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Nonlinear elasticity of stiff biopolymers connected by flexible linkers
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Networks of the biopolymer actin, cross-linked by the compliant protein filamin, form soft gels. They can,
however, withstand large shear stresses due to their pronounced nonlinear elastic behavior. The nonlinear
elasticity can be controlled by varying the number of cross-links per actin filament. We propose and test a
model of rigid filaments decorated by multiple flexible linkers that is in quantitative agreement with experi-
ment. This allows us to estimate loads on individual cross-links, which we find to be less than 10 pN.
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Cells interact mechanically with their environment largely
through their cyfoskeleton, a mechanical framework consist-
ing of filamentous protein polymers and associated proteins
that regulate cytoskeletal microstructure and connectivity
[1,2]. The in vivo cytoskeleton is remarkably complex, mak-
ing in vitro studies of purified cytoskeletal networks useful
for elucidating basic physical principles governing cytoskel-
etal mechanics [3,4] and mechanosensing [5]. Networks of
filamentous actin (F-actin), a major component of the cy-
toskeleton, exhibit unusual material properties [6-14].
Among the most striking properties is a strongly nonlinear
response to shear [6-10]; this depends sensitively on the
cross-linking protein. For noncompliant cross-links, the net-
work response arises from the compliance of the actin fila-
ments themselves [7-10,15]. By contrast, for compliant
cross-links, such as those commonly found in cells, actin
networks exhibit dramatically different elasticity [16-19].
One such cross-link is human filamin, a large protein with a
contour length of 150 nm [20,21], [Fig. 1(b)]. For small
forces, filamin behaves like a flexible wormlike chain;
whereas for forces larger than 50-100 pN, unfolding of in-
dividual Ig-like domains occurs [22]. Human filamin forms a
weak gel with F-actin, with linear shear moduli of ~1 Pa.
However, these gels exhibit a large mechanical stiffening
under strain [16,17], and can withstand very large stresses, as
high as 100 Pa, at shear strains of order of one. A theoretical
understanding of the molecular origins of this unusual be-
havior will help elucidate the basic design principles of cy-
toskeletal mechanics.

Here, we show that the nonlinear elastic behavior of
filamin-F-actin gels is controlled by the number of cross-
links per actin filament, and we account for this unusual
behavior by modeling the networks as rigid rods connected
with multiple flexible linkers [23]. The model quantitatively
explains the dramatic nonlinear stiffening of filamin-F-actin
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networks, providing fundamental insight into its origins. It
also provides an estimate of the maximum load experienced
by individual cross-links, which is less than 10 pN, too small
to result in significant unfolding of filamin Ig-like domains.

We reconstitute networks of F-actin cross-linked with fil-
amin A using purified monomeric actin, filamin A [24], and
gelsolin [25]. We control network microstructure by varying
the actin concentration, c,, and the molar ratio of filamin
dimers to actin monomers, Ry,,. In addition, we regulate the
actin filament length distribution by adding the capping pro-
tein gelsolin. The molar ratio of gelsolin to actin monomers,
R4, sets the mean actin filament length, which is approxi-

[ - /

Jo [/ 7

& <
- J

FIG. 1. (a) Electron micrograph of a fixed and rotary-shadowed
filamin-F-actin network at c,=1 mg/ml, L=15 um, and Rpj,
=0.005. Scale bar=100 nm. (b) Electron micrograph of rotary-
shadowed filamin molecules. Scale bar=50 nm. [(c)—(e)] Confocal
images of various networks. Scale bar=5 um. c4=0.5 mg/ml with
L=15 pm and (¢) Rp4=0.002 or (d) Rp4=0.01, or (¢) L=1 um
and R, =0.04. (f) Schematic of proposed actin-filamin elastic ele-
ment with n=20, embedded in an unsheared (left) and sheared
(right) network.
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FIG. 2. Parameter space of network microstructure for an actin
concentration of 0.5 mg/ml with molar ratios, Ry, and mean actin
filament lengths, L. Nonbundled (closed circles) and bundled (open
squares) networks, as determined by confocal microscopy. Dotted
line denotes transition in network microstructure from nonbundled
to bundled F-actin. Dashed lines represent constant number of fil-
amins per actin filament, n.

mately L=(370 R;,)~' wm [26,27]. Samples are prepared
by mixing solutions of 10x polymerization buffer (20 mM
Tris-HCl, 20 mM MgCl,, 1 M KCl, 2 mM DTT, 2 mM
CaCl,, 5 mM ATP, pH 7.5), gelsolin, filamin, and monomeric
actin. After mixing, the sample is loaded into a microscope
chamber, consisting of two cover slips with a 1 mm spacer,
or between the plates of a rheometer. It is allowed to poly-
merize for 1 h at 25 °C. Fluorescently labeled networks for
imaging are polymerized in the presence of 0.6 uM Alexa-
488 phalloidin.

