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Abstract—In this paper we derive closed-form expressions for
the single-user capacity of selection combining diversity (SCD)
system, taking into account the effect of imperfect channel
estimation at the receiver. The channel considered is a slowly
varying spatially independent flat Rayleigh fading channel. The
complex channel estimate and the actual channel are modelled
as jointly Gaussian random variables with a correlation that
depends on the estimation quality. Two adaptive transmission
schemes are analyzed: 1) optimal power and rate adaptation; and
2) constant power with optimal rate adaptation. Our numerical
results show the effect of Gaussian channel estimation error on
the achievable spectral efficiency.

I. INTRODUCTION

It’s well known that information bearing signals transmit-
ted over wireless channels experience multipath fading that
introduces both random phase shift and amplitude variation
[1], resulting in a serious degradation in communication and
increased bit error rate (BER). Diversity can help effectively in
recovering the signal by providing the receiver with multiple
faded replica of information bearing signal[1], [2], [3]. In par-
ticular, selection combining diversity (SCD) has been the most
commonly implemented scheme in wireless communication
systems owing to its simplicity.

Most system designs assume that perfect channel estimation
is available at the receiver. However, in practical systems,
the branch signal-to-noise ratio (SNR) estimates are usually
combined with noise which makes it difficult to estimate them
perfectly. In practice, a diversity branch SNR estimate can be
obtained either from a pilot signal or data signals (by applying
a clairvoyant estimator) [4]. For example, if a pilot signal is
inserted to estimate the channel, a Gaussian error may arise in
due the large frequency separation or time dispersion. Previous
work on the analysis of imperfect channel estimation with no
diversity can be found in [5] and [6]. In [7], a new closed-form
expression for the probability density function (PDF) of the
SCD combiner output with imperfect channel estimation was
derived, based on the derivation of [4]. The author focused on
deriving the average error probability, where it was shown that
the degradation due to imperfect channel estimation induces
error floors at relatively high SNR values.

Shannon’s benchmark paper [8] established the significance
of channel capacity as the maximum possible rate at which
information can be transmitted over a communication channel.
The Shannon capacity of fading channels under different
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assumptions about the knowledge of the channel information
at the transmitter and the receiver was presented in [9]
and [10], respectively. In [11], the capacity of a single-user
flat fading channels with perfect channel information at the
transmitter and the receiver was derived for various adaptation
policies; namely, 1) optimal rate and power adaptation (opra),
2) optimal rate adaptation and constant power (ora), and
3) channel inversion with fixed rate (cifr), which is beyond
the scope of our work. The first scheme requires channel
information at the transmitter and receiver, whereas the second
scheme is more practical since the transmission power remains
constant. The last scheme is a suboptimal transmission adap-
tation scheme, in which the channel side information is used
to maintain a constant received power by inverting the channel
fading [11]. In [12], the general theory developed in [11] was
applied to derive closed-form expressions for the capacity of
Rayleigh fading channels under different adaptive transmission
and diversity combining techniques. Recently, there has been
some work dealing with the channel capacity of different
fading channels employing different adaptive schemes such
as [13],[14], and the references therein. Up to the knowledge
of the authors, the capacity of SCD receivers with estimation
errors has not been derived.

In this paper, we extend the results in [12] to obtain closed-
form expressions for the single-user capacity of SCD system,
in the presence of Gaussian channel estimation errors. The
contributions of this paper are deriving closed-expressions for
two adaptive transmission schemes including their asymptotic
approximations and upper bounds and these schemes are:

(1) optimal simultaneous power and rate adaptation (opra).
(2) optimal rate adaptation with constant transmit power (ora).

The paper is organized as follows. In Section II, the system
model used in this paper is discussed. In Section III, we derive
closed-form expressions for the channel capacity under two
adaptation schemes; opra and ora including their asymptotic
approximations and upper bounds in sub-sections III-A and
in II-B, respectively. Results are presented and discussed in
Section IV. The main outcomes of the paper are summarized
in Section V.

