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The masses of higher DðnLÞ and DsðnLÞ excitations are shown to decrease due to the string

contribution, originating from the rotation of the QCD string itself: it lowers the masses by 45 MeV

for L ¼ 2 (n ¼ 1) and by 65 MeV for L ¼ 3 (n ¼ 1). An additional decrease �100 MeV takes place if

the current mass of the light (strange) quark is used in a relativistic model. For Dsð13D3Þ and Dsð2PH
1 Þ the

calculated masses agree with the experimental values for Dsð2860Þ and Dsð3040Þ, and the masses of

Dð21S0Þ, Dð23S1Þ, Dð13D3Þ, and Dð1D2Þ are in agreement with the new BABAR data. For the yet

undiscovered resonances we predict the masses MðDð23P2ÞÞ ¼ 2965 MeV, MðDð23P0ÞÞ ¼ 2880 MeV,

MðDð13F4ÞÞ ¼ 3030 MeV, and MðDsð13F2ÞÞ ¼ 3090 MeV. We show that for L ¼ 2, 3 the states with

jq ¼ lþ 1=2 and jq ¼ l� 1=2 (J ¼ l) are almost completely unmixed (� ’ �1�), which implies that

the mixing angles � between the states with S ¼ 1 and S ¼ 0 (J ¼ L) are � � 40� for L ¼ 2 and � 42�

for L ¼ 3.
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I. INTRODUCTION

Till recently only the low-lying 1S and 1PJ states of the
D and Ds mesons were known from experiment [1]. The
situation has changed recently owing to discoveries of new
Ds resonances: Dsð2710Þ [2,3], Dsð2860Þ [2,4], and
Dsð3040Þ [4]. Also last year, new DðLÞ states were ob-
served by the BABAR Collaboration [5]: Dð2550Þ,
D�ð2600Þ, DJð2750Þ, and D�

Jð2760Þ, and in [6] the mass

of Dð13P0Þ was measured with a good accuracy.

The quantum numbers and decay modes of the new
resonances were intensely discussed in a large number of
recent studies [7–14] and also before in [15–25]. For
D�

s1ð2710Þ the quantum numbers JP ¼ 1� were assigned

[4,7], although the analysis in Ref. [8] does not exclude that
Ds1ð2710Þ is an admixture of Dsð23S1Þ and Dsð13D1Þ.
The relatively narrow resonanceDsJð2860Þwith � ¼ 48�
3ðstatÞ MeV is mostly considered as the L ¼ 2 state with
JP ¼ 3� [8–10], while in Ref. [25] the resonancewith close
values of the mass and width has the quantum numbers
JP ¼ 0þ. Thewide resonanceDsJð3040Þ ismostly assumed
to be the 2P state with JP ¼ 1þ [11].

The quantum numbers of the new D0 resonances and
their isotopic partners were discussed in [12–14], where the
broad resonance Dð2550Þ (�� 130 MeV) is considered as
the singlet 21S0 state, for which a large width as in experi-

ment was obtained in Ref. [12], while a much smaller total
width was calculated in [13]. The resonanceD�ð2600Þwith
� ¼ 93� 6� 13 MeV is consistent with the excited 23S1

state [14], or an admixture of the 23S1 and 1
3D1 states with

large mixing angle [12,13]. The resonances DJð2760Þ and
DJð2750Þ have relatively small widths, �� 60–70 MeV,
and for them the quantum numbers JP ¼ 3� and JP ¼ 2�,
respectively, were assigned in Refs. [13,14], while in [19]
(the second paper) these two resonances are considered as
the same 13D1 state with JP ¼ 1�.
These new data are extremely important for the theory to

better understand the q �Q dynamics and test predictions
made in a large variety of models [15–25], some of which
were made long ago [15,16]. For low-lying states, the
theoretical predictions are mostly in agreement with
experiment within 20–50 MeV accuracy, although the pa-
rameters used may be very different. This is not surprising,
because the very masses of low-lying states are usually
used as a fit to determine the quark masses and parameters
of the potentials. On the contrary, for higher states different
predictions for the masses and the fine-structure (FS) split-
tings were obtained in different models.
The new experimental data on the hyperfine (HF) split-

tings show that their values, ’ 70 MeV, coincide for
D�

sð2710Þ and Dsð2638Þ [26], D�ð2610Þ and Dð2540Þ. The
latter HF splitting was predicted in Ref. [27], if a ‘‘univer-
sal’’ coupling �HF ¼ 0:31 is used in the HF potential.
Also the experimental mass differences between

