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Scaling of the current-current time correlation function of a suspension of hard
sphere-like particles: exposing when the motion of particles is Brownian.

W. van Megen,1 V. A. Martinez,1 and G. Bryant1
1Department of Applied Physics, Royal Melbourne Institute of Technology, Melbourne, VIC 3000, Australia

The current-current correlation function is determined from dynamic light scattering measure-
ments of a suspension of particles with hard sphere-like interactions. For suspensions in thermody-
namic equilibrium we find scaling of the space and time variables of the current-current correlation
function. This provides direct support for the notion that the motion of suspended particles can
be described in terms of uncorrelated Brownian encounters. However, in the metastable fluid, at
volume fractions above freezing, this scaling fails, suggesting structural impediments to momentum
diffusion—the means by which particles and the suspending liquid exchange thermal energy.

Suspensions of (nearly) identical spheres have turned
out to be valuable experimental model systems for ex-
ploring dynamical properties of condensed matter, par-
ticularly the dynamics of the first order, freezing-melting,
transition and the glass transition. The attraction for
the experimentalist lies in the sluggish motions of the
suspended particles, motions that are slow enough to be
tracked in real time. Theoretical analyses are almost in-
variably predicated on the Smoluchowski description, a
description in which the suspending fluid is treated as a
fluctuating hydrodynamic continuum and the typical de-
cay time of the correlation functions of particle velocities
is presumed to be much less than the typical decay time
of correlation functions of their positions [1,2]. In other
words, on time scales typical of observations by optical
microscopy or spectroscopy, particle movements are as-
sumed to be statistically independent of their momenta.
More generally, this assumption, invariably underpins
theoretical considerations of the dynamical properties of
soft matter and biological materials [3]. Nevertheless,
doubts have been raised about its validity for concen-
trated suspensions in particular since, as a consequence
of momentum conservation, memory of the particle’s ve-
locity decays algebraically rather than exponentially [4].
Moreover, no experiment to date appears to have con-
firmed directly this time scale separation or established
limits on its validity.

The dynamics of dense fluids or concentrated sus-
pensions are generally pictured in terms of the cage
effect—the transient localization of particles by their
neighbors. The increasing persistence of this localiza-
tion, consequent on increasing the density, is manifested
by stretching and, at very high density, the appearance
and lengthening of a plateau in the time auto-correlation
function of the particle number density (the intermediate
scattering function, or ISF) [5]. Another aspect of the dy-
namics, best exposed by the current-current correlation
function (defined below), is backflow; a particle current
in one direction must be compensated by a current in the
opposite direction, as dictated by conservation of number
density. However, this aspect of the cooperation among
particles in dense fluids has been rarely considered. Yet,

as we show below, this quantity exposes significant new
insights. In particular, we observe scaling of current-
current correlation function for suspensions of particles
with hard sphere-like interactions, which provides direct
support for the Smoluchowski description so long as the
suspension is in thermodynamic equilibrium. However,
deviations from this scaling, found for the metastable,
or “under-cooled”, suspension, are inconsistent with the
Smoluchowski description.

The colloidal particles used in these experiments con-
sist of cores of a copolymer of methylmethacrylate and
trifluoroethylacrylate [6]. To prevent coagulation the
particles are coated with a thin (≈10nm) layer of poly-
12-hydroxystearic acid. Their suspension in cis-decalin
reduces the samples’ turbidity sufficiently that multiple
scattering can be neglected irrespective of the particle
concentration. The particles’ average hydrodynamic ra-
dius and polydispersity, determined by a combination of
static and dynamic light scattering are R=185nm and
8%, respectively [7]. The lowest volume fraction, φ,
where separation of the colloidal crystal phase is ob-
served [8] is identified with the freezing point, φf=0.494,
known for the perfect system of hard spheres [9]. Between
φf and the melting volume fraction, φm=0.545, there is
a coexistence between crystalline and fluid phases [9].
Size polydispersity effectively delays nucleation of col-
loidal crystals sufficiently to allow the metastable state
to be studied [10]. A glass transition is found at φg≈0.57
[8,11]. Previous works give details of sample preparation
[6], equilibrium phase separation [12] and dynamic light
scattering (DLS) protocols [5]. For the results presented
here, experiments of 1000s duration were made on an
ALV 6010 Fast DLS spectrometer. To obtain statisti-
cally valid averages, 50 independent runs were made at
each scattering angle.