We use a confocal microscope to image microstructure. At
c,=0.5 mg/ml and low cross-link density, the network is a
fine homogeneous mesh of F-actin and nearly indistinguish-
able in appearance from entangled F-actin, as shown in Fig.
1(c). Electron micrographs confirm the networks are an iso-
tropic homogeneous mesh that mimics the actin cortex of
cells [Fig. 1(a)]. Above a threshold value of R, =0.01, for
c4=0.5 mg/ml, large actin bundles appear [Fig. 1(d)]; with
increasing Ry, more actin partitions into the bundles [Figs.
1(c)-1(e)]. The bundling transition depends on ¢, but only
weakly on L (Fig. 2).

To investigate the elastic response of the filamin-F-actin
networks, we use a stress-controlled rheometer with 40 mm
parallel plates and an 80 um gap. We confirm that the re-
sults are independent of gap and use a solvent trap to mini-
mize evaporation. To precisely measure the nonlinear elas-
ticity, we use a differential measurement [7,16]: we
superpose a small oscillatory stress, So(w), on a static “pre-
stress,” o,, and measure the resulting oscillatory strain,
0y(w) (inset of Fig. 3) We determine the differential modu-
lus, K*(o-o,w)=[5(r(w)/5y(a))]|%, at 0.6 rad/s and ensure
linear response by maintaining 5y<2%. We confirm that, at
each level of prestress, K* shows no time dependence and
that there is minimal hysteresis in K*(o,) as shown in Fig. 3

For a network with short F-actin filaments, having cy
=0.5 mg/ml, L=1 um, and Rp;,=0.003, the differential
elastic modulus, K', is 0.3 Pa and is nearly independent of
prestress before network breakage at a maximum stress, o,
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FIG. 3. (Color online) To measure the nonlinear differential
elastic response at a particular prestress, o,, a small, oscillatory
stress is superposed on a static stress o, and the resulting oscillatory
strain is measured (inset). For a typical actin-filamin network with
c,=0.5 mg/ml, Rr,=0.005, and L=15 um, o, can be increased
to just below the maximum stress supported by the network and
decreased again with minimal hysteresis in the differential elastic
modulus, K'(o,).

of 0.4 Pa [black squares, inset of Fig. 4(a)]. Increasing L
fivefold yields a network with nearly identical linear modu-
lus; however, it stiffens for prestresses above a critical pre-
stress, 0,=0.2 Pa [black triangles, inset of Fig. 4(a)]. While
o,< 0, the response is linear and K’ is identical to the linear
elastic modulus, G,. The network eventually breaks at o,
=0.6 Pa, having reached a maximum differential modulus,
K, of 1.6 Pa. As we increase L further, o,, and K, continue
to increase [black circles, inset of Fig. 4(a)]. This
L-dependent stiffening provides an alternate control param-
eter for tuning nonlinear elasticity in filamin-F-actin net-
works, in addition to Ry, [16].

The nonbundled filamin-F-actin networks can stiffen to
K’'=100 Pa and support stresses up to nearly 10 Pa before
breaking [inset of Fig. 4(a)]. Networks with bundles show
qualitatively similar nonlinear behavior but can stiffen to
K’ >2000 Pa and support stresses of more than 80 Pa [inset
of Fig. 4(b)]. In contrast to other bundled actin networks
[28], the bundled filamin-F-actin gels are soft with G,
<10 Pa regardless of ¢, or Ry, while the amount of stiff-
ening increases with Ry, (Figs. 4 and 5).

