reisinger [110] considered such an implicit method for the solution
of the advection equation for d > 1 spatial dimensions and his work is discussed

further in Section 3.3.

Second-order schemes

The Lax—Wendroff scheme [83] is second order in both space and time variables.
It is typically presented as a two step method for the solution of the advection
equation in one spatial dimension. The first step is given by

At n n
)_2Al' (P}+1_Fj) )

n+1/2 1 n n
Uj+1/2 - 5 (Uj + J+1
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and the second step by

At
n+l _ 17 n+1/2 n+1/2
vit =0y - Ar (Fj+1/2 - Fj—1/2> ’

JjE*1/2 J
this reduces to the one step method

with F"HY/2 — f <U’:11/22,wji1/2,tn+1/2>. If f(u,z,t) = au with a € R constant

Un+1 —Unr — aAt (U;L+1 _ UJn—l aAt
j =U

AL 5 —5a, Ui =207 + U;‘l)> . (312

The pointwise error estimates for the FTBS scheme effectively used the mono-
tonicity of the scheme (via the convex combination). Godunov’s theorem [53]
tells us that monotonicity is not possible for linear schemes of order more than 1.
Thus it is more difficult to obtain pointwise error estimates in this case. Instead
we will show stability condition via a von Neumann stability analysis to illustrate

the approach.

Lemma 3.11. The Laz—Wendroff scheme (3.12) for solving the PDE (3.2) with
f(u) = au and constant a € R and initial condition u(x,0) € L*([0,1]) is stable
for |‘2—Azt‘ <1.

Proof. We consider a solution which consists of a single Fourier mode k € Z. Let

Ul = e "2% where 1 := \/—1, then substituting into (3.12) and dividing out

jkAx

common term 6”"6 we have

2 2
rAt 1 G_At (6LI<:A93 . e—Lk:Aa:) a”At (6LI<:A93 24 6—LkAx)

< T T oA 2Ax?
alt a’At?
=1- ‘N sin(kAx) — IN= (1 — cos(kAx)) .

As stability requires that |e"!| < 1 (von Neumann stability analysis) we have

a’At? 2 @A
> (11— _
1> (1 (1 Cos(k:Ax))) +

. 9
o —sin (kAz)
a’At? a’At? 9

AL (1 AL ) (1 — cos(kAx))” .

—1—

As 0 <1 — cos(kAz) < 2 then stability is satisfied if 0 < 4%@32 <1 — “Zif) < 1.
Thus if —1 < %8¢ <1 we have (U] = [er2Ur| < |U7|. As the chosen Fourier
mode was arbitrary then |U™!| < |UP| for solutions consisting of any Fourier
mode. It follows that the problem is stable for |%2t| < 1 given any u(z,0) €

L*(]0,1]) via its Fourier decomposition and the linearity of the discretisation. [
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We can also check the order of consistency for the Lax—Wendroff scheme.

Lemma 3.12. The Laz—Wendroff scheme (3.12) for solving the PDE (3.2) with

f(u) = au and constant a € R is second order consistent if u(z,0) € C3([0,1]).

Proof. The exact solution clearly satisfies u(x,t) € C*([0,1] x [0,00)), now con-

sider the numerical scheme applied to the exact solution, that is

alt
ast Az, t) — u(z — A
—|—2Ax(u(:v—|— z,t) —u(x z,t))
a’At?

T 2Ax2?

which we expect to equal zero if the scheme is exact. Now substituting the Taylor

u(z,t+ At) — u(x,t)

(u(z + Az, t) — 2u(x, t) + u(x — Az, t)),

expansions

ou(z,t)  At* 0*u(x,t)
ot 2 Ot

N /At (At — 7)2 PPu(x,t + 1)
0

u(z,t + At) = u(x,t) + At

2 o 07

Ou(z,t) N At 9?u(x, t)
ot 2 ot?

=u(x,t)+ At + O(A)

and
du(z,t) N Az? O*u(x,t)
Ox 2 Ox?
Ax 2 93
(Az —y)” Pulz +y,t)
* /0 2 o W
Ou(z,t) N Az? 0?u(z,t) N
Ox 2 Ox?

u(z + Ax,t) = u(z,t) + Ax

=u(z,t) + Az O(Az?)

one obtains

ou(zx,t) AR Ou(z,t)

At ot ot?

+ O(A#?) + aAt + O(AtAz?)

0*u(z, 1)
Ox?

ou(z,t)
Ox

— a®At? + O(At*Ax)

0%u

g = aQ% then the partial

: o) ou __
Now using the fact that 57 + a3” = 0 and thus also

derivatives cancel out and one has

u(x,t + At) —u(z,t) + ;Aﬁ(u(x + Az, t) —u(z — Ax,t))
X
2 2
——Z AA t2 (w(z+Az, t)—2u(z, t)+u(r—Az,t)) = O(At})+O(ALPAD)+O(AtAT?) .
A

Thus the Lax—Wendroff scheme is second order consistent. O
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It follows from the Lax—Richtmyer equivalence theorem that the scheme is
second order convergent if u(x,0) € H3([0,1]).
Extending the Lax—Wendroff method to higher dimensions is not straightfor-

ward and indeed the naive extension to two spatial dimensions

n —un .
un—l—l _ un alAt uj1+1,j2 u]1*17]2 + aAt (un _2un +un )
TR =ul . S A S
J1,J2 J1,J2 A:El 2 2AZL‘1 J1+1,52 91,J2 71—1,92

n n
L 0B (U Gyt =W gy A (W =2 )
sz 9 2Axs J1,J2+1 J1,J2 J1,92—1

can be shown to be (unconditionally) unstable. For a problem with constant

velocity @ € R? in two spatial dimensions the Lax-Wendroff method is given by

n+1 _ n _CLlAt(n on )_agAt(n on )
grgz = Uinde T g, Wit T Wit T G A Wbt T Yige—1
2 2
as At
1 n n n
+ 2N (U, 15, = 2uj, 5, + Uy 5)
2 A 42
as At
2 n n n
—= ("™ . —2u" 4t
2A$%( Ji.g2+1 J1,J2 J1,J2 1)
alagAtz

n n n n
+1 1 —1,j2+1 1,52—1 —1,j2—1
4AI1AI2 Jit+1,j2+ J1—L,72 J1+1,52 J1i—1,J2

Notice the additional term which approximates the mixed derivative Bffgm which
was not present in the naive extension. Turkel [122] shows that this scheme is
stable iff (a3 At/Ax;)*? + (aaAt/Axy)%? < 1. An example of the Lax—Wendroff
scheme applied to an advection problem on [0,1] with periodic boundaries is
depicted in Figure 3.2.

For the advection problem with more than two spatial dimensions many 2nd
order schemes have been studied but it is not particularly clear if any one of them
could be said to be the definitive Lax—Wendroff scheme in a given number of di-
mensions. Fortunately another approach may be used to extend one dimensional
schemes to higher dimensional domains, so called directional splitting (also as di-
mensional splitting and more generally operator splitting). Directional splitting
is based upon splitting methods developed for the solutions of differential equa-
tions [98]. We illustrate the approach on the advection equation in two spatial
dimensions

ou Ju ou
E + a13_131 a28_x2 =
with constants a,as € R and v = u(xy, zo,t). If u is analytic for all ¢t > 0 we

0

may write
= Atk ok

kot
k=0

u('? St At) = ('7 '7t> = eAt%u('> '7t) :
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L — exact u(z,1) ||
—o— FTBS
05 —— Lax—Wendroff ||
0 [ |
—0.5 | :
1l i
| | | | | |

0 0.2 0.4 0.6 0.8 1

Figure 3.2: Here we compare the FTBS and Laz—Wendroff schemes applied to the
advection problem % + % = 0 on the domain [0,1] with initial condition u(x,0) =
sin(27x) and periodic boundary conditions. The exact solution at time t = 1 satisfies
u(z,1) = u(x,0). Applying the two schemes to this problem with Ax = 27° and At =
276 we observe the FTBS solution has suffered from some numerical diffusion whilst the

Lax—Wendroff scheme is much more accurate but exhibits some slight dispersion.

Now substituting the advection equation one has

u(e, - t+ At) = eAt<_a18%1_“2%)u(', ) = eAt(_m%)eAt(_a?%)U(', 1),

a2 _ o a0

where eAt( @) = ZZOZO( Q}C,At)k%, similarly for eAt( “ 3’“1), and the last
° 1

equality holds here as the operators —ala%l and —agaim commute. Now we may

introduce the new initial value problems
~ At(—azi> . ~
(-, t+ At) =e o2 ) (-, ) with  a(-, - t) =u(-,-,t),
and
At<fa1i> ~ . ~
u(, - t+ At) =e der)q(-, -t + At)  with (-, t) = a(-, -t + At).

Thus, we can solve our two dimensional advection problem by treating it as two
separate one dimensional advection problems. In particular we can first step wu(t)
over the x9 dimension to obtain u#, and then step u forward over the x; dimension
to obtain the updated u(t+ At). For the scalar advection equation with constant
velocity we can in fact evolve from time 0 to t over each direction separately. For
more complex problems this serves as an approximation by treating coefficients
as locally constant and thus one applies each scheme one time step at a time. In
this latter case the discretisation is effectively a tensor product of the one dimen-

sional discretisations. This concept extends naturally to higher dimensions and
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means one can use a one dimensional scheme to solve the d-dimensional problem.
In general such directional splittings do not give the same result as a ‘full’ d-
dimensional scheme, that is additional approximation errors are introduced. For

AtA 6Ai&B

example, given an operator C' = A + B then in general e2¢ #£ ¢ , in fact

it can be shown [75] that

2
(eAtAAE — eAUATE)) (., 1) = Azt (AB — BA)u(-,-,t) + O(At?)  (3.13)

AtAeALB g 5 first order consistent approximation to e*¢. If A, B

and thus e
commute then the RHS of (3.13) vanishes and the splitting does not introduce
any additional error into the problem as in our example of the scalar advection
problem with constant velocity. A second order approximation may be obtained

for general problems via the Strang splitting

e B ALAB BEA _ AL(A+B) = O(AB).

Higher order splittings also exist, see [129, 75]. For example, a fourth order
splitting is given by

o5AuA eatB 2 enra o1 /3enrB 12 cALA eatB L AtA
with ¢ = (2 — 2//3)~'. Additionally, splittings can be extended to more than 2
terms. For example given AtD = At(A+ B+ C) one has the second order Strang
splitting

e AL B AIC SEB GHA

For a detailed account of splitting methods applied to PDEs we refer the reader
to [75, 39, 85].

Remark 3.13. As already noted, for the scalar advection problem with constant

velocity the operators akai commute and thus directional splittings are exact,

. Ati - d 7akAt
that is e®or = [[,_ e

ally well for advection problems. Further, we have discussed how the directional

. This means directional splittings work exception-

splitting is equivalent to a tensor product discretisation for linear problems. For
example, the directional splitting concept is similar to the unidirectional prin-
ciple used in tensor product quadrature formula. This would suggest that such
approaches may work very well with the combination technique. In essence, if a
finite difference discretisation in one dimension satisfied an error splitting then
it would be reasonable to expect that when applied to higher dimensions via
directional splittings then approximations satisfy the higher dimensional error

splitting.



114 CHAPTER 3. HYPERBOLIC PDES

Remark 3.14. Another advantage of using directional splitting methods is one
need only satisfy stability for each one dimensional problem. For example, when
applied to the Lax-Wendroff discretisation in 2 spatial dimensions we require
At such that |a;|At < Az and |ay|At < Awy as opposed to (a;At/Ax;)%? +
(agAt/Ax5)?? < 1 for the full 2D scheme.

Crank-Nicolson is an implicit method originally developed to solve the heat

equation %u — Dy ‘92 SU = 0 It can be derived starting from a centred difference

approximation about U’ ; *3 leading to
1 n+i n+i n+i

At =D Az?

On the right hand side we simply approximate each U *2 term with the average
5(Ur + U leading to the equations

Un—l—l DAL Un+1 U?_H—l Un+1> U]n_|_

DAt
J 2IAT 2( J Jj+1

2A 12

A von Neumann analysis shows that this is unconditionally stable. One can

(U - 2Un + ]+1>

therefore use relatively large time steps compared to the typical restriction of
At oc Az? for explicit methods for the heat equation.

The Crank-Nicolson scheme can be adapted to the advection equation re-
placing the centred difference approximation of 2u with a centred difference

approximation of 863: u. This leads to the equatlon

1 1
n+1 n nts3 nt3
Uj —Uj _i_FjJrl —Fj_1

At N =0

and upon approximating the Fj *z terms with the average 5 (F "+ F ;”1) we obtain

U S FE) = U - (B - F) . (31
It is readily checked that this too is unconditionally stable and gives a second or-
der approximation in both space and time. The unconditional stability allows one
to use arbitrarily large time steps such that despite the increased cost associated
with solving the linear system given by (3.14) one could potentially obtain solu-
tions in a similar time. Unfortunately, in practice using time steps significantly
larger than the CFL condition typically leads to large errors in the approximation.
Thus it is typically much cheaper to use an explicit method to obtain an approxi-
mate solution having some desired error. For this reason we will not consider im-

plicit schemes like Crank-Nicolson in further detail for pure advection problems.



3.2. FINITE DIFFERENCE SCHEMES FOR HYPERBOLIC PDES 115

The Crank-Nicolson scheme is quite effective for advection-diffusion problems.
Consider the PDE (3.5) in one spatial dimension with constants @ = a € R and

D > 0, then one has the numerical scheme

" alt n n DAt n n n
“j+l * AA7x <“ji1l - ujj_ll) A2 ( ]J—:ll —uf ™ i)
A ] e o (3.15)
= U; — m(ujﬂ - “j—l) + =2 Ar2 ~ o (U] Ujpy — Uy + uj—l) ’

which is unconditionally stable and gives a second order approximation with
respect to Az and At. The unconditional stability here means we can have
2DAt > Ax? unlike typical explicit methods for advection diffusion equations.
However, for accuracy in the advection term we still may choose aAt oc Ax. This
scheme extends naturally to problems in higher dimensions, for d > 1 and a € R?

constant one has the scheme

4A$ J+§k J =€k sz Jtex J—ek
d
n CLkAt n DAt n n n
— T Z <4A:U (uj Yite, ui_g’“) - Agjz (ui+§k — U + u1—2k> :
k=1

Mixed order schemes

Here we briefly mention some advection schemes which have a higher order of tem-
poral accuracy than spatial accuracy. Such schemes will be useful for numerical
experiments that involve extrapolation of spatial error terms and are fundamental
to the practical application of results obtained in Section 3.3. Consider the one
dimensional scalar advection equation with a centred difference approximation of
the spatial derivative, that is with a € R
wur

ot~ aag (U m VL)

ot

obtains an unconditionally unstable scheme. However, if —’ is approximated

with a classical Runge-Kutta method of order 3 or higher then the scheme is

It is well known that if the 2% is approximated as ﬁ (U}IJrl — Uj”) then one

stable for sufficiently small At. For example, the classical 4th order Runge-Kutta

method for approximating M = f(t,u(x,t)) is given by

At
u(z,t + At) ~ u(x,t) + F(k‘l(a:, t) + 2ko(x,t) + 2ks(z,t) + ka(x,t))
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where

k1($>t> = f(tau(xat»

koy(x,t) = f (t + %, u(z,t) + %kﬂx,t))
ks(z,t) = f (t + %, u(z,t) + %kg(ﬂ:,i))
ky(z,t) = f(t + At,u(z,t) + Atks(x,t)) .

With f(t,u(z,t)) = — 55 (u(z + Az, t) —u(x — Az, t)) then the resulting scheme
for solving the advection equation is second order with respect to Az, fourth order
with respect to At, and stable if |a|At < 2.82Az [75]. If the 2nd order spatial

errors were successfully cancelled with an extrapolation method applied to this

scheme for u € C*(2) then one would expect to obtain a fourth order scheme (as
the centred approximation of the spatial derivative means there are no odd order
terms in the error expansion). This scheme can be applied to higher dimensional
problems via directional splitting or via finite difference discretisations described

in Section 3.3.

Other schemes

We briefly remark here that for hyperbolic conservation laws (3.2) there has been
much research into discretisations which satisfy additional stability properties.
Among these are weighted essentially non-oscillatory (WENO) schemes and strong
stability preserving (ssp) Runge-Kutta methods, see for example [78]. Whilst this
is a very interesting area of research with such schemes being essential for the
practical numerical simulation of many physical problems we will not investigate
these in this thesis. As our focus is on the application of the combination tech-
nique to approximate solutions of hyperbolic PDEs we use much simpler schemes
for which the approximation error is better understood. Further, it is not clear if
the additional stability properties of more complex schemes would be preserved
by the application of the combination technique. Such schemes often rely on
convex combinations but as the classical combination technique is not convex it
would likely fail to preserve these additional stability properties. Investigating
the compatibility of the combination technique with such schemes would be an

interesting direction of research.
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3.3 Solving with the Combination Technique

When PDEs involving time evolution are solved with the combination technique
one evolves the solution on many anisotropic grids to some fixed time ¢ and then
combines the results accordingly. The application of the sparse grid combina-
tion technique applied to the advection equation has been studied by Lastdrager
et.al. [82] and Reisinger [110]. Reisinger studied an implicit first order finite dif-
ference solution of the advection equation in arbitrary dimensions. He showed
that the implicit first order finite difference solutions when interpolated by con-
tinuous basis functions (piecewise linear for example) satisfy the error splitting
model. This was done by studying the error of several corresponding semi-discrete
problems whereby one discretises a subset of the spatial dimensions and supposes
that the operator is exact along the remaining dimensions. The unconditional
stability of the implicit method allowed Reisinger to apply the combination tech-
nique to a space-time sparse grid. Using the error splitting he was able to obtain
error bounds for the combined solution. Poisson and advection-diffusion prob-
lems were also considered. It was suggested that the semi-discrete framework
could be used to study different numerical schemes for advection and/or diffusion
and perhaps even other problems entirely. For example, one might consider ex-
tending Reisinger’s bounds on the advection equation to a second order method.
Crank-Nicolson is another implicit method for which the space-time sparse grid
could also be considered. However, extending Reisinger’s work to this scheme is
difficult because it relies on a discrete maximum principle. As Godunov’s the-
orem [53] implies linear discretisations with order greater than 1 can not have
the property that new extrema are not generated then one is unable to obtain a
similar discrete maximum result for the Crank-Nicolson method. The extension
of this work to different discretisations remains open and is not something that

will be considered in this thesis.

Lastdrager et.al. considered the solution to the advection equation in two
spatial dimensions discretised using the method of lines (MOL) with finite differ-
ence approximations to spatial derivatives and gave numerical results focusing on
some specific explicit methods. Several assumptions were made to simplify the
analysis. First, it was assumed that the error from time stepping is negligible
compared to the spatial discretisation error. Second, it was also assumed that
the approximation error obtained from interpolation of component grids onto a
full (or sparse) grid is also negligible. This is justified by their focus on numerical

results where a 3rd order upwind biased discretisation of the spatial derivatives
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is used with 4th order Runge-Kutta time integration and 4th order interpolation
(referred to as prolongation in their work). The authors then considered how the
leading order error terms are extrapolated when the combination technique is ap-
plied and obtained an estimate of the combination of the leading order error term
from different component grids. The effect of several combinations throughout
the computation was also studied and they show that M combinations through-
out the computation leads to a decrease of the leading order error terms by factors
M~

Error bounds are common in the literature for finite difference solutions of
time-dependent PDEs, see for example [75, 88], but to obtain reasonable esti-
mates when the combination technique is applied we need something stronger
than a bound. We require an equality similar to the error splittings studied in
Section 2.2. This can be difficult to establish for a specific PDE and discretisation
in which case one might settle for an analysis of the leading order error terms.
Here we extend the study of the leading error terms of the spatial discretisation
error of a two dimensional scalar advection problem by Lastdrager et.al. [82] to
a precise analysis of the scalar advection problem in arbitrary dimensions. As
in this reference literature we study the MOL approach using finite differences to

discretise the spatial derivatives. Consider solutions to the advection equation

ou
QE— . p— -1
5 ta-Vu=0, (3.16)

with constant a € R?, periodic boundary conditions and periodic initial condition
u(x,0) = up(x) € H},([0,1]%) (where H].([0,1]?) consists of functions f €
C(RY) such that f(x) = f(x + e;) for all £ with e, being the unit vector in
the kth direction, and f restricted to [0,1]? is an element of H'([0,1])¢, that is
> i< 1D, (0.0 1 finite). For t > 0 the exact solution u(w,t) = uo(x — at)
is obtained via the method of characteristics. Observe that the solution is in
the same function space as the initial condition as the norm is invariant under
translation. Establishing the accuracy of numerical solutions typically requires
additional assumptions on differentiability of the initial condition which we will

come back to later. Note that we may represent ug by the Fourier series

'LL(](CU) _ Z ,&0’562711{-:13’

gezd

where the ¢ are the Fourier coefficients

’&075 = / UO(QL')@%”gm dx .
[0,1)
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Substituting in the characteristics one has the exact solution

u@ 1) = 3 g et E @t

geza

Using operator notation we may write u(x,t) = e~'*Vuy(x) for which we observe

—2m&at and corresponding eigenfunctions

the operator e *®V has the eigenvalues e
e~2m& for cach € € Z%.

We now consider a discretisation of the V operator with a finite difference
approximation. For m € Z, i € N and k € {1,...,d} let Si,,, be the shift
operator defined by Sy;mu(x,t) = u(x + m2 ey, t) with e; being the unit
vector in the kth direction. Now consider the approximation of V in the advection
equation with the operator D; = (D;,, ..., D;,) with each D;_a superposition of
shift operators in the kth direction. In particular, let D;, approximate % via
the shift operators Sy i, m Wwith m = —r, —r+1,...,r — 1,7 for some fixed integer

r > 0. We define

Dj u(z,t) = 2% Z Ok Skiy mW(T, 1), (3.17)

m=—r

where ay,,,, € R are some appropriate coefficients.

Lemma 3.15. If D;, is a pth order consistent approzimation of % then

i 1 ifg=1
> apmm? = fa (3.18)
ot 0 ifqg=0,2,3,....p.

Proof. 1t D;, is a pth order approximation of % then it is exact for polynomials
of degree p or less. Now as both D;, and 6—% are translation invariant it is enough
to consider approximations at x; = 0. Consider the monomial z] with ¢ € N,

then one has

r

Dy, —o = ik Z o (71, + M27 )4 = 2i(1=q) Z g mm?.

m=—r z5=0 m=—r
For comparison one has
o o1 1 ifg=1
k ko lz=0 .
Ory *|,, o : 0 otherwise.

Thus if D;, is exact for monomials up to degree p then clearly (3.18) holds. As any
polynomial of degree p or less can be expressed as a superposition of monomials

up to degree p one has the desired result. O
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Let w; = w;(,t) be the solution of

%—c:—i—a-Diw:O, (3.19)
with initial condition w(x,0) = ug(x). If we restrict ourselves to considering
the function w on the grid points ; C [0,1]¢ (with the usual definition Q; =
Qi x - x Q, and @ = {s27' : s = 0,1,...,2'}) then we observe that the
shift operators making up the D, translate each grid point in €2; to another
grid point in ;. Therefore we may write —a - D;w(€;, t) generically as a matrix
vector product A;w; where w; = w(€;,t). Thus our discretised PDE restricted to

w; = w(£);) reduces to a linear system of ODE’s

Ow;
“(t) = Ajw(t
"4 1) = Agal)
which has solution w;(t) = exp(tA;)w;(0) where exp(t4;) == > 7, ti# is the

usual matrix exponential. For d = 1, A; is a circulant matrix which is diagonalised
via the discrete Fourier transform (DFT). For d = 2, A; is a block circulant
matrix with circulant blocks (BCCB matrix) which is similarly diagonalised via
the 2-dimensional DFT. This structure is similarly extended to higher dimensions.
For a stable numerical scheme one typically requires that the finite difference
discretisation D is such that the eigenvalues A¢ of the matrix A; have non-positive
real part (that is Re(A¢) < 0) in which case it follows that || exp(tA;)]2 < 1.
We are interested in the difference between the approximation w(a,t) and the
exact solution u(z,t) not only on the grid points ; but everywhere on [0, 1]¢.
Therefore, despite the discretised operator corresponding to a grid €2;, we still
consider w(zx, t) as a continuous function over [0, 1]. This can be thought of as a
continuous family of solutions on grids Q; translated by some y with 0 < y;, < 27%
for each k € {1,...,d}. Note that as we have defined the D; in terms of shift
operators (i.e. translations) they are perfectly valid operators on continuous
function spaces like L2. The following lemma gives an expression for the solution

w(a,t) via the Fourier series of the initial condition.

Lemma 3.16. Suppose uo(x) € L?,,([0,1]%) has the Fourier series

per
UO(ZB) _ Z ﬂ07£€2m(£.m) 7
gezd
then a unique solution w(x,t) to (3.19) with initial condition w(x,0) = uy(x)
exists and 1s given by

w(x, t) = Z Qg g€ (& @) Heel
geza
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where
d r

k=1 m=—r
Further, if R(ce) < 0 for all € € Z¢ then given any t > 0 one has w(x,t) €
L;.,([0,1]%).

per

Proof. Suppose that w(x,t) has the form

w(x,t) = Z bee ™ (E@) ccel
£czd
Note that we have w(x,0) = ug(x) and thus bg = dge for all £ € Z9. As
the PDE (3.19) is linear we may consider each component of the Fourier series

separately. Fixing & € Z2, for the series to satisfy (3.19) we require

0= C£ﬁ07£€27n(§-:c)ec§t +a- Diﬁ07€e27n(§.a:)ec§t
d r ,
_ Cgﬂo 6627rL(§-9:)605t + Z apdlo 6665t2ik Z i, m627rL(£-(m+m2*1kek)) ]
k=1 m=—r
Dividing out the common factor ﬁ07£€2ﬂb(£'m)665t and re-arranging we obtain (3.20).
Finally, for any given ¢ > 0 the convergence of the Fourier series of w(x,t) when
R(ce) < 0 follows from the convergence of the series for ug(x), in particular

W13 = D eeza [0 |* < D ecya liog]* = [lull3 via Parseval’s identity. O

Notice that cg is simply a sum of the eigenvalues one obtains for the one

dimensional advection problem corresponding to each of the dimensions k =

1,...,d. In particular we may write cg = c¢, + - - + ¢, where each
r .
m=—r

depends only on the & component of £ (and only the kth component of i and
a). Further, for each k, as iy, — 0o one has ¢, — —2mi{,a, as a consequence of

consistency of the discretisation. This is evident in the following lemma.

Proposition 3.17. Let D;, be a finite difference discretisation as in (3.17) which
1s a pth order consistent approximation of % with eigenvalues cg, such that

Dik627m§kxk — C§k627”£kxk7 then
—akDike%‘ﬁm = (—QWLfkak — {ZHQ_”"’“W) e2mEkTh (3.21)

where M. 1is uniformly bounded with respect to &j.



122 CHAPTER 3. HYPERBOLIC PDES

Proof. As a consequence of Lemma 3.16 we know that

o ik 2mim2 7k €y,
Cep, = —ay2 E Qi m€ .

m=-—r

Letting h = 2% we use a Taylor expansion of €™ up to pth order around

h = 0 we have

T p
2miemhé&y )¢
Cék — _akhfl Z ki m (Z %

m=—r q=0

1 AV
+(2mmh§k)p+l/ —(1 't) e2mumhéxt dt)
0 p:

p
(2
= —akh_l ( thk Z ki mM?

q=0 m=—r

1
1—-1%)P
+(27”'h5k)p+1 E ak,ik,mmp+1/ —( ) €2mmh£kt dt) .

0 p!

m=—r

Using the properties of the oy ,, from Lemma 3.15 one obtains

r 1
1—-1)p
Ce, = —agh™ ' 2mhgy, — agh™ (2mh&,)P T Y Oék,z'k,mmpﬂ/ a-v" ' V mmicit gy
0 p:

m=—r

= —2mupar — WPEL

where 7y == ap(2m)PTE S g mmP [ (1;)? e?mmhét dt. Substituting h =

27" back in we obtain (3.21). Finally we notice that |nx| < |ag] (2;2?1 (2r +
1)rP* max,, |a., m| which is independent of &. O

Our goal is to study the difference between the solutions w of the discretised
problem and the (exact) solutions u of the advection equation. For this purpose

we define the error function
e(x,t) = u(x,t) — w(x,t). (3.22)

We also define the operator E; := V—D;, that is E; = —D,,....,-2 =D, ),
6x1 1 Oxg d
for which E;u gives the difference between the continuous and discrete spatial

derivatives of w.

Proposition 3.18. Fizi € N and let u and w be solutions to (3.16) and (3.19)

respectively, then e(x,t) = u(x,t) — w(x,t) is the unique solution to

0
81€€:_a Die —a- Eu,
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with w(z,t) € L2,.([0,1]%) and u(x,0) € H., ([0,1]¢). Further, one has

€(x,t) = exp(—ta - D;)e(x,0) + u(x,t) — exp(—ta - D;)u(x,0). (3.23)

Before proceeding with the proof we note that exp(—ta-D;) ==, (“ta-Dy)"

n!

is well defined as a - D; is bounded, in particular

la - Diulls < <Z|ak\2““ > \akm|) [ull2

m=-—r

for all u € L?,.([0,1]).

per

Proof. We have %¢ = 9% — 2% and substituting equations (3.16) and (3.19) into

the right hand side yields the PDE

Jde  Ou Ow
E:E—az—aVU—i—aDi%

=—a-(Diu—Dw+ (V—D;)u)=—a-Die—a-FEu.

The expression (3.23) is obtained via

/\
\_/

u(x,t) — w(a: t)

) — exp(—taDy)(a, 0)

= u(x,t) + exp( taD;) (u(x,0) — w(x,0)) — exp(—taD;)u(x,0)
= exp(—taD;)e(x,0) + u(x, t) — exp(—taD;)u(x,0),

~

= u(z,

as required. O

Note that Lastdrager et.al. also considered problems where a may vary over
time in which case one must replace —ta - D; in (3.23) with — fo -D;dr. We
do not consider this case in detail. Further, we typically assume that the initial
condition is exact, that is ¢;(x,0) = 0. We provide the proof for an identity which

will be useful.

