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Abstract

The Doppler Effect is the apparent shift in frequency of an electromagnetic signal that is
received by an observer moving relative to the source of the signal. The Doppler frequency
shift relates directly to the relative speed between the receiver and the transmitter, and has
thus been widely used in velocity determination. A GPS receiver-satellite pair is in the
Earth’s gravity field and GPS signals travel at the speed of light, hence both Einstein’s
special and general relativity theories apply.

This paper establishes the relationship between a Doppler shift and a user’s ground velocity
by taking both the special and general relativistic effects into consideration. A unified
Doppler shift model is developed, which accommodates both the classical Doppler Effect
and the relativistic Doppler Effect under special and general relativities. By identifying the
relativistic correction terms in the model, a highly accurate GPS Doppler shift observation
equation is presented. It is demonstrated that in the GPS “frequency” or “velocity” domain,
the relativistic effect from satellite motion changes the receiver-satellite line-of-sight
direction, and the measured Doppler shift has correction terms due to the relativistic effects
of the receiver potential difference from the geoid, the orbit eccentricity, and the rotation of
the Earth.

Key words

GPS velocity determination, Doppler shifts, Doppler Effects, relativistic Doppler
Effects, gravitational potential, satellite orbit.

1. Introduction

For high accuracy velocity determination, GPS satellites are taken as known space
moving signal sources from which a GPS receiver senses Doppler shifts due to the
relative motion between the observed satellites and the receiver. The velocity of the
GPS receiver can then be determined if Doppler shifts from more than four GPS
satellites have been measured. Without Selective Availability, +0.2m/sec per axis
(95%) accuracy is guaranteed by the GPS system for standalone GPS users (DoD
1996). Ground velocity accuracy of sub-centimetre per second level, however, is
now achievable in standalone mode (van Graas and Soloview 2003; Serrano et al.
2004).



It is well known that the GPS observables have errors and biases that are
characterised as having correlations spatially and temporally. Differential GPS
techniques provide an efficient solution to account for the correlated errors and
biases, since many un-modelled errors may be cancelled out by the differential
process. In order to achieve high accuracy in a standalone mode, all errors
associated with the observations are required to be well modelled and properly
corrected for. To pursue velocity accuracy in millimetres per second level, it is
required to carefully take account for error sources at 0.lmm/s level in range rate
measurements.

This paper highlights issues on the precise velocity determination using GPS in a
standalone mode, focusing on the inherent relativistic effects on GPS Doppler
observations. It begins with an introduction of the classical Doppler Effect and
velocity determination, and then extends the classical Doppler Effect to the
relativistic Doppler Effect which considers the special relativity induced by the high
speed of satellites in orbit. Due to the Earth’s gravity field, Einstein’s general
relativity theory needs to be considered in GPS applications. In order to take both
special and general relativity into account, the generic equation given by Ashby
(2003, p.27) 1s modified to a practical form, from which a highly accurate
theoretical GPS Doppler shift model is developed. A rigorous proof is also provided
to the above-modified equation in the Appendix. By considering all major error
sources in GPS measurements, a precise Doppler shift observation equation is
presented. It is demonstrated in the derivation that the direction of the range rate
vector is changed due to the relativistic effect from satellite motion, and the
measured Doppler shift has correction terms due to the relativistic effects of the
receiver potential difference from the geoid, the orbit eccentricity, and the Earth’s
rotation.

A comprehensive relativistic error analysis is performed with identification and
verification. With the proposed Doppler shift measurement model, it is expected
that a receiver’s velocity can be accurately determined in either static or highly
dynamic applications.

2. Doppler Effect and Relative Velocity
2.1. Classical Doppler Effect

A Doppler effect is experienced whenever there is relative motion between source
and observer of wave signals. It is a phenomenon common to all harmonic waves
(Serway 1996). In the context of GPS, the classic Doppler Effect is expressed as
(Misra and Enge 2001, p.16)

f.=1 '(l—is) (1
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where superscript s denotes the transmitter on a satellite; subscript r represents a
receiver; f,1s the received frequency from the receiver; f; is the original frequency of

2



the transmitter; ¢ represents the speed of light in vacuum; 7' is the receiver-satellite

line-of-sight (LOS) vector; and 7' is the relative velocity between the signal
transmitter on the satellite and the receiver in the LOS direction.

The change of the frequency is termed as the Doppler shift D , which can be related
to the relative velocity by rewriting (1) into the following form

s
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where, A, :C7°is the signal wavelength. Note that the Doppler shift D has a positive

sign when the receiver and the transmitter approach each other and has a negative
sign when they depart from each other under this definition. It is this form that has
been widely used in GPS velocity determination (Misra and Enge 2001; Hofmann-
Wellenhof et al. 2001).