To quantify the variations in the nonlinear elastic re-
sponse, we investigate the dependence on the control param-
eters Rp4, Rgu, and c¢,. For ¢4=0.5 mg/ml (black) and L
=15 wm (circles) with sparse cross-linking (R,4=0.0003),
o, is threefold larger than for purely entangled actin [Fig.
5(a)]. The maximum stress is independent of Rgy, up to
0.001, as shown by the Ry, dependence in Fig. 5(a). Upon
increasing Rp,, further, o, increases nearly linearly with
Rp4, up to a maximum of 5 Pa before the networks become
bundled. Once bundles appear, o,, continues to increase with
R4 [open symbols, Fig. 5(a)]. For L=7 um (inverted tri-
angles), o, for all Ry, is smaller than for the longer fila-
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FIG. 4. (Color online) [(a) and (b)] Nonlinear elastic response of
filamin-F-actin networks. ¢4=0.5 (black), 1.0 (dark gray, purple
online), and 1.5 mg/ml (light gray, green online). L=1 um
(squares), L=5 um (triangles), and L=15 um (circles). (a) Res-
caled K'/Gy(o,/o,) for nonbundled networks. Prediction by self-
consistent effective-medium model of stiff filaments connected by
multiple flexible linkers (solid line). Prediction for a network of
semiflexible filaments connected by rigid pointlike linkers, K’
~ o*z/ 2 (dashed line) [7]. Inset: representative K'(o,) for non-
bundled networks. Ry,4,=0.003 for all except the light gray (green
online) circles having Rp4=0.002. Line indicates linear scaling. (b)
Comparison of rescaled nonlinear elastic response of nonbundled
(closed symbols) and bundled (open symbols) networks. Predictions
of the model in Ref. [23] for three different values of network
connectivity (solid lines, with increasing K’ for higher connectiv-
ity). Inset: K'(o,) for bundled networks with Rp;4,=0.01. Line in-
dicates linear scaling.

ments. For L=1 wum (squares), o,, is 0.3 Pa and independent
of Rpy up to 0.01 before the network becomes bundled.
Increasing ¢4 to 1.0 mg/ml (dark gray, purple online) and
further to 1.5 mg/ml (light gray, green online) at fixed Rp 4
and L increases a,,,.

In all cases, increasing L shifts the o, curve so that the
strong dependence on cross-linking begins at smaller Rp,.
Similar behavior is observed for K], [Fig. 5(b)]. Taken to-
gether, these data suggest that the structural parameter con-
trolling the nonlinear elastic response is proportional to both
Rpy4 and L. This is in contrast to predictions for semiflexible
filaments connected by rigid cross-links, where the nonlinear
elastic behavior is independent of L [7,15]. To account for
this behavior, we hypothesize that the key control parameter
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FIG. 5. (Color online) (a) Maximum stress, o,,, and (b) maxi-

mum differential modulus, K, vs Ry . (¢) Scaled maximum stress,

Fp=0,,/c3?, and (d) maximum differential modulus, K/, =K/ /32,

vs n. ¢4=0.5 mg/ml (black), c,=1.0 mg/ml (dark gray, purple
online), and ¢4=1.5 mg/ml (light gray, green online). L=1 um
(squares), L=2 um (pentagons), L=5 um (triangles), L=7 um
(inverted triangles), L=10 wm (diamonds), and L=15 um
(circles). Lines denote linear scaling with n.

is the number of filamin dimers per actin filament, n=Rp,
Ry, =370RpL; this has the correct scaling and is a measure
of network connectivity and hence elasticity.

To test this hypothesis, we propose a model that directly
incorporates the flexible nature of the filamin molecule, and
allows the cross-link compliance to dominate the network
compliance [23]. We first focus on low cross-linking densi-
ties in the absence of bundles. The basic elastic element is a
rigid actin filament of length L decorated with n flexible
linkers, as depicted in Fig. 1(f). Each linker is a soft linear
spring that becomes rigid upon being stretched to a maxi-
mum extension, /,, and detaches from the rigid rod at a maxi-
mum force, f,,. A network of these elastic elements that de-
forms affinely under shear will have a linear response only so
long as every linker has extension less than /,. The stress is
then a sum of forces on the individual filaments per unit area
in the network: o= (7)/&, where (7) is the average tension
along the actin filament and &~ c¢;"? is the mesh size. A
naive estimate of the maximum tension at network failure
would be {7) =nf,,, which results in o,,~ nc,. However, this
does not account for the three-body nature of filamin-F-actin
cross-linking: the probability to form an effective cross-link
requires binding to two actin filaments. This adds a factor of
&l ~c/14/ %, which measures the linear density of neighboring
actin filaments along a particular filament. The scaling pre-
diction then becomes a'm~nci/ 2,