Lemma 3.19. Let yq,...,yq € R, then

yd_l_z Z y81_ (ysk_l)
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Proof. The case d = 1 is trivial, similarly for d = 2 one obtains via expansion
=D+ -1+ -1 =ny—1.
By induction, given the case 2 and d — 1 one has

yl"'yd_1:<y1..‘yd—1)yd_]‘
(ylyd_1—1>(yd_1)+<y1yd—1_1)+(yd_1)

=> > Wa—1 (s, —Dya—1)
k=1 {81 ..... Sk}
c{l,..d}
d—1
+ > e -1 (e — )+ (wa—1).
k=1 {s1,...,8k}

For the sums in the last equality we observe for a fixed k € {2,...,d — 1} that
d—1
k-1

(ys, — 1) (including (yq — 1)) whilst the second sum contributes (dgl) such terms.

L d— d— d :
As these are all distinct then they must be all (k_i) + ( kl) = (k) terms in
the sum ) ¢,

the first sum contributes ( ) terms which is a product of k terms of the form

.....

(y1 — 1)+ (ya — 1) from the first of the two sums. Similarly, for the case k =1
the last sum provides (y; — 1) 4+ -+ + (ya—1 — 1) to which we add the (yq — 1).
Therefore the identity holds for the case d and thus for all integers d > 1 by

induction. O

Before proceeding with the main result we first define a special class of func-

tions whose mixed derivatives have a Fourier series which is absolutely convergent.

Definition 3.20. Given a function u € L*(Q2) with Q C R? we define

lulla =) il

geza

where the ¢ are the Fourier coefficients of u. We define H? ([0, 1]%) (mpa short

mpa

for mixed, periodic, absolute) to be the functions in H?. which are periodic and

mix

have a Fourier series which is absolutely convergent for all mixed derivatives,

specifically
ulo14 € HE: ([0, 1]d)
HYE .0, 19 =< ue CRY : u(x) =u(x+e,) Vke(
|Dlulls <00 YO<j<p

(with ey, the unit vector in the kth direction).
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The reason we require the Fourier series to be absolutely convergent is that
a particular finite difference discretisation may generate dispersion which causes

the peaks of all of the basis functions to line up at some time during the evolution.

Theorem 3.21. Let e(x,t) be as in Proposition 3.18 with e(x,0) = 0 and up(x) €
Hﬁjz;i([() 1]9). Additionally, let each D;, be a pth order consistent approzimation

of 22~ B whose eigenvalues have non-positive real part. Then, ¢(x,t) has the form
of the error splitting

d
t) = Z Z tk2_p(isl+"'+isk)’751’._78k(Q_isl, o 72_isk) : (324)
k=1 o1, sk}
c{1,...,d}

and, further, there exists K > 0 such that |vs, 5 (27%1,...,27%)| < K for all
{s1,...,sp} CA{L,...,d}, k=1,...,d.

Proof. As e(x,0) = 0 one has €(x,t) = u(x,t) —exp(—ta- D;)u(x,0) from Propo-
sition 3.18. Now given the Fourier series for u(x,0) one has

e(x,t) = Z%{em&-(mf«n) —exp(—ta - D;) Zuo e T

¢czd ¢czd
_ Z (6—27rL§.at c5t> G 5627“5.9:
£czd
_ Z c§+27rL£ a)) ,ao,£€27n£-(m7at) )
¢czd

Defining e¢(t) := 1 — e*™& 9+ %! we may write
e(x,t) = Z eg(t)ﬁo,ge%‘g'(m_at) )
¢czd

Now as cg = ¢¢, + - - - + ¢¢, with each c¢, depending only on the §; component of

& (and only the kth component of ¢ and @) we can write this as

Eg(t) =1—¢ S 2mibpagteg,

d

H et 2mipagtee,) )

k=1
Further, by rewriting the identity of Lemma 3.19 as

d

1_y1"'yd:Z(_1>kil Z (1_y81)"'(1_y8k)

k=1 {81,s81}
i}
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we can decompose eg(t) as

ce()=> (1" > e, ), (3.25)

k=1 {s1,...,sk} =1
C{17"'7d}

where
e, (1) = (1 — et(ngslaSlJr%Sz)) .

Now as a consequence of Proposition 3.17 we have that

1
Cg, = —2mi&pay — hf ZJF Nk

and thus with &k = g
_+hP p+1 X
€¢,, (t) = (1 — e Mt n”) )

. . —thP ¢ptl
Now we perform a Taylor series expansion of e Sk

Note that as n; is
complex we must take care to determine the remainder via complex contour
integrals. As the eigenvalues c¢, of D;, have non-positive real part then it follows
that —thfk £+177k must have non-positive real part. Consider the function e* with
z € C, then as e® is analytic everywhere then we have via Cauchy’s integral

formula

w

1 e o= [ 2\ z e
e [ e [
+27TL/Cw; w v +2m cw(w — 2) v

where C is some closed path containing the origin and z. Now letting n =

. fc ¢ dw we have e* = 1 + 7. It follows that with 7j,, = 7 one has

2m w(w—2z)

1
—th? b in,,

€, (t)y=1—e€ "= = thY &PHin, ., . (3.26)

isl s

Now as each cg, has non-positive real part it follows that |eg, (¢)| < 2 and thus

N5 < W independent of £, > 1 (and 7, = 0 if £, = 0). Substituting (3.26)
isl St

into (3.25) we obtain

d
e(t) =D (-1)F DD 2O g P

k=1 {8155k }
Cllod}
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where 75, 1= 15, 7s,. As 15, and 7, are bounded independently of &, then -, is
also bounded independently of {;,. Thus we have an error splitting formula for

the error of the eigenmode e?™4®. In the sum over all eigenmodes we have

e(z,t) =) ee(t)igge”™ &=
gezd

d
— Z Z tk‘2—p(isl+"'+isk),ySl7m7Sk (2_isl’ . 72—isk) ,

k=1 {817...,8k}
c{1,..d}
where
P)/sl,...,sk<2_isla R 2_isk) = <_1)k_1 Z ﬁ0,§<£81 e fSk)erl(%l e ’Ysk)e%”g.(w_at) :
gezd
Further, using Holder’s inequality we have that

v (271 270)] < (sgp e, - -m) S Jitggtn - -6 [PH!

gezd

(apr2o) |
— su s1 """ Vs
£P V1wt Vsp axﬁ)jl - (91:13:1

b

A

where the right hand side is finite as each of the «,, is uniformly bounded and
| DZug(x)||a < oo for all 0 < j < p+1. Thus by taking K > 0 to be the
maximum of the v, (2%1,...,2%) for all k = 1,...,d and {sy,...,sx} C
{1,...,d} then e(x,t) satisfies the desired error splitting model. O

For a fixed t, by setting K; = max{K,t?K}, an error bound for the combina-
tion of technique applied to the w; follows immediately from Theorem 2.27, that
is if we use uf to denote the level n combination of the u; (which is each the
solution of 2% + @ - D;u = 0) then

lu —ul| < K277 (1 + 2°)4t <” 24 = 1) :

d—1

Lastdrager et.al. considered truncated combinations whereby one discards grids
from the combination technique which do not have a specified minimum level
of discretisation in each dimension. We consider such combinations in greater
detail in Section 4.1. As we have shown the spatial discretisation satisfies the
error splitting model many of the results in developed in Section 4.1 will be di-
rectly applicable to the advection problem solved with an explicit finite difference
method.
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In addition to the bound obtained via Theorem 2.27 we will also study what
understand the effect of repeated combinations on the solution error. We can
apply Lemma 2.32 to each of these terms to find that the level n combination

technique applied to t*v;, . (, 15)h]fl1 e hzk yields

.....

tho—pn i (k;L 1)(—2?’)’” Z Virot (@5 ) | (3.27)

m=0

Let K > 0 be such that |y,  (x,t) < K for all @, i, k € {1,...,d} and
{li,...,lx} C{1,...,d}, then the absolute value of (3.27) is bounded by

k—1
s S (M) (M)
- !

m=0

k—1
< Kjtrm (”7; , )(1 +2r)Et,

Which leads to a result for |u — u¢| analogous to (2.26) in the proof of Theo-

rem 2.27, namely

d
—1
o —uf| < K277y ¢k (Z) (" ‘l:f ) )(1 4 2P)k-t (3.28)
k=1

Suppose now that the solutions on the coarse grids were to be combined at time
t/M where M is a positive integer. One has that the leading error terms (3.27) has
the additional factor M ~*. During the next evolution of /M these leading error
terms from the previous evolution become the initial error, that is from (3.23) we

consider
&2t/ M) = e’(t/M)“'Die(a:, t/M)+ u(x,2t/M) — e’(t/M)“'Diu(a:, t/M)

Now the u(zx,2t/M) — e~®/MaDiy (g t/M) term satisfies the same bound as
¢i(x —at/M,t/M) as the only difference is the translation of v by at/M. On the
other hand the e~(/M)a-Di¢(g t /M) term is evolution of the error generated via
the discrete advection operator. If the discrete operator were exact this would
just be a translation. Of course this is not the case and there is an additional
error term generated. However, as the ;(z —at/M,t/M) term is O (£27P"n?1)
and the discrete advection operator is order p it is reasonable to assume that this

contribution to the error is negligible compared to the other terms. Thus at time
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2t/M with combinations at time ¢/M and 2t/M the error is bounded above by
. t\*(d\ (n+k—1
K27 "(2+6) | — 14 27)F!

where § bounds the contribution of e~ /Ma-Die(x t /M) — e(x — at/M,t/M) for

which we assume |§| < 1. We may now repeat this argument for additional

combinations at times %, %, ..., t. For the last combination at time ¢ one obtains
the bound
d t\" (d\ (n+k—1
K277 (M +0) (| — (1 2r)Rt

k=1
where the ¢’ term encapsulates the error of the discrete advection operator applied
to the ¢; from previous steps which we assume satisfies |§’| < 1. Thus we note that
for the £ = 1 in the sum we have (M +¢")7; ~ t and thus repeated combinations
has no impact on this term. However, for the £ > 1 in the sum we have (M +
5 (ﬁ)k ~ t* M~*+1 which leads to a reduction in the error. In particular, the
k = d in the sum (which contributes the large term ¥ ("14") (1 + 27)%"! to the
error when there is only one combination at time ¢ > 1) has a reduction of M~
Whether this is noticed in practice depends on how tight a bound KJ is to the
v terms corresponding to the k = d term in the sum. In the limit M — oo the
k > 1 terms vanish leaving K;27P"td. However, this ignores the possibility of
terms accumulating in the ¢’ which may become a significant contribution to the

error for large M.

Remark 3.22. Theorem 3.21 shows that MOL solutions of advection from a
specific family of finite difference discretisations satisfy an error splitting when
the finite difference operator is applied over the entire domain (as opposed to
grid points) and the time integration is exact. Of course, in practice this is not
how we compute solutions to advection. However, the result is still relevant as

we shall point out here.

e If one samples the MOL solution w; on a grid €; at time ¢, that is w;(£2;, 1),
then the result is the same as solving the ODE system
Ow Ql,t
©u0)
ot
with initial condition w(£2;,0) = uo(€2;), up to time ¢. Clearly the resulting

a - Diw(QD t) = 0,

w; (€, t) satisfy the error splitting as described by the theorem at each grid

point.
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e In practice one computes the combination technique approximation by in-

terpolating the function values on 2; to the sparse grid (or a full grid
containing the sparse grid). This is either done explicitly or implicitly
via the hierarchisation approach. It is reasonable to expect that interpola-
tion/quadrature methods based on tensor product rules also satisfy an error
then the

piecewise multi-linear interpolant function samples on the grid €; (denoted

splitting. For example, Reisinger shows [110] that for v € Hg’

mix

Z;u) satisfies the pointwise error splitting

d

v — IZU = Z Z Qs ... s (Q_isl’ . 72_i3k)4_i31 e 4_i5k ,

k=1 {517"'7Sk}
£{177d}

and there exists L > 0 such that each |ay, s, | < L for all i. More generally
ifve H&

¢ and satisfies

mix

we assume we have an interpolation method Z; which is order

d
VT =Y g (270 22 e e

k=1 {51, }
g{lvvd}

If ¢ > p then applying such an integration method to the w;(¢) one has

d
u(t) = Tiwy(t) =y Y ther bt l (2727,
k=1 {81,...,Sk}
c{1,...,d}
(with u(t) being the exact solution of the advection equation at time t) as
the error splitting terms from the interpolation can be effectively absorbed

into the original s, ¢ (27%1,...,27") to form 7;17“ (2761, .., 270,

Sk

Lastly, we must consider that our ODE is not integrated exactly in practice.
However, we assume that the ODE solver used is of sufficiently high order
that the spatial errors are dominant for all stable choices of At. Under
this assumption it is clear that as At, Axy,...,Azy — 0 (with At always
such that the scheme is stable) convergence of the combination solutions
will follow from analysis of the spatial errors. In our numerical results in
Sections 4.5 and 5.2.4 we typically use the classical fourth order Runge-
Kutta method to solve the ODE obtained via second order discretisation of

spatial derivatives.



Chapter 4

Variations and Generalisations of

the Combination Technique

Many variations and generalisations of the combination technique have been de-
veloped in the literature. In Section 4.1 we will discuss the truncated combina-
tion technique, a variation which avoids some of the strongly anisotropic grids
of the classical combination technique. Error estimates from Chapter 2 will be
adapted to truncated combinations. In Section 4.2 we consider dimension adap-
tive sparse grids which inspired much of the initial work on fault tolerant adap-
tations of the combination technique. In particular, we review the framework
of projections onto function space lattices developed in [70] and extend this via
a study of projections onto hierarchical surpluses. Section 4.3 considers the use
of multi-variate extrapolation within the combination technique to obtain high
order solutions. Combined with the adaptive sparse grids framework one ob-
tains an adaptive extrapolation algorithm. Section 4.4 develops a generalisation
of the combination technique for combining arbitrary collections of grids. Two
approaches for the computation of coefficients will be considered based upon the
work in Section 4.2. Much of the work in the latter three sections is featured in
the publications [69, 65, 64].

4.1 Truncated Combination Technique

The classical combination technique
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is typically not used ‘as is’ in practice. There are often problems with using
grids where the refinement is extremely coarse in all but one dimension which is
extremely fine. For example the grid corresponding to the multi-index (n, 0, ..., 0)
within the set {i € N¢ : |i| = n}. Such grids are referred to as strongly anisotropic.
There are several reasons why the inclusion of these grids can lead to poor results.
For example, the initial condition may be poorly represented on such grids or the
numerical scheme may be ill-suited to the elongated cells. In theory some of
the error on such grids should cancel with that on nearby grids (that is grids
corresponding to the multi-index j with |j — 4| small) but, in practice, what
remains can be significant. A solution to this is to simply omit some of the
strongly anisotropic grids. This is equivalent to truncating the sums used in
the classical combination, hence leading to the so called truncated combination
technique [9]. Leentvaar [86] extends the classical analysis based on the point-
wise error splitting to these truncated combinations but with the restriction that
the corresponding full grid is isotropic. Here we provide results for truncated
combinations for which the corresponding full grid may be anisotropic. There are
two important reasons for doing this. First, the rate of convergence may differ in
the different dimensions for some applications which means we may wish to have
finer discretisation in the slowest converging dimensions. Second, we may have
different requirements for the minimum discretisation in each dimension which

also leads to an isotropic full grid.

There are several ways in which a truncated combination technique may
be defined. Fundamentally a truncated combination is just a translation of a
classical combination with respect to the multi-indices ¢ corresponding to the

coarse/component solutions u;. As such we will use the following definition.

Definition 4.1. Given n > 0 and s € N? we define the truncated combination

as

= :=:<—1>’f(d; DY we (@)

{ieN®:|i|=n—k}

The sum over {i € N : |i| = n — k} will be typically abbreviated to D lil=n—k
and is defined to be 0 when n — k < 0. Here n corresponds to the level of the
classical combination for which we translate the multi-indices by s. Equation (4.1)

may be expressed as a classical combination of level n + |s| with the sum over i
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Figure 4.1: From left to right we depict the two dimensional truncated combination

ug (1.2)° the corresponding sparse grid points and the corresponding full grid points.

truncated /restricted to i > s, that is

d—1 d—1
b= () X w
k=0 li|=n+|s|—k
i>s

Given a truncated combination uflé it will be useful to define the corresponding
full grid approximation. The full grid approximation us corresponding to a trun-
cated combination uﬁlé is the approximation on the smallest grid which contains
all of the grids that the w;;, where computed on. It is clear that f; = s; +n
for each k which we sometimes write as f = s + n. An example of a truncated

combination and the corresponding sparse and full grids is depicted in Figure 4.1.

Remark 4.2. We depart momentarily to comment on combinations which have
been truncated relative to a full grid. Given a full grid index f and a level n < |f]

one might have thought to consider the combination

di(—mk(d; 1) > us

k=0 |i|=n—k
i<f
However there is a problem with this combination if n > min{fi,..., f;}. For

example, in 2 spatial dimensions the above reduces to

E Wiy ig — E : Uiy ig

i1+i2=n i1+12=n—1

(i1,i2)<(f1,f2) (i1,82)<(f1,f2)

for which the combination coefficients sum to —1 if n > min{fy, fo}. It follows
that this combination is not consistent and does not approximate the desired

solution. This can be corrected by modifying the coefficients for the & > 0 terms
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using the theory of adaptive sparse grids which is developed in Section 4.2. In
o . . o ¢

d = 2 dimensions one obtains the truncated combination Ut 4 fy—n(fr—n, fa—n) but

for d > 3 the resulting combination is typically no longer a truncated combination

as we have defined. These are unusual but interesting combinations which will

not be developed further in this section. We note that the results of Section 4.2

can be applied to such combinations.

As was done for classical combinations, we will consider the number of un-
knowns and the approximation error for truncated combinations. Given the trun-
cated combination u!
#(u;y5), satisfies

d d
H# () H (20F5k 4 1) H (2% 4+ 1) = 2l H (2% + 1)

It follows that the total number of unknowns required for the computation of

t
n7§

the number of unknowns in each grid u,;,s, denoted as

n,s’

ul _ is bounded above by 22 times the number of unknowns required for the
computation of ug (see Section 2.2).

We now consider the approximation error of uj, ; when each of the u;y, is the
usual piecewise linear interpolants. A rough bound is obtained via the following

proposition.

Proposition 4.3. Let u € H}

,Mix?

linear interpolant of u for alli € N®. Further, let f = s+n (withn = (n,...,n)),

T e R

The truncated combination technique ut

n >0, s € N and u; be the usual piecewise

ns Satisfies the error bound

luy =y glla < €4y

Recall that when the u; are piecewise linear interpolants then one has u) = u,
and therefore from Proposition 2.19 one has ||u — uS||s = ||u — u} |2 < €. Thus
this result says we can bound the difference between interpolation onto the full
grid and the interpolant obtained via the truncated combination by a classical

combination error bound for u sl

Proof. As u} denotes the level i hierarchical surplus of u (see Section 2.1) we

may write u; = ZKfu and as ul, ; contains all u with |i| < n + |s| with the

S
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exception of ¢ € s + n one may also write

t h
Up s = E (O

2] <n+|s|
i<stn

As f = s+ n it follows that

g = ll2 = > uj

L .
{ieN®:|i|>n+|s| and i<s+n} 9

{ieN:|i|>n+]s| and i<s+n}
h
< > lufll
|i|>n+|s]

< €€

- n+‘§‘ )
where the last inequality is obtained via the proof of Proposition 2.19. ]

Corollary 4.4. Let u, u;, n > 0, s € N and € be as in Proposition 4.3. Let
f=s+nand

d
er =974 D2ully Y 47,
k=1

then

||u — ufl7§||2 < €rt+ € -
Proof. This follows from the triangle inequality as
lu = llz = llu —up +up — g o < Jlu—uglla + flug =, 2
and [lu — ugllz < €; by Lemma 2.20. O

A similar result may also be obtained for the co or energy norms by replacing
€, and €y with the appropriate bounds found in [22]. The result is given for the
but it should be clear how this can be extended to v € H?>

case where u € Hg,mix mix
similar to Proposition 2.22.
Proposition 4.3 gives us a simple way to estimate the interpolation error for

truncated combinations (compared to the full grid interpolant) using the error

C
n+s|*

an overestimate. For example, if n = 0 (and thus f = s) then u; = ugi and

estimate from the classical combination u However, the bound is generally
thus the difference is 0. Obtaining a tighter bound requires a bit more work, we
provide a tighter bound for two and three dimensions to help illustrate how the

truncated combination differs from a classical combination.
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Proposition 4.5. Letn >0, s e N?, f = s+n, u € H,,,([0,1]%) and u; be the
usual piecewise linear interpolant of u for i € N%. Then for the case d = 2 one

has

HUi —u! ,§||2 < 3_4||D2u||22—2(n+|§|) (3n — 14 4_n) .

n

Similarly, for the case d = 3 one has
1
Juy — uf, |l2 < 376 D2ul[27 2+ (5(9712 +5ln —22) +12.272" — 24") .

Proof. As in Proposition 4.3 we observe that

h
ui—uf@é: Z u;
i<f
|i|>n+|s|
From the triangle equality it follows that

lug —wpllz< D = ) e

3| >n+|s| &i<f li|>n& i<n
We now need only estimate the sum in each case. For d = 2 one has

2n n
D PR N NN (A,

li|>n & i<n k=n+1i=k—n

2n n
< Z Z 372HD2uH2272(k+\§|)

k=n+1i=k—n

2n
=37 D227 B 27 20—k + 1)
k=n+1
= 374 D2u )22 (3p — 14477

Similarly for d = 3 one has

3n
Do lulida= D0 D> llulle

li|>n & i<n k=n+1|i|=k & i<n
2n—1 3n
=2 > M+ > e
k=n+1|i|=k & i<n k=2n |i|=k & i<n

For the latter of the sums it is straightforward to show |{|i| = k&i<n}| =
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(3”_2k+2) for 2n < k < 3n and therefore using the estimate of Lemma 2.15

3n 3n
Yoo <) 373|| D2y |2~ 2(k+sD

k=2n|i|=k & i<n k=2n |i|=k & i<n

3n
=370 D227 Y " 27 Y

k=2n li|=k & i<n

3n

3n—k+2

_ 2-3| N2 —2[s —2k
= 373|| D%ul|52 ];2 ( ) )

= 370|| D2ul|527 212D (18n? 4 42n + 28 — 2727) .

Similarly for the former sum one obtains

2n—1 o1
Z Z ||UZ+§|| < 373 D2ul[,27 2! Z o—2k Z 1
k=n+1li|=k &i<n k=n+1 li|=k & i<n

It is straightforward to check that for n < k < 2n one has

Z 1—3nk—k2+1—gn(n—1).

|i|=k & i<n
Further,

2n—1

Z 92k (Bnk: — k41— gn(n - 1))

k=n-+1
9 51
=378~ (5(1 —2%72m)p? 4 <? —42. 2—2") n—11— 24—2"> :

Multiplying by 37| D2ul|,27 2l and adding to the other sum one obtains

1
ST bl < 378 D2ul| 272D (§<9n2 +51n —22) + 12272 2) ,

li|>n & i<n

which is the desired result. O

As before we can extend these results to the error |lu —uf, [|2 via the triangle
inequality. This result may also be extended to the L., and L; norms by using the
corresponding bounds of the uf from [22]. Notice that n increases, the difference
between the full grid solution u; = w4, and uj, , decreases at a rate O(27pd=1),
i.e. the same rate that classical combinations converge to the true solution.
Additionally if n is fixed and s increases then convergence is second order with

respect to |s|.
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We also consider the error of truncated combinations when the w; satisfy
the error splitting model (2.22). Here we extend Theorem 2.27 to truncated

combinations.

Theorem 4.6. For all i € N¢ let u; : [0,1]7 — R be approzimations to u :
0, 1]¢ — R satisfying the error splitting (2.22), that is

_ p p
U—Ui—i : E : Vs ey jm(hijla"'7hijm)hij1"'hijma

with all of the |v;, ...
combination defined by (4.1), then

d
-1
=, | < K27 (n 0 )<1 +opyit (—1 +TIe+ W)) .
k=1

Proof. The proof follows the same procedure as the proof of Theorem 2.27. The
only difference is that the h;; - h;

im

im| Dounded by a positive constant K. Let ul, , be the truncated

terms become

L . — Q7SS . v he
hsh +i5, hsjm Flim 2 " hljl h

i
By carrying this factor through the steps of the previous proof then we notice
that at the line prior to (2.26) one has

1
lu—u <27 p"Z > (n+m )(1+2f°)’”‘1
m=1 {]1 ~~~~~ ]m}
c{1,....d}
which for the truncated combination technique becomes

d

|u — Ufl S| <27 Z Z K9 P(siy T +8jm) (TL +m I 1) (1 + 2p)m—1
- : m —

Bounding each (57;")(1+ 22)" by the m = d term ("5%57)(1 + 24 one

obtains

= K27 (” ;f; 1) (14 27)4! (—1 + ]+ 2P8k)> :

which is the desired result. ]
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We notice that when the s is isotropic (i.e. s; = s3 = -+ = $4) then the

bound reduces to

n+d-—1

—ut | < K27Pm
|u un,§|— ( d—l

) (1+27)" (A +27P)? —1) .

When s = 0 then u}, , = ug, and we obtain the bound |u—ug| < K277" (”2‘_1;1) (14
2P)4=1(24 — 1) which is weaker than that of Theorem 2.27 for n > d — 1.
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4.2 Dimension Adaptive Sparse Grids

In this section we review the paper Adaptive Sparse Grids [70] in detail. The use
of lattices of projections in the study of the combination technique was a nice
idea and a powerful tool for extending the original notion of the combination
technique. We extend upon the proofs in the paper making some clarifications
as we go. Additionally we extend upon the existing work and obtain some new
results. In particular, the original paper presented a procedure for calculating
the updated coefficients. We quantify this result showing explicitly what the
coefficient updates are. This allows for much faster computation of the coefficients
and reveals more about the nature of adaptive sparse grids, namely the relation to
the inclusion-exclusion principle. Further, we derive error formulae for adaptive

sparse grids for both the classical interpolation of u € Hg} and for u, satistying

the error splitting model. Much of this section appears in the papers [64, 65].

In this thesis we consider lattice to be a partially ordered set (£, <) for which
every two elements a,b € L have a unique greatest lower bound, a A b, and
a unique least upper bound, a V b. It is well-known that a partially ordered set
which is a lattice is equivalent to the algebraic lattice (£; A, V) in which the binary
operations A and V acting on the non-empty set £ are idempotent, commutative,
associative and satisfy a A (a V b) = a V (a A b) = a for all a,b € L. The natural
definition of A and V given a partially ordered set (£, <) is a A b = inf{a, b} and
a Vb= sup{a,b}.

We consider vector spaces which are tensor products V = V! x --. x V% and
each component V* (k € {1,...,d}) is hierarchical, that is,

VicVvlic...cvi =vk

Additionally we assume that each Vi # {0} and each V¥ =V} is finite dimen-
sional. For the tensor product formulation we write V; = V;! x --- x Viff where
i is a multi-index (iy,...,i;) € N9 We claim that the resulting function spaces
form a lattice as we will demonstrate. An example of such spaces are the spaces
of piecewise linear functions V; defined in Section 2.1.

We define an ordering on these spaces given by VF < V;k iff V¥ C V;k for
1,7 € N. We see that this partial ordering relates to a natural ordering of the
indices V¥ C V]’~C < i < j. The greatest lower bound of two such spaces is then
given by V¥ A VJ’“ = Vkn ij = Vrﬁ:in{i,j}'
{0,1,...,my} C N leads to the greatest lower bound i A j = min{i, j} such that

we can write V;* A VF = V%, Similarly we have the least upper bound given by

Note that the natural ordering of
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vk v V"C In general this is given by the linear span of the V¥ and V"C In this
case the hierarchical /nested structure of the V* means that Vv V"” Vk U Vk
VE =V

max{i,j} = Viv;- Lhus we see that the lattice structure on the V¥ can be viewed
as being lifted from N via V <V} < i <j, VFAVF =V} and VFVVF =Vl

Now we consider the partial ordering induced on the tensor product space V.
Given V; and V; we say V; < V; it V; <V} for k = 1,...,d, or equivalently
Vi € V;. The greatest lower bound can also be defined via the tensor product
Vi A Vj = (VAAVH @ @ (VI AV, Alternatively we can write this as
Vi A V; = Viin{i,j3 Where the min is taken component wise. Similarly we define
the least upper bound as VivV = (Vi vV @ @ (Vv Ve which can
be simplified to Vipax(,;3 (With the max also taken component wise). Note that
whilst V; AV; =V, N ‘}] it is generally not true that V; V Vj; is equal to V; U V.
Just as the lattice structure on the V¥ can be viewed as ha\;ing been lifted from
the natural lattice on N, the same is also true of the V;. Consider the partial
ordering on i,j € N? defined by i < Jift i < i for k=1,...,d. The addition of
the binary relations i A j := min{3, j} and i V j := max{i, j} describes a lattice
on N?. Thus we observe the ‘lifting” of the lattice structure via V; < Vl <1<,
VinNVy =V and V; V V= Viy;.

With these binary operations our nested function spaces now form a lattice.
Similarly we have a corresponding lattice on the multi-indices in N?. Figure 4.2
depicts some elements of N? and describes their relations in the lattice. From
here we will stick to discussing the lattice as applied to N¢ acknowledging that
this can be lifted to the corresponding function space lattice. We continue with
a few more definitions.