II. SYSTEM MODEL

Consider an L-branch diversity receiver in slow fading
channels. Assuming perfect timing and no inter-symbol in-
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terference (ISI) , the received signal on the [th branch due to
the transmission of a symbol s can be expressed as

= qis + ng, l=1...L, (D

where g; is a zero-mean complex Gaussian distributed channel
gain, n; is the complex additive white Gaussian noise (AWGN)
sample with a variance of Ny/2, and s is the data symbol
taken from a normalized unit-energy signal set with an average
power P;. An SCD receiver tracks the amplitude of the
channel estimate g; from the L diversity branches, and selects
the branch yielding the largest fading amplitude. Thus, if the
SCD is employed with equal noise mean power at all branches,
the decision criteria reduces to

m = arg ma {|gil} @

where §,,, is the magnitude of the selected diversity branch
gain at the output of the combiner. The channel estimate g
and the channel gain g can by accurately approximated as
jointly complex Gaussian [4]. We further assume the actual
channel gains of the L diversity branches are i.i.d. as well as
the channel estimates. The actual channel gain g is related to
the channel estimate g [4] as follows

g1 = pg + 21, 3)

where p is a complex number representing the normalized
correlation between g and g and z; is a complex Gaussian
random variable independent of g with zero-mean and a
variance of 2. The PDF of the SCD receiver with imperfect
channel estimation is given by [7]

— L k+1
—y(k+1)
exXp (M), (4)

where v, = % is the average SNR per receive branch. In

the following, the PDF in (4) is used to derive the channel
capacity with SCD and channel estimation errors.
I1I. ADAPTIVE CAPACITY POLICIES
We recall the main results from [12] for channel capacities
for the following transmission policies.
A. Power and Rate Adaptation

Given an average transmit power constraint, the channel
capacity Cy,y, in (bits/seconds) of a fading channel [11], [12]

is given by
B [~ ~y
= — 1 —_
1112/ n (V())pw(v)d% (5)

Yo

Cvopra

where B (in hertz) is the channel bandwidth and v, is the
optimum cutoff SNR satisfying the following condition

* /1 1
/ (70 - ,y)pv(V)d’Y =1L (6)
Yo

To achieve the capacity in (5), the channel fading level must
be tracked at both transmitter and receiver. The transmitter
has to adapt its power and rate accordingly by allocating
high power levels and transmission rates for good channel
conditions (large y). Since the transmission is suspended when
v < 7, this policy suffers from outage, whose probability
P, is defined as the probability of no transmission and is
given by -
Pout =1- / py(’Y)d’Y (7)
Yo

However, C,r in (5) can be expressed in terms of the CDF
of v by applying integration by-parts resulting in

Co[’m 111(2) _ /OO lF d 8

— 5 3 (v)dy (8)
Substituting (4) in (6) yields the equality

L=l . L ’}/0(1 +I€)
,;)(_1>k(k : 1)(k +1) | exp <% o 1k )
[k +1—kp?|y _E (k+ 1)y
(L+ k)70 S\ e[k + 1 k]
=y [k +1—kp?]. ©)

The second term of (9) can be evaluated by making use of
Exponential integral function of first order [16] defined as

e e] efzrt
1 t

Upon substitution of (10) into (9), it is found that the optimal
cutoff SNR, <y has to satisfy the following equality
L—1

S0 (5 )t

k=0

| ox Yo(1 + k) [k+1—kp*[ )
P Ve [k 41— kp?] (1+E)v

(k+ 1)
B <% [k+1—kp?] )

To obtain the optimal cutoff SNR, ~ in (11), we follow the

(10)

=ywlk+1-kp?]. (D

following procedure. Let x = '4—0 and define the function
fse(zx) as
L—1
L —z(1+k)
sc = -1 k T 4 7 o]
ule) = ) (v31) p<%[k+1_kp2]>

[k +1— kp?| (k+ 1)z
( (1+k)z >_E1<%[k—|—1—k;p2]>]

- R (12)

Making change of variable where 1 = (k+1) /(¢ [k+1—kp?])
and applying the first order derivative to (12) with respect to
x, it yields

e
sel®) = = \k+1 P wrx? )’

13)
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Hence, f..(z) < 0,Y & > 0, meaning that f. (z) is a strictly
decreasing function of x. Also, observing that

1) 11151+ fse(w) = 0 (14)
. - Yt [ki + 1-— ]{Jpz]
2) mgng fsc('r) = _k—H’ (15)

Noting that, fs.(x) is a continuous function of x, which leads
to a unique positive 7, such that fs.(z) = 0. Therefore, it is
concluded that for each v, > 0 there is a unique vy satisfying
(12). Numerical results using MATLAB show that ~, € [0, 1]
as ~; increases, and vy, — 1 as vy — oo.

Now, substituting (4) into (5) yields the channel capacity
with the opra scheme as follows

Copra = k( L > k+1
=orra -1 — T (6
B 1;)( AV Ye[k+1— kp?] (10
< —y(k+1) )
In (L) exp(—""t" _d
/m) (70) e (%[kJrl—ka] )

I;

where the integral I; in the above expression can be computed
using the fact from [12], which states the following

1
/0 I exp(—pz) = Bx (1) /. (a7)

Inserting (17) into (16) implies that the capacity Cy, per unit
bandwidth (in bits/seconds/hertz) can be expressed as

- k(L (1+k)v
2V ) B k41— kp?
P + Ye[k +1— kp?]
< —v(k+1) )
exp| —/——m—
Ye[k + 1 — kp?]
1) Asymptotic Approximation: We can obtain asymptotic

approximation Cj,,, using the series representation of Expo-
nential integral of first order function [16] expressed as

Cop ra
B =

(18)

+oo

Ey(x) = —E—In(z) = )

=1

(=z)’

1.4

) 19)

where E = 0.5772156659 is the Euler-Mascheroni constant.