D�
sð2710Þ and D�ð2610Þ, Dsð2638Þ and Dð2540Þ,

Dsð2860Þ and Dð2760Þ appear to be ’ 100 MeV, the
only exception being the Dsð1PÞ multiplet, where, on
the one hand, the masses of D�

s2ð2573Þ and

D�
2ð2460Þ, Ds1ð2535Þ and D1ð2422Þ also differ by

�110 MeV, while MðD�
s0ð2317ÞÞ �MðD0ð2300ÞÞ �

25 MeV and MðDs1ð2460ÞÞ �MðD1ð2430ÞÞ � 30 MeV
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are much smaller. Such small FS splittings cannot be
explained within the universal description of fine structure
used in Refs. [15,16,18].

This discrepancy has stimulated a lot of studies to
understand why D�

s0 and Ds1 have such small widths,

�< 3:8 MeV [1], and large mass shifts. It has become
understood that the dynamics of the DsJð1PÞ multiplet is
different for the states with the total angular momentum of
the s quark js ¼ 1=2 and js ¼ 3=2 [21–25] and the bispi-
nor structure of the Dsð1PÞ wave function (w.f.) and the
w.f. of the Dð1SÞ mesons in the decay channel are very
important. Two factors provide a large hadronic shift: the
nearby S-wave threshold and the large overlap integral
between the upper components of the DsJð1PÞ w.f. with
js ¼ 1=2 and the lower components of the w.f. of the D
meson in the decay channel [23].

Surprisingly, there are no large mass shifts for the other
excited D and Ds states observed, and as a whole, the
single-channel description turns out to be a useful tool to
understand the general structure of the D and Ds spectra
and FS splittings, and to predict the masses of the yet
undiscovered resonances. Till now one of the best predic-
tions for the meson masses of the low-lying states was
obtained in the QCD motivated relativistic quark model
(RQM), back in 1985 [15].

However, within a single-channel approximation such
important characteristics as partial widths and possible
mass shifts of the resonances cannot be defined and our
calculations may be considered as the first step to under-
stand the dynamics of excited D and Ds mesons. To
calculate partial widths, one needs to consider both chiral
decay modes like DðnLÞ ! D�� or DsðnLÞ ! D�K, etc.,
when chiral effects may be of special importance as in
Ref. [23], and also strong decays likeD ! D��which may
originate from the string breaking. Some strong decay
mechanisms were suggested and discussed in Refs. [7–14].

In contrast to the low-lying states, discrepancies show up
for higher states, which may reach �100 MeV. For ex-
ample, for Dsð31S0Þ the masses 3097 MeV from the paper

Ref. [7] and 3259 MeV [16], and for MðDsð23P2ÞÞ the

values 3041 MeV [7] and 3157 MeV [16,17], were ob-
tained, showing differences� 100 MeV. The reasons why
they occur will be discussed in the present paper.

A comparison of the results obtained in different models
is simplified, if the same value of the string tension � is
used. The choice of � is of great importance, because the
meson mass is proportional to

ffiffiffiffi
�

p
for the linear potential

�r, which dominates for higher states. However, much
different values of � are used in potential models: a large
�� 0:26 GeV2 in [16,17], small � ¼ 0:115 GeV2 in [24],
and � ¼ 0:14 GeV2 in [20]. Here we use � ¼ 0:18 GeV2,
which follows from the analysis of the Regge trajectories
for light mesons, and was already used in Refs. [15,19].
Taking the same �, one can establish common features and
differences between the relativistic string Hamiltonian

(RSH) [28] used here and the RQM developed in
Refs. [15,19]. In particular, we show that the choice of
the current light (strange) quark mass is of special impor-
tance in relativistic models.
The only uncertainty in our calculations comes from the

gluon-exchange (GE) potential, since at present there is no
consensus about the value of the vector coupling at large
distances, called the freezing constant or the critical con-
stant �crit. In Ref. [15] the value �crit ¼ 0:60 was used and
the variation of �crit in the range 0:60� 0:10 produces
rather small changes, � 20 MeV, in the spin-averaged
masses for higher states. However, the value of the strong
coupling in spin-orbit and tensor potentials, �FSð�Þ, is also
not fixed now, in contrast to the FS in heavy quarkonia,
where the scale � and second order perturbative correc-
tions are known [29], giving �FSð�Þ smaller then �crit [30].
In our analysis of the FS here, we shall test different values
of �FS to fit new experimental data on theDð1DÞmultiplet.
In our paper we concentrate on the multiplets with