An element j € N9 is said to cover another element i € N? if § < J and
there is no [ such that i <[ < j (here < means < and #), see for example [36].
Equivalently, j covers i if j, = i)+ 1 for exactly one k € {1,...,d} and j, = i, for
r # k. We use the notation i < j to denote that j covers i. Similarly, V; covers V;
if V; < V; and there is no V; such that V; <V} <'V;. The lattice of multi-indices in
N is also graded when equipped with the rank function r(i) = |i|. Analogously
the lattice V; is graded when equipped with the rank function r(V;) = |i|.

We will consider a family of projections P} : V¥ — V;*. Taking the tensor
product provides the projection P, = @), Pz’;i : V= V. The existence of such

projections is given by the following proposition.

Proposition 4.7 ([70]). For every lattice space generated from a tensor product

of hierarchical spaces we have:
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Figure 4.2: Here we depict several elements of N? and describe their relations with

and k > s > 1. Note that s is neither < nor > either ofl' and l. Additionally one has
JANL=14,jVI=k, sNi=1and sV k= k. The two elements highlighted in blue are
the two possible covering elements of i. The diagram and relations described can also

be interpreted as applying to the lattice on V;.

e there are linear operators Py on V with range R(P;) = V; and P;P; = Py;.
o Consequently P;P; = P, and P,P; = P;P;.

Proof. The results are an immediate consequence of the tensor product construc-
tion of the lattice. O

Let I be a subset of the lattice of multi-indices on N?. We say I is a downset
if
t€land j<i=jel.

Given J C N¢ we use the notation J| to denote the smallest downset that contains
J. Consider P(N9), i.e. the power set of the set of all multi-indices, and let D(N?)
be the restriction of the power set to contain only finite downsets. We can define

a partial ordering and binary relations on the set of downsets.

Definition 4.8. Given I, J € D(N?) then we define the partial ordering
I<J&eICJ

Additionally we define the binary relations

INT =1INJ
IvJ=1UlJ.

This leads us to the following lemma.

Lemma 4.9. D(N%) with the partial ordering and binary operations defined in
Definition 4.8 is a lattice.
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Proof. We need only show that given any I,.J € D(N?) then I A J € D(NY) and
IV JeDNY).

Let i € INJ =1NJ, theni € I and i € J. It follows for each j € N¢
such that j < i then j € I and j € J since I and J are downsets and therefore
J €I NJ. As a consequence I A J is a downset.

Similarly it can be shown that I Vv J is also a downset. [

We also have the cover relation [ < J iff J = I U {i} for some i ¢ I for which
j~i=jelforall j € N (or equivalently j < i = j € I for all j € N?).
Figure 4.3 depicts several elements of N? and describes their relations.

Just as the lattice on N* can be lifted to a lattice on {V;};cne we can lift the
lattice on D(N?) to the so called combination space lattice

V=) Vi,
iel
for I € D(N?). Tt is straightforward to show that V7 is a downset if I is itself
a downset, and furthermore V;| = V. Furthermore we can define the partial
ordering V; < V; iff I < J and the binary relations V; AV; = Vi and V; V'V, =
Vivs. The result is therefore a lattice on {V7},;epnay. We also have the covering

relation V; <V iff I <J. This brings us to a second proposition.

Proposition 4.10 ([70]). Let the lattices V; have the projections P; as in Propo-
sition 4.7, then for I,J € D(N?) there are linear operators Py on V with range
R(P;) = Vi such that PiP; = Pjny. Conversely, if P is a family of projec-
tions with these properties, then P; := Py, defines a family of projections as in

Proposition 4.7.
This is as in [70] and is closely linked to the lattice I described on D(N%). An

extended proof is given here.

Proof. We define the linear operators
Pr=1-]]0-p).
el
Now using the fact that P;P; = P;if j <iwe claim that Pr = 1—],c,.; (1 — 5),
where max I are the maximal elements of I,ie. i € max[ if there is no [ € I\{i}
such that ¢ <[. Let [ € I\ max I, then

1-Tla-r)=1-a-p) I a-p)

iel ie\{l}

=1- [ a-m+r J] a-P).

i€\ {1} e\{l}
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7 7 7
6 6 6
5 5 5
4 4 4
3 3 3
2 2 2
1 1 1
0 0 0
012 34567 01234567 01234567
7 7 7
6 6 6
5 5 5
4 4 4
3 3 3
2 2 2
1 1 1
0 0 0
012 34567 012 34567 01234567

Figure 4.3: Here we depict a few elements of D(N?) and describe their relations with
respect to the lattice described in the text. Clockwise from the top left let us denote the
sets by A, B,C, D, E and F respectively. One has E<C <A< F <D, C<B<F,
AANB =C and AV B = F. Additionally, C is a cover of E. The diagrams and relations
described can also be interpreted as applying to the lattice on {V[}]ED(N2).

Now examining the last product we have
p]] a-r)= ] na-P)
iel\{l} iel\{l}
= 1] &-Pw)
i€\ {1}
but since [ ¢ max I then there exists i’ € max I such that [ < ¢ and therefore
Piny = B Hence [J;cp gy (P — Piag) = 0 and

1-JJa-r)=1- [] a-P).
el i€\{l}

By repeating this argument on all elements in 7\ max we obtain P, = 1 —
H;‘Emax[ (1 - Pl)

Now, by expanding the product over the maximal elements and using the
equality P;P; = Pj,; it follows that

P[ = Z CiPi
el

for some c;, referred to as combination coefficients, which are zero if 7 is not in
the sub-lattice generated by max /. Note that if ¢+ € max ] then ¢; = 1. Thus the
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range of Pris V. Let Q = P;P; — Pjny. The range is Vjn; which is in the null
space of (). Now P is a projection mapping elements of V; onto themselves and
so Q* = Q and thus Q=0. The converse follows directly. O

Corollary 3 of [70] tells one how to update the coefficients when a new element
if added to the downset. Unfortunately the result does not make it particularly
clear how to compute the updated coefficients. We clarify this in the alternate

version of the corollary below.

Corollary 4.11 ([70]). Let J = I U{j} be a covering element of I and let Py be
the family of projections as in the previous proposition and P; = Py;. Then one
has:

Pj—Pr=Y dP

i€

where d; =1 and for i € I we have

with Ly :={l€:jNl=1i}.
Proof. Notice that

P-pb=|1-(-pP)JJa-P) |- [1-][C-P)

i€l i€l

=pJJa-P)

el

=p=p(1=]l0=P) | =P=PP.

il

Therefore with Py = .., ¢;P; one has

PJ_PI:PZ_PJ,ZCEPQ

el
=P = P
icl
=P=> h ), a=) dh
el {le@:inj=i} i€eJ

as required. O
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O H N Wk ot N

O H N Wk Ut N

O = N Wk ot g

0123456 738 0123456 738 0123456 78

Figure 4.4: Here we depict an iteration of adaptive sparse grid algorithm in d = 2
dimensions. The x and y azes denote the i1 and iy components of i € N2. On the
left is a downset I (shaded blue) and the corresponding combination coefficients (+ for
+1 and — for —1). In the middle we have identified the covering elements of I in
red. On the right a covering element j has been chosen and the corresponding downset
J =1U{j} is shown (shaded blue) with the new combination coefficients.

As a result, if we have a solution to a problem using the combination P; and
we add a solution from another grid V; such that the new lattice is J = I U {j}

which is a covering element of I then the combination coefficients are given by:

Py=Pi+Y (e+d)P
el
where the d;’s are given by the corollary. An example of this process is depicted
in Figure 4.4. This completes our review of [70] and we will now extend upon

this work, but first we make a couple of brief remarks.

Remark 4.12. An important observation to be made is that combination coeffi-
cients are uniquely determined by a set of maximal elements. In particular, given

a downset I then the coefficients are obtained by expanding

Pr=1- [] a-R) =3 an.

1€max [ el

In particular there is a one-to-one correspondence between sets of maximal ele-

ments and sets of combination coeflicients.

Remark 4.13. We also observe that the assumption that I, J are downsets can
be replaced with the assumption that I, J are sets which are closed under A. Such
sets are known as lower semi-lattices. This is a consequence of the coefficients
being non-zero only for ¢ in the closure of the maximal elements under A which we

denote by (max I). In particular this means that we can reduce the complexity of
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computing a combination by only computing projections P; for i € (max /), C [
rather than the whole downset /. Note that the assumption that J = I U {j}
for I,J € D(N?) in Corollary 4.11 becomes J| = Il U {j} for I,J C N closed

under A.

We now introduce projections onto hierarchical surpluses which will be an

important tool in the remainder of this section.

Definition 4.14. For k = 1,...,d let i, € N and ka : VF — V* be defined as
¥ :=Pf — P! | (where PF_ :=0if i, —1<0).

ip—1 ip—1

We now give some basic properties of the ka.

Lemma 4.15. Let ka be as defined in Definition 4.14, then

1. ka has co-domain V;’;, 4. ka fk = fw
2. PLOI = QLP; =04 ji <, 5. Q5Q% =0 if ix # ji

3. ij iy Qlkpjk T Wi Zf]k 2 Uk, 0. P’Lk - ij:O ij

3 (2

Proof. The first is immediate as P-’Z and PZ"; _, have range VZ’Z and V-’Z,l C VZ’Z

respectively. For the second and third properties we observe

PF —PF =0 forjk<ik
k "k __ k pk k pk _ Jk Jk ?
ij ik PJkPZk - ij-Pik_l - & & i . .
Py —F_=Q; for j, > iy .
It follows that
fk—Oz fk fOIjk:ik,
k k k k k . .
Jk ik:<ij_ij*1> ik fk_ Z:O for ji, > iy,
0-0=0 forjk<z'k,

which corresponds to the fourth and fifth properties. The final property is a result

of the telescoping sum

ix i
k k k k k k
Zij - ijk _ij—l :P’ik _P—lzpik'

Jk=0 Jk=0

]

As with the P; we define Q; := @, Q% . This leads us to the following lemma
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Lemma 4.16. Let Q} := PF — PF_| and Q; := @, Q% , then
Q; = Z \J\Pk
Jj<1

with Py = 0 if i, — jr. <0 for some k € {1,...,d}.
Proof. One has
d d
= ®th - ® PZIZ 1)
k=1 k=1
:Z( |J|® " M_Z 1)|J|pzj’
J<1 J<1

as required. Since Pk _1:=0if i —1 < 0 one obtains F;_; = 0 if 4 — jx <0 for
some k € {1,...,d}. O

Additionally we have that the F; is equal to a sum of the ¢); for j <.

Lemma 4.17. With P, and Q); as previously defined one has

> Qi

(0<) j<i

Proof. We note that

Y YR P

(QS)QS 71=0  ja=0 k=1

_®Z ]kl

k=1 jk =0
d
- Q@ -
k=1
as required. O
A few more properties of ); will also be useful.
Lemma 4.18. With P, and Q; as previously defined one has
1. QiQi = Qi
2. QiQ; = Q;Qi =0 for j # 1,
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3. PQ; =Q; P =Qj forj <i,
4. PQ; =Q;P,=0 forj £i (that is j € N'\{1}]).

Proof. The first two are a direct consequence of the analogous results shown for
the ka’s in Lemma 4.15 and the latter two are a consequence of the first two
combined with Lemma 4.17. O

Given a downset I € D(N?) let us define Q; := >_,.; Q;. Given that P, =
> j<i @j 1t would be reasonable to expect that (); = P and indeed this is the

subject of the following proposition.
Proposition 4.19. Let I € D(N?), then P; = Q.

Proof. We have that

P=1- ] 0-p)

1€max [
=1- >, )]]A
JCmax I jeJ
= Z <_1)|J‘+1 Z Q]7
JCmax I J<AT
J#£D -

where |.J| is the number of elements of J and AJ is the greatest lower bound over
all elements of J (that isif J = {j ,... "Z\Jl} then AJ = j A~ /\‘Z\JI)‘ This last

line reduces to
Pr=3 diQ;
jel

for some coefficients d;. We are required to show that d; = 1 for all ¢ € 1.

Consider @); Pr, using Lemma 4.18 we have

Q:iPr = d;jQiQ; = d;Q; .

Jel

Additionally we note that

QiZQJ:{ Q; ifi<AJ

i< 0 otherwise.
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Further, i < AJ if and only if : < j for all j € J. Let J; C max [ be the largest
set such that ¢ < j for all j € J;. Thus

|/
Qb= Y ()Y Q=) Y. ()"
J%n;%xl JSAJ m=1{j ..., lm}c‘]i
il 17|
oy (M)
m=1
il 17|
= Q; 1—m:0(m)( 1)

Therefore d;Q); = Q;Pr = @; and hence d; = 1. Since the choice of i € I was
arbitrary the proof is complete. O

This brings us to a lemma which says something about the nature of the

combination coefficients.

Lemma 4.20. Given I € D(N?) with corresponding projection
P] = Z CiPi
icl

one has for each l € 1

clzl—Zci.

I<jel
Proof. From Proposition 4.19 one has that
Sa-r-Yarn-YaY e
el i€l €l j<u

It follows that for [ € I one has

QP =) ) QQi= Y Q.

iel  j<i I<iel

Therefore

1:ch

1<jel

and re-arranging gives the desired result. O
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Let x; be the characteristic function on multi-indices, that is

. 1 ifiel,
x1(i) == '
0 otherwise.

We now give a useful result regarding the calculation of combination coefficients.

Proposition 4.21. Let I € D(N?) with corresponding projection

:Zcipia

el

then for each t € I one has

=Y (D).

i<j<i+l

Proof. From Lemma 4.20 we have that for i € I

1= Z ¢j = ZCQXI(i)

i<jel i<j

It follows that for i € N¢

We substitute this into the following

D (=D G) = D0 (DY el

1<j<i+1 1<j<i+1 J<t
1 1
— § < \Jl 1] § \Jd il § >CZXI
1<j<i+1 li=j1 la=Ja

=iy lh=i1+1 lg=iq lg=ig+1

= CiX1 (Z) )
as required. O

We are now able to easily compute combination coefficients given an arbitrary
downset I. Many of the coefficients are typically 0 as we will see from the following

corollary.

Corollary 4.22. Let I € D(N?) with corresponding projection Py = >
Letiel, ifi+1¢€l thenc, =0.

¢

el



152 CHAPTER 4. VARIATIONS OF THE COMBINATION TECHNIQUE

Proof. i+ 1 € I implies that j € I for all j < i+ 1. Therefore using Proposi-

tion 4.21 we have
a=cxi()= Y (V"= Y (-)=o0,
1<j<i+l 1<j<i+1
as required. O
In [70] an update formula was given when a covering element is added to

a downset I. It turns out that the update coefficients have a very particular

structure as the next lemma will demonstrate.

Lemma 4.23. Let I,J € D(N%) such that I < J. In particular, let i be the
multi-index such that J =1U {i}. Then

where P; := 0 if any of the j, <O.
Proof. Clearly we have P; — P; = ;. Now we simply note that

Qi=Y (-DVP

J<1

as required. N

This is quite a useful result. For example, in 2 dimensions when a covering
element is added with ¢ = (i1,43) > (1,1) then only 4 coefficients need to be
changed. Namely c(;, i,) = 1, Ci;—1,i0) = Cli1—1,i0) — 1, C(i1,ia—1) F Ci1,io—1) — 1 and
Cli1—1,ia—1) ™ C(iy—1,i—1) + 1. Similarly in d dimensions one only needs to change
2¢ coefficients.

The following lemma shows that if the downset I is non-empty then the co-
efficients will sum to 1 which is essentially a consistency property for adaptive

sparse grids.
Lemma 4.24. If [ € D(NY) is non-empty, then the coefficients ¢; corresponding

to
P] = chpl

i€l

12261.

el

satisfy
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Proof. We note that I # ) implies 0 € I. Now Py = Qp and clearly
PoPr=QuPr=Y QuQi=Qu="Fh.
el
Now we also have that PyP; = P, for all i € N? and therefore
PQ:PQPI:PQZCQPZZPQZC£7
i€l el
from which the desired result follows (noting that for each k one has VF #

{0})- 0

We have spent some time now building up these adaptive sparse grids but we

should check that the classical combination technique comes out of this.

Lemma 4.25. Let [ = {i € N?: |i| < n}, then the ¢; corresponding to Pr satisfy

L s §

Proof. We know from Proposition 4.21 that

=) (“D)y()),

i<j<itl
therefore for I = {i € N¢ : |i| < n} and i such that |i| = n — k for some
ke€{0,...,d—1} one has

k

o=y (}).

=0

With an induction argument on £ using the identity (Z) — (d_l) = (d_l) it is

o= 0" 7).

Substituting £ = n — |i| and recognising that ¢; = 0 =: (d_l) for |i| <n —d and

n—i|

easily shown that

li| > n completes the proof. ]

For the next proposition we restrict ourselves to considering nested spaces
of piecewise multi-linear functions so that we may formulate an error bound for
interpolation onto adaptive sparse grids. Let V = C([0,1]¢), that is the space
of bounded continuous functions on [0,1]¢. Further, for i € N? we define V;

to be the space of piecewise multi-linear functions which interpolate between
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function values given on the grid Q; = {z;; = (127",...,7427") : 0 < j < 28 =
(21,...,2")}, that is V; = span{¢;; : 0 < j < 2!} with the nodal basis functions
¢;; as in Definition 2.10. We consider the projections P; : V' — V; given by the

Lagrange interpolation formula

Pu= > ulw)e, (4.2)

0<j<2t

where u € V. Given a downset I C N? one obtains projections P; : V = V; =

PI:ZCZPZ‘

el

> ics Vi via the combination

We will use the notation w; := FPu and u; := Pru leading to the general combi-
nation formula
ur = Z cil; (4.3)
icl
with the coefficients determined by Proposition 4.21. If the Pu for u € V are
defined to be the piecewise linear interpolants of u(€2;) then the u; are simply
the sparse grid interpolants of v onto V;. This leads us to the following error

estimate.

Proposition 4.26. Let I C N{ be a downset, u € H§
in (4.2). Let ¢; € R be the combination coefficients

szz:ciPi,

el

and Vi, P, u; as

miT

and let ur be as given in (4.3). Then

lu—uplly < 37 D2ufly [ 374 = D 272 ) (4.4)

1<ierl

Proof. We note that as u is zero on the boundary one has

ui:E u and wu; = E ul

1<d 1<ierl

where u}' € W; are the hierarchical surplus’ of u (where W; = @Q; is defined in
Section 2.1). It follows that

lu—wrlo < I Y il < > flullls.

1<igI 1<igI



4.2. DIMENSION ADAPTIVE SPARSE GRIDS 155

By applying Lemma 2.15 we have

Ju—urlly < 37| D2ufl, 3 272,
1<igI

Using the fact that

D DR e i 9201 .. .9 % — g~d

1<iel 1<idl 1<i 115050q=1

one obtains the desired result. O

This can be extended to a similar result on H2. in a the same manner as

mix
the extension of the classical sparse grids in Section 2.1. Because the classical
combination technique interpolates exactly to the sparse grid and also performs
well for more general problems we expect the same to be true of these adaptive
sparse grids. We will provide a general error splitting estimate but first we require
a lemma.

Wong [127] shows that a combination projected onto a subset of its dimen-
sions results in a valid combination on these dimensions. We can provide an
alternative proof within this framework. Let I C N be a downset, 1 < k < d

and {e1,...,ex} C{1,...,d}. We define
I, . ={i€ N*: 0= (Jey, - - - , Je,) for some j € I},
and for [ € N* we also define
Djeyyer, =18 E€T 2 (s yie) = (Lo 1)}

These two definitions allow us to write

Yooy = > oo (4.5)

icl l€le . . ey

Clearly given I € D(NY) then I, is a downset in N*. We have the following

lemma.

----- ek

Lemma 4.27. Let I € D(N?) and {c;}ie1 be coefficients corresponding to the
projection Pr = Y. _,¢;P;. Further, fit 1 < k < d and {ey,...,ex} C {1,...,d}
and let

el

..... g VIR @VE VL
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where Vi, . = Zzelel ,,,, o Vil @@ ViR Additionally let {¢)}jer,, be co-

.....

Zell\el ,,,,, e

Proof. Consider a function v € V = V! ® --- ® V¢ which only depends on
the coordinates z.,, ..., ., , that is u(xy,...,x4) = v(xe, ..., 2., ) for some v €
Va®..-@ Ve It follows that Pu = ®f:1 Pfll v for all 2 € I and therefore

k

Pru = Z%’qu = Z@@Pfe’lv

iel il 1=1

- Sy (@)

ielel ..... eg Ze[l‘ﬁl ..... eq I=1
k
_ € )
= > |®rv] X o«
j€Tey e, \1=1 €Ly ey
Finally, since it is clear that Pru = Pr, . v and u depending on only w,, ..., ¢,
was arbitrary, one has the desired result. O

This result allows us to write down a general formula regarding error estimates
of dimension adaptive sparse grids when an error splitting is assumed. Here we
show that the coefficients obtained via the projection framework produce good
results when applied to a larger class of problems, namely those which satisfy an
error splitting.

Proposition 4.28. Let I € D(N?) be non-empty. For each 1 < k < d and
{er, . ex} C{1,...,d}, we define cr,, for j € I, e, to be the coefficients
corresponding to the projection

,,,,, ekvi

Consider the corresponding combination
ur = E c[,l-ui
iel

with each w; being an approzimation of a function u which satisfies

d
u—u =y > Cerrer Py s oo hag S E o (4.6)

k=1 {e1,ex } {1, d}
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where py,...,pq > 0 and for each {e1,...,ex} C {1,...,d} one there ezists
Koy, e > 0 such that |Gy, e, (hio . i, )| < Koy e for all hi ... hi, .
Then

d
lu —uy| < Z Z Ke,,..ex Z CLey i

k=1 {e1,....er }C{1,....d} 1

Pey 1 Peg
hjl hjk :

Proof. Since ), c;; =1 by Lemma 4.24 we have
u—uy = ZCL;'(U —uy) .
el

From here we substitutes the error splitting formula (4.6) and take the absolute

value of both sides to obtain

d
=g = > ey > Corrner (Picys o hig S -

i€l k=1 {e1,...ex}C{1,....d}
d
. pe]‘ DY pek
< E E Ke,...on § :Cl,zhiel hiek
k=1 {61,...,ek}C{1,...,d} el
Now the inner most sum we can rewrite as

‘pel... Pep ‘pel‘.. Pey
E :Cl,zhiel hi, = E E crihi, - hi,)

ZEI 16161 ,,,,, €L iell\el

o Pel.__ Pey, )
= E: h;, hi, E: ClLi-

J€leq,...ep iefl

Using Lemma 4.27 we have ¢f, . ; = Zief‘ cr;. Substituting these back
= Jlel €k -

,,,,,

,,,,,

into the inequality for |u — u;| we have

d
Peq Pey,
|u - uI| < § E K317~--’ek E : hjl e hjk Cley....eprd

k=1 {e1,...,ex }C{1,...,d} J€leq,... e},
d
Peq Pey,
S z : : : Kel aaaaa €k : : |CIe1 ,,,,, epd hjl U h]k )
k=1 {e1,....ex }C{1,....d} J€leq,....ep
which is the desired result. O

Whilst this result is not simple enough that one could easily write down the

resulting bound for a given I, it does give one a way to quickly compute the

bound.
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4.3 Multi-variate Extrapolation

In this section we study extrapolation methods in the context of sparse grids.
First we give a brief review of extrapolation methods, in particular the multi-
variate/splitting extrapolation methods which have been studied extensively in
the literature, see for example [115, 17, 89]. We look at how multi-variate ex-
trapolation can be viewed as a sparse grid approximation to classical Richardson
extrapolation and through some examples demonstrate how the coefficients of
other truncated combinations can be modified to achieve a similar effect. Sec-
ond, we will review Reisinger’s approach of applying the classical combination
technique to @; which are extrapolations [109]. We show how these combina-
tions can be studied within the framework of adaptive sparse grids developed
in Section 4.2. This leads to an adaptive extrapolation method for which the
combination coefficients are easily computed.

Consider approximations u; for i € N® which satisfy an extended version of
the error splitting model (2.22) defined as follows.

Definition 4.29. Given integers 0 < p < ¢ an approximation u; :  C R? — R
of u : 2 +— R is said to satisfy the p, q extended error splitting model if

k=1 {.]1 ~~~~~ Jk}c{lrvd}
where each C}, _;, term depends only upon € (2, and the remainder term R;

has the form

d
RZ - Z Z Dj1,-~~7jk(hij17 ey hijd)hgjl L hgjk (48)

k=1 {j17-~-7jk}c{1,~-~7d}

and there exists finite K > 0 such that |D;, ;| < K for all k € {1,...,d} and
{j]-?"‘?jk} C {17"-7d}-

This was the error model used in the work of Reisinger [109]. The motivation
behind this error model is that as the Cj, . j, do not depend on A, , ..., h;, which
makes it possible to cancel these terms out by adding approximations wu,; for
different ¢ given the right coefficients. Notice that the R; term is equivalent to
the previous error splitting model (2.22) but with exponent ¢ > p. This error
splitting model can typically be shown for a given problem and discretisation in
the same way one derives the error model (2.22) with the exception that additional

terms in the Taylor series expansion are retained.
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4.3.1 Richardson and Multi-Variate Extrapolation

Classical Richardson extrapolation [111] involves taking the two approximations
u; and u;41 of order p > 0 and combining them according to the formula
2r 1

Up = ol T ol (4.9)

in order to obtain a higher order approximation of u. For functions with only one
spatial dimension satisfying the error model of the form u — u; = Ch? + O(hf)
for j € Nand 0 < p < ¢ one has

re 2p<u — uj+1> U — Uy

— — _ _ q

and thus one achieves an order ¢ approximation rather than p. For functions in
higher dimensions error models typically have many more terms, not all of which
will cancel. For example, with the p,q extended error splitting model only the
C1,...,C4 terms are eliminated by this extrapolation as is shown in the following

result.

Proposition 4.30. Let 0 < p < q and u;, ui+1 be approximations of u satisfying
the p, q extended error splitting model, then the approvimation ui® defined by (4.9)

satisfies

d 1 — 2 (k=Dp

=l <Y D>, Gl b

k=2 {j1,...jx }C{1,...,d}

d
D
+Z Z ow_ 1 K, - b, -

k=1 {Jl7a]k}c{177d}

Observe that the sum over the Cj, _;, terms starts at & = 2 as the k =1

terms have been eliminated.

Proof. We start by noting that

re 2p 1
U =1 (U_Uz‘+l)_2p_1

= (u— ).

Substituting (4.7) then collecting each of the Cj, ., terms we observe that

op ) 1 o—(k=Dp _ 1

WY h? = [ I &

e T N TN LS S ¥ Y
217_]_ J15--50k 7,j1+1 ij-‘rl 2p_1 WARTERY ) 15, 1y, 2p_1 15k 151

P
’ij

Y
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for which the right hand side is 0 when £ = 1. Thus we obtain

d 1 — 9—(k=1)p
) S S T A L RELY
k=2 {j1,....jk JC{1,....d}
2"Riyy — Ry
»—1

For the Dj, j terms in R; we observe that

op

557 Divin (g1 hig )R o By
1 or—ka 4 1
Dy (B b YR BT | < TRt g
20 — 1 o J1 Jk 71 Jk 20 — 1 J1 Jk
which leads to the desired result. O

From this result it may seem that Richardson extrapolation is not as effective
for functions in higher dimensions. However, if we assume that our computational

grids are isotropic then the following result is obtained.

Corollary 4.31. Let 0 <p < q, i = (n,...,n) for somen € N, and u;, u;41 be

approzrimations of u satisfying the p,q extended error splitting model, then

2r —1

Proof. As h;, = 27" for each k € {1,...,d} one obtains

d 1 — 9—(k=1)p

ju—fl<) . Gl

k=2 {j17~--7jk}c{17"'7d}
d
9p—ha 1 ]
— K271,
S SD SR
k=1 {j1,-..dk}C{1,....d}
As the dominating terms are those for £ = 2 in the first sum and £ = 1 in the

second sum one obtains the desired asymptotic result. O

Therefore we see that if the computational grids are isotropic the order of
convergence is min{2p, ¢} which is better than the order p convergence obtained

for |u — u]

Remark 4.32. There is a difficulty with using Richardson extrapolation with
finite difference methods. Consider the domain Q = [0,1]¢ discretised by the
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collection of grids €; = {(j127",...,7427") : 0 < j < 2} for i € N? (and
2t .= (2",...,2%)). Approximations u;,; and u; consist of function values stored
on the grids €2,1; and (2, respectively for which the error splitting model is satisfied
at these grid points. To add the approximations they must first be represented
on a common grid. This means interpolating w; onto €2,4; or down-sampling
u;j+1 to €. For the former, we require the solution to be sufficiently smooth and
the interpolation to have order more than p or else the constants Cj, _; will
potentially be different on the grid points §2;11\€2; and the extrapolation could
give very different results. Down-sampling ;1 to €2; is straightforward and has
almost negligible cost compared to interpolation. As a result, down-sampling is

typically the preferred option.

Richardson extrapolation is somewhat expensive compared to the computa-
tion of w; alone. If the computation time is proportional to the number of un-
knowns that it is clear that the computation of (4.9) costs approximately 2¢ + 1
times that of u;. The question we now ask is if we can obtain a similar result for
smaller cost.