Then, the asymptotic approximation Cgy., per unit bandwidth

(in bits/seconds/hertz) can be shown to be

Cgm Zé(—l)’“ (ki1> <_E
() ()
X exp (M) (20)

2) Upper Bound: The capacity expression of C,,, can
be upper bounded by applying Jensen’s inequality to (5) as

follows
(E [v]) ,

where E[.] is the expectation operator. The expression in (24)
can be evaluated by averaging it over the PDF in (4) and
making help of [16] resulting in

UB
opra __ In

5 21

(oo}
/ e My = nlpT" L, (22)
0

for Re[pr] > 0. The resulting expression can be further
simplified to obtain the upper bound for C,,,, as follows

L—-1
_ (=D L
—In <k§_0 - <k N 1) ) (23)

3) Opra Upper Bound: We upper-bound the capacity C,pq
by applying Jensen’s inequality to (5) as follows:

— 1 (E(}).

We evaluate the expression in (24) by averaging y over (4)
with help of [16]:

UB
Copra

B

Ve [k‘ +1- k‘p2]
v(k+1)

UpperBound
O()pra

5 (24)

/ e Mdr = nlp" L (25)
0

for Re[u] > 0. We simplify the resulting expression to obtain
the upper bound as follows:

()

B. Constant Transmit Power

CUpperBound
opra

B

k=0

Vi [k +1- kpﬂ
v(k+1)
(26)

By adapting the transmission rate to the channel fading
condition with a constant power, the channel capacity C,,
[8], [9] is given by

B o0
Cora - E - /0 h’l (]- + 7)p7(7)d7 (27)
Substituting (4) into (27) results in
L—1
Cora v L kp? -1
Tora 1 1—
o= T ()i
*° —v(k+1)
In{1+ ) exp ( d+28)
/0 ( 7 vk +1—kp?] 4

1>

The integral Is can be computed conveniently by using the
change of variable z 1 + ~ and applying (17), resulting
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in a closed-form expression for the capacity C,, per unit
bandwidth (in bits/seconds/hertz) given by

L-1

B (i)

1) Asymptotic Approximation: Following the same proce-

dure in Section III-A, the asymptotic approximation Cjr, per

unit bandwidth (in bits/seconds/hertz) can be computed as

G-z (m) ()
(I4+k)v
(- en(oin
(k+n

2) Upper Bound: The capacity C,,, can be upper bounded
by applying Jensen’s inequality to (5) as follows

cs? = (1+8h]),

and the upper bound can be written as

ng Ye[k +1— kp?]
B (”;} ” <k+1) YkED )
(32)

(29)

(30)

3D

IV. NUMERICAL RESULTS

In this section we provide some numerical results that
illustrate the mathematical derivation of the channel capacity
per unit bandwidth as a function of average receiver SNR
(v) in dB for different adaptation policies with SCD over
slow Rayleigh fading with weight estimation errors. All curves
provided are obtained using the closed-form expressions, (18),
(20), (26), (29), (30), (32).

Figure 1 shows a comparison of the capacity per unit band-
width for optimal power and rate adaptation (opra) and optimal
rate adaptation and constant transmit power (ora). The results
show the capacity of opra outperforms the capacity of ora for
any average SNR (v;) per branch (dB). However, both opra
and ora achieve the same result if the power adaptation is not
considered at the transmitter for the opra policy. In addition,
The results showed that for the same bandwidth, the capacity
increases with the increase of the diversity order L and the
increase of the average ; per branch for both opra and ora.

Figure 2 compares opra for different values of correlation
between the channel and its estimate; namely, p = 0.3, p =
0.5, p = 0.7, p = 0.9 and p = 1. It can be noticed that the
highest opra that can be achieved when p = 1. Furthermore,
opra decreases when the value of p decreases where in this
case the weight error increases. It can be observed from Figure

—©— optimal rate L=3

| | —— fixed rate L=3

—A— optimal rate L=2
fixed rate L=2

Capacity per Unit Bandwidth [Bits/Sec/Hz]

0 5 10 15 20
Average 7y, per branch (dB)

Fig. 1. Capacity per unit bandwidth for a Rayleigh fading with SCD
diversity (L=3) for different adaptation schemes.