The basic dynamical property obtained by DLS is
the coherent intermediate scattering function (ISF), or
normalized auto-correlation function of the qth spatial
Fourier component, δρ(q,t) of the particle number den-
sity fluctuations [1],
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Here τ is the delay time, “*” denotes complex con-
jugation and the angular brackets denote the ensemble
average. The current-current correlation function [11],
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is obtained by numerically differentiating the ISF. In
the results below delay times are expressed in units of
the Brownian time, τB=R2/(6Do) (=0.13s), where Do is
the diffusion constant for freely diffusing particles, and
all lengths (including 1/q) are expressed in units of the
particle radius.

Where it can be discerned from experimental and nu-
merical noise, C(q,τ) is negative over the time window,
10-3<τ<104 approximately. Absolute values are shown
in Fig. 1 for several volume fractions, two below φf and
one above, and wavevevectors, 1.0≤q≤4.9, bracketing the
position, qm~3.5, of the main peak of the static structure
factor. The fact that, like the velocity auto-correlation
function [14], C(q,τ) is negative indicates that, in the
present time window, the particle currents are dominated
by conservation of particle number—transport of parti-
cles in one direction must be compensated by transport in
the opposite direction—rather than conservation of mo-
mentum which tends to maintain the direction of move-
ment.

In the hypothetical case of diffusive density fluc-
tuations, F (q, τ) = exp

[
−q2Dτ

]
. andC (q, τ) =

−q4D2exp
[
−q2Dτ

]
. Then the quantity C (q, τ) /

(
q2D

)2
would be an exponential function of q2Dτ independent of
q. A finite concentration of particles incurs not only ex-
cluded volume effects among them but also confines the
spatial distribution of hydrodynamic modes (ie, momen-
tum currents) in the suspending liquid. Assuming the hy-
drodynamic modes propagate instantaneously their spa-
tial distribution can be characterized by the short-time
diffusion coefficient [1],
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where τ` refers to the lower limit of the experimental
time window. In the present context one may consider
q4Ds2(q), shown in Fig. 2, as the contribution to the
amplitude of the current-current correlation function due
to those hydrodynamic modes in the suspending liquid

Figure 1: Fig. 1. (Color on-line) Double logarithm plots of
the absolute value of the current-current correlation function,
C(q,τ) versus delay time for volume fractions and wavevectors
indicated.

that propagate instantaneously. At all but the lowest
wavevectors this contribution decreases with increasing
φ.

Fig. 3 shows the current-current correlation func-
tion normalized by q4Ds2(q) and the delay time
scaled as q2Ds(q)τ=τ*. Representative data are shown
for two volume fractions below φf and one above.
For the two volume fractions below φf, the result,
C*(q,τ*)=C(q,q2Ds(q)τ)/q4Ds2(q), shows no systematic
variation with q. It can be described by a stretched
exponential function, C*(q,τ*)=-Aexp[-(τ*/τx)γ], of the
scaled delay time. The stretched exponential fits to the
data for the full range of volume fractions are shown in
Fig. 4, with the fit parameters shown in the inset. Ex-
perimental noise accords considerable latitude to the pa-
rameters, as indicated by the error bars on the stretching
index γ. Nonetheless, as φ increases from zero to 0.5,
one sees that γ decreases from approximately one and
A increases from zero ie, with increasing volume frac-
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Figure 2: Fig. 2. (Color on-line) q4Ds2(q) versus q for volume
fractions indicated. [Note again that q is scaled by the particle
radius.]

tion backflow becomes more retarded (γ decreases) and
stronger (A increases). In contrast the stretching index
of the VAF is independent of φ [12]. The concomitant
decrease in τx, we suggest, reflects the decrease in the
(average) size of the neighbor cages and the consequent
increase in the rate with which the directions of the par-
ticles’ motions within those cages change.

The scaling, or factorization of space and time vari-
ables, of C(q,τ), seen in Fig. 3, merely demonstrates
that excluded volume effects among the particles causes
localization of the particle current. Indeed, time correla-
tion of the current is synonymous with its localization in
space. The strength of such localization, or correlation,
expressed by the value of A (Fig. 4 (inset)), increases
with increasing volume fraction from zero, at φ=0, to
approximately 0.8 at φf.