We now consider the so called multi-variate extrapolation formula

d
— 2p 1+ (d—1)2°
m=1

where ¢,, is the multi-index which is 1 in the mth term and 0 elsewhere. For

multi-variate extrapolation we have the following result.
Proposition 4.33. Let 0 < p < q and u;, vy, form € {1,...,d} be approzima-

tions of u satisfying the p, q extended error splitting model, then the approximation
u™® defined by (4.10) satisfies

d
u;‘nve} < Z Z (k— 1)|Cj17~"vjk|h?j1 o h?ik

{17 7]k}c{17 7}
d
2d2
_ 7 ... p9
DI <m+2d k 1) Khy, oo,
k=1 {j1,...7j1€}c{1,---7d}
Proof. As the coefficients sum to one, that is

2P 1+(d-1)2r 20—1
w1 o’_—1  2r—1

d —1,

we have

d
1+ (d—1)2°
Z — Uite,, T(U_ u;) -
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We now need only substitute the error splitting model and look at what happens

to each term. As before we see that for k& = 1 the C}, terms (for each j; €

{1,...,d}) cancel as

2P » » 1+ (d—1)2° »
w_ 1 (lehih—i—l + (d - 1)Cj1hz‘j1) O gp 1 Ty
For k=2,...,d and {j1,...,5x} C {1,...,d} we obtain
Cii..j _
ﬁhgl bl (2P (k2P +(d—k)) — (1 + (d—1)2%))
- (1 - k)CJd ----- thf]
Therefore we obtain
d
u— e <37 (k= D Cp |2 12
k=2 {j1,....5x }C{1,...,d}
d
2p 1+ (d—1)2°
Ri e 7
Tl mz::l tem o —1 ¢
For k € {1,...,d} each D;, _; term in the R, satisfies
2P - q q
21) 1 Z D]l ..... jk(hij1+5j1,m7 cevy hijk+6jk,m)hij1+5j1,m T h’ijk"r(sjk,m
m=1
1+ (d—1)2° a 4
_TD‘]l 77777 ]k(hljl7 PR ’hljk)hzjl o . hz’jk
< k2P=9 4+ 1+ (2d — k — 1)2P
- 2r —1
Now as k2P~7 4+ 1+ (2d — k — 1)2P 2d2°
FlrQ@d-k-1) < +2d—k—1
2 —1 2r — 1

we obtain the desired result.

=0.

thjl...h

q

]

Thus we observe that the multi-variate extrapolation results in cancellation of

the same terms as the classical Richardson extrapolation. Further, if 2 is assumed

to correspond to an isotropic grid (that is i; = i; = -+ = iy) we obtain a result

similar to that of Corollary 4.31 If the cost of computing the u; is proportional

muve
L

to the number of unknowns then the cost of computing u

is approximately

2d + 1 times that of computing u; which for large d is significantly smaller than

the cost of Richardson extrapolation (= 2? + 1 times cost of u;). The trade-off is



4.3. MULTI-VARIATE EXTRAPOLATION 163

that the constants in the error bound for u{*”® are larger than those obtained for
Richardson extrapolation.
There is a nice connection between the multi-variate extrapolation formula

and the truncated combination technique. Consider the truncated combination

The full grid corresponding to this truncated combination is uy where f =i+ 1.
Therefore we could consider uf ; to be an approximation of u;4;. If we make this

substitution in the classical Richardson extrapolation (4.9) then one obtains

d
2p 1
o 1 (7; Uire,, — (d— 1)%) T

which is precisely the multi-variate extrapolation (4.10) once the u; terms are

collected. Thus the multi-variate extrapolation can be viewed as a sparse grid
approximation of the classical Richardson extrapolation.
This observation can be applied to develop additional extrapolation formula.

First observe that the classical Richardson extrapolation formula can be extended

to
2°P 1
v — 1T g
for some s € Ny and s = (s,...,s). It is straightforward to show that this

results in the same cancellation of error terms as (4.9). The cost of computing
this is approximately 2°¢ 41 times that of u; where the cost is proportional to the
unknowns. However, if we are to replace u,, with the truncated combination u
then we expect to obtain a similar result but with a cost which is proportional
to (s +d — 1)4712° times that of u; for large s. The fact that the C}, terms still
cancel for j; € {1,...,d} comes from the fact that the truncated combination
over these terms produces Cj, hfj _+s Which is identical to these terms in the error
splitting for u;;s. This means that when computing a truncated combination
u’;z we can attempt to obtain a higher order approximation by computing u,; in
addition to the coarse solutions required for u} ;. The difficulty with this however
is that for large s, downsampling the solution to (2; means many of the high
frequency components from ugz are lost. One would need to determine whether
higher accuracy function values on 2; outweighs the contribution from higher
frequencies. The alternative is to interpolate all coarse solutions to the sparse (or
full) grid, but requires interpolation of order more than p for the extrapolation

to be effective.
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4.3.2 Combinations of extrapolations

Reisinger [109] considered a different extrapolation formula which cancels all of
,,,,, ;. terms in the extended error splitting model leaving only contributions
from R,. He then considered replacing each of the u; in the classical combination
technique with extrapolations of this kind. We review this work and then analyse
it from the perspective of adaptive sparse grids. This will enable us to give
compact formula for computing the combination coefficients and also leads to
and adaptive extrapolation algorithm.

For wu; satisfying the p, ¢ extended error splitting model with p =2 and ¢ > p

we consider the extrapolation formula
j—i
=y = )3 (4.11)
i<j<i+l ( )
To show why it is this works as an extrapolation formula we first have a Lemma.

Lemma 4.34 ([109]). One has

0<j<1 (=3)¢ -
Proof.
— 4\l ! . 1 d
Z ((_Z?)d —3d <Z(_4)J1> (Z(_4)3d> — (_B)fd H(l . 4) 1

Now we can analyse what 4, looks like when the u; satisfy the extended error

splitting model.

Proposition 4.35 ([109]). Let u; satisfy the p,q extended error splitting model
forq>p=2, then

o5t & 14 2270
TRRTEEETS SED SN (e TR
k=1 {l1,...lg}C{1,....d}
Proof. Lemma 4.34 tells us that

womo S
1 Z (_3)d( l)

1<g<i+1

Ny ED
- Z (_3)(1( l+l)'
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From here we can substitute in the error splitting model (4.7) to obtain

0<j<1

|J|

2 2
( Z Z Cll ~~~~~ lkhizlJrjzl hll +iiy, +Rz'+l'

k=1 {l1 ..... lk}C{l ..... d}

We look at an arbitrary Cj,
{1,...,d}, then we have

<_4)|1| 2 2 G, Ik 12 2 2 2
2 Oty Wi, = g My 2 (SIS, 0

0<y<1

;, term, hence fix k € {1,...,d} and {l4,...,l;} C

.....

Now let {lxi1,..., 0}t ={1,...,d}\{l1,...,l}, then

1 1
D (RS b =D Do (AR
0<;j<1 =0 ja=0
k 1 d 1
— H Z (—1)%m H Z (—4)7tm
m=1 \j,,=0 m=k+1 \ ji,, =0
= (0)"(=3)"* =0

Therefore all of the C, . ;, terms cancel and we are left with contributions from

-----

the R;,; terms, that is

i|d
B (—4)4!
|u o ull - Z (_3)d Z Z Dll """ lk(hill+jll’ T hilk+jlk)h?ll+jll o hglk+]'zk

j<1 k=1 {l1,...,0,}
c{1,...,d}
a K
R L pe lilpa . q
DD DEE - LA DEL IR
=1 {11} i<l
c{1,...,d}

For the inner most sum letting {lx11,...,l} ={1,...,d}\{l1,...,lx} we have

1 1
Z 4|J|h;1ll ...hglk — Z e Z girttiag—aly ++iy,)

0<;<1 71=0 ja=0
k 1 d 1
SIS R T
m=1 ]lm_o m=k+1 jlm:0
1+ 22-a\"*
= (1+227 K5 =5 (%) ,

which gives the desired result. 0
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Note that we can derive a similar extrapolation formula for p # 2, namely

_op\li—il
‘ Z ((1 2_)2p)d Uj -
1<j<i+1
It is straightforward to check that this satisfies results analogous to those in the
case p = 2. We extend this even further by considering problems where the order
of convergence may be different in each dimension. Let py,...,pyg be the rate of
convergence in each dimension, then the corresponding general extended error

splitting model is

d
u—w=y > Chophy b+ R (4.12)

k=1 {i1,...l;}c{1,....d}

d
Ri = Z Z Dl1 ..... lk(h’illa s 7hllk)h;lllll T hgzl:

k=1 {i1,...l;}c{1,....d}

with exponents ¢; > p1,...,qq > pq and constant K > 0 such that |Dy,

-----

K for all ¢ and {ly,...,l;}. For this more general error splitting one has the

extrapolation formula
d .
(-2m
> (H s rrall KO (4.13)
i<l \m=1

To show (4.13) do indeed result in an extrapolation we first need two lemmas.

Lemma 4.36. One has

> -y ey (P

0<j<1m=1 J1=0 Ja=0

! (—2p1)in ! (—2pa)ia
(E7) - (25)
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Lemma 4.37. Fiz k € {1,...,d} and {l1,...,lx} C{1,...,d}, then

d .
(_2pm>3m o -
Z(HW Ty
m=1

J<1

Proof. Letting {ljy1,...,la} =4{1,...,d}\{l1,..., 11} we may swap the sum and

product in a similar manner to Lemma 4.36 obtaining

d
Z (H 2Pm Jm) Pll . hplk
1 — 2pm I Ty,

i<l \m=1
k 1 P d 1 :
B ( Pl )]lm hjz:: (_szm )sz
. : 1 — 2pm II Z 1 — 2pm
m=1 Jlim, =0 m=k+1 Jim =0

Now as (—2Pm )Jtm hlim = (—1)¥m then each of the terms in the first product is 0.
As k > 1 the result follows. O]

Thus we have the following proposition.

Proposition 4.38. Let u; satisfy the general extended error splitting model (4.12)
then

4 (_opm)im d 9Pm
v 3 (52 | < (T 25 ) (o Tl v

0<j<1 \m=1

| /\

Proof. Lemma 4.36 tells us that
d (_2pm)]m d 2pm Jm
U_Z H 1 — 2pm ulﬂ:z H 1 — 2pm — Ujti) -
i<L \m=1 J<1 \m=1

On substituting the general extended error splitting (4.12) then Lemma 4.37 tells

us that all of the C}, cancel leaving

7777 Uk
- d (_2p'rn>j7n
u—wl =3\ 1l 5=
Jj<1 \m=1
d
) . qll L. qlk
Z Z Dl1 ----- lk(hizl+]ll7 T hizk+Jlk)hill+jll hilk+jlk
k=1 {l1,..,.0l}
c{1,...,d}
d d .
Pm \Jm
qiq qiy, (2 ) qiq qiy,
<D D Khpeehyt) (H oo ) e R
k=1 {l1,...,l;} Jj<1 \m=l1
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For the inner most sum we have

d .
(2pm)]77l ql ql
Z(H owm _ 1 Py gy, <

J<1 \m=1

m=1 \Jm= m=1
and finally using the fact that
d d
q q
S > b = -1 [T+ m
k=1 {i1,..ls}C{1,....d} k=1
we obtain the desired result. O

Throughout the remainder of this section we will focus on the case p = 2
but we observe that much of the work is easily extended to these more general
cases much in the same manner the previous result have been extended from the
p = 2 case. Given the extrapolation formula 4;, as in (4.11), Reisinger goes on to

consider replacing the classical combination formula

d—1
d—1
c .__ k
w0 ( ) T w
k=0 li|l=n—k
with e
— d—1
e = (—W( k>‘ s
k=0 |i|=n—k

His work went on to determine coefficients when #; is expressed as a sum of u;

and also to derive an error bound in the ¢ = 4 case, specifically

- 10K 85

d—1
bl St 2d -9 d71274n
d—1)! M) (n+ ) ’

(although we point out that this result is based on the definition of a level n

combination without boundaries, i.e. equivalent to the truncated combination

t
n,1

The work we are interested in here is the determination of combination co-

ul 1). For the complete details we refer the reader to [109].
efficients. Reisinger [109] shows that when the combination ¢ is written in the

form
d

~e ~
Un = E E ciui,

k=—d+1 [i|=n+k
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then the coefficients are

min{|i—n+d—1,d—1|}

D e ) (O [ R A

k=max{0,|i|-n—1}

where |i|o is the number of non-zero elements of i. Rather than recount the proof
of this we instead look at the coefficients using the framework of adaptive sparse
grids that we developed in Section 4.2. This will naturally give rise to an adaptive
version of the extrapolation combination technique and a simpler expression for
the determination combination coefficients.

Consider linear projections P, : V' — V; such that u, = P;u satisfies the p =
2, q extended error splitting (4.7) (here V; must be an appropriate approximation
space, for example degree g — 1 piecewise polynomials with function values given
on the usual grid points). Further suppose that PiPj = P, for all 2, j in N¢. We

can express u; in terms of these projections of u, specifically

Sz

Sy By
L Z (_3)dpl+l

0<j<1

Thus we define the new linear projection operator

- (—4)ldl
b= Z WPHJ
0<y<1
such that @4, = Pu. The idea now is that rather than substituting this into
a classical combination formula we may substitute this into any combination

formula obtained via the adaptive sparse grids formulation. That is, given a

downset I € D(N?) and the corresponding combination
P] = Z Cipi
i€l
with coefficients given by Proposition 4.21, then we define the modified version
p] = Z Cif)i .
i€l

The fact that this would give a reasonable approximation follows from the fact
that the ]52 cancels the order p terms in the extended error splitting leaving the
order g terms, and as these have the form of an error splitting the error estimate

of Proposition 4.28 is easily adapted.
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There are two questions that immediately come to mind regarding the choice
of grids and the coefficients. Given a set S C N? we define S,; = {i : J €
S for some i—1 < j < i}. For a downset I the set I; has the simpler description
I ={i:3j€l,i<j+1}. Using this one may write

Pr=>Y &P
i€l

Note that P; is actually a projection onto V; ., but as the combination is defined
with respect to the downset I we use this index P;. Additionally, in practice the
computation of the u; = Eu may involve down-sampling the u;; for 0 < j <1
similar to computations of classical Richardson extrapolation in which case the
combined solution is now in the space V;. The first question is whether there is a
simple way to determine the ¢; in this general formulation. The second question
is more subtle and regards the possibility of extending these combinations to
downsets that are not of the form I,;. Given a (non-empty) downset I then
clearly the corresponding I, is also a downset. However, for any (non-empty)
downset J we note that there is not necessarily a downset I for which J = I,
(e.g. J ={0}). The second question is therefore whether or not we may extend
the definition of P; to sums over arbitrary (finite) downsets .J. This will be
addressed later as a consequence of a simple expression for the ¢; which is the
result of the following proposition.

Proposition 4.39. Let I € D(N%). Given the combination of extrapolations
p] - Z 61Pl,
i€l

which is equal to ), ., ¢; Py, then the & are given by

—1)l
éi — Z ((_3))d 5d-|l|04d—|l+l|0xl(l‘ + L)
—1<[<1

where |l)o is defined to be the number of non-zero elements of [.
Proof. We first write
- - (—4)*!
UEDICLEDIDY y fine

= je€I  0<k<1

for which we know the ¢; are given by

=Y (D (j+E). (4.14)
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The aim is to collect the P, for each ¢ € I,;. Now we note that a P contains P;

in its sum if j < < j+ 1. Conversely, for a given F;, those P which contain

P; in its sum satisfy i —1 < j < i (and j > 0). Further, the term for which
k=i-—

Pji = B clearly satisfies j. It follows that

and therefore

z—lSj<z QSESL
>0
= (=3 Y (=99 > ()N —j+ k),
(0<)j<1 0<k<1
Jj<i

where the last line follows from the substitution j — i —j. We now make another

substitution [ = k — j, notice that we allow [ to take on negative values,

G= (=37 3 (8 ST ()4

(0=)j=<1 —j<I<i-j
J<i
= (—3)% Z xr(i+1) Z (_4)|z|<_1)|;+1\ '
—1<I<1 max{0,—1}<j<min{1,1-1}

The second line here is a change of order of summation and the min, max over
the multi-indices are component wise. We now consider the inner summation,

noting that j > 0 and [ + j > 0 we can write this as

Z (_4)j1+---+jd(_1)l1+j1+---+ld+jd

max{0,—1}<j<min{1,1-1}

— (_1)l1+~-~+ld Z 491 ... 4dd

max{0,—1}<j<min{l,1-1}

min{1,1-1;} ' min{1,1-14} ‘
= (1)t Z g4 | ... Z AJd
j1=max{0,—l1} Ja=max{0,—lq}

= (- 1)ll+"'+ld 5a-Ito gd—li+1lo :
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where d — |l|o and d — |l + 1] are the number of elements of [ which are 0 and

—1 respectively. (Note that when an element of [ is 1 the corresponding sum is

1). Finally we note that (—1)a++a = (—1)lUl since for any I, = —1 we have
(=1) = (=1)%*+2 = (=1)7%. Substituting this back into equation for ¢; yields
the desired result. O

As a result of this proposition we can compute coefficients for an adaptive
extrapolation approach very quickly. The following proposition leads to a consis-

tency property for the P;.
Proposition 4.40. Let I € D(N?) (non-empty) and P; be the combination of

extrapolations
P[ — Z 6£P£,

1€l

with coefficients ¢; given by Proposition 4.39, then for ¢ € I one has P£<I51 =B,

Zélzl.

Jj=>i

or equivalently

Proof. We note that

PP = Z & PP,

Jelt1

=Y &P,

Je€lia
Jj=>i

Now writing the ¢; in terms of ¢; we have
~ (_4)IEI
So-ye Y O

j>i j>i  0<k<l

and as the inner sum is 1 (Lemma 4.34) we have

Zél:ZCJZXI(Z) =1

Jj=>i Jj=>i
as a consequence of Lemma 4.20. L]
Corollary 4.41. Let I € D(N%) (non-empty) and P; be the combination of ex-

trapolations
Pr=> &P,

i€l
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then
da=1.
i€l
Proof. Simply apply Proposition 4.40 to the case 2 = 0. O

Now that we have addressed the question regarding the coefficients we turn
to the second question regarding the downsets over which we combine. When a
covering element 7 with one or more zero components is added to a downset I to
form J = I' U {i} then Jy; is not simply I.; U {i + 1} (as is the case if i > 0).
For example, for d = 2 given I = {(0,0)}, and hence I.; = {(1,1)}]), then
for J =1TU{(1,0)} we have J;; = I;; U{(2,1),(2,0)} and thus two additional
projections are required to compute P; compared to P;. More generally the
number of additional projections required is 247140 where i is the covering element
added to I. The question that arises is whether we can modify the combination to
act on any downset so that only 1 element needs to be added to the combination

at each stage. Let us rewrite the ¢; of Py by shifting [ by 1 as follows

~ (—1) d—|l—1]o gd—|l :
G= Y, ot teat oy (i 1 — 1)

z _2\d
—1<i-1<1 ( 3)
—1)l ‘
-y ( 3d) 5-li=Llogi-llloy (4 7).
0<i<2

Now given a (non-empty, finite) downset J we consider the combination

ﬁ] = ZQPEU

ieJ

where the coefficients are given by

= Y Cgitngaotny .
If there exists a downset [ such that J = I, then P ', = Pr. Our second question
can now be rephrased as whether P; is a reasonable pro jection if there does not
exist a downset [ such that J = I,;. By reasonable we specifically mean two
things, first the coefficients should sum to 1 to provide consistency, and second,
the order p = 2 error terms should sum to zero when the Pu satisfies the extended
error splitting model. Observations and experiments seem to indicate that the
resulting combination is reasonable if 1 € J (and thus {1}] C J). This is not

too surprising as the multi-variate extrapolation applied to a single u; requires
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those u; with 7 < j < i+ 1. We suspect this is both a sufficient and necessary
condition. This is relatively straightforward to show in 2 dimensions by breaking
the problem up into the few cases that can occur. It remains an open problem in
higher dimensions.

This lends itself to a more general adaptive scheme, and analogous to the

regular adaptive sparse grids we could ask what P; — P; looks like for a cover .J
of I.

Corollary 4.42. Let I € D(NY) with 1 € I and let i be a covering element of I.
Let J =1 U{i}, then

(_1)\z—zl

P;— P = Z — 5d—li—j—1lo 4d—li—jlo P
1—2<j<i
J>0
Proof. This is an immediate consequence of Proposition 4.39. O

For the general extrapolation formula (4.13) one may follow the same proce-

dure to obtain the formulas

d

B ) 571,lm2pm + 507lm(1 + 2pm) + 517lm

G= > (=D"(i+1) (H T ,
—1<i<1

m=1

(with 0, = 1 if @ = b and d,;, = 0 otherwise), and

d
= = . 62 Y 52 1 (1 2Pm 51 . 9Pm
y— Pr= E (_1)|1_l‘ ( | | m=2,Jm + m 17]m( + ) + msJm > .PJ

2wm — 1

m=1

for Proposition 4.39 and Corollary 4.42 respectively.
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4.4 The General Coeflicient Problem

In Section 4.2 we considered combinations over sets of indices I C N¢ which were
downsets. In such cases we had the nice framework of projections onto function
space lattices which allowed us to derive simple expressions for the combination
coefficients. In this section we are concerned with the determination of combina-

tion coefficients given any finite / C N such that

g CiUyg

icl

is a good approximation to u. The motivation for this is that on a computer
in which faults occur, one may intend to compute u; for 7 in some downset I,
but if the computation of some of these are affected by faults then the subset
of I for which the u; were computed successfully may no longer be a downset.
In such circumstances it would not be clear how these remaining u; could be
combined. Thus our aim is to develop new ways to compute coefficients for such
circumstances. Further, we would like the coefficients to be the best possible in
some sense.

Opticom [71] is a generalisation of the combination technique that is applicable
to minimisation problems. For example, given a convex function J : V' — R and
a numerical scheme which finds the v € V; C V which minimises J, that is

argmin,y, J(v), then given approximations u; for i € I opticom is the problem

of finding the ¢; such that J (del

to the best possible outcome given the wu; available. Opticom is an example of

czui> is minimised. It is clear that this leads

a naturally fault tolerant algorithm as any faults in the u; are automatically
handled through the minimisation process. For hyperbolic PDEs it is not typical
to have such a function to minimise. An exception is when solutions are obtained
via the least squares finite element method [12] but we will not consider this here.

el
appropriate norm. As the exact function u is generally not available in practice

We consider the problem of minimising Hu — Y er Gilly H with respect to an
and finite difference methods generally do not maintain an estimate of the residual
it is not feasible to minimise this directly. However, in Section 4.2 we obtained
bounds on the 2 and oo norms of this quantity for interpolation of u € H§
and for w; satisfying the error splitting model respectively. Thus we consider
two different approaches for computing combination coefficients based on these a
priori error bounds. By choosing coefficients which minimise these bounds we can

be reasonably confident that the result will be close to the best possible, provided
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the bounds are tight. Of course, the bounds obtained in Section 4.2 applied to
I € N? which were downsets and we therefore need to find a way to extend these

results to arbitrary I.

4.4.1 Combination Coefficients via Interpolation Bounds

In Proposition 4.26 we showed that for v € Hj ;. ([0, 1]9) and w; which are
piecewise linear interpolants of u between the function values on the grid points

Q= {127, ..., js27%) : 0 < J < 2t} downsets I C N¢

¢, and corresponding

combination coefficients given by

=Y (D),

1<j<i+l

see Proposition 4.21, then one has

u— Zciui < 37| D3ull, | 377 - Z 2720 ) (4.15)

iel 9 1<iel

Given an arbitrary (finite, non-empty) J C N¢ if we can find a downset I C J|
such that the coefficients corresponding to the combination over I are zero on
J\(INJ) then the same combination can be computed over the set J. Further, the
error of this combination over J will satisfy the bound (4.15) for the corresponding
I. We note that there is always at least one such I, for example take I = {i}|
for any ¢ € J. Thus in order to minimise the bound we need to choose a suitable
I which maximises ), <icl 272l We note that there is typically not a unique I

which satisfies these criteria.

Example 4.43. Let d = 2 and J = {(2,1),(1,2)}. There are only two possible
(non-empty) combinations one may obtain which correspond to P 2y, and Py 1y,
It is clear that 272D 4 9=21@DI = 65—4 = 272D 2-21(2)] Tt is not possible to
determine if one of these is better than the other without additional information

about u.

Another point is that we typically deal with functions which are not zero on
the boundaries. We could extend the result of Proposition 2.22 to the adaptive
sparse grids setting to specifically handle this scenario but we will instead take
the approach of simply extending the sum to ¢ € I (i.e. removing the restriction
i > 1) so that we choose I which maximises ), 27211,

To summarise, we define our problem as follows.
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Figure 4.5: Suppose J C N? is the set of elements marked in blue in the diagram on
the left, then for the general coefficient problem we need to find a downset I < J| such
that the combination coefficients generated by I are only non-zero on the set J. The
set J| is depicted in the centre and on the right is a candidate I with the corresponding

combination coefficients. This particular I solves the GCP for the set J.

Definition 4.44. Let J C N? be finite and non-empty. The general coefficient
problem (Gcp) for the set J is the problem of finding a downset I < J| with

coefficients {¢; }icr corresponding to the projection

PI:ZCipi

el

which satisfy ¢; = 0 for ¢ € I\(J N I) and I maximises

J(I):=> 27, (4.16)

i€l

We denote Gcp(J) to be the set of solutions for a given J. An example is given
in Figure 4.5.

Where |Gep(J)| > 1 we cannot say any one solution in this set is better than
another unless we have more information about u. There are a few approaches we
can take in such cases. The first option is to randomly pick a I € Gep(J) and be
satisfied that any such one minimises the bound on interpolation error. A second

option is to compute the combinations u; = Y. _; ¢;u; for each I € gcp(J) and

icl
then analyse the hierarchical surpluses of each to determine which contribute the
most. A third option is to again compute u; for each I € Gcp(J) but this time
we pick one such solution, say u; and add to it the hierarchical surpluses from
the remaining u; which do not contribute to uy. In practice we typically choose
the first option as it is cheaper than the other two options (requiring only one

combination to be computed).
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Whilst Definition 4.44 gives a nice description of the problem we are trying to
solve it does not give a clear indication of how solutions may be computed. We
address this by reformulating the problem. We start by defining the hierarchical

coefficient.

Definition 4.45. Let ¢; € R for each i € N¢, then we define the hierarchical
coefficients to be
wi = Z Cl .

j>i

The motivation for this definition is that given w; which are the piecewise
multi-linear interpolants of some function v in the usual function space lattice
(e.g. (2.2)), then given the hierarchical surpluses v, a finite I C N* and combi-

nation coefficients ¢; for ¢ € I, then with ¢; := 0 for ¢ ¢ I one has

Z Cil; = Z wiuf .

el iENd
Thus each hierarchical contribution w; tells us how many times the corresponding
hierarchical surplus ug‘ contributes to the approximation. If I is a finite downset
and the ¢; are the coefficients corresponding to the projection P; then as a conse-
quence of Lemma 4.20 we have w; = x;(2). Thus, in this case, we can also write

the ¢; in terms of the w; via

¢ = Z (_1)‘2_ilwi‘

i<j<itl

Now let ¢, w be vectors for {¢;}ier, {w;}ier respectively (with the same ordering).
It follows we can define a matrix M such that w = Me¢, in particular, it follows
from the definition that given indices m,n and ¢, j such that ¢,, = ¢; and ¢, = ¢;
(and similarly for w) then My, = 1if i < j and M,,, = 0 otherwise. If the
entries in the vectors ¢,w are ordered according to non-decreasing values of |i
then M is clearly upper triangular with 1’s on the main diagonal. It follows that
M is invertible and we can write ¢ = M ~'w. Further, the structure of M~}
is given by the result of Proposition 4.21, namely given positive integers m,n
and multi-indices i, j such that ¢,, = ¢; and ¢, = ¢ (and similarly for w) then
(MY = (-1)74if 4 < j < i+ 1 and (M_l)m; = 0 otherwise. It is clear
that this too is upper triangular and all entries are elements of the set {—1,0,1}.

There are two important observations I will emphasise at this point. First, the
hierarchical coefficients, w;, are always 0 or 1 for combinations which correspond

to adaptive sparse grids. Therefore we can consider the hierarchical coefficients
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to be binary variables if we are only interested in such combinations. Second, as
M~ has integer coefficients then it is a direct consequence that the combination
coefficients, ¢;, are integers.

Given an arbitrary (finite) J C N we form the vectors ¢ = {¢;};, and w =
{wi}sy, and the matrix M with entries as described above. Our goal is to find a
downset I < J| such that I maximises J (/) and the resulting coefficients are zero
on I\(JNI). For I < J| we observe that the resulting hierarchical coefficients
satisfy w; = 1 for ¢ € I and w; = 0 for ¢ € J]\I. Further, the condition that the
resulting ¢; are zero on I'\(J N I) and hence are zero on J|\J is equivalent to
the condition (M ~'w),, = 0 for each m such that w,, corresponds to an w; for
which ¢ € I[\I. To simplify notation we denote m; as the index corresponding

to W, = w; (and ¢, = ¢;). We can rewrite J(I) for downsets I < .J| in terms

jg:l1fmu@_

ieJ)

of the w; as

Thus, putting all of this together we have the following lemma.

Lemma 4.46. Given finite J C N? then I € acp(J) if and only if {w; =
X1(2) }iesy is a solution to the binary integer programming (BIP) problem of find-

ing w = {w; }icsy € {0, 1}4 which mazimises

Jo(w) = 24_@‘%— (4.17)

eJy

subject to the equality constraints (M~'w),,, = 0 for i € JI\J and the inequality

constraints w; > w; for all J <1

Proof. By construction we have a one to one correspondence with I which solve

the ¢cP and w which solves the BIP described. O

Remark 4.47. We depart for a moment to remark on the inequality restraints
w; > wj for all 7 < J: The inclusion of this restraint is necessary to ensure that
the set

{ieJ|:w =1}

is a downset which is a requirement for the solutions of the ccp. Typically
the solution to the BIP formulation without this constraint naturally leads to
a downset. However, there are some J for which this is not so. For example,
consider in two dimensions the set I = {(3,0),(0,1),(0,2)}. It is clear that the
solution to the GCP is given by (3,0)). On the other hand, the solution to the
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BIP formulation without the downset constraint is given by w; which are 1 for
1€ (3,0)LU(0,2). It is straightforward to check that this satisfies the equality
constraints and maximises the sum. However, clearly this is not a downset and
therefore one would typically dismiss it as being a sensible combination. That
said, in some circumstances this may yield a reasonable result, particularly in

cases where the u; are exactly the piecewise multi-linear interpolants of w.