2.2. Relativistic Doppler Effect (Special Relativity Only)

As a GPS satellite orbits the Earth at a high speed (approximately 3.8 km/s),
transmitting electromagnetic wave signals that travel at the speed of light, Einstein’s
special relativity theory applies. The relativistic Doppler effect is well known to the
GPS literature (Wells et al. 1987; Seeber 1993; Seeber 2003), wherein the ratio of
received and transmitted frequencies of GPS signals is given as (cf. Seeber 1993,
p-280)
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where v is the tangential velocity of a GPS satellite; f is the angle between the
satellite tangential velocity vector and the vector in the direction to the GPS
receiver.

3

Equation (3) can be expanded using binomial series

F vy
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when the higher order terms (v/c terms equal to or greater than second order) in (4)
are neglected, the Doppler shift becomes

r 1 -
DEfr_fszgfs:z.r (5)

where once again we designate D as positive when a satellite is approaching and
negative when the satellite is departing.

Equation (3) is the relativistic Doppler Effect equation under the special relativity
theory. When the satellite velocity v<<c, the denominator in (3) is approximately
3



unity and gives the classical Doppler Effect in the form of (1). Hence the relativistic
Doppler Effect is in a more generic form.

Among the neglected terms, only the second order term may have some numerical
effect on the frequency reception. Seeber (2003) termed it as the “transversal”
Doppler effect, whereas Ashby and Spilker (1996) named it as the “second-order
Doppler effect”. The magnitude of this effect may be evaluated as follows

P2 f v? f v’ fov?
Af =f -1-2). —Js7 _Js ~Js L
fo =1 c) 2¢ 2¢7 200 2 ¢?

(6)

Since GPS signals have very high frequencies (L1= 157542 MHz,
L2=1227.60MHz) and Af, > 0.1Hz which is equivalent to more than 2cm/s error

in the range rate, the second-order Doppler Effect should be taken into
consideration for precise applications.

2.3. GPS Relativistic Doppler Effect

The GPS signal, however, propagates in the Earth’s gravity field, thus both the
special and general relativities apply for the Doppler Effects. Ashby (2003, p.27)
gives the received GPS signal frequency in the form of

S
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where @ is the gravity potential on the geoid, including the centrifugal potential
from the Earth’s rotation; the geoidal potential @, is a theoretical constant and it has
been proposed to define a unique World Height System (Kouba 2002; Kouba 2004);
Dy/c?=6.969290134x10"" was defined as the terrestrial time scale in the IAU
resolutions adopted at the 24™ General Assembly (IAU Res 2000); f; is the GPS
nominal frequency; GM is the product of the Universal constant of Gravitation G
and the earth’s mass M. GM = (3986004.418+0.008) x10%(m’/s%) is adopted for the
World Geodetic System 1984 (WGS84) (NIMA 2000, p.3-3); a,m 1s the semi-major
axis of the satellite elliptical orbit; 7’ is the receiver to satellite LOS unit vector; V
is the Newtonian gravitational potential (mass attraction only) at a given position,
the subscript r and superscript s are assigned to represent the potentials of receiver
and satellite respectively; the GPS satellite’s gravitational potential can be simply
approximated by taking the Earth as a point mass, while the receiver gravitational
potential can be approximated by taking into account the Earth equatorial
oblateness as follows

V=- 1J(
||||{

where J2:1.08262998905H10'3 is the Earth’s second zonal harmonic coefficient,
also known as the dynamical form factor; B is the latitude of receiver; P; is the
Legendre polynomial of degree two, P»(x)=0.5(3x>-1); and «, is the semi-major axis
of WGS84 ellipsoid; ||F|| is the distance from the point of interest to the Earth’s

centre.
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It should be noted that in a rotating Earth-Centred-Earth-Fixed (ECEF) coordinate
system, to apply (7) requires the centrifugal potential of the receiver be introduced
(Audoin and Guinot 2001). In the ECEF system, the velocity of a receiver in ground
applications are relatively small when comparing with the speed of light, thus the
kinematic energy term of the receiver can be safely neglected. As such, we have a
modified form as
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where w is the angular velocity of the Earth’s rotation, and the satellite gravitational
potential is approximated by the point mass attraction.

In (9), the last term is due to special relativity, and the terms in the square brackets
are the contributions to the Doppler frequency shift from general relativity. Inside
the square brackets, the second term is the correction of the receiver potential
difference from the geoid, and the third, i.e. GM term is the effect from the orbit
eccentricity, which will be elaborated later. Hence in a GPS observation system,
extra frequency shifts are introduced due to the presence of the Earth’s gravity field,
the satellite orbital eccentricity and the receiver potential difference.