To test this prediction, we scale o, from Fig. 5(a) by ¢,
Tpy=0,,/ ci’ 2. When plotted as a function of n, the data for the
nonbundled networks do indeed collapse onto a single curve,
as shown by the closed symbols in Fig. 5(c). For n=3, &,
has a nearly linear dependence on n, in agreement with the
prediction of the model. The somewhat stronger than linear
scaling with n may indicate additional cooperativity beyond
our simple model. For n=<3, the networks are weakly con-
nected and support only very small shear stresses, nearly
independent of n. The scaled data for the bundled networks
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also collapse but onto a separate curve, which has a larger
magnitude and somewhat weaker n dependence than the
nonbundled networks [open symbols, Fig. 5(c)]. A similar

collapse is observed for K/ =K' /c3?, when it is plotted as a
function of n, as shown in Fig. 5(d). These results confirm
our hypothesis that n is a key control parameter for the net-
work mechanics.

The approximately linear dependence of o, on n in Fig. 5
suggests that network failure corresponds to a particular
force per filamin cross-link. This failure is likely due to fil-
amin unbinding from actin. From the schematic in Fig. 1(f),
the maximum tension in a typical actin filament occurs at its
midpoint, and is given by the sum of forces applied by the
filamins bound on each side of the midpoint. For large n,
these forces should increase linearly away from this mid-
point, which leads to (7)=nf,/6, where f, is the maximum
force experienced by a filamin. For an isotropic network, the
shear stress is given by o= %p(r}m, where p~ £ is the den-
sity of polymer length per volume and {7),, refers to the
average tension along actin filaments oriented in the direc-
tion of maximal network extension. These are the filaments
expected to be under the greatest tension. For a 1 mg/ml
network, p=~40 wm=2, which sets (7),,~2 pN for a,,
=10 Pa. This force is the result of multiple filamins n, as
noted above. Thus, the load on any individual filamin is less
than 2 pN at network failure under the conditions of our
experiments, corresponding to loading rates of 0.1-1 pN/s.
This is comparable to rupture forces measured for a number
of actin binding proteins [15,29-31] but is far below the
50-100 pN forces required for full unfolding of individual Ig
domains in filamin [22]. Indeed, recent single molecule stud-
ies indicate that filamin unbinding is favored over unfolding
at loading rates below 50 pN/s [31]. Thus, we believe that
network failure is a result of filamin unbinding and that fil-
amin Ig domain unfolding is unlikely [19].

If we scale K’ by G, and o, by o,, data from all the
nonbundled networks collapse onto a single curve [Fig.
4(a)]. Interestingly, K’ for these networks does not increase
as a well-defined power law in ¢, having a stronger than
linear dependence for small o, before becoming nearly linear
at large o, [Fig. 4(a)]. These observations are in contrast
with those for actin cross-linked with the noncompliant pro-
tein scruin, for which K’ is predicted and observed to in-
crease as 0*2/2 [7.9], [dashed line, Fig. 4(a)]. The K’ curves
from the bundled networks also collapse onto a single res-
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caled curve, which is distinct from that of the nonbundled
networks [Fig. 4(b)]. Compared to the nonbundled networks,
the bundled networks show greatly enhanced stiffening but
retain the same linear dependence of K'(o,) at high stress
[Fig. 4(b)]. However, the crossover to the nearly linear de-
pendence on o, occurs at larger stresses for the bundled net-
works.

The shape of both these curves is consistent with the pre-
dictions of the self-consistent effective-medium model of
stiff filaments connected by multiple flexible linkers [23] for
different values of network connectivity [solid lines, Figs.
4(a) and 4(b)], which determines the crossover to an
asymptotic high-stress regime where the stiffness increases
linearly with stress in all cases. The bundled data are consis-
tent with the predictions for higher connectivity. Importantly,
this linear dependence is insensitive to the parameters of this
model and is consistent not only with our experiments but
also with prior reports [16,17]. This is strong evidence that,
regardless of detailed network microstructure, the mecha-
nism underlying strain stiffening in filamin-F-actin is not
governed purely by the nonlinear force-extension curve of
actin filaments themselves [7,9] but rather by the flexible
cross-links.

The quantitative agreement between our model and our
experimental data provides confirmation of our understand-
ing of the underlying principles of the mechanics of F-actin
networks with highly flexible cross-links. The mechanism
underlying these networks’ remarkable strength may be ex-
ploited for building highly compliant yet strong synthetic
materials. The model can be used to estimate the conditions
required for forced unfolding of cross-links inside living
cells [32]. Moreover, our results will serve as an important
step in developing more sophisticated models of cytoskeletal
mechanics.
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