The above BIP formulation can be solved by listing all downsets [ < J|, filter-
ing out those which do not satisfy the equality constraints, and then evaluating
which of the remaining downsets achieves the maximum. This exhaustive ap-
proach is typically not feasible due to the number of possible downsets that one
may be required to check which grows incredibly fast with respect to the size of
J. The optimisation problem can also be solved using branch and bound and/or
cutting plane techniques. None the less, the formulation as a constrained BIP
problem reveals that the GCP is NP-complete [77]. As a result, given any algo-
rithm there are always sets J which will take a long time to be solved compared
to other sets of similar size. This is also why in practice we typically choose a
random / € ¢CP(J) to use as the solution as finding the exhaustive set of solu-
tions GCP(J) can be significantly more expensive than finding just 1. It is worth
noting there are some J for which the solution is trivial to compute. For example
if J is a downset (i.e. J = J]) then we can solve this rather quickly with the
coefficients simply being those given by the projection P; = P;. Similarly if J
is closed under meet then we know that the projection P;; produces coefficients
which are non-zero only for multi-indices ¢ € J and thus solutions are again quick
to compute in such cases.

Whilst the GCP is based upon an error estimate for the interpolation of u €

H2

hix it is applicable to a much more broad range of problems. First we observe
that if the w; satisfy the error splitting model (2.22) then the error bound of
Proposition 4.28 for adaptive sparse grids is applicable to the solutions of the
ccP. Further, as solutions to the GCP are adaptive sparse grids then they should
perform well in the wide range of applications for which adaptive sparse grids

have been studied.

Combinations with real coefficients

We can also consider an alternative approach for which the hierarchical coeffi-
cients are reals (and thus the combination coefficients are also reals). This first

requires us to extend the result of Proposition 4.26 to arbitrary combination
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formula.

Proposition 4.48. Let u € H ,,.([0,1]7) and let u; be piecewise linear inter-
polants of u as defined in (2.2). Given J C N¢ which is finite and non-empty,

and real coefficients {c;}icy then

u—Zciui SS_dHDguHQZ2_2‘i‘ 1— Z cjl - (4.18)

icJ 9 j=1 i€J s.t. i>j

— h h
Proof. The u; may be expressed as u; = ) j<i Uj where uj

is the level j hierar-
chical surplus of u (see Section 2.1). Thus as u is zero on the boundaries one

has

h h
u= o= 3wy | =) el ) o

ied jz1 i€J 1<j<i
= E u;l 11— E Ci
jz1 i€ st i>j

Using the triangle inequality it follows that

h
Uy

21— Z G| -

icJ ieJ s.t. i>j

U — g ciu|| < 5 ’
>
g 421

Inserting the bound [[u’||; < 374 || D2ul|, 272l from Lemma 2.14 and moving the

common terms to the left of the sum gives the desired result. O]

Here, if we let ¢; = 0 for 7 ¢ J then we can rewrite this result in terms of our

hierarchical coefficients w; = > j2iCi 88

w=3 || <37 D2, S 2% |1 - wl‘ .
2

icJ Jj=>1

The idea is to now choose coefficients which minimise this bound on the error.
We again drop the restriction j > 1 to extend the problem beyond functions
which are zero on the boundary. Further, as the only coefficients we can control
are those in J then we are really only concerned with minimising over j € J|. As

before we form the vectors ¢ = {¢;}s;, w = {w;}s; and the matrix M for which
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w = Me. The alternative approach now consists of solving the L; minimisation

problem of finding w € RI¥H which minimises

J3(w) := Z 22l

jeJL

- wl’ (4.19)

subject to the equality constraints (M ~'w),, = 0 for any index m corresponding
toi € JL\J.

It is clear that the solutions to this problem lead to an error bound which is
no larger than that of the GCP solutions. Quite often this alternative approach
produces solutions identical to the Gcp. However this is not always the case as

we show in the following example.

Example 4.49. Consider the two dimensional problem with J = {(1,0), (0,1)}.
Clearly cep(J) = {{(1,0)}{,{(0,1)}]} leading to the combinations g and
u(o,1)- On the other hand, it is easily shown that the solutions to the alternative

problem correspond to the combinations au gy + (1 — a)u(,) for a € [0, 1].

In our experience, whilst the combinations produced by this alternative for-
mulation work well for interpolation they are not as robust for other applications
(e.g. problems satisfying an error splitting) when the solutions differ from those
of the GCcP. Nonetheless, this L; minimisation problem can be used as a first at-
tempt at finding solutions to the ccp. If the w which solves the L; minimisation
problem has entries which are all {0, 1} then we can take this to be a solution to
the acP provided the downset condition is also satisfied. Otherwise, we can find
the binary vector closest to the given solution and use this as an initial guess in
the GCP solver.

4.4.2 Combination Coefficients via Error Splitting Bounds

Here we consider finding coefficients which minimise a bound on the combination
error when the u,; are assumed to satisfy an error splitting. So far we have
considered two different error splitting models, that is (2.22) and the extended
version (4.7), and the generalisations (4.6) and (4.12) respectively. We consider
both here as they typically lead to different combinations. Proposition 4.28 bound
the error for adaptive sparse grid combinations over u; which satisfied the error
splitting model (2.22). Here we extend this result to arbitrary combinations so
that the bound may be optimised with respect to the combination coefficients.

First we remind the reader of the following notation as introduced in Section 4.2.
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Given I C N% we let

Ly ={i €N i = (joy, ..., je,) for some j € I},

such that

dfiy= > doro |- (4.20)

’LEI lelﬁl ,,,,, eg LEIJ

Proposition 4.50. Let u € C([0,1]¢) and J C N? be finite and non-empty. For
each i € J let ¢; € R such that ), ;

of u satisfying the point-wise error splitting model

d
_ ) ) Peq Pey,
U—U = E E Cey,.. ek<hlel7 e 7h1ek)hiel T hiek )

k=1 {61 ..... €k}C{1 ..... d}

¢, = 1 and let each u; be an approrimation

where p1,...,pqg > 0. Then

{lyd}

Proof. As .

ey Ci = 1 we have

u—g cluz—g ci(u—uy) .
e eJ

We may now substitute in the error splitting into the right hand side which leads
to

d
— C h hy YhEr ... pPer
U= Cily| = Ci etk ( deyr iek) i, M,
icJ i€J k=1 {ey,....ep}
c{1,...d}

d
<> ) ZC@C‘“ ,,,,, n (i hig YRE B
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For the inner most sum we use the decomposition (4.20) to obtain

leq,...s e
c{1,...,d} e
d
< [Correr (B By [T B ‘
< e1,..,ep\"%71> ) "k 71 Jk :
k=1 {e1,...er} JEJeq,....ex, 1€jleq .. ep,
c{1,...,d}
as required. -

Corollary 4.51. Let u € C([0,1]¢) and J C N? be finite and non-empty. For
each i € J let ¢; € R such that ).,
of u satisfying the extended pomt-d}ise error splitting model (4.12) with ¢; > p; >
0,...,94 > pqg >0, then

¢, = 1 and let each u; be an approrimation

d
Pe Pe
u— E ciu| < E E |Cer.....cr E:hjll"'hjkkcz

icJ k=1 {e1,....ex} jeJ
C{177d}
d
dey ey,
+ E g E |D617-..76k(hj17"'7hjk>’hj1 h‘]k Z aj -
k=1 {61,.‘.,616}16]&1 ,,,,, €L lEJl’\el,“u’ek
c{1,...,.d}

Proof. This follows the same proof as Proposition 4.50 for the two different com-

ponents of the extended error splitting. As the C., ., in the leading component

k

do not depend on the hj,, ..., h;, they can be moved to the left of the sum over
JeJ. O

Now we may formulate a minimisation problem such that for a given J C N¢
one finds coefficients which minimise the bounds of Proposition 4.50 or Corol-
lary 4.51 depending on the error splitting model that one assumes. With the
extended error splitting model used in the Corollary, if the coefficients are such
that the ZZGJ hfll hf: ¢; terms are zero then the C,, ., disappear and one
obtains a higher order estimate. We first look at the problem of minimising the

bound of Proposition 4.50 in detail.
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Let ¢ = {¢; }ics, then consider the minimisation of

d
j4(c) = Z Z Z |O€1,~~~,€k(h’j17 R h]k)‘hﬁl e hf:: Z CL

k=1 {e1,....ex} J€Jeq,....e}, leJ;

legs - e
C{lvvd}

(4.21)
subject to the equality constraint ) .., ¢; = 1. The equality constraint here
ensures consistency of the combination coefficients. This is essentially a weighted

L, minimisation problems over the N = 3¢ _ D ferner)cil,dy |Jer,er| terms of

the form ZleJﬂ cl) with weights [C, ¢, (hjy, - -, hj )RS - ~h§:’“. We can
z 761 -

,,,,, o i
write this generically as the problem

minimise  ||Wel|y

(4.22)
subject to 1Tc =1,

where ¢ has length |J| and W is a |J| x N matrix mapping ¢ to the each of the

Zle J;

gletss ek
via the equivalent linear programming problem

¢ terms (multiplied by their respective weights). This may be solved

minimise 17d

) w  —If|e 0
subject to <
-W —I||d 0
1'c=1,

where I is an N x N identity matrix and d is an N-vector (and 17 has length N
and |J| in the first and second instance respectively).

One difficulty is in the estimation of the |C., ., (hj,,-..,hj,)| which weight
each term in the minimisation problem. Observe that they need only be estimated
up to a constant factor, that is we need only know the relative size of the weights.
In the classical sparse grid error bounds we use a constant K > 0 to bound all of
these terms from above. If we take this approach in determining the coefficients

than the value of K may be factored out and we need only minimise

d
Js(e):=>_ > Y R niEl > . (4.23)

k=1 {61,...7€k}1€Jel ,,,,, e lEJl'

le1,...s er
il d}

However, if we can tighten the bound by treating the terms separately then one
would expect the coefficients obtained from the minimisation problem should lead

to a better result.
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The estimation of the |Ce, ., (hj,,...,h; )| terms is an interesting problem
in itself. These values depend on both the exact u we are trying to approx-
imate and the numerical scheme used to approximate u. In the absence of a
detailed error analysis which tells us exactly what these terms are we can esti-
mate them from some computed ;. Rather than have individual estimates for
cach |Ce,, ei(hjy, ..., hy)| it is simpler to find K., ., for each {e,...,ex} C
{1,...,d} such that |C¢, ¢ (hj,... hj)| < K. e forall hj,... h; (and @
in the domain). For example, given a two dimensional problem with p; = py = p

we note that

Wiy i) = W(iy—1,) = (u - u(i1—17i2)) - (u - u(i17i2)>

= C1(hiy—1)hi _1 — C1(hi,) R,
+ C1g(hiy—1, hiy )1}, hY — Cug(hiy s hiy ) B R

By increasing i, such that the contribution from ), terms are negligible and
assuming that Cy(h;,) ~ Ci(h;,—1) for sufficiently large i; then one is able to
estimate C';. Cy may be estimated in a similar fashion and C'; » may be estimated
via

Uiy,in) — W(ip—1,2) — Uiy in—1) T U(iz—1,ia—1) -

In higher dimensions one estimates a C., ., term for {e1,...,ex} C {1,...,d}

Z (‘D'ﬂuﬁg

{5€{0.1}9:55=0 if s¢{er,....ex}}

by studying

There are times when the elements of ¢ may not be sufficiently large to accurately
estimate the Cg, ., terms, for example in high dimensions where it is too costly
to compute ¢ without some of the components being small. In this thesis we
typically stick with the case of generically bounding all of these terms by a single
K and thus minimise (4.23). In practice we have observed that this minimisa-
tion problem often leads to combination coefficients that are the same as those
produced by the GCP. An interesting direction to extend this work would be to
apply techniques from uncertainty quantification to investigate the sensitivity of

the coefficients obtained depending on the accuracy of the weights C., ., used.

k

Now consider u; which satisfy the general extended error splitting (4.12).
We observe that the minimisation over the bound for the remainder terms has
identical structure to the minimisation (4.21) (just change the exponents from

P1,---,Dd tO q1,-..,qq and relabel the C' as D). However, in addition to these
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terms we have an additional 2¢ — 1 terms to minimise, namely

Peq DPey,
’Cehm,ekl E :hj1 T hjk G

jeJ

foreach k =1,...,dand {ey,...,ex} C {1,...,d}. This leads to the optimisation

problem of minimising

d
Js(c) == Z Z Cer.er| thfl "'h;:kcl

k=1 {e1,...,ex} iEJ
c{l,..d}
d
dey Gey
+ E E E |D€1:~~~7€k(h’jl7 SRR hjk)‘hjel T hje]C E a (4'24)
k=1 {81,...,€k}l€Jel »»»»» 3 LEJZ‘SI ,,,,, er
c{l,..d}

subject to the equality constraint ) ., ¢; = 1. The estimation of the constants

Ce,....e, 1s done in the same way as before. The D., . ., are more difficult requir-

k
ing one to first compute the extrapolations @; from Section 4.3 to eliminate the
Ce,,..e. terms and then then compare the %; for neighbouring 7 as was done for
the C., . .. As before, one can take a generic approach of bounding all of these
terms by the same K in order to simplify the problem (that is K bounds both
the C¢,

error splitting is to obtain coefficients that result in an extrapolation it may be

_____ e and D, .. ). As the primary purpose of considering the extended
favourable use two constants K¢, Kp bounding the C' and D terms respectively.
By making the K¢ large enough we can ensure that the minimisation problem
will emphasise the cancellation of the C., .,

In practice we find that in some circumstances the extrapolation works and
good results may be obtained. However there are times when the extrapolation
does not work and the result is poor, in particular, worse than the results of the
Gcp. Thus we conclude that whilst this has potential to provide more accurate
results it is less robust. It is possible that the robustness could be improved with
careful tuning of the bounds on the C' and D terms but we do not study this in

more detail here.
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4.5 Numerical Results

We provide some numerical results for advection in 2 spatial dimensions to demon-
strate the extrapolation combination introduced in Section 4.3, and the combi-
nations over arbitrary index sets developed in Section 4.4. Some of the numerical
results presented in this section were published in the paper [65].

Consider the index sets J, ., C N? given by
Jori i ={i €N’ iy, iy >7and n—1 < |i| <n},

with n, 7 and [ being the level, truncation and layer count parameters respec-
tively. We require n > 27 for this set to be non-empty. The classical/truncated
combination coefficients for ¢ € J,, ;; with [ > 2 are

1 iflil=n

-1 if|il=n-1,

t

n_2r, from Section 4.1. Note

which correspond to the truncated combination
that coefficients which are not specified are zero. For these index sets with [ > 2
the cCP has a unique solution which leads to exactly the truncated combination
coefficients given. These combinations will be compared with those using ¢; de-
rived from the minimisation of the order p error splitting estimate (4.21). We
will also compare with the combination of multi-variate extrapolations for second
order schemes, namely @; as defined in Section 4.3. For ¢ € J,, ;; with [ > 4 and

n > 2(7 + 2) the coefficients are

(

2 oifli=nandi>(t+1,7+1)
=2 iflij=n—1landi> (t+1,7+1)
L iflif=n—Tlandi® (r+1,7+1)
>(r+1,7+1)
iflil=n—2and i ? (1+1,7+1)

|5 iflif=n-3.

C; =

(4.26)

if |if =n—2and i

| ©lo

These results are compared with ¢; derived from the minimisation of the or-
der p, q error splitting estimate (4.24) as both are expected to give higher order
approximations. We will also compare results of the GCP and the two error split-
ting combinations for several different randomly chosen subsets J C Ji649 with
E[|J]] = 0.8]|J1649|- Figure 4.6 shows the combination coefficients derived from
the acPp for one such subset of Jig 9.

To summarise, in the results that follow we refer to the following combinations:
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Figure 4.6: On the left we depict the set Jig a9 (shaded blue) with the classical com-
bination coefficients (+ for +1 and — for —1). In the middle we depict a subset J of
J16,4,9 with the corresponding combination coefficients obtained from the Gep. On the
right we depict the downset I C J] which corresponds to the GCP solution. Note that
I also includes {(3,12), (12,3)}| which are not visible.

e The GCP combination has corresponding hierarchical coefficients which min-
imise (4.17) subject to the appropriate constraints. For the sets J, ., this

is exactly the coefficients given by (4.25).
e The extrapolation combination for the sets J, ,; has coefficients as in (4.26).

e The order p error splitting combination has coefficients which minimise

(4.21) subject to the consistency constraint.

e The order p,q error splitting combination has coefficients which minimise

(4.24) subject to the consistency constraint.

For the latter two we use the estimate |Ce, .| = 1 and |D., .| = 1 unless

stated otherwise.

4.5.1 2D advection problem with constant flow field

Here we perform tests on numerical solutions of the scalar advection equation

%—i—a-Vu:O, (4.27)

where v : [0,1]> = R and a = (1,1). We specify an initial condition at ¢ = 0 given
by wy = cos(2mz) sin(27wy) and enforce periodic boundary conditions. We evolve
up to t = 0.25 using second order centred finite difference discretisation of spatial
derivatives and the classical fourth order Runge-Kutta scheme for integration

over time (thus p = 2 and ¢ = 4 in the error splitting models). In particular,
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Figure 4.7: Starting with Ji244 we compare the classical combination (4.25), the
extrapolation combination (4.26), the order p error splitting combination (minimis-
ing (4.21)) and the order p,q error splitting combination (minimising (4.24)). The
grids of Jioa4 are refined in both spatial dimensions several times and the computa-

tions repeated. Note that the results for GCP and order p error splitting are overlapping.

given the numerical approximations U}, ~ u(tn,zi,y;) = u(nAt,iAzr, jAy) we

use the numerical scheme

At
n+l _ rrn (1) ) (3) (4)

where

1 _ a1 n n a2 n n
kij = _E( i1y —Uliy) — m( i1~ Uij-1)

@ _ 0 @At ) (1) aAt 1) (1)
ki,j - ki,j - N (kiJrl,j - ki—l,j) - 1Ay ( ij+1 ki,jfl)
@) _ 1) @At (o @) a2 At (9) )
ki =kij — AT (ki—i-l,j - ki—l,j) - 40y ( i+l ki,j—l)

ki = ki) - GQIAA;(kﬁ)m — k) - azAt(k@ kKY).

In Figure 4.7 we compare the rate of convergence of several methods starting
with the index set Ji244 and then refining each grid uniformly by a factor of 2 for
subsequent computations (corresponding to index sets Jias4, Ji664, J1s74 and
J20s.4). We observe that the classical combination and the order p error splitting
result have the same order of convergence (2) and have very similar results in

general. The combination of extrapolations and the order p,q error splitting
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Table 4.1: Here we give the Ly error for combinations obtained via interpolation (GCP)
and error splitting (‘p split’ and ‘p,q split’) estimates for the combination error over
20 random samples J C Jiga9 with each element having an 80% chance of appearing
in J. The 10 samples on the left use the generic weighting |Ce, . .| = 1 whilst the 10
samples on the right use a rough estimate of ||Ce,. . e, lloc which helps to stabilise the

order p error splitting results. Note that GCP solutions do not depend on the C, .. ¢,

estimate.
Unit weighting ICe;.,....e; oo estimate
sample GCP p split p, q split sample GCP p split p, q split
1 2.636E-6 | 3.680E-6 | 7.893E-7 11 1.457E-6 | 1.457E-6 | 1.275E-6
2 1.312E-6 | 3.103E-5 | 1.452E-6 12 2.613E-6 | 2.614E-6 | 1.267E-6
3 3.340E-6 | 7.946E-6 | 4.680E-6 13 1.153E-6 | 1.153E-6 | 3.655E-7
4 1.153E-6 | 3.680E-6 | 7.223E-7 14 1.153E-6 | 1.153E-6 | 3.655E-7
5 3.253E-6 | 3.564E-6 | 7.866E-7 15 1.488E-6 | 1.489E-6 | 2.349E-7
6 1.932E-6 | 2.968E-5 | 1.554E-6 16 1.455E-6 | 1.312E-6 | 3.655E-7
7 1.312E-6 | 7.946E-6 | 4.113E-7 17 2.585E-6 | 1.153E-6 | 3.655E-7
8 2.590E-6 | 3.564E-6 | 3.683E-6 18 1.153E-6 | 1.153E-6 | 2.795E-5
9 2.636E-6 | 1.260E-5 | 5.361E-7 19 1.801E-6 | 1.630E-6 | 2.359E-7
10 1.631E-6 | 3.103E-5 | 7.866E-7 20 2.822E-6 | 2.822E-6 | 1.723E-6
mean 2.180E-6 | 1.347E-5 | 1.540E-6 mean 1.768E-6 | 1.594E-6 | 3.415E-6
stdev 8.170E-7 | 1.215E-5 | 1.457E-6 stdev 6.584E-7 | 6.182E-7 | 8.637E-6

both exhibit a higher rate of convergence (4) and the order p,q error splitting
result outperforms the combination of extrapolations by a factor of approximately
2. A generic weighting of 1 is used for the |C., .| and |D, | in these tests.

In Table 4.1 we compare the error splitting based coefficients with solutions
of the Gcp. We take random samples J C Ji649 With each multi-index in Jig4,9
appearing in J with probability 0.8. We then compute coefficients using the differ-
ent approaches developed in Section 4.4 and compare the resulting combinations.
On the left the first 10 samples use the generic weighting |Ce, .| = 1 for the
error splitting approach (similar for the D). We see that the GCP outperforms
the order p error splitting coefficients (p split). The order p, ¢ error splitting coef-
ficients (p, ¢ split) have higher order convergence and thus outperforms the order
p splitting results in most cases but only outperforms the the GCP approach in
7/10 cases. On the right we have an additional 10 samples where the C,, ., are
weighted with a rough estimate of ||Ce, ., || (and similarly for D) for the error
splitting approaches. This leads to significant improvement in the order p error
splitting results results which typically yields similar combination coefficients to
the GcP and even outperforms in some cases. The order p, g error splitting results

also improve and outperform the other approaches with the exception of one out-
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Figure 4.8: The evolution of the initial condition under the divergence free velocity

field (4.28). In a clockwise direction from the top left we have the solution at times 0,
0.25, 0.5 and 0.75 respectively.

lier. We conclude that the error splitting based coefficients can outperform the
GCP approach when an error splitting is applicable and the C., ., are estimated
with reasonable accuracy. Without this estimate of C¢, .. the error splitting
results are have significant variance and appear to be less robust than the those
obtained with the Gcp.

4.5.2 2D advection problem with divergence free flow field

Here we again solve a 2D advection equation (4.27) but this time with a depending

on the spatial coordinates. In particular, consider the divergence free velocity field
a(z,y) = (sin(rx) cos(my), — cos(mz) sin(my)) (4.28)

for (z,y) € [0,1]? and the solutions of the advection equation % +a-Vu =0 with
initial condition u(x,0) = exp(—6 + 4(1 — 7w%(x — 3/8)?) + 2(1 — 27%(y — 3/8)?)).
The initial condition is a Gaussian peak centred at (3/8,3/8) which follows the
velocity field around the centre of the domain in an anti-clockwise direction time

evolves as depicted in Figure 4.8. Note that along the boundary the velocity
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Figure 4.9: Starting with Ji244 we compare the four different combinations (GCP,
extrapolation, order p error splitting and order p, q error splitting combinations) for the
rotating velocity field (4.28). The grids of Ji2.4.4 are refined in both spatial dimensions

several times and the computations repeated.

field is perpendicular to the boundary normal such that there is zero flux leaving
or entering the domain. We solve up to time ¢ = 0.25 and perform the same
experiments as was done for the constant velocity field. The exact solution is
obtained by using a high order ODE solver to integrate backwards along the
velocity field and L, error is computed relative to this.

Figure 4.9 shows analogous results to those of Figure 4.7 for this rotating ve-
locity field and initial condition. As before we compare the rate of convergence of
the different methods by starting with the index set Ji244 and then refining each
grid uniformly by a factor of 2 for subsequent computations. A generic weighting
of 1 is again used for the |C,, ., | and |D., ., | in these tests when determining
the order p/p, q error splitting combinations. The classical combination and the
order p error splitting combination are both very similar again and exhibit 2nd
order convergence. The combination of extrapolations exhibits 4th order conver-
gence. However, the result from the p, ¢ error splitting is not as accurate for this
problem. For the first two refinements the error does not change substantially,
and it is only for the subsequent two refinements that 4th order convergence is
achieved.

In Table 4.2 we compare the error splitting based coefficients with solutions
of the GcP for this new problem analogous to the results of Table 4.1. As before

we take random samples of J C Jig49 with each multi-index in Ji6 49 appearing
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Table 4.2: Here we give the Ly error for combinations obtained via interpolation (gcp)
and error splitting (‘p split’ and ‘p,q split’) estimates for the combination error over
20 random samples J C Jig a9 with each element having an 80% chance of appearing
in J. The 10 samples on the left use the generic weighting |Ce, . .| = 1 whilst the 10

samples on the right use a rough estimate of ||Ce, .. e, |loc- Note that GCP solutions do

not depend on the Cs, .. ., estimate.
Unit weighting [|Cey,....e1, lloo estimate
sample GCP p split P, q split sample GCP p split P, q split
1 5.6031E-6 | 1.4712E-6 | 6.7669E-6 11 2.5795E-6 | 2.5794E-6 | 1.9397E-5
2 4.0978E-6 | 7.0190E-5 | 1.3552E-5 12 5.5722E-6 | 5.5722E-6 | 7.0050E-7
3 1.7608E-6 | 6.8661E-6 | 6.7584E-6 13 8.9001E-6 | 8.9001E-6 | 1.0675E-5
4 4.3890E-6 | 2.3201E-5 | 6.7565E-6 14 4.4020E-6 | 4.3760E-6 | 7.9408E-6
5 1.7096E-6 | 1.2359E-5 | 6.6645E-6 15 4.5229E-6 | 4.5229E-6 | 1.8274E-6
6 2.4972E-6 | 6.6887E-6 | 6.7590E-6 16 2.8716E-6 | 2.8640E-6 | 5.0656E-7
7 1.7096E-6 | 6.5493E-6 | 6.4503E-6 17 4.3207E-6 | 4.3207E-6 | 7.1996E-6
8 1.3830E-5 | 1.5578E-5 | 6.7565E-6 18 4.2122E-6 | 4.2122E-6 | 3.5387E-6
9 2.1760E-6 | 1.6241E-5 | 6.7590E-6 19 5.5297E-6 | 5.5297E-6 | 1.5854E-5
10 1.4610E-5 | 1.8233E-5 | 1.7650E-5 20 2.1876E-6 | 2.1876E-6 | 1.4133E-6
mean 5.2383E-6 | 1.7738E-5 | 8.4873E-6 mean 4.5098E-6 | 4.5065E-6 | 6.9053E-6
stdev 4.6657E-6 | 1.8567E-5 | 3.6741E-6 stdev 1.8271E-6 | 1.8279E-6 | 6.3104E-6

in J with probability 0.8 and then compare the combinations obtained via the
different approaches. On the left the first 10 samples use the generic weighting
|Ce,...e,| = 1 for the error splitting approach (similar for the D). The Gcp
outperforms the order p error splitting coefficients (p split) in most cases and
is much more robust having a lower standard deviation. However, the order
p,q error splitting coefficients (p, g split) does not perform significantly better
than the order p error splitting combination except where the latter performs
particularly poorly. Curiously these 10 order p, g error splitting combinations have
lower standard deviation than the GCP combinations for this particular problem
although the GCP combinations have a smaller mean. On the right we have an

additional 10 samples where the C, ., are weighted with a rough estimate of

ek
|Cey...erlloo (and similarly for D) for the error splitting approaches. This leads
to significant improvement in the order p error splitting results which typically
the same result as the GCP and is slightly smaller in the coupe of instances in
which they differ. The mean error of the order p, ¢ error splitting combinations
also improves although the standard deviation increases. In 5/10 of these results
we observe that the order p, q error splitting combination is the best of the three

but is significantly worse on the other occasions. With a better estimate of the
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Cey...e,, and D terms it may be possible to improve the success rate of these order
p, q error splitting combinations. We conclude that the GCP is again the more

reliable approach and produces good results without the need for fine tuning.
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Chapter 5

Fault Tolerant Combination

Technique

This chapter describes and analyses a fault tolerant adaptation of the combina-
tion technique based upon the generalisations developed in Chapter 4. This work
is related to several publications which develop and demonstrate the fault tolerant
combination technique (FTCT) and its application to high performance comput-
ing [67, 68, 66, 69, 5, 120, 3, 79]. In Section 5.1 two checkpointing routines for the
combination technique are described. Given that checkpoint-restart is the most
common approach to fault tolerance used in the computing community today this
will be used as a basis of comparison for other methods of algorithm based fault
tolerance which will be developed. In Section 5.2 we describe an implementation
of the FTCT based on the work in Section 4.4. This form of algorithm based fault
recovery is lossy in the sense that data is not recovered exactly. Rather, we adjust
our combination to obtain reasonable results with the data that remains. The end
result is therefore stochastic in nature depending on how many faults occurred
and which component solutions were affected. As such, we analyse the expected
error by utilising the fault models developed in Chapter 1 to extend some of the
error estimates presented in Chapter 2 to the FTCT. Section 5.2.4 presents some
numerical results for the FTCT applied to the advection equation with simulated
faults. The results demonstrate that the overhead is low and that the expected
error is close to the error of the solution obtained in the absence of faults. We
end with Section 5.3 which consists of many additional comments and remarks

in relation to fault tolerant computations with the combination technique.

197
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5.1 Checkpointing the Combination Technique

Checkpoint restart has historically been the most widely used approach for hard
fault recovery in high performance computing. As such we compare the over-
heads of our new approach with those of checkpoint restart. It is important to
point out that there are many varieties of checkpoint restart and that there has
been extensive research in recent years to improve the performance of checkpoint
restart for peta/exa scale computing. However, as we clearly are not able to
investigate and compare against all of these varieties we look at two of relatively
simple checkpoint restart implementations which we refer to as ‘global” and ‘local’
checkpointing.