The special relativity term can be expanded into the following form
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where r;f =7 - ?, Neglecting the last term in the right hand side of (10) and the

terms in the brackets of (9), (9) agrees with the Doppler frequency shift under
special relativity only.

Substituting (10) into (9), we have
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Rearranging (11) leads to
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Scaling the frequency shift into the velocity domain by multiplying the speed of
light ¢, we have
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where

acts as a LOS direction correction applied to the range rate due to the
c

satellite velocity. Equation (13) shows that the Doppler shift relates to a “direction
changed” receiver to satellite range rate with relativistic biases of the receiver
potential difference, and the satellite orbital eccentricity.

3. Doppler Shift Observation Equation

Thus far, we have established the inter-relationship of the theoretical Doppler shift
and the relative motion between a satellite and a receiver, with the Earth gravity
field considered. Because of the imperfection of the satellite clock and receiver
clock, the presence of the non-vacuum media such as the ionosphere and
troposphere, and other inherent errors in a GPS observation, there are other biases
in the measured GPS Doppler shift. Taking account for all the effects mentioned
above, the proposed Doppler shift observation equation is as follows
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where subscript is used to designate frequency bands, “/” for L; and “2” for L,
respectively; ¢ is the measurement epoch, and z’ is the signal propagation time

e _ €e_.2,

from satellite “s” to receiver “r”; dI, dT are the range delays in the ionosphere and
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troposphere; and dr,, dt’ are the receiver clock and satellite clock errors respectively;
a dot over them is the corresponding change rate with respective to time, which is
the error affects the Doppler shift measurement; dRg,,,,. 1s the Sagnac correction

for range measurement, and dRg,,, is the corresponding correction for the

Doppler shift observable.

4. Relativistic Corrections

Note that an extra relativistic correction, i.e. the Sagnac Effect correction, is
introduced in the above Doppler observation equation. The Sagnac Effect arises
from the fact that a received signal has an extra signal passage during the signal
propagation time due to the Earth rotation. There are other secondary relativistic
effects in the GPS system that generate fractional frequency shifts, for example,
tidal potentials from the sun and the moon, antenna phase wind-up, etc. Their
effects on the instantaneous Doppler shift measurement are far less than +0.1mm/s
and therefore can be considered neglected.

Thus we have three relativistic terms as biases in the observation model, and one
relativistic term to change the direction of the line-of-sight unit vector.

4.1. Receiver Potential Difference

q)o - o(r r)

c
to the receiver gravity potential. It becomes zero when a receiver is located rest on
the geoid. Note that it is a common term in each Doppler shift measurement at a
specific epoch and thus contributes to the user velocity in the same way as the
receiver clock rate. Neglecting the receiver potential difference will cause a biased
receiver clock rate estimate, but do little harm to the user velocity estimation. This
may provide the reason that this term has been historically neglected for velocity
determination using GPS.

The term, is a site-dependent general relativistic correction term due

The potential difference can be simply estimated by the approximation of
o, -P(r,)=gH, where g is the gravity acceleration and H, is the height of a
receiver. The maximum effect of this term on the earth surface is at the peak of Mt.

Everest, which is less than 0.3mm/s. The magnitude of this term varies with
receiver heights; it increases when in aviation and space applications.

4.2. Orbital Eccentricity

This relativistic effect correction for the range of receiver r and satellite s depends
on the satellite orbit. It can be expressed in terms of the satellite position and
velocity as (ARINC 2000, p.89)
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This correction is not sensitive to whether the vectors of position and velocity are
expressed in earth-fixed rotating coordinate system or in earth-centred inertial
coordinate system (ibid). The eccentricity correction for range measurement is a
periodic function and is the biggest correction in GPS relativity. Simply
differentiating the above equation with respect to time gives
e 2 ZsN2 —5 g

AR cconiciy Z—:[(F ) 7] (16)
where 7°is the satellite acceleration. Since a satellite conserves energy while in
orbit, according to Vis-Viva equation (Montenbruck and Gill 2000, p.20), we have

2 1

MG
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and the satellite acceleration is, for example (Misra and Enge 2001, p.99)
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Substituting (17) and (18) into the brackets of (16) leads to
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orbit eccentricity. The eccentricity correction is more intuitive in the frequency
(velocity) domain than in the range or time domain (see Eq.(15)), since this term
vanishes in a circular orbit.