These inferences rest on the accuracy of the approxi-
mation that regards the fastest number density fluctua-
tions, detected in these experiments, as diffusive. Deter-
mination of the relevant diffusion coefficient, Ds(q) [15],
by fitting an exponential function to the initial decay of
the ISF, does not in itself imply that those processes are
diffusive and that, therefore, all memory of the distur-
bances imparted to the particles by hydrodynamic modes
in the suspending liquid is lost. However, the observa-
tion that C*(q,τ*) is independent of q indicates that in
the present time window (τ> ) particle currents can be
considered from the perspective of instantaneously prop-
agating hydrodynamic modes alone. In other words the
scaling of C(q,τ) vindicates the assumption that under-
pins the Smoluchowski equation [1,2,4].

However appealing this result may be, it is necessarily
an approximation. This approximation is only valid in
that time window where, for sufficiently large and heavy
particles in a sufficiently viscous fluid, the constraints im-
posed by conservation of number density dominate those
imposed by conservation of momentum. Then, as is ev-

Figure 3: Fig. 3. (Color on-line) Double logarithm plots
of the current-current correlation function normalized by the
factor q4Ds2(q) (shown in Fig. 2) versus scaled delay time
q2Ds(q)τ, for volume fractions and wavevectors indicated.

idently the case in this study, the decay of time correla-
tions of the particle number density and their currents
to the experimental noise floor can be presumed to oc-
cur through un-correlated Brownian encounters. Con-
servation of momentum must prevail, however, for very
small and very large delay times. While the stretched
exponential, seen here for the current-current correlation
function and in Ref. 12 for the VAF, may well dominate
in the experimental time window ( <τ<τmax≈104), the
algebraic, τ-3/2 hydrodynamic “tail”, that manifests mo-
mentum conservation [14], must dominate for very small
( τ<< ) and very large (τ>>τmax) delay times.

For φ=0.54 (Fig. 3c) there are qualitative variations
with q—scaling is not possible. Similar behaviour is ob-
served for all volume fractions above φf. One sees for
q=3.5 (~qm), in particular, that the slope of C*(q,τ*) is
non-monotonic. To better expose the inflection that ap-
pears to have developed we show, in Fig. 5, the logarith-
mic derivative, , for several volume fractions. For φ<φf,
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Figure 4: Fig. 4. (Color on-line) Stretched exponential fits
to scaled current-current correlators verses scaled delay time
for volume fractions increasing from bottom to top. Inset
shows parameters verses volume fraction: A – Diamonds, left
axis; γ – triangles, left axis; log (τx) – circles, right axis. The
horizontal dashed-dot line is the value of the stretching index
of the VAF [12]. The other dashed lines are drawn to guide
the eye.

Figure 5: Fig. 5.(Color on-line) Logarithmic derivative, , of
the current-current correlation function versus logarithm of
delay time for volume fractions indicated. The lines are drawn
to guide the eye. The inset shows the difference between the
maximum and the minimum of S(q,τ) versus volume fraction
for wavevectors indicated.

S(q,τ) decays monotonically while for φ>φf it does not.
We quantify this non-monotonicity with the difference, ,
shown in the inset of Fig. 5. From this it appears that the
impediment to the decay of the current-current correla-
tion function signified by the non-monotonicity, whatever
its nature, first sets in at φf for wavevectors around qm.
For q6=qm it sets in at higher φ.

Previous works, on both Newtonian [15] and colloidal
[12] hard spheres, have exposed the emergence, at φf, of
negative algebraic decays in the velocity auto-correlation
function. This is a feature reminiscent of flow in chan-
nels [16] and porous media [17] where the fluid is pre-
sented with a structural impediment that must be ac-
commodated by the momentum currents. As a conse-
quence, overdamped compression waves are excited. In
view of these studies we propose that any impediment to
structural relaxation, such as that inferred here from the
current-current correlation function, for the metastable
suspension, and similarly inferred from analyses of num-
ber density fluctuations in terms of the mean-squared
displacements [20], will effect viscous coupling among the
particles. Of course such viscous coupling means that the
notion of a short-time diffusion coefficient loses meaning.

Conclusion; Factorization of space and time variables
of the current-current correlation function, observed for
a hard sphere suspension in thermodynamic equilibrium,
provides direct evidence to support the assumption of
statistical orthogonality of momentum and configuration
spaces, the assumption germane to theories of Brownian
motion. This support does not extend to the metastable
case, ie, for suspension volume fractions in excess of the
first order freezing transition. In this case there are struc-
tural impediments to the diffusive momentum currents
by which the particles dissipate their instantaneous ther-
mal energy.