The ‘global” checkpointing is based on a traditional checkpointing fault model.
In this model is assumed that any fault, independent of nature and origin, causes
the entire application to stop immediately. To overcome this the complete state
of the application is saved to stable storage periodically. After a failure has
occurred the application is restarted. From here the last saved state is reloaded
into memory and computations continue from this state. Because the entire state
of the application must be saved checkpoints are typically large. The total time
required to take a checkpoint is typically limited by the write speed of the storage
system. Historically hard disks in a separate storage cluster were used whilst in
recent years systems have begun to used solid state disks attached to each node

of the cluster.

In Algorithm 1 an outline of ‘global’ checkpointing implemented with the
combination technique is described. On starting, the application either starts
from the initial condition or the most recent (complete) checkpoint. It then
begins the main computation loop in which the state of the application is saved
at the end of each iteration. In the context of the combination technique the
state of the application is the current field on the combined sparse grid which is
equivalent to the current field of all of the coarse solutions. Although not explicit
in the pseudocode we assume that various run time parameters like the current
iteration are also saved. The main loop runs until either it reaches the end of
the last iteration or it is terminated due to a failure. It is also assumed that
checkpoints are written in a redundant fashion such that if a failure results in
an incomplete checkpoint then the previous completed checkpoint still exists and
can thus be used for restart. Note that one may modify the algorithm to evolve
the coarse solutions several times before combining with checkpoints occurring

after each evolution. This allows the checkpoint interval to be decoupled from
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Algorithm 1 Outline of ‘global’ checkpointing algorithm for the combination
technique. Here it is assumed that a failure results in immediate termination of

the application/algorithm which is then restarted from the beginning.

if no checkpoint exists then
set coarse solutions to initial condition and set n =0
else
load coarse solutions and current iteration n from checkpoint
end if
while n < N do
evolve each coarse solution by some fixed number of time steps
hierarchise each coarse solution
combine hierarchical surpluses // communication between processes
reconstruct coarse solutions
set n=n-+1
checkpoint each coarse solution and the step counter n

end while

the combination interval (up to an integer multiple).

Remark 5.1. We pause for a moment to describe how the hierarchical surpluses
are combined in our algorithms. Given approximations u; for i € I and a com-
bination u; =,

technique goes as follows.

c;u; then the hierarchical implementation of the combination

e We first hierarchise each w; for 7 € I. This means computing the coeffi-
cients of the hierarchical basis functions described in Section 2.1. Here we
will denote H;(u;) to be the Jth hierarchical surplus of the approximation
u;. Note that unlike interpolation problems each hierarchical surplus will
generally differ for each approximation u; (that is given i # £ and j < i
and j < k then typically H;(u;) # H;(ug)). Also observe that H;(u;) = 0
it j £ i. ) . )

e Now we apply the combination formula for each of the hierarchical surpluses.
That is, for each j € I, we compute Hj(us) = >, ciH;(u;).

e One now reconstructs/updates each of the u; as a sample of the combination
ur via the update u; <= >, H;(ur).

The ‘local’ checkpointing approach is based on a fault model in which pro-

cesses operate independently. That is, we assume that when a process fails the
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application is not terminated. The failed process is restarted (possibly on a differ-
ent physical processor in the event of hardware failure) whilst all other processes
continue uninterrupted. The only data lost is the most recent computation on
the failed process. Computations which were previously completed on the failed

process are restored from checkpoints made ‘locally’ by that process.

Algorithm 2 Outline of ‘local’ checkpointing algorithm for the combination
technique. This parallel algorithm describes the procedure on each process. We
assume a failure on one process requires the restart of only that particular process.
The restarted process starts from the beginning and is able to continue computing

from the correct state based on the counters n,m,,.

if no checkpoint exists then

compute a load balancing of coarse solutions to processes

get list of coarse solutions u[0], ..., u[M, — 1] assigned to this process

set n = m, = 0 and coarse solutions u[0], ..., u[M, — 1] to initial condition

checkpoint load balancing, counters n, m and solutions u[0], ..., u[M, — 1]
else

load the load balancing information and counters n, m, from checkpoint

load the u[0], ..., u[M, — 1] assigned to this process from checkpoints
end if
while n < N do

for i, =m,,..., M, —1do

evolve coarse solution u[i,] by some fixed number of iterations
checkpoint the coarse solution u[i,] and counter m, =i, + 1
end for
hierarchise coarse solutions u[0], ..., u[M, — 1]

combine hierarchical surpluses // communication between processes

reconstruct coarse solutions u[0], ..., u[M, — 1]
checkpoint u[0],...,u[M, — 1] and the counters m, =0 and n =n +1
end while

In Algorithm 2 an outline of ‘local’ checkpointing implemented with the com-
bination technique is described. This is a somewhat simplified description and
in practice one would only load data from checkpoints if there had been a recent
failure on that process. Further, there would need to be a mechanism for the ap-
plication to re-enter at the correct point in the computation which is not described

in this pseudocode. The advantage of this procedure is that checkpoints can be
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saved independently by processes during the evolution of the coarse grids and that
the entire application need not be restarted, only the affected process/processes.
This model is representative of something which may be competitive with the
modern and sophisticated checkpoint-restart implementations. Similar to the
‘global’ checkpointing algorithm, we may again evolve and checkpoint the com-
ponent solutions several times prior to combination to decouple the checkpoint
interval from the combination interval.

In our numerical experiments using fault simulation the implementation of
these checkpointing procedures saves checkpoints to local memory rather than
stable storage. We can do this because faults are only simulated, that is no
process is actually killed. This gives the checkpoints a further advantage in our
numerical simulations as the write speed to local memory is much higher than
the read/write speeds in any real checkpoint-restart implementation that writes
to stable storage. Thus our reporting of checkpoint restart overheads will be
somewhat optimistic.

We wish to estimate the overhead of both checkpointing algorithms using the
stochastic models developed in Chapter 1. In Section 1.4.2 we studied a renewal
process model for checkpointing which we used to estimate the optimal check-
point restart interval. This was effectively a model of the ‘global’ checkpointing
algorithm. Recall that given the independent and identically distributed random
variables X; denoting the time between successive failures, ¢ the time required to
save a checkpoint, s the startup time of the application and r the computation
time between checkpoints, then the waste time (i.e. time not spent on the core

computation) between the ¢ — 1th and ith failures is

max{X; — s,o}J |

Ri:Xi—T\‘
c+r

From Proposition 1.20 we know that when the X; are exponentially distributed

then
re—s/*

B[R] = A~ oletm/x _q
where A = E[X}]. Further, we showed that a minimum for E[R;] is achieved for
r+c~ V2 when r+c << A

*Tcomp

The relative overhead of the checkpointing algorithm is given by I where

Tcomp

Teomp is the computation time in the absence of checkpointing and faults and
T is the computation time in the presence of checkpointing and faults. If the
computation requires N computation cycles to complete, then the total compu-

tation time in the absence of checkpointing and faults is Toomp = s + Nr. T
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is stochastic in nature as it depends on when faults occur during the compu-
tation. As such we will estimate E[T]| so that we may estimate the expected
relative overhead. To simplify the calculation will will assume the startup time
is negligible, that is s = 0 and thus Tiomp = Nr. Consider a compute check-
point cycle starting at some time ¢. The probability that this cycle completes
successfully is Pr(N(t +r + ¢) — N(t) = 0), i.e. the probability that there are
no renewals/faults in the interval [t,r + ¢). Given a random starting time ¢ this
is equivalent to the probability that the forward recurrence time is larger than
r+c, ie. Pr(Syw+41—t > r+c). If the time between failures is exponentially dis-
tributed then we know the forward recurrence is identically distributed to the X;.
Thus the probability of no failure during a randomly chosen compute checkpoint
cycle is Pr(X; > r +¢) = e~ 79)/* where A\ = E[X]. Further, as the exponential
distribution is memory-less the same then the probability of no failure is the same
for all compute checkpoint cycles. We require N successes for the algorithm to
complete with the last trial being a success. Given, K > N trials then we want
N — 1 successes out of K — 1 trials followed by a success. The probability of
this event is ¢(5 )¢V (1 — @) N where ¢ = Pr(X; > 7 +¢) = e "FIA It
is straightforward to check that E?:Np(]KVj) ¢V 11— ¢)% N =1 and that the
expectation of the number of trials K which yields N successes (with the last a
success) is

> K—1 N

K NI — )N = —
> q(N_1>q (1-4q) .
K=N

Thus the expected number of compute checkpoint cycles in which a failure occurs
is % —N= w. In each these compute checkpoint cycles the expected wasted
time is given by

—xz/\
LU B W S Gl 0 N
(Xy<r+c¢) elrta)/A —1

r4c
EX; | X =
[ 1| 1<7’+C] /0 \Dr

N[

Now from Section 1.4.2 we know that for » + ¢ < A we have m ~ r%c -

and thus
r+-c

2
Therefore the expected lost time from a failed compute-checkpoint cycle is approx-

E[X1|X1<T+C]%

imately %‘3 Thus the expected computation time in the presence of checkpoints

and failures is E[T] = N(r+c¢) + N(1+()I(T+c). It follows that the expected relative
overhead is

~ -~ N 7
= ~ == .

N(1—q)(r+c
[T = Teomp| _ EIT] = N7 Ne4 B0t o (4 ¢)(1 — g)
Nr Nr r 2rq

Tcomp
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The £ term is the contribution of checkpoints of successful compute checkpoint
r+c)(

cycles whilst the ( qu) term is the expected time spent on computations which
are lost due to faults. Notice that the N drops out such that the expected relative
overhead does not depend on the number of iterations. This is a consequence of
our assumption that s = 0 and the memory-less property of the exponential
distribution.

Under certain assumptions the ‘local’ checkpointing algorithm can also be
modelled with the same renewal process. Suppose that the evolution of each u[i,]
by one time step takes the same amount of time, the time to checkpoint each u[i,]
is ¢ = ¢/M,, and that the time spent outside the evolution loop is negligible. In
these circumstances we effectively have the global checkpointing algorithm over
N x M compute cycles of length »" with checkpoint time ¢/. Note that the optimal
r’ in this scenario is 7 & —c + y/2¢' M, = —c/M,, + \/2c\/M,. Additionally the
probability of success in an interval of length " + ¢’ is ¢ = Pr(X; > ' + ) =

e~ ("+¢)/A Thus the expected relative overhead is simply

E{T—Tcomp} _c (r+d)(1—¢)

~ — + .

T comp r! 2r'q’

As an example, suppose A = 10*, s = 0, ¢ = 10 and M, = 100. For ‘global’
checkpointing the optimal interval is approximately r = —10 + /2 x 105 ~ 437.2
which leads to an upper bound for the overhead of =~ 4.63%. For ‘local’ check-
pointing we obtain ' = —0.1 4+ v/2 x 10® ~ 44.62 which leads to an upper bound
for the overhead of &~ 0.449%. Thus we see that the ‘local’ checkpointing algo-
rithm is approximately one tenth of the overhead of the ‘global’ checkpointing

algorithm. In general we expect the improvement to be a factor of ~ M~1/2,

Remark 5.2. In the papers [67, 79, 80] it is discussed how the combination
technique could be implemented within a map-reduce framework. The map-
reduce framework typically involves one master process that delegates a large
number of relatively small tasks to a collection of worker processes. A form
of fault tolerance is achieved in many implementations by remapping tasks as
necessary, for example, if a worker process is killed or fails to complete an assigned
task within a specified time limit then the master re-sends that task to a different
worker process. If the master is immediately notified of failures then the overheads
in this model are comparable to the ‘local’ checkpointing discussed here and
thus we do not provide a separate analysis for a map-reduce based combination

technique.
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5.2 Fault Tolerant Combination Technique

Suppose we have a set I of multi-indices for which we intend to compute each of
the solutions u; and combine according to

u; = Z%% (5.1)

icl

where the ¢; are given by a solution to the general coefficient problem (GCP), see
Section 4.4. As each of the u; can be computed independently the computation
of these is easily distributed across different process pools in a high performance
computer. To simplify the discussion we will assume these process pools consist
of hardware nodes. Suppose that one or more of these nodes experiences a fault,
which may be hardware or software in nature. As a result, some of our u; may
not have been computed correctly. We denote J C I to be the set of indices for
which the u; where not correctly computed. A lossless approach to fault tolerance
would be to recompute u; for ¢ € J, for example as described in algorithm 2.
However, recomputation in a parallel environment is costly even if it is just for
one u;. For example, consider 100 process pools of equal size with an equal
balance of workload, and suppose that one of the process pools is delayed by
time ¢ as a result of recomputing a w;, then the other 99 process pools are idle
making the parallel efficiency at most 1% for that period of time. To avoid this
we propose a lossy approach to fault tolerance in which the failed solutions are
not recomputed. This means we must find new combination coefficients ¢; for
i € I\J. In Section 4.4 we discussed several approaches for finding combination
coefficients given an arbitrary collection of grids. Any of those methods could
be used to find new combination coefficients for I\J. The numerical results in
Section 4.5 indicated that the combinations obtained via the GCP were more
robust than the other approaches. It also has the advantage of working well
without the need to estimate additional parameters as is the case for the error
splitting based combinations. As such this is the method we consider for dealing
with lost data due to faults. To find new combination coefficients we need only
solve the GCP problem for the set of multi-indices I'\J.

As discussed in Section 4.4.1, the Gep is difficult to solve in its most general
form. Whilst it can be solved rather quickly if the poset (I, <) is closed under A
(i.e. alower semi-lattice), this is no longer any help in the FTCT since the random
nature of faults means we cannot guarantee that (I\J, <) is always a lower semi-
lattice. The only way we could ensure this is to restrict which elements of I can

be in J. A simple way to achieve this is to recompute missing u; if (I\{i}, <) is



5.2. FAULT TOLERANT COMBINATION TECHNIQUE 205

not a lower semi-lattice. In particular this is achieved if all u; with i ¢ max I are
recomputed. Since elements in max I correspond to the solutions on the largest
of the grids, we are avoiding the recomputation of the solutions which take the
longest to compute. This means that any delays caused by recomputation are
less likely to occur and are much shorter compared to the ‘local’ checkpointing
algorithm (if they do occur). Additionally, this also means only the largest of the
hierarchical spaces are ever omitted as a result of a failure. As these contribute
the least to the solution we expect the resulting error to be relatively close to
that of u,;, i.e. the computed solution in the event that no faults occur. Finally,
since (I\J, <) is then a lower semi-lattice, the resulting GCp for I'\.J has a unique
maximal solution which is easily computed.

We now illustrate this approach as it is applied to the classical combination
technique. We define I,, = {i € N? : |i] < n}. It was shown in [67] that the
proportion of additional unknowns in computing the solutions wu; for all 7 € I,
compared to n — d < |i| < n is at most —A—. If no faults occur then the com-

201

bination is exactly the classical combination technique with ¢; = (—1)nll (f__‘z)
if n —d < |i]| <n and ¢; = 0 otherwise. If faults do occur then we recompute
any u; with |i| < n that were not successfully computed. If no faults occurred for
any u; with |i| = n then we can again proceed with the classical combination. If
faults affect any w; with |i| = n then we add such i to the set J and then solve
the aep for I,,\J. The solution is trivially obtained with hierarchical coefficients
w; =1 for all i € I,,\J.

The largest solutions (in terms of unknowns) which may have to be recom-
puted are those with |i| = n — 1 which would be expected to take at most half
the time of those solutions with |i| = n. Since they take less time to compute
they are also less likely to be lost due to failure. Additionally, there are ("fcllfffl)
solutions with [i| = n — 1 which is less than the ("**/') with |i| = n. Asa
result of these observations, we would expect to see far less disruptions caused by
recomputation when using this approach compared to a lossless approach where
all failed solutions are recomputed.

The worst case scenario with this approach is that all u; with |i| = n are not
successfully computed due to faults. In this case the resulting combination is
simply a classical combination of level n — 1. This only requires the solutions u;
with n —d < |i] < n — 1. Likewise, all solutions to the GCP in this approach
result in zero coefficients for all ¢; with |i| < n —d. We can therefore reduce the
overhead of the FTCT by only computing the solutions u; for n —d < |i| < n

(instead of all uw; with |i] < m). It is known that the proportion of additional
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unknowns compared to the classical combination technique in this case is at
1

most 51—y [67]. This asymptotic estimate is perhaps misleading as for d > 2
and practical levels n < 20 this is an overestimate. It also neglects the fact that
a load balancing for w; with n — d < |i] < n will generally be imperfect and that
the computation of the additional u; with |i| = n — d will often fill the gaps in
the load balancing without extending the total computation time. Further still,
the algorithm could be adjusted to only compute the necessary u; in the event of
failures.

The solutions u; with |i| = n— 1 have approximately half the unknowns of the
largest u; and the recomputation of these may still be disruptive and undesirable.
We could therefore consider recomputing only solutions with [i| < n—2. By doing
this the recomputations are even more manageable having at most one quarter
the unknowns of the largest u;. The worst case here is that all solutions with
|i| > n—1 fail and we end up with a classical combination of level n —2. Again it
turns out one does not require the entire downset I, in this case the (modified)
FTCT requires solutions u; with n —d — 1 < |i] < n. Using arguments similar to
those in [67] it is easily shown that the overhead in this case is at most m
(although again one typically has far less redundancy in practice). The trade-off
now is that the update of coefficients takes a little more work. We are back in
the situation where we cannot guarantee that (I,,\.J, <) is a lower semi-lattice.

To solve the GCP in this case we start with all w; equal to 1. If failures affected
any u; with |i| = n we set the corresponding constraints ¢; = w; = 0. For failures
occurring on u; with il = n — 1 we have the constraints w; — S5, Witek = 0
(with e* being the multi-index with e} = d;;). We note that (since the w; are
binary variables) this can only be satisfied if at most one of the w;,.; is equal
to 1. Further, if Zizl Witk = 0 we must also have w; = 0. This gives us a
total of d+ 1 feasible solutions to check for each such constraint. Given g failures
on solutions with |i| = n — 1 we have at most (d 4 1) feasible solutions to the
GCP to check. This can be kept manageable if solutions are combined frequently
enough that the number of failures g that are likely occur in between is small.
One solves the GCP by computing the objective function (4.16) for each of the
feasible solutions identified and selecting one which maximises this. Where some
of the failures on the second layer are sufficiently far apart on the lattice, it is
possible to significantly reduce the number of cases to check as constraints can
be optimised independently.

We could continue and describe an algorithm for only recomputing the fourth

layer and below, however the coefficient updates here begin to become much more
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complex (both to describe and to compute). Our experience indicates that the
recomputation of the third layer and below is a good trade-off between the need
to recompute and the complexity of updating the coefficients. The numerical

results in Section 5.2.4 are obtained using this approach.

5.2.1 Implementation of the FTCT

In Algorithm 3 we describe the parallel FTCT algorithm. Note that the pseu-
docode focuses on fault tolerance during the time consuming evolution of the w;
and would require some additional modifications to be fault tolerant through the

combination stages. Here we elaborate on some details.

e On line 2 the partition is done in such a way that the workload on each
process pool is balanced, that is given a work function W : N¢ — R, for
which W (7) is the amount of time required to compute the coarse approxi-
mation u; then the I, are chosen such that 37, ., W (i) = 5 >_,c; W(i) for

allp=1,...,P.

i€l

e When a fault occurs we assume that only the affected process pool need to
be restarted (with all other process pools continuing uninterrupted). The
restarted process then loads data from checkpoints and uses the values of

the states S; and n to continue execution from the correct location.

e The setting of S; = —1 on line 12 is meant to flag the u; which we will not
recompute in the event of a failure. In particular, only the smaller of the

component solutions are typically recomputed upon failure.

e On line 17 the process pools communicate which u; have been successfully
computed. This allows all processes to compute combination coefficients
which are consistent and only utilise those component solutions which are

available (via the Gacp).

e The combination of hierarchical surpluses in line 20 is first done on the local
process over the u; with ¢ € I,,, the results of this are then combined glob-
ally. For example, implemented using the message passing interface (MPI)
we use MPI_ALLREDUCE to sum the partial combination of the surpluses
(premultiplied by the appropriate coefficients) and distribute the results to

all processes.
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Algorithm 3 Parallel fault tolerant combination technique algorithm. This de-
scribes the procedure on each process (or work group in a process pool). As
with the local checkpointing algorithm we assume that when a process fails then
only the failed process needs to be restarted (all others continue as usual). The
restarted process is able to continue where it left off using the counter n and the

states \S; possibly skipping the evolution of a u; for which a failure occurred.

1: if no checkpoint exists then

compute partition of I = I U---U Ip amongst P process pools

set n = 0 and partition I, associated with this process (with rank p)
initialise u; and set state S; = n for all ¢ € I,

checkpoint n, I, and the pairs u;, S; for all 1 € I,

from checkpoint load n, the partition /,, and the pairs u;, S; for all i € I,
. end if
: while n < N do

10:  for each i € I, with S; =n do

2
3
4
)
6: else
7
8
9

11: if u; is to be discarded upon failure then
12: set S; = —1 and write to checkpoint

13: end if

14: evolve u; by some fixed number of iterations
15: set S; = n + 1 and checkpoint the pair u;, S;

16:  end for

17:  broadcast and gather the S; for all i € I // global communication

18:  compute combination coefficients ¢; by solving the acp for J = {i : §; =
n+1}

19:  hierarchise each u; for all ¢ € I, for which S; =n+1

20:  combine hierarchical surpluses // global communication
21:  reconstruct nodal basis for u; for all 7 € I,

22:  set S; = n + 1 and checkpoint the pair u;, S; for all i € I,
23:  set n =n + 1 and write to checkpoint

24: end while
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e The reconstruction of u; on line 21 includes those u; which had previously
failed. That is the w; which were lost are estimated with the combination

of the remaining ;.

e The evolution and combination parts of the code are decoupled in such a
way that several evolution steps can be done between checkpoints, that is

the checkpoint times and combination times can be decoupled.

At the time of writing this thesis there was limited support available for
restarting individual process pools without restarting the entire job. We think the
most promising software at this time is the User Level Fault Mitigation ULFM [11,
10] proposal developed by the MPI forum’s fault tolerance working group for which
the third beta release was available! at the time of writing this thesis. Mohsin
Ali has done extensive work in implementing a version of our FTCT algorithm
that supports real fault recovery using ULFM [3, 4, 5] and we report some results
from this work in Section 5.2.4. However, my own work involved the validation of
the FTCT algorithm via fault simulation for advection problems in two and three
spatial dimensions.

When simulating faults we assume that the probability of failure occurring
during the combination phase is negligible and therefore we to not implement fault
simulation for this portion of the code. We base this assumption on profiling of
the code which indicates that the combination is typically less than 1% of the total
computation time for large computations with relatively infrequent combinations.

Fault simulation was implemented within the parallel FTCT algorithm as follows.

e On line 4 each process (or work group in a process pool) samples a time
of failure ¢, before initialising the u;. The sample is made by sampling a
distribution for the time to failure and adding this to the current time. In
our experiments we sample the Weibull distribution with some mean A > 0

and shape 0 < k < 1 which is set at run-time.

e Before writing the checkpoint on line 15 we check if the current wall time
has exceeded the sampled time of failure ¢, for that process. If this is the
case then a failure is deemed to have occurred during the computation of
the last w; and the data is discarded. We then pretend that the effected
process pool has been instantly restarted (although a delay can be inserted

to simulate the time required to do this). A new time to failure is then

http://fault-tolerance.org/ulfm/downloads/
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sampled on the effected process pool and the algorithm then proceeds to

determine if the u,; should be recomputed.

Due to limited data at the current time we are unable to predict what recovery
times one might expect for the replacement of a failed node in an application.
Some measurements we made using ULFM in [5] but as ULFM is still in beta
we feel these results are not representative of what could be expected in a first
release. Also note that (simulated) failures are checked for at the completion of
the computation of each u;. Since a failure is most likely to occur some time
before the computation completes then time is wasted in the simulation from the
sampled time of failure to the completion of the affected computation. In practice,
the failure of a process causing the loss of a grid that is not to be recomputed
would cause the process to finish earlier than expected (provided the restart of
the process is less than the compute time which remained for the lost solution).
Depending on the load balancing this may in turn cause the application to finish

sooner than expected.

5.2.2 Expected error of the FTCT for interpolation

In this section, we bound the expected interpolation error for the FTCT as applied
to the classical combination technique as described in Section 5.2. In particular
we look at the case where all solutions with |i| < n are recomputed, and the case
where all solutions with [i| < n — 1 are recomputed as described in Section 5.2.
Although we do not do so here, it should be clear how these results can be
extended to truncated combination starting from the estimates in Section 4.1.

Given u € Hg
polant of w on the grid Q; = {j27%: 0 < j < 24} (with j27¢ = (5127, ..., j427"¢)
and 2t = (21,...,2%)). Define

1 L 1\
A —do—2n 2
en = 537927 |ID ull2 Y (k> <§) (5.2)

k=0

then for each i € N? let u; be the piecewise multi-linear inter-

then the classical combination

d—1

u;:kzo(—nk(d;l) S

lil=n&i>1

satisfies ||[u — uS|la < €,, see Proposition (2.19). Note that we can restrict 7 > 1

because u; = 0 for ¢ # 1 as w is zero on the boundary. Therefore, in this
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subsection, we define the set of multi-indices I,, := {i € N : |i| < n&i >
1}. Thus, given {u;}icr, one is able compute u¢. Further, we note that it is
straightforward to extend the work of this section to index sets that would be
more useful for computing truncated combinations using the results of Section 4.1.
When faults prevent successful computation of some of the u; we must find u%"
for some I’ C I,, containing only those i for which w; was successfully computed.

Consider the independent Bernoulli random variables {U; }icy, for which

0 if o is the event that w; is computed successfully
Ui(o) = N (5.3)
1 otherwise.
We assume that the only event preventing the successful computation of v; is the
failure of at least one process involved in the computation of u;. Additionally
it is assumed that no process is involved in the computation of more than one
u; at any given time such that the U; are independent. Supposing that failures
on each hardware node are accurately modelled by an ordinary renewal process,
then Pr(U; = 1) depends on the number of hardware nodes over which the com-
putation of w; is distributed. We assume that a failure on any node involved in
the computation of u; results in the failure of the computation itself. Let IV; be
the number of nodes, Y1, ..., Yy, be random variables for the time to next failure
on each of the nodes (that is the forward recurrence times, which are 11D) and t;

be the computation time (wall time), then

PI’(UQZ 1) =1 —PI’(Y& > Ifz,...,YVNi > té)
N;

— 1 =[P > 1)

k=1
=1—Pr(Y; >t;)".

If the time between failures on each hardware node is exponentially distributed
with mean A then the forward recurrence time Y] is also exponentially distributed
with mean A (for asymptotically large starting times, see Theorem 1.13). In
this case the probability of at least one failure on the IV; nodes is exponentially
distributed with mean \/Nj, in particular we have Pr(U; = 1) = 1 — e 4N/,
Similarly if the time between failures on each node is Weibull distributed with
scale A and shape 0 < k <1 (and thus mean AI'(1 + 1/k)) then the cumulative

distribution of the forward recurrence time Y; is given by

1 /7 K
Pr(Y; <s) = X/ eV dr
0
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(again this is for asymptotically large starting times, see Theorem 1.13). From
Proposition 1.22 we know that that Pr(Y; < s) < Pr(X < s) (with X Weibull

distributed with scale A and shape k). As a consequence it also follows that
1—Pr(Y; >t)N <1—Pr(X; > ;)N

and therefore
Pr(U; =1) <1 — ¢ Nll/V"

In particular we obtain an upper bound for Pr(U; = 1) by modelling the proba-
bility of at least one failure on the N; nodes during the computation by a Weibull
random variable having scale \ /J\Q1 /" and shape k.

Given that we have shown that for computations distributed over several hard-
ware nodes one may obtain an upper bound for Pr(U; = 1) by simply adjusting
the scale A (or equivalently the mean AI'(1+ 1/k)) appropriately we simplify the
calculations that follow by assuming that the computation of each w; is performed
within one hardware node. Further, as u; with identical || have a similar number
of unknowns it will be assumed that the time to compute such u; is also similar.

In particular we define ¢, := max;—, t; such that ¢; < t); for all 2 and therefore
Pr(U; = 1) = Pr(Y; < ;) < Pr(Yy < t)) < Pr(X <t) =1—e B/,

Consider the situation in which we recompute any u; which fail if |i| < n. We
define the random vector U, 1 = (U;)icr,\1,_, Which contains the random variables
U; which indicate the success or failure of the corresponding w;. As I,\1,-; has
(Zj) elements there are 2(31) possible states of the random vector U, 1, namely
U, € {0, 1}(3:11 ). More generally we have the following definition.

Definition 5.3. Given s,n € N with 1 < s < n and then U, , is defined as the

random vector

Un.s = (Uiier\L—. »
with the U; as defined in (5.3) (which are independent). Further we define the
support of U, s as

Supp(Un,s) = {Z € In\ln—s : []z = 1} .

If the u; with ¢ € I,,_, are recomputed upon failure then the set of multi-
indices corresponding to the successfully computed u; is given by I,\ supp(U,s).

Given U, s then the solution of the fault tolerant combination technique with
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combination coefficients given by a solution to the GCP for the set 1,,\ supp(Uy.s)

. ng .
is denoted by UL\ supp(Un.e)? that is

gcp I 7.
UL\ supp(Un,s) “— Z Cilly
i€In\ supp(Un,s)

where the ¢; are given by a GCP solution for the set I,,\ supp(U,s) and each u; is

gcp
In\supp(Un,s)
is effectively a function of the random variable U,, ; and is therefore also a random

the piecewise multilinear interpolant of u on the grid 2;. Note that u

variable. With this we can now give the first result which bounds the expectation
of the interpolation error if only those u; with |i| < n are recomputed if lost due
to a fault.