—<¢—p=0.3
8| —&— p=0.5
—*%— p=0.7
71| —8— p=0.9
—— p=1
++ Upper Bound p=1

Capacity per Unit Bandwidth [Bits/Sec/Hz]

0 5 1‘0 1‘5 20
Average Y, per branch (dB)

Fig. 2. Capacity per unit bandwidth for a Rayleigh fading with
SCD diversity (L=3) and various values of p under power and rate
adaptation.

2 that there is almost a 5 dB difference in opra between p = 1
and p =0.3.

The upper bound shows a tight approximation of the exact
average capacity. Figure. 3 shows the plot of ora as well as its
asymptotic approximation as a function of the average received
SNR ~; for L = 3. The same figure shows that the ora policy
is less sensitive to the estimation error than the opra.

V. CONCLUSION

The channel capacity for unit bandwidth for three different
adaptation policies including their approximations and upper
bounds over a slow Rayleigh fading channel for SCD with
estimation error is discussed. Closed-form expressions for two
adaptation policies are derived for L-selection combiner. Our
numerical results showed that for the same bandwidth, the
capacity increases with increase of the diversity order L and
increase of of the average 7, per branch. Also, simulation
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Fig. 3. Capacity per unit bandwidth for a Rayleigh fading with SCD
diversity (L=3) and various values of p under rate adaptation and
constant power.

showed that opra outperforms ora, however, ora is less sen-
sitive to the estimation error than opra.

REFERENCES

[1] J. G. Proakis, Digital Communications, 3rd ed., New York: McGraw-Hill,
1995.

[2] G. L. Stiiber, Principles of Mobile Communications, Kluwar: Norwell,
MA, 1996.

[3] W. C. Jakes, Microwave Mobile Communication, 2ed Piscataway, New
York: IEEE Press, 1994.

268

[4] M. J. Gans, “The effect of Gaussian error in maximal ratio cominaters,”
IEEE Trans. Commun. Technol., vol. COM-19, no.4, pp. 492-500, Aug.
1971.

[5] A. Aghamohammadi and H. Meyr, “On the error probablity of linearly
modulated singals on Rayleigh frequancy-flat fading channels,” IEEE
Trans. Commun., vol. 38, no. 11, pp. 1966-1970, Nov. 1990.

[6] X. Dong and N. C. Beaulieu, “ SER of two-dimensional signaling
in Rayleigh fading with channel estimation error,” Proc. Intl. Conf.
Commum. (ICC), Anchorage, AK, pp. 2763-2767, May 2003.

[7] Annamalali Jr., “The effect of Gaussian error in selection diveristy
combiners,” Wireless Commun. Mob. Comput., pp. 419-439, 2001.

[8] C. E. Shannon, “A mathematical theory of communcation,” Bell Syst.
Tech. J., vol. 27, pp. 397-423, Jul./Oct. 1948.

[9] G. Fochini, M. Gans, “On limits of wireless communications in a
fading environment when using multiple antennas,” Wireless personal
Communications, vol. 6-3, pp. 311-335, 1998.

[10] E. Telatar, “Capacity of multi-antenna Gaussian channels” European
Transactions on Telecommunication Related Technologies, vol. 10, pp.
585-595, 1999.

[11] A.J. Goldsmith and P. Varaiya, “Capacity of Rayleigh fading channel
with channel side information,” IEEE Trans. Inform. Theory, vol. 43, no.
6, Nov. 1997.

[12] M.-S. Alouini and A. J. Goldsmith, “Capacity of Rayleigh fading
Channel Under Different Adaptive Transmission and Diversity Combining
Techniques,” IEEE Trans. Vech. Techn., vol. 47, no. 4, pp. 488-492, Apr.
1999.

[13] V. Bhaskar, “Spectral Efficiency Evaluation for MRC diversity Schemes
over Generalized Rician Fading Channels,” International Journal of
Wireless Information Networks, vol. 14, no. 3, Sep. 2007.

[14] R. K. Mallik ez al, “Channel Capacity of Adaptive Transmission with
Maximal Ratio Combining in Correlated Rayeigh Fading,” IEEE Trans.
Wireless Commun., vol. 13, no. 4, Jul. 2004.

[15] M. Kang and M. S. Alouini, “Capacity of MIMO Rician channels,”
IEEE Trans. Wireless Commun., vol. 5, no. 1, pp. 112-122, Jan. 2006.

[16] I. S. Gradshteyn and I. M. Ryzhik, Tables of Intergrals, serious and
Products, Sixth Edition, San Diago: Acadamic Press, 2000.