4.3. Earth Rotation Correction (Sagnac Effect)

As mentioned previously, the rotation of the Earth during the GPS signal
propagation period causes a relativistic error that is known as the Sagnac effect
(Ashby and Spilker 1996; Leva et al. 1996). The incoming signal has an extra signal
passage.

The Sagnac Effect correction given by Ashby and Spilker (1996) is in the form of
20, A

Sagnac

dR (20)

c
where fle =(0,0, ®)" is the vector of the angular rate of the Earth rotation and A

is the shaded area of the triangles swept out by an arrow with its tail at the Earth
centre and its head following the electromagnetic signals. The Sagnac correction for
range measurement can be calculated using



20, FxF
Sagnac c ’ 2
which is identical to the aberration correction formula given by Seeber (2003,
p-198). The Sagnac correction for Doppler may then be obtained by differentiating

the above equation with respect to time.
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4.4. Line-of-Sight Correction

This is the correction applied to a receiver-satellite line-of-sight unit vector to
account for the relativistic effect introduced by the high speed of the satellite in
orbit (special relativity). As can be seen from (14), the “received” receiver-satellite

=

range rate differs from the line-of-sight direction by " This correction changes
c

with the satellite velocity over time. Since it changes the line-of-sight direction, we
name it as the line-of-sight correction. The contributions of the line-of-sight
correction to the user velocity estimation are mainly in the vertical direction,
because under good satellite geometry the horizontal errors will be almost averaged
out. However, bias of velocity estimation in horizontal directions may be introduced
when the satellite geometry is poor.

5. Concluding Remarks

The proposed model highlights two relativistic terms for precise velocity
determinations using GPS. The relativistic Doppler error due to the receiver
potential difference applies to all the Doppler shifts measured at the same epoch,
thus resulting in a biased receiver clock rate estimate. The high-speed motion of a
satellite affects the LOS unit vector thus changing the direction of the range rate. As
a result, a user velocity will be biased, mainly in the zenith direction.

This paper also presents a highly accurate function model to relate a GPS Doppler
frequency shift measurement to a receiver-to-satellite relative velocity. The new
Doppler shift observation equation allows a user velocity to be accurately
determined anywhere on or above the Earth, in either static or high dynamic
applications.

Theoretically the relativistic terms in Doppler observation should go into the carrier
phase measurements in some form since the carrier phase is the integrated Doppler
over time. This suggests that there might be corresponding terms in the one-way
carrier phase measurement as well. The authors believe that this would be a topic
worthy of further investigation. Of particular interests are the effects from the line-
of-sight corrections, i.e. does the LOS direction change in the range observation?



Such investigations may be of benefit to the accuracy improvement of precise point
positioning.

Appendix

Since all the contributions of this paper are based on (9), a variation form of (7)
given by Ashby (2003), for completeness, a proof is provided as follows to justify
the derived formulae and the conclusions thereafter.

The range from satellite s to receiver r is

p=F —F (AD)

From (A1), we have the difference between the coordinate time of reception and the
coordinate time of transmission as

t —t'=>= (A2)

Differentiating (A2) with respect to time, we have

j_d _19p, opdr dr
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This can be formulated as
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C

The ratio of the received frequency f and the transmitted frequency f can be
expressed

dt

f, _dt’ _dr, dt’

75 - drt, - ?d_t,
dt’

At every space-time point in weak field, the proper time 7 relates to the coordinate

time ¢ by, see (Ashby and Spilker 1996, p.655)

dT == 8o (F) - dt (A6)

where ggp is the classical approximation of the zero-zero component of the metric

(A5)

tensor. In a rotating frame such as the ECEF system (Ashby, 2003, p.12)

— 21|=(|2
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2 2
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where @ is the classical effective Newtonian gravitational potential including the

centrifugal potential, Note that the kinetic energy term is neglected. Substituting ggo
into (A6) and expanding it with binomials lead to
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For satellite s, we keep the ratio in the following form
NN NTER
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With equations (A8), (A9), and (A4), the relationship of the received frequency f,
and the transmitted frequency f; can then be written as
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The above equation can be simplified as
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Since the sum of the potential energy and the kinetic energy for a satellite is
constant during motion in it orbit (Montenbruck and Gill 2000, p.20), this gives

GM

(A11)

M
A (A12)

Substituting (A12) into (A11), we have

s+ GM 7
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The GPS system has already adopted a frequency adjustment (Ashby and Spilker
1996, p.679) by

fszf{H 3GM +c1>_2}

2a,,c> ¢
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where f, is the nominal GPS frequency. After incorporating this frequency
adjustment, equation (A13) changes to
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which is exactly the form of (9).
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