Proposition 5.4. Fiz the dimension d > 0 and let n > d. Let u € Hg,,.,([0,1]%)
and for finite J C N% let u%” = > e
interpolants of u on the grid ; = {22_1 :0<7 < 2t} and the ¢; are given by a

ciu; where the u; are piecewise multi-linear

solution of the GCP for the set J. For each w; we definet; to be the time required to
compute u; and set t,, = maxj—, t;. Let €, be as defined in (5.2). Let U, be the
random vector defined in Definition 5.8 with s = 1 and Pr(U; = 1) < 1 — e~ ®/N"
for each i with A >0 and 0 < k < 1. Then

E [l = 2] S0 (L4301 (54

\ supp

Proof. Consider a sample J = I,\ supp(U,,1). We observe that I, ; C J C I,
and J is a lower-semilattice (i.e. closed under A). It follows that there is a
unique solution to the Gcp for the set J (in particular w; = 1 for all i € J|
and w; = 0 otherwise, see Section 4.4). Additionally, the resulting coefficients ¢;
which are non-zero satisfy i € J. Thus u%5" = u,; := Pyu with P; as described in

Section 4.2. Further, we may apply Proposition 4.26 to obtain
lu = uglls < 37 D2ull | 374 =Y 272 |
ieJ
which we may decompose into
lu = uylls < 37 D2ully | 374 = Y7 27 ) 437 D2l Y 272
1<ieln i€lp\J

Note that the left term bounds ||u— u€ || which is in turn bounded by €, (Propo-
sition 2.19). Also, as I,\J = supp(Uy,,1) and i € supp(U,, 1) implies that |i| = n



214 CHAPTER 5. FAULT TOLERANT COMBINATION TECHNIQUE

and U; = 1 then it follows that

lu —ug.X ls < en+ 374 D2ull; Y 277

I\ supp(Un, 1)
i€supp(Un,1)

=+ 37 D2ully > U2,

ZEIn\In—l

We now take the expectation of both sides. As E[U;] = Pr(U; = 1) and expecta-

tion is linear and monotone one has

E|fu- ui(vj,ll\)Supp(Un,1)”2 < €n + 3idHD2uH2 Z 272" Pr(U; = 1)
1€In\In—1
<6 +37YD2ully Y 27 (1— et/
iEIn\In—l

—1 "
<ot 3“‘IID2UII2(Z 1)2_2” (1—e /A7)

Lastly we observe that

d—1 d—1-k
=l D2l (" )2 < 3 2y (7T o ST () (2 _ 3¢,
d-1 = d-1 2 \i)\3

and therefore

C —(tn /A)E
E ([l = 65T g l2] < €n + Ben (1= 70/
Collecting the common factor ¢, yields the desired result. m
Note that as t,/\ — oo we have E [Hu — U qupp(U ) |12 } < 4¢,. However,
n\supp(Un,1)
the worst case scenario is when supp(U,1) = I,\I,,—1 which results in a classical

combination of level n — 1 which has the error bound

d—1 d—1—k
. 1 gi_ome n—1+d\ (1
lu—us_|ls < €nr = 3 3mdp 1)||D2U||2z: ( k ) (5)

k=0

d—1 d—1—k
4 Con n+d
<5 ooy (") (3)
k=0
4.

This is consistent with the upper bound (5.4).

Notice that we sacrificed some tightness in the proof of Proposition 5.4 in

order to express the bound as a multiple of ¢,. The reason for doing this is is
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that one obtains some indication for what the expected relative increase in error
is when faults are of concern. In particular, if the bound ||u — uS|ls < €, was
tight, one might expect
—(tn /N
E [l — % oo 2] 2 e = wlla (143 (1= 7))

for which we see the relative increase is 3 (1 — e (tn/ ’\)H).

Now consider the situation in which we recompute any u; which fail if || <
n — 1. In this scenario the random vector U, s (see Definition 5.3) tells us the
state of those u; with ¢ € I,,\I,—2. As I,\I,—2 has (gj) + (g:f) elements there

are 9(i1)+(i=7) possible outcomes. The set of multi-indices corresponding to the

p
\ supp(Un,2)

is the corresponding random variable denoting the output of the fault tolerant

successfully computed u; is I,,\ supp(Uy 2) (which contains I, ») and u§

combination technique. We now prove an error bound for this scenario analogous

to Proposition 5.4.

Proposition 5.5. Fiz the dimension d > 0 and n > d. Let u € Hg,,.([0,1]%)
and for each finite J C N¢ let u%? be as defined in Proposition 5.4. We again
define t; as the time required to compute u; and set t,, = maxj;—, t; and similarly
fort,_1. Let €, be as defined in (5.2). Let U, s be the random variable defined in
Definition 5.3, s =2 and Pr(U; = 1) < 1 — e G/ with A >0 and 0 < k < 1.
Then

E |llu— g} o]

In\ Supp(Un,Q)

< ¢, - min {16, 1+3 <d+ 5—e (%) —(d+ 4)e<t’31>ﬁ)} .

Proof. Unlike the situation in Proposition 5.4, given a sample J = I,,\ supp(U,, 2)
the solution to the GCP may not be unique. However, we observe that there
exists a largest downset J' (with respect to N¢ with N = {1,2,3,...}) such that
I,_o C J CJ. The gep has a unique solution for the set J’ which corresponds to
the combination uy := Py ju. Asuy is a candidate solution to the GCP for the set
J any actual solution must satisfy ||u—u5P||s < |[u—uy||2. Further, J' is obtained
by taking I, and removing all 4 such that i > j for some j € I,,\J = supp(Up,2).
In particular, given j € supp(Up,,2) with |j| = n we need only remove j. On the
other hand, for [j| = n — 1 we remove j and j + ™ for m = 1,...,d (where

e = Omyi). By applying the result of Proposition 4.26 and decomposing in a
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manner similar to Proposition 5.4 we observe

lu = wplly < 374 D2ully [ 370 =) 272

icJ’

< 37| D2ul|, | 37¢ - Z 9—2lil + 37| D2ul, Z 9—2li|

iel, i€ln\(J'Uln—1)

+ 37| D2ul|, > 92l

1€In71\(J/mIn71)

As before, the first term is bounded above ¢,. The third term consists of only
those |i| = n—1 for which u; was not successfully computed, that is i € supp(U,,2)
with |7 = n — 2. For the second term we have i € I,\(J' U I,_1) if |i| = n and at

least one of the following is true
e u, was not successfully computed (that is i € supp(U,.2)),

e u; was not successfully computed for some |j| = n — 1 with i > j (that is

it —e™ € supp(Uy,2) for some m=1,... k).

Thus, as i € supp(U,2) if and only if U; = 1, one has

||U—U,ng||2 <€n+3 d||D2U|| Z 2= 214 (U +ZUZ em)

’Leln\ln 1

+ Yy 27y

1e[n71\1n72

We observe that i € I,\I,,_; implies |i| = n and similarly i € I, 1\, o implies
li| = n— 1. Additionally, as [|u —u5®||s < ||u —uy |2 and J = I,\ supp(U,2) one

obtains

d
= 2 o o < 0+ 37D | 3 27 (U"+ZU~m>

ieln\ln—l

+ ) 27y

1€In—1\ln—2

Taking the expectation of both sides (and using the fact expectation is linear and
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monotone) we have

B [l = i g, oll2] < e+ 37 IDP]2
d
> (E[Ud +> E[Ui_em]> +4 > E[UY
1€In\In—1 m=1 i€ln_1\In_2

Now as E[U;] = Pr(U; = 1) < 1 — e~ ®l/M" we have

E ”u_uiﬁswp Un,2) 2 ]

et s pz [ 3 <1 <w>~+zl o w)

ieln\ln—l
+Y D 1=t
1€In—1\ln—2

- 1 K K
= ¢ + 37| D2ul|27" ((Z 1) ((1— e~/ 4 g(1 — e tnmt/A)

n—2
4 1 e—(ta-1/N)"
+ (d— 1)( e )
K - d K
< e, (1 +3(1 — e /M%) 13 ( n 1) (1 — e (n=1/A) )) :
')/L —_

where the last line uses the inequality 37¢||D2ul|s272"(""]) < 3e, derived in

Proposition 5.4. Noting that Z—:‘f < 1 and re-arranging we obtain

E [Hu e Hz} < e, (1 +3 (d+ 5—e (%) —(d+ 4)6‘(%51)}6)) .

I\ supp(Un, 2)

Now the expected error can be no more than the worse case supp(U,2) = I,\I,—2
corresponding to the classical combination of level n — 2 for which it is straight-
forward to show |lu — uS_,||2 < 16¢,. Taking the minimum of the two bounds
yields the desired result. ]

This result is actually an over-estimate of the error bound. The main reason

for this is that our bound for the approximation ui‘{suppwﬂ ,) always excludes
the hierarchical surplus u? if |j| = n — 1 and w; is not successfully computed.

In practice the actual GCP solution will only exclude the surplus u? if there are
several u; which have also failed for i in a neighbourhood of j. For example if
there has only been one failure resulting in the loss of u; for |j| =n — 1 then the

GCP solution is able to retain the surplus u? by instead removing d — 1 surpluses
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ul with |i| = n, that is the factor d + 4 can quite often be replaced with d — 1.
A better bound could be computed by enumerating all possible outcomes and
bounding the GCP solution for each. However, as the total number of outcomes
is 2(iz)+(i20) this becomes cumbersome even for modest dimensions and levels.

To illustrate how this result may be used in practice, suppose we compute
a level n = 12 interpolation in d = 3 dimensions on a machine whose mean
time to failure can be modelled by the Weibull distribution with scale A\ = 1000
and shape parameter k = 0.7 (thus the mean time between failures is ~ 1266
seconds). Further, suppose w; with |7 > 10 are not recomputed if lost as a
result of a fault and that t13 is estimated to be 1.0 seconds and ¢;; is at most
0.5 seconds. The expected error for our computation is bounded above by 1.126
times the error bound if no faults were to occur, i.e. a relative increase of 12.6%.
This may seem somewhat large initially but to put this into perspective suppose
that || D%ul|; = 1 then €, &~ 5.16 x 1078 and an increase of 12.6% leads to an upper
bound of 5.81 x 1078 for the expected error which for most practical purposes
is not likely to make a perceivable difference in the solution. Even the worst
case scenario which has error bounded above by 8.25 x 1077 is quite small and
certainly much better than no solution at all.

Proposition 5.5 gives some insight into how one may construct a bound for
more general U, ; with s = 3,...,n — d. Despite not being able to explicitly write
down all of the GCP solutions in advance we can always find one candidate solution
for which any GCP solution must improve upon. However, as with Proposition 5.5
this tends to lead to an over estimate. The over estimate is particularly significant
for s > d as here a single failure on a grid i with |i| < n — d gives quite a poor
error bound despite the fact that the GCP solution is just the combination uy,.
As such we have not included a bound for more general U, s here.

So far we have only studied the expectation of interpolants computed with the
fault-tolerant combination technique. Of course it would be nice to be able to say
something about the variance (or standard deviation) as well. However it is very
difficult to obtain a reasonable bound for this as we only have an upper bound for
E[[|uf™ — ul|3]. For s =1 and s = 2 we can bound |[|uf"

Un\ supp(Un,2) Un\ supp(Un,2)
from above by 4e¢, and 16¢, respectively and thus via Popoviciu’s inequality

- U||2

their variances are bounded above by 4€2 and 64€2 respectively (noting that the
lower bound is zero). Studying the variance (or standard deviation) is useful for
understanding the spread of results from the mean. However, in our computations
it would be just as, if not more, useful to bound the spread of results from that

obtained in the absence of failures. In particular we study |luy, — ui?\’ supp(Un o) 2
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for the case s = 1.
Proposition 5.6. Consider the same assumptions as in Proposition 5.4. Then
—(tn/N)"
c —(tn /A" —(ta/N)E €
B llur, = U7 cuppwll2 } < 9, (1 —e /N7 (1—6 (0 /) +W) :
d—1
Proof. Observe that

— 8P =
uIn u n\bupp Un 1 Z U u

Efn\fn 1

where each uf is the ith hierarchical surplus of u. It follows that

lur, —uiy z< > UUjllufllaliufls-

\ supp(Un,1
Z‘,ZGIn\In—l

As expectation is linear and monotone it follows that

E !\UIH—UﬁIisupp(Un,l)Hg] < Y EUUNuf )}l

Lieln\fnfl

Observe that E[U;U;] = Pr(U;U; = 1). Further, for i # j one has

Pr(UU; = 1) = Pr(U; = 1) Pr(U; = 1) < (1 — e~ n/A7)?

whilst for i = j one has Pr(U;U; = 1) = Pr(U; = 1) < 1 — e~ /Y". Further, as
li| =n for i € I,\I,_1 then

3€n

(o)

i ll2 < 374 D%ull227*" <

Lastly, as |1,\I,_1| = (%_;) we obtain

d—1
. ) n—1 n—1 9¢2 (60 /N2
E ||jug, —uiisupp(UM)HQ] < (d_ 1) <(d_ 1) - 1) (n1)2(1 et/ N
d—1
n—1\ 9é "
n_ (1 _ o= (t/N"Y
+(d_1) (n—1)2( € )
d—1
Collecting the common terms and re-arranging yields the desired result. O]

Remark 5.7. Note that for interpolation the GCP solutions will sometimes throw
away some information that has been computed, that is some u; which were suc-

cessfully computed may not be used due to a failure. In practice one may add
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contributions from such w; via the hierarchical decomposition. In this case a hier-
achical surplus ué‘ does not contribute only if u; is not successfully computed for
all j > 4. Thus the probability that uf contributes to the error is I1 i Pr(U; = 1).
Whilst one could provide an error bounds based on these probabilities interpo-
lation we do not do so here. The time required to compute interpolants will
typically be fast enough that the probability of failure is negligible and even in
the event of failure it is not likely to be inconvenient to recompute. Our results
here are meant to give an indication of the expected error for more complex and
time consuming computations for which the approximations u; are close to the

piecewise multi-linear interpolant of the true solution w.

5.2.3 Results for point-wise error splitting

Whilst knowing we get reasonable results for interpolation is a good start, what
we are really interested in is whether we can expect to obtain good results for
approximate solutions of partial differential equation (PDE’s). In particular we
are interested in the advection equation, for which we showed in Section 3.3
that certain finite difference methods lead to an approximation which satisfies
the classical error splitting model (see (3.24) and (2.22)). Thus our goal in this
section is to obtain error bounds for the fault tolerant combination technique
when coarse solutions satisfy the error splitting model.
We start with an analysis of the two dimensional case for which we assume
approximations u, ; of u satisfy
u;j(x) —u(x) = e (x, hy) WY + ¢, (, hj)hg + €4y (2, i, hj)hfhﬁ?, (5.5)
with h; == 27" p > 1 and |&,], 6,1, |exy] < K for some K > 0 for all @, h;, h;. We
typically drop the & argument for ease of notation. Unlike the previous section

in which we considered u € Hj ;. we do not make this assumption here. In

mix
particular we allow functions which are non-zero on the boundary. Therefore in
this section we consider index sets I,, = {i € N : |i| < n}, i.e. unlike the previous
section we now allow the components of i to be zero. For these sets we define
U,,s analogous to that in the previous section, that is U,, = (Uy)icr,\1,_,, but
with the [, including 7 having zero components. This random vector can again

be mapped to the result of the fault tolerant combination technique via

In\supp(Un,s) * Z ERa
€1, \ supp(Un,s)
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where the ¢; are determined by a GCP solution for the set I,,\ supp(U, ) and
the w; are approximations of u satisfying a pointwise error splitting, e.g. (5.5) in
2 dimensions. As with the interpolation estimates, it should be clear how the
following results can be extended to truncated combinations (by translating the
index set I,, and building on the estimates given in Section 4.1) but for brevity
we do not develop this here.

Consider the case s = 1 where u%ffi supp(Ua.1) 1S a1 approximation obtained from
the fault tolerant combination technique when we do not recompute u; which fail
if |i] = n (as described in Section 5.2.2). For these combinations with d = 2 we

have the following lemma.

Lemma 5.8. Letd =2 and I,,_1 C J C I,, then J is a downset and the combi-

nation uy is given by

|ij=n—1

uy = E U; — E Ug — § XIH\J(Z)(Uil,ig — Uiy 13y — Uiy ig—1 + Uiy —1,ip—1)
li|= IZ\zln

— X1\ (1, 0)) (Un0 — Un—10) = X1,\7((0, 1)) (20, — U0 1) -

Proof. A consequence of Proposition 4.19 is that we may write the combination
wuy as
Uy = E Uiy iy — Wiy —1iy — Wig ig—1 + Wiy —1ip—1
icJ

where u;, ;, = 0if iy < 0 and/or i3 < 0. Similar applies for uy, such that one has

Uy — Up, = — E Uiy ip — Wig—T1dp — Wip io—1 T Uiy —19—1 -
i€l \J

Now consider those i € I,\J for which at least one of iy,is are zero. There are
only two such 7, namely (n,0) and (0,n) and for these two values we observe that

the neighbours satisty w, 1 = up,—1-1 = 0 and u_;, = u_1,-1 = 0 respectively.

Thus we obtain

ug, — Uy = E (Wi iy — Uiy —1,ip — Wiy in—1 + Uiy —1,i5—1)
i€l\J
>1

+ Xln\J((na O))(”n,o - unfl,l]) + Xln\J<<07 n))(UO,n - uO,nfl) .

Now as uy; = uy, — (ug, — uy) and wy, is the classical level n combination we
obtain the desired result. O
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Now consider a sample I,\ supp(U, 1), then ¢ € I,\ supp(U, ) implies that
Ui = 0if |i] = n. As in the previous section we assume that time between
failures is Weibull distributed with shape 0 < x < 1 and scale A > 0 such
that Pr(U; = 1) < 1 — e~(/N"  Using this we provide a point-wise bound for
Elfur,\ supp(w,,.1) — ul]-
Proposition 5.9. Fiz the dimension d = 2 and n > 0. Let u € C([0,1]%) and
for each finite J C N* let u? := 3", cqu; where the ¢; are given by a solution of
the GCP for the set J and the u; Sc;tisfy the error splitting (5.5) with p > 1 and
K > 0 such that |e,], €y, |€xy| < K for & and i. For each u; let t; be the time
required to compute u; and set t, = maxj—,t;. Let U, be the random variable
defined above, s = 1 and Pr(U; = 1) < 1 — e~ @/N" for each i with A > 0 and
0< k<1 Then

Elwf? oy — ] < (3 +(1+2)n

(0434 (= 1)2)(1— e @)K (1+27)27,

Proof. We observe that uf™\ cupp(Un ) = UL, — (ur, — uyy cupp(Un)) and therefore
via the triangle inequality
5P UEP

—ul < |ug, —u|l+ |uy, — uy \Supp(Un1)| .

UL\ supp(Un,1)
For the right most term we observe that by Lemma 5.8

. gep
UL = UL\ supp(Up,1)

= Z ( (Ui iy — ) = (Wiy 13, — ) = (Uiyiy—1 — ) + (Uiy 1,551 — U))
z>1
+ Uno ((tno — u) = (tn-10 — u)) + Uon ((uon — 1) — (Uon—1 —u)) ,
and therefore by the triangle inequality

|uln ?Zlisupp(Un 1)| (56)

< Z Ui |(Wiy i, — u) — (Uil—l,ig —u) — (uil,ig—l —u) + (Uil—uz—l —u)|
i>1
+ Uno [(tno — u) — (up—10 — w)| + Uon |(won — u) — (g pn_1 — u)]| -
Substituting the error splitting (5.5) gives
|(Wiy iy — ) — (Ui —1,5, — ) — (Uiyip—1 — ) + (Ui —1,5,—1 — )|
= |ewy(hiy, hiy)27™ — €y (hiy—1, iy )27 1P
—€ay(hiys hip—1)27 P ey (hiy 1, hyy—1)27 PP < K(1427)%277
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and

| (tno — 1) = (Un—1,0 — w)] = |€0(7n)27" + €gy (hn, ho)27"™
—eu(hyo1)27 P — ey (B, ho)27TIP| < 2K (14 2°)277P,

and similarly for |(ug, —u) — (4pn—1 — u)|. Substituting these bounds into (5.6)
we take the expectation of both sides. As E[U;] = Pr(U; = 1) and expectation is

both linear and monotone one obtains

E [|u1n - ui‘\)suppwn,l)\] < S Pr(U = DE(L+27)%2
=i
+ (Pr(Upo = 1) + Pr(Up,, = 1))2K (1 4 2P)27"P
<(n4+3+(n—1)2°)(1 — e ENYK (1 4 27)27"

Combining this with the bound |uj, —u| < (3 + (1 + 2°)n)K27"" (Lemma 2.25)
yields the desired result. O]

Note that as the right hand side is independent of x it also provides a bound
for ||E[|u§zlisupp([]n,1) - u|]||oo

We can extend the result of Proposition 5.9 to obtain a bound for the case
s = 2, that is when only those w; with |i| < n — 2 are recomputed upon failure

and the random vector U, 5 reflects the state of those w; with n —2 < |i| < n.

Proposition 5.10. Fiz d = 2, n > 0 and consider the same assumptions as in
Proposition 5.9 but with s = 2. Additionally let t,—; = max{t; : |i| = n — 1}.
Then

El[uf? pp(wns —ul] £ (34 (1+27)n4 (n+3+ (n—1)2°) (1 +27) (1 — e~ /A7)
(2n + 2+ 3n27 + (n — 2)2%)(1 + 2°)(1 — e /A7) K272

gcp

Proof. We may write U7\ supp(Un.o

)y U= (ur, —u) = (ur, — Uicfi Supp(Un’Q)) and thus

gcp

UL\ supp(U ) — U < Jug, = ul 4 Jur, = uER o, )

For the right most term we observe that

&cp — § oy o ) ,
|uIn - uIn\Supp(Un’Q)l - (uzmz Wiy 15 — Uiyip—1 T ull—lﬂz—l)

i€supp(Un,2)

< E Uiy iy — Uiy 1,0y — Wiy ig—1 + Uiy 151 5
i€supp(Un,2)
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where wu;, ;, := 0 if 43 < 0 and/or iy < 0. As in Proposition 5.5 given a sample
of I\ supp(U,2) we let J' be the largest downset contained in that sample. It
follows that supp(U,2) C I,,\J" and thus

gcp
|ur, — an\supp(Umﬂ < E [Wirio = Uir—135 — Wiy ig—1 + Uiy —1,i5-1] -

i€l \J’

Now each term on the right hand side can be written as
|(Wir iy — w) = (i1, — ) = (Ui ip—1 — ©) + (Uiy—15-1 — U)]

for which we may substitute the error splitting and bound in the same way as
in Proposition 5.9. Notice that now we have terms with |i| = n — 1 in addition
to those with |i| = n. In particular we also have the special cases i = (n — 1,0)
and ¢ = (0,n — 1) for which wu;, ;-1 = wj,—14,-1 = 0 and w;; 14, = Uj;—145,-1 =0
respectively. Now as in Proposition 5.5 we observe that i € I,,\J and |i| =n — 1
if and only if w; failed, that is U; = 1. Further, ¢ € I,,\J and |i| = n if and only if
u; failed (U; = 1) or u;_ failed (U;_ = 1) for some k € {1,2} (with ¥ = §; ).
Putting this together one obtains

|ur, — ui(ili\)Supp(Un,z)| = Z UK (1 + 2p)22_(n_1)p

lil=n—1
i>1

+ (Un—l,o + Uo,n_l)ZK(l + 2p)2—(n—1)p

2
Z (Ui + Z Uz‘—ek> K(1+2r)?27m
k=1

li|=n
i>1

+ (Uno + Un—10 + Upp + Upn—1)2K (1 4 27)2777

Now collecting the common K (1+42P)2~"P taking the expectation (which is linear

and monotone) and noting E[U;] = Pr(U; = 1) we have

El|luz, — “i?suppwn,z)” <K(1+ zp)z—np< Z E[U](1 + 27)2P
lij=n—1
i>1

+ (E[Un-10] + ElUoi))2 - 2

+> (E[Ui] +) E[Ui-ek]) (1+27)
li|=n k=1

i>1

+ 2(E[Uno] + E[Un-1,0] + E[Uo,n] + E[UO,n—l])> :
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We know that E[U;] = Pr(U; = 1) < 1 — e ®/N". Substituting this we find
the sums no longer depend on the specific i. Thus, as Zm:n gi>1 1 =n—1and

similarly for |i| = n — 1, we obtain

Ellur, = 47 R suppn.]
< K(1+2°)272" <(n —2)(1 — e~ nt/N%)2P(1 4 2P) 4 4(1 — e~ (Int/V)2P
+ (n = 1)((1 — e /A7) 4 2(1 — e Un1/A7))(1 + 27)
Al — ety 441 - e—“n—l“)”))
= K(1+ 2p)2’2"<(2n + 243020 + (n — 2)2%)(1 — e~ (/A7)
(R34 (0= 1)2)(1 = /)

Adding to this the bound |u;, —u| < (34 (1 + 2P)n)K27" (Lemma 2.25) yields
the desired result. O

Similar to Proposition 5.5 this result is an over-estimate of the expected error
but gives a rough idea of how the error depends on the distribution of the time
between failures. It should be clear how the technique used to prove Proposi-
tion 5.10 could be applied to more general U, , but for s > 2 the resulting bound
becomes quite weak for the same reasons as discussed for Proposition 5.5. Ob-
serve that Propositions 5.9 and 5.10 only apply to d = 2. The main difficulty in
extending this to d > 2 is that there are more cases of indices ¢ for which some
of the  — j with 0 < j < 1 have negative components. These affect the error
splitting differently depending on the number of non-zero components as we will

see in the following lemma.

Lemma 5.11. Let d € N, and i € N%. For 0 < J < 1 consider approzimations

u;—; of some function u which satisfy the error splitting

d

wi—u=3 > Yeoe (i hio i, - (5.7)
k=1 {e1,....ex }
c{1,...d}

,,,,, el < K for all {ey,...,ex} C {1,...,d} and x for some K > 0.
Additionally, let u;—j =0 if iy — jx <0 for any k =1,...,d. Then

> (=) _y| < (14 27) ¢ K2PllgT

0<j<1

where 0 = d — |i|p is the number of zero components of i.
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Proof. Let {ly,...,l,} C {1,...,d} be such that i, = --- =4,, = 0. Without
loss of generality we assume that [; =i for i =1,...,0. It follows that
1 1
Z (_1>mui_i - Z o Z(_1)ja+1+m+]du(i1a---7i07i0+1_j0+1a---vid_jd)
0<j<1 Jo+1=0 Ja=0

1 1
- Z o Z(_l)jaﬂ—i_m—wd (u(h,---,ia,ivﬂ—jo+1,---7id—jd) —u).

Jo4+1=0 Ja=0

Now we may substitute the error splitting into this last equality. First consider
substituting just one of the terms from the error splitting into this equation, that
isfix k € {1,...,d} and {ey,...,ex} C {1,...,d} and consider substituting

u(ll7"'7ZU,ZU+17.]U+17"'77’d7]d) U= ,yelv"'?ek(hzel —Jeyr o hlek _]ek)hiel 7]'61 iek 7]’5,6 ?

where j; = --- = j, = 0. Observe that

1 1
... _ 1 \o+1++ia ) . . . P ... QP
§ E (—1) 761,---,ek(hzel—yela cees hz%—]ek )hielfjel hiekfjek

Jo+1=0 Ja=0

is zero whenever {o+1,...,d}N({1,...,d}\{e1,...,ex}) is non-empty. Thus an
error term does not experience cancellation if this set is empty, or equivalently
if {los1,...,0a} C {e1,...,ex}. Now fixing a {ly41,...,ls} € {e1,...,er} then
without loss of generality we let {l,11,...,loxm} = {lot1,---,la} N{e1, ..., ex}.
We observe that

1 1

Z e Z<_1)j0+1+“.+‘jd’7€1,---76k(hiel—jel7 R hiek—jek)hil —Jeg hikfjek

Jo+1=0 Ja=0

1 1

= ce Z (_1)j0+1+~..+j0+m,}/61 ..... ek(mq Cdegs s hiek _jek)

j0'+1:0 ja+m:0

P N JALLYY S Y

W WD | <KL 2R R

Further, as {lo41,...,l} C {ei1,...,ex} then i., +--- + i, = |i| and therefore
hi, o hfek = h{;. Having now established a bound when a single term of the error
splitting is substituted we now wish to sum over all of the error splitting terms.
Note that for each k = 1,...,d, the number of {e,...,ex} C {1,...,d} which

contain {l,11,...,ls} is equivalent to the number of {li,...,l,} which contain
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{1,...,d}\{e, ..., ex} which is clearly (dfk). Now summing over k =d—o,...,d

we obtain
d
PG LATIESSY ( ) (1+2°)"7hl,
0<j<1 k=d—0o
= 29K (1 + 2P)d-og Pl
as required. O

This lemma allows us to give a result for U, ; for general d > 2.

Proposition 5.12. Fizr the dimension d > 2 and n > 0. Let u € C([0,1]?) and
for each finite J C N let u? := . c;u; where the ¢; are given by a solution
of the GCP for the set J and the uiisatz'sfy the error splitting (5.7) with p > 1
and K > 0 such that such that each |Ye,,. .| < K. For each u; let t; be the time
required to compute u; and set t, = maxj—, t;. Let Uy be the random variable
defined previously, s = 1 and Pr(U; = 1) < 1—e /" for each i with A > 0 and
0< k< 1. Then,

.....

c —pn d—1 n+2d—1
E[ ?TLZ{Spr(Un 1) U” S K2 P (1 + 2p) (( d— 1

e S () () () )

(e

IS

Il
o

Proof. The triangle inequality yields

gcp

gcp
uIn\supp(Un,l) |

_ u| < ‘Uln — u| + |UIn — UL\ supp(Up1)!

The first term is bounded above by Theorem 2.27, specifically

2d — 1
lug, —u| < K27n(1 42y (" .
d—1
For the latter term we observe that
ur, =R e = D (—1) %y, (5.8)

i€supp(Un,1) 0<j<1

(with w;_; := 0 if i — j, < 0 for any k € {1,...,d}). To bound the right hand

side we may use Lemma 5.11 but first we must split this sum up over the ¢ with
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different number of non-zero components. One has

ur, — uicﬁ supp(Un,1) Z Z Z ljlul by (5.8)

0=0 i€supp(Un,1) 0<j<1
mO:d—O'

d—1
< Z Z Z (—1)‘1‘%,1 tri. ineq.

=0 i€supp(Un,1) |0<5<1

lilo=d—0o
d—1
< > 2K(1+27)% 2 Lem. 511,
=0 icsupp(Un 1)
lilo=d—0o

Now we note that the size of the set [{i € supp(Un1) : |ilo = d—o}| is (,";".) (%)
as for a given o there are ( ) partltlons {li, oy U{lo, ..l ={1,...,d}
and for each of these there are ("' ) different {i,,,,...,4,} € N47 which sum
ton. Further, i is in supp(U, ;) if and only if U; = 1. As Pr(U; = 1) < 1—e~a/V"

one obtains

d—1
n—1 d B g e
EHuln - %Zlisupp Up, 1) Z < 1 0) (0) (1 —e (tn/>\) )2 K(]_ +2p)d 9 P )

Adding to this the bound for |u;, — u| we obtain the desired result. O

We can sacriﬁce some tightness in this result to simplify the expression. As
<1 and Z ( nt )(d) = (’Hd*l) via Vandermonde’s identity we have

1+QP d—1—0o/ \o d—1
c n+d-—1 _ x on
Ellun, ~ e l] < (5 07 1) - IR 2
2d — 1 .
< <"+d ) )(1 — e /N (1 4 2p)i2TPm

Adding this to the bound for |u;, — u| then yields

E[|u8? — ul]

In\ supp(Un,1)

" 2d —1
< (14 (1+2°)(1 — e~/ (" +d _1 >K2‘p”(1 + 2r)d-t

The result of Proposition 5.12 can be extended to U, o in much the same way
that Proposition 5.9 was extended to Proposition 5.10. As it should be clear
how this is done at this point we state the result in the weaker but simpler form

without proof.
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Proposition 5.13. Fix d > 2, n > 0 and consider the same assumptions as in
Proposition 5.12 but with s = 2. Then

B o) — ] € (14 (14 27) (1 = eV (1 = =)
n+2d—1
d—1

Thus far we have studied the expectation of pointwise error estimates. As

+2P(1+2P)(1 — e%tn-l/m)) ( )K(l + 2p)d=tgmrm

with the interpolation estimates in Section 5.2.2 it would also be useful to know
something about the variance. There is no clear way that one go about estimating
E[(u7} capp(Un) — E[uf? Supp(Un,l)])Q] but as we expect E[uf} supp(U )] tO be close
to uy, for small fault rates then we will instead study E[(uilﬁ supp(Ung) — U )%
Proposition 5.14. Fiz d > 2, n > d — 1 and consider the same assumptions as
in Proposition 5.12. Then

c o ([ d—1 _ .
E[(U’gﬂz{supp(UnJ) - uIn>2] < K2<1 + 2p>2d2 2p (( g1 )(1 —e (tn/N) )

+(n;fz 1) ((njl_fz 1) - 1) (1 _e—(tnmmy) .

Proof. From the proof of Proposition 5.12 we observe that
< > K@+l

i€supp(Un,1)

=) UK(1+27)%27.

|i|=n

gep .
UL\ supp(Un,1) — Win

Therefore

(R suppiur )~ Un)* SEP(A 2922720 | B Ui+ ) U
ii=ll=n =

i#j
Upon taking the expectation we use the fact that

n+d-—1 n+d-—1 .
T7T. < _ _ _(tn/’ﬁ) 2
E| ) U _( i )(( g > 1>(1 e )

lil=l7]=n

i#j

and similarly

2 n + d — ]. 7(2&”/”);4
' hZ:%Ui S( d—1 >(1_6 )

to obtain the desired result. O
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It is clear how this could be extended to the case U, 2. This concludes our

error estimates for the FTCT and we now proceed with some numerical results.

5.2.4 Numerical results

In this section, we present numerical results for the FTCT, specifically Algorithm 3,
applied to numerical solutions of the advection equation using simulated faults
(as described in Section 5.2.1). In particular, we demonstrate that the FTCT
has low overhead and that the expected error is close to the error obtained in
the absence of faults. The performance of the FTCT has been studied in several
papers [65, 66, 3, 69]. We point out that the FTCT has been successfully tested
on more complex problems, for example results for the application GENE which
performs gyrokinetic plasma turbulence simulations are reported in [5, 72], but
these will not be reported in this thesis. Here we focus on the scalar advection
equation for which the exact solution is known so that we can compute the error
for each of our computations. Many of the results and conclusions presented in
this section are taken from the paper [69] and an earlier preprint.

Asin Section 4.5, the PDE we choose to test the FTCT on is the scalar advection

equation

% +a-Vu=0.

Here we consider problems in 3 spatial dimensions on the domain [0, 1]* C R? with
flow field a € R3. We consider two different variations of this problem. The first
considers a constant @ = (1,1, 1) whilst the second considers a a which depends
on the first two spatial coordinates. We compute approximations of u(x, t) on the
grids ; = {71279 1 j; = 0,1,...,20 b x {272 : jo = 0,1,...,22} x {jz27% : j; =
0,1,...,2%} for i € N¢. For a fixed solution time ¢ we denote the approximation
of u computed on ; by u;.

A truncated combination technique as in (4.1) is used as the starting point
for our experiments. This is because the combination technique is known to give
poor results for some problems when some of the grids are too coarse in one or
more dimensions. A reason for this is that the initial condition may be poorly
represented on such grids. This can lead to solutions that differ significantly from
the exact solution which do not extrapolate in the way one usually expects. In
order to apply the FTCT we need to compute some additional grids which are

used in the event of failures. We define

Ly ={i e N*:min{iy,...,ig} >7and n —d— 1< |i| < n}
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which is the set of indices for which we are required to compute solutions u; (that
is approximations to u computed on the grid) if the top two levels are not to be
recomputed in the event of a fault. The corresponding random vector denoting
the failure or success of u; which are not recomputed upon failure is

Un,T,s = (U.)iEIn,r\Infs,T ,

. . . gcp
with s = 2. We compute samples of the resulting UL\ upp(Unrs)

mentation of the FTCT with fault simulation as described in Algorithm 3 with

via an imple-
each u; being a finite difference solution to an advection PDE.

Constant flow field

Here we consider constant @ = (1,1,1), periodic boundary conditions and the

initial condition
u(x,0) = sin(4mzy) sin(27zy) sin(27xs) .

Notice that the initial condition itself is periodic and is consistent with the peri-
odic boundary condition, in particular u(x + ie; + jes + kes, 0) = u(x,0) where
i,j,k € Z and ey, e; and ez are the standard unit basis vectors (1,0,0), (0,1,0)
and (0,0, 1) respectively. Via the method of characteristics it is straightforward

to show that the exact solution is given by
u(z,t) = sin(4r(zy — art)) sin(27 (g — aot)) sin(2mw(x3 — ast)) .

The PDE is solved numerically using a tensor product application of the Lax-
Wendroff finite difference scheme (that is we apply (3.12) over each dimension)
giving results which are second order in space and time. The time step size must
be sufficiently small such that the stability criterion is satisfied for update in each
direction.

Note that as the grid sizes vary between the u; so does the maximum stable
time step size as determined by the CFL condition. We choose the same time
step size for all component solutions to avoid instability that may otherwise arise
from the extrapolation of time stepping errors during the combination. As a
result our time steps must satisfy the CFL condition for all component grids. By
choosing At such that it satisfies the CFL condition for the numerical solution of
U(n—27,n—27n—27) it follows that the CFL condition is also satisfied for all u; with
1€ I,
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Table 5.1: Numerical results for r = 100 samples of u?sz\supp(Un

using the Weibull distribution with mean of 1000 seconds and shape parameter of 0.7

) for different n, T

for the fault simulation. The computations were performed on 2 nodes with 6 OpenMP

threads on each.

no| T fave €ave Emin €maz Wave | Wmin | Winaw
18 | 4] 0.13 | 2.103e-4 | 2.096e-4 | 2.298¢-4 | 26.96 | 26.94 | 27.07
20 | 5| 0.37 | 7.064e-5 | 7.004e-5 | 8.580e-5 | 72.03 | 71.82 | 72.72
19 | 4 | 0.48 | 6.355e-5 | 6.266e-5 | 6.899¢e-5 | 131.1 | 130.8 | 131.9
21 | 5| 1.21 | 1.979¢e-5 | 1.886e-5 | 3.030e-5 | 379.9 | 379.3 | 381.9
20 | 4 | 1.80 | 1.925e-5 | 1.856e-5 | 2.156e-5 | 649.8 | 648.2 | 653.3

All the computations for this problem were performed on a Fujitsu PRIMERGY
cluster provided by Fujitsu Laboratories of Europe. This machine consists of 36
nodes, each with 2 Intel Xeon X5670 CPUs (6 core, 2.934GHz) and Infiniband
interconnect.

We first looked at the effect of simulated faults on the error of the computed
solution. Given level n and truncation parameter 7 the code was executed for
some number of runs r on a fixed number of nodes using the same number of
threads.

through the time steps and again at the end. For each run we recorded the

Component solutions are combined twice in each run, once halfway

number of faults f that occurred, the [; error of the solution € and the wall time
w spent in the solver (we exclude some initial startup overhead and the error

calculation from the timing). We then calculated the average number of faults

fa'ue = %ka;
k=1

the average, minimal and maximal observed errors

r

1 .
€ave = ; § €L , €min = mln{el, s 76r} ; €max = max{el, s 767’} )
k=1

and the average, minimal and maximal observed wall times (in seconds)

T

E Wk,  Wpip = min{wy, . ..
k=1

1

Wape = ; Wmaz = max{wl, s 7wr} .

7w7“}7

Table 5.1 shows our results for » = 100 runs of the FTCT with fault simulation

on 2 nodes with 6 OpenMP threads on each. Faults were simulated as described
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Table 5.2: Numerical results for r = 200 samples of u?ff:-\supp(

using the Weibull distribution with mean of 1000 seconds and shape parameter of 0.7

Un.s) for each n,t

for the fault simulation. The computations were performed on 6 nodes with 6 OpenMP

threads on each.

no| T fave €ave €min €maz | Wave | Wmin | Winaw
18 | 4 0.305 | 2.119¢e-4 | 2.096e-4 | 2.418¢e-4 | 9.216 | 9.196 | 9.392
20 | 5| 0.535 | 7.166e-5 | 7.004e-5 | 1.170e-4 | 24.77 | 24.67 | 25.22
19 | 4] 0.690 | 6.385e-5 | 6.244e-5 | 7.392e-5 | 44.55 | 44.40 | 45.90
21 | 5| 1.805 | 2.015e-5 | 1.886e-5 | 3.179¢-5 | 131.7 | 130.9 | 134.6
20 | 4| 2.475 | 1.961e-5 | 1.844e-5 | 2.478e-5 | 224.4 | 223.3 | 228.7

in Section 5.2.1 using the Weibull distribution with mean of 1000 seconds and
shape parameter 0.7 to sample the time between failures. As we increase the level
n (or decrease 7) we increase the problem size and hence computation time. This
in turn leads to an increase in the average number of faults that occur per run
as seen in the f,,. column. The minimal error is the same as the error without
failure (sometimes it is fractionally smaller). Comparing with the average error
we see that the additional error generated by recovery from simulated faults is
small. Also worth noting is that the variability in computation time is quite small
indicating that any recomputations, when they occur, do not seem to cause any

significant disruptions.

In Table 5.2 we repeat this experiment with » = 200 runs on 6 nodes with
6 openMP threads on each. Whilst running with additional nodes leads to a
decrease in computation time we experience more faults on average because of
the additional nodes. However, we can see that the effect of the increased average
number of faults is quite small on both the average solution error and the average

wall time.

Table 5.3 again shows results for » = 100 runs of the FTCT with fault simu-
lation on 2 nodes with 6 OopenMP threads on each. However, for this experiment
the faults are exponentially distributed with a mean of 1000 seconds. We see
that for this distribution the faults are a little less frequent on average leading
to a slightly smaller average error. Similar is observed in Table 5.4 where we
repeat the experiment with » = 200 runs on 6 nodes with 6 OpenMP threads on
each. Here the average number of faults is substantially less than the results of
Table 5.2 and this is again reflected by a smaller average error in comparison.

The large w,,q; in the 2nd row is due to a single outlier, the next largest time
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7
.\ supp(Un,

) for each I, T using

exponentially distributed time between simulated failures with mean of 1000 seconds.

Computations were performed on 2 nodes with 6 OpenMP threads on each.

U7 | fave €ave Emin €maz Wave | Win | Winax
18 | 4| 0.06 | 2.098e-4 | 2.096e-4 | 2.230e-4 | 26.96 | 26.93 | 27.10
20 | 51 0.17 | 7.098e-5 | 7.006e-5 | 1.155e-4 | 72.01 | 71.87 | 72.47
19 1 4] 0.26 | 6.321e-5 | 6.266e-5 | 7.283e-5 | 131.1 | 130.8 | 131.7
21 | 51 0.71 | 1.942e-5 | 1.886e-5 | 2.980e-5 | 379.8 | 379.3 | 380.8
20 | 4 | 1.27 | 1.921e-5 | 1.856e-5 | 2.127e-5 | 649.3 | 647.9 | 653.4

Table 5.4: Numerical results for r = 100 samples of u

gecp

I+ \ supp(Un

) for each I, T with

exponentially distributed time between simulated failures with mean of 1000 seconds.

Computations were performed on 6 nodes with 6 OpenMP threads on each.

U\ 7| fave €ave €min €maz | Wave | Wmin | Wmnao
18 | 4 1 0.070 | 2.103e-4 | 2.096e-4 | 2.296e-4 | 9.231 | 9.214 | 9.340
20 | 5| 0.155 | 7.034e-5 | 7.004e-5 | 8.162e-5 | 24.80 | 24.70 | 30.83
19| 4 | 0.265 | 6.327e-5 | 6.244e-5 | 7.039¢e-5 | 44.48 | 44.36 | 45.07
21 | 5| 0.865 | 1.936e-5 | 1.886e-5 | 3.203e-5 | 131.7 | 131.0 | 134.5
20 | 4 | 1.415 | 1.921e-5 | 1.844e-5 | 2.178e-5 | 224.0 | 222.9 | 227.4
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time vs. faults for 3D advection
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Figure 5.1: We compare the time taken to compute the solution to the 3D advection
problem using three different approaches to fault tolerance. The problem size is fized at
level n = 21 with truncation parameter T = 5. All computations used 6 MPI processes
with 6 OpenMP threads each. Component solutions are combined 4 times throughout the
computation and it is during the combination that we check for faults. For each method

the problem was run numerous times with MTTF varying from 25 to 1000 seconds.

being 25.34. No simulated faults occurred for this outlier so we suspect it was

due to a system issue.

In Figure 5.1 we compare the computation time required for our approach
to reach a solution compared to more traditional checkpointing approaches, in
particular, with a local and global checkpointing approaches described by Algo-
rithms 2 and 1 respectively. Note that for the checkpointing methods the extra
component solutions required for the FTCT are not required and are hence not
computed. As a result these approaches are slightly faster when no faults occur,
although the difference is small. As the number of faults increases, it can be seen
from Figure 5.1 that the computation time for the local and global checkpointing
methods begins to grow. A line of best fit has been added to the figure which
makes it clear that the time for recovery with global checkpointing increases
rapidly with the number of faults. Local checkpointing is a significant improve-

ment on this but still shows some growth. On the other hand our approach
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time vs. faults for 3D advection
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Figure 5.2: A zoom of the bottom left corner of Figure 5.1. It is clearer that the
FTCT approach takes slightly longer when no faults occur. With one fault the run times
of the FTCT method have much less spread and are slightly better on average. For two

or more faults the advantage is much clearer.

is barely affected by the number of faults and outperforms both the local and
global checkpointing approaches after only a few faults. For much larger number
of faults our approach is significantly better. It is important to point out that
we tuned neither of the checkpointing or FTCT algorithms to be optimal with
respect to the mean time between failures (MTBFs). The compute-checkpoint

interval was the same for all methods and all MTBFs.

Divergence free flow field

In this section the advection equation is solved with the divergence free velocity
field

a(x) = (sin(mxq) cos(mxs), — cos(mzy) sin(mxs), 1),

and initial condition

u(zx,0) = exp (—%2 (xl - 2)2 — 2n? (a:Q — 2)2 —2(1+ Cos(27rx3))> :

Notice that the flow field is such that x; and z, boundary conditions are not

required. In the x3 direction we specify the boundary condition u|,,—1 = u|z,—0-

The initial condition is a Gaussian like peak centred around (§ l) which flows

3
87872
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Table 5.5: Numerical results for r = 50 samples of uﬁi\supp(Un,z) with level n = 22
and truncation T = 5 (which computes 110 different u;). Faults were simulated with
varying MTBF (in seconds) to study the effect on error and time to solution. The
simulated faults are Weibull distributed with shape k = 0.7 in each case. Component
solutions were combined 4 times throughout the computation. The computations were
performed on 64 processors (8 MPI processes with 8 OpenMP threads each). Times
reported are for the inner computation loop and exclude overheads (including the load

balancing and error calculations).

MTBF | fave €ave Emin €maz | Wave | Wmin | Wmnaw
3600 | 1.22 | 1.132e-5 | 1.057e-5 | 1.815e-5 | 152.1 | 151.4 | 153.2
1800 1.78 | 1.159¢e-5 | 1.057e-5 | 1.848e-5 | 153.0 | 151.9 | 155.7
900 3.48 | 1.293e-5 | 1.057e-5 | 2.044e-5 | 150.9 | 149.0 | 153.5
450 | 5.66 | 1.412e-5 | 1.058¢-5 | 2.048e-5 | 152.3 | 151.0 | 153.8
225 9.42 | 1.641e-5 | 1.059¢e-5 | 3.199e-5 | 153.0 | 151.4 | 155.0
112.5 | 16.00 | 1.803e-5 | 1.064e-5 | 3.452¢-5 | 152.9 | 151.0 | 155.4
56.25 | 26.76 | 2.170e-5 | 1.159e-5 | 3.593e-5 | 154.2 | 152.0 | 157.9

in a helix like pattern around the line z; = x5 = 1/2. (The flow in the z1, 2
coordinates is the same as that considered in Section 4.5.2). We evolve from
t =0 up to t = 0.25 in our computations using a second order central difference
discretisation of spatial derivatives and fourth order Runge-Kutta (RK4) time
integration (i.e. analogous to that described for the two dimensional advection
problem in Section 4.5.1). We compare numerical solutions against the exact
solution obtained via the method of characteristics computed with an RK4 solver.

Similar to the constant flow problem, we use the same At for the computation
of all v; and thus At must be sufficiently small such that all of these are stable. All
of our computations for this problem were performed using the Raijin cluster at
the National Computational Infrastructure? which is supported by the Australian
Government. Raijin is a Fujitsu PRIMERGY cluster consisting of 3592 compute
nodes, each with two Intel Xeon Sandy Bridge CPUs (8 core, 2.6GHz) with
Infiniband FDR interconnect.

As with the constant flow problem we first studied the effect of simulated
faults on the error of the computed solution. The notation for the number of
faults, error and wall clock times are the same as that used for the results of

the constant flow computations. Table 5.5 shows results for » = 50 runs of the

http://nci.org.au/
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Table 5.6: Numerical results for r = 50 samples of u?jpT\supp(Un ) with level n = 22

and truncation T = 6 (which computes 35 different u;). Faults were simulated with

The

simulated faults are Weibull distributed with shape k = 0.7 in each case. Component

different MTBF (in seconds) to study the effect on error and time to solution.

solutions were combined 4 times throughout the computation. The computations were
performed on 32 processors (4 MPI processes with 8 OpenMP threads each). Times
reported are for the inner computation loop and exclude overheads (including the load

balancing and error calculation).

MTBF | fave €ave E€min €maz | Wave | Wmin | Wmnaa
128 3.08 | 1.671e-4 | 1.305e-4 | 3.727e-4 | 32.99 | 32.56 | 33.43
64 4.32 | 1.693e-4 | 1.305e-4 | 2.938e-4 | 33.04 | 32.63 | 33.60
32 7.02 | 1.791e-4 | 1.305e-4 | 2.681e-4 | 33.07 | 32.63 | 33.77
16 | 12.02 | 2.191e-4 | 1.340e-4 | 5.722¢-4 | 33.01 | 32.61 | 33.68

8 19.04 | 2.700e-4 | 1.393e-4 | 4.785e-4 | 33.22 | 32.64 | 33.79

4 31.58 | 3.382e-4 | 1.830e-4 | 6.305e-4 | 33.40 | 32.80 | 35.28

FTCT with fault simulation on a problem with n = 22, 7 = 5 consisting of 110
grids and computed on 8 MPI processes with 8 OpenMP threads each. Faults
were simulated as described in Section 5.2.1 using the Weibull distribution with
varying mean time between failures (MTBF) per MPI process and shape parameter
0.7. Decreasing the MTBF leads to an increase in the average number of faults
that occur per run as one would expect. The time to solution is not significantly
affected by the number of faults as seen in t,,. which varies relatively little over
a 10 fold increase in the average number of faults. It is clear that the error
€qve INCreases with f,,. and from €,,;, and €,,,, one has some indication that the
variance in error also increases. For MTBF of 450 seconds and above the effect is
relatively small. For higher frequencies of failure there is a noticeable effect but
even at 27 faults per run the average error is approximately twice that without

faults.

Table 5.6 again shows results for » = 50 runs of the FTCT with fault simulation
this time with a n = 22, 7 = 6 truncated combination consisting of only 35 grids.
Having less grids and therefore less redundancy this problem is more sensitive to
faults. Faults were again simulated as Weibull distributed with varying means
and shape parameter 0.7. The MTBF are significantly smaller here to investigate
what happens to this problem for a large number of faults. The same observations

can be made as in Table 5.5, namely that the time to solution is not significantly
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Figure 5.3: The left plot demonstrates the parallel scaling of our implementation
with a | = 22, 7 = 5 truncated combination on the left and a1l = 22, T = 4 truncated
combination on the right. Fach problem has 110 and 230 coarse grids respectively.
Given a fized number of grids one observes that the scalability eventually drops off
which is due to the distribution of grids to nodes. However, also notice that additional
grids leads to increased parallelism. By increasing the number of grids or computing
each grid over several nodes we would expect good scalability for many more processors.
The MTBF per node used for fault simulation on the T = 5 problem was 128 seconds
which led to 9 up to 36 faults occurring in each of the computations. For the 7 = 4
problem the MTBF per node was 900 seconds which led to 12 up to 41 faults occurring

in each of the computations.

affected by the failure rate and that the mean and variance of the error increases
with f,,.. Whilst growing faster in for this problem at almost 32 faults on average
the error is less than 3 times that when no faults occur.

Whilst not shown here, we have observed that if the number of grids is large
enough then the expected error initially decreases as the number of faults in-
creases. We suspect this occurs because such large numbers of grids becomes a
sub-optimal use of resources and the solution error becomes dominated by terms
which are additive when the combination technique is applied. As more grids
fail there are less such terms in the resulting solution leading to smaller error.
Eventually with enough failures the error again increases as the dominating terms
become those which cancel and similar trends as above are observed from this
point. Determining the number of grids which is optimal in terms of error versus
time to solution is problem dependent but can be estimated by careful study of
error bounds based on error splittings.

In Figure 5.3 we demonstrate the parallel scalability and efficiency of our im-

plementation both with and without fault simulation for a reasonably high failure
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time vs. faults for 3D advection
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Figure 5.4: We compare the time taken to compute the solution to the 3D advection
problem using three different approaches to fault tolerance. The problem size is fized
at level 22 with truncation parameter 5. All computations used 8§ MPI processes with
8 OpenMP threads each. Component solutions are combined 4 times throughout the
computation and it is during the combination that we check for faults. For each method
the problem was run several times with many different MTBF per MPI process to study

the effect of the number of faults on the run time.

rate. The advection problem was solved using a n = 22, 7 = 5 truncated combi-
nation having 110 grids and a n = 22, 7 = 4 truncated combination having 230
grids. The component solutions were combined 4 times throughout each compu-
tation. The times reported here include the timing of the core of the code, that
is the repeated computation, combination and communication of the solution.
Start up and completion overheads including python imports, the dynamic load
balancing procedure and the error calculation are excluded. It is clear that the
implementation scales very well as far as the distribution of grids to nodes will
allow and that the presence of faults makes no discernible difference. In par-
ticular, it is apparent that adding fault resilience has had negligible impact on
the speedup of the application. Therefore, for an application that is otherwise
capable of scaling to an exascale system it is not anticipated that adding fault
resilience via this method would be a barrier to deployment on such a system.

In our test case, by further increasing the number of grids and computing each
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time vs. faults for 3D advection
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Figure 5.5: A zoom of the bottom left corner of Figure 5.4. It is clearer that the
FTCT approach takes slightly longer when no faults occur but with even just one fault

the runs times of FTCT are typically better.

grid across several nodes we expect the implementation to scale much further.
We note however, that increasing the number of grids does not necessarily lead
to improved error.

In Figure 5.4 we again compare the computation time required for our ap-
proach to reach a solution compared to the local and global checkpointing ap-
proach. As before, the checkpointing implementations to not require the compu-
tation of additional grids and are therefore slightly faster when no faults occur.
As the number of faults increases it can be observed that the computation time
for the local and global checkpointing methods begins to grow. A line of best
fit makes it clear that the time for recovery with global checkpointing increases
rapidly with the number of faults. Local checkpointing is a significant improve-
ment on this but still shows growth. On the other hand our approach is barely
affected by the number of faults and beats both the local and global checkpointing

approaches after only a few faults.
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5.3 Additional remarks and conclusions

In [67] it is discussed how a failed grid could be approximated with a sample
from a grid having similar resolution. Some investigation of this approach was
undertaken but it was observed that results were strongly affected by which so-
lution grid was chosen to be sampled from. Experiments also found that this
approach was not very robust, that is in some cases it provided acceptable results
whilst in others the results were poor. Attempts to improve the robustness of
this approach led to algorithms which typically gave the same results as the Gcp.

As such we felt it was unnecessary to expand upon this approach here.

Another observation to be made is that there are cases in which the Gcp
solution does not use all of the information from the successfully computed com-
ponent solutions. For example, this often occurs when one (or more) of the
finer of the component solutions (i.e. those on the top layer) which was suc-
cessfully computed cannot be incorporated into the combination because of the
failure of another component solution having smaller resolution. In such sit-
uations the unused component solution carries some information on the finest
hierarchical surplus which can still make a contribution to the combined solu-
tion. One can simply add this hierarchical information to the combined solution.
This is straightforward as the combined solution (via the GCP solution) would
initially carry no information for this particular hierarchical surplus and so it may

be added without affecting the rest of the combined solution.

In this thesis our fault model is largely based on hardware faults for which
a process stops working. Since starting this work it has become clear that a
large portion of the HPC community is interested in silent faults detection and
correction. We note that the FTCT algorithm could also be used to recover from
silent errors, that is where some of the data is changed without the application
knowing. Of course the real challenge here is in detecting which component
solutions have been affected by silent faults. It would be reasonable to expect
that by comparing the approximations on different component schemes one would
be able to filter out the erroneous component solution via a statistical analysis and
an appropriate voting mechanism. This will require an optimisation between the
number of false negatives (that is discarding component solutions which differ
slightly from the others but were not affected by an error) and false positives
(e.g. accepting component solutions with an error small enough not to be easily
detected). Investigation into silent error detection and correction is the subject

of ongoing research.
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The numerical results presented in this thesis have been restricted to the scalar
advection PDE. The main reason for this is that the exact solution is known and
we can therefore easily compute the error and assess whether the FTCT produces
results close to those obtained in the absence of faults. There has been some work
at applying the FTCT to more complex problems, for example gyrokinetic plasma
simulations [5, 72], and work in this direction will continue. Results thus far have
been promising and give a good indication that the algorithm should work well
for a large variety of problems.

Another important point to be made is that the comparisons we made to
checkpoint restart routines did not use the current state of the art checkpointing.
The reason for this is that checkpoint restart has developed rapidly in the last few
years. Compare for example the survey article [27] and the follow up article [28].
In the former it is pointed out there is a need to research fault tolerance because
existing checkpoint restart will be too costly. In the latter, an advancement of
checkpoint restart methods is acknowledged that may allow such methods to
be used after all. We simply did not have the resources to keep up with these
advances whilst also researching a novel alternative. Future work may involve
comparisons with state of the art checkpoint restart techniques with optimal
checkpointing intervals.

Our results were obtained by sampling a Weibull like distribution of time
between failures based on the study [116] and then simulating the effect of a
fault, that is the loss of data. There has been effort to implement the FTCT with
User Level Fault Mitigation (ULFM) by M. Ali such that it may one day used
and tested in the presence of real hardware failures as opposed to just simulated
failures.

In conclusion, we have developed a new approach to fault tolerant computation
via a careful study and generalisation of the sparse grid combination technique.
Additionally we have provided an extensive error analysis for this approach which
is applicable to finite difference solutions of the advection equation and could be
extended to a large class of hyperbolic partial differential equations. Numeri-
cal experiments based on approximate solutions to the advection equation show
that the new approach is significantly better than traditional checkpointing ap-
proaches in terms of overhead and produces results that are close to that obtained
in the absence of faults. Many of the results in this thesis could also be applied to
many other HPC problems in which the combination technique has been applied
successfully, for example uncertainty quantification, big data and inverse prob-

lems. There are several more ways in which this work may be extended going
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into the future. These include further error analysis for more general use cases of
the FTCT algorithm, additional numerical experiments on large scale and complex
problems that require significant computing resources, more detailed comparisons
with alternative approaches to fault tolerance, and extensions to different nested
function spaces (for example higher order sparse grid methods and nested fractal

function spaces generated by iterated function systems).
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