L ¼ 2, 3; to calculate mixing angles for states with
J ¼ L we use the basis j2q from Ref. [22], where jq ¼
lþ sq is the total angular momentum of the light (strange)

quark and the total spin J ¼ jq þ sQ is the sum of the

light-quark total angular momentum and the spin of the
heavy quark. It appears that for higher states with J ¼ l
the states with jq ¼ lþ 1=2 and jq ¼ l� 1=2 are in fact

unmixed, j�ðnlÞj � 1�, and this result may be important to
study different decay modes of heavy-light mesons. Owing
to the known relation between the mixing angle �ðnlÞ and
the mixing angle �ðnLÞ in the S2 scheme (or LS scheme
with J ¼ Lþ S), the states with the spin S ¼ 1 and S ¼ 0
(J ¼ L) appear to be mixed with large mixing angle, e.g.,
�ð1DÞ ¼ 40:2�.

II. RELATIVISTIC STRING CORRECTIONS

Here we use the RSH, derived for spinless quarks and
antiquarks [28], while all spin-dependent interactions are
considered as a perturbation. To calculate the spectra of the
heavy-light mesons this approach has some advantages as
compared to the use of the Dirac equation (DE) and con-
sidering the heavy-quark contribution as 1=mQ corrections

[16,17]. As shown in Ref. [31], for a scalar potential the
solutions of the DE have an important property: the spec-
trum is symmetric under the reflection of the eigenvalues
(e.v.), �n ! ��n, so that negative energy states are in fact
not present in the spectrum of a heavy-light meson.
Moreover, from the expression for the squared e.v. �2n of

the DE (with a given l ¼ lq and j ¼ jq—the total angular

momentum of a light quark) it follows that the mass

difference between neighboring states is equal to �2nþ1 �
�2n ’ 4�D þ lnð �2nþ1

�Dj	jÞ � lnð �2n
�Dj	jÞ [31], where �D is the

string tension used in the DE and the constant 	 enters
the Coulomb interaction, � 	

r . For the DE this mass dif-

ference (for a given �) appears to be significantly smaller
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than that in the RSH and the RQM, where it is equal to
4��.

Just to compensate such a small spacing between
radial excitations the larger value of the string tension,
�D ’ 0:26 GeV2, is needed [16,17] (in both cases the
1=mQ corrections were taken into account). However,

it remains unclear why in Ref. [16] the calculated
values MðDsð13P0ÞÞ ¼ 2487 MeV and MðDsð1PH

1 ÞÞ ¼
2605 MeV (for jq ¼ 1=2) are similar to the numbers ob-

tained in the RQM [15,23], while much smaller values,
2325 MeVand 2467 MeV, were calculated within a similar
approach in Ref. [17]. Here we will mostly compare our
results with those models [15,19], where the same � ¼
0:18 GeV2 was used, and draw definite conclusions about
the dynamics of the q �Q interaction.

The RSH H ¼ H0 þHstr for spinless quarks and anti-
quarks was derived in instantaneous approximation [28]
and has the following characteristic features:

(1) The QCD string, besides a standard rotation of a
quark and an antiquark, rotates itself, giving an
additional contribution to a Hamiltonian, Hstr. For
heavy-light mesons such string corrections are not
large, �30–70 MeV (for L ¼ 1, 2, 3), and can be
considered as a perturbation [18], while in light
mesons the string corrections may dominate for
states with large L [32].

(2) In the unperturbed Hamiltonian H0 ¼ T þ VB the
kinetic term T [28] is

T ¼ !1

2
þ m2

1

2!1

þ!2

2
þ m2

2

2!2

þ p2

2!red

; (1)

where by derivation the quark mass cannot be
chosen arbitrarily and must be equal to the current
mass �mq for the u, d, and s quarks and the pole mass

mQ for a heavy quark, thus taking into account

perturbative corrections to the heavy-quark mass.
In our calculations �mq ¼ 0 for the u, d quarks,ms ’
�msð1 GeVÞ ¼ 200 MeV for the s quark, and the
conventional pole mass mcðpoleÞ ¼ 1:42 GeV for
the c quark [1] are used. This choice ofms is similar
to that in Ref. [16], where ms ¼ 220 MeV was used
in the DE, being larger compared to �msð2 GeVÞ ¼
95� 20 MeV at the scale � ¼ 2 GeV [1]. The
reason for that difference possibly originates from
the fact that in the Hamiltonian approach the
s-quark current mass �msð�Þ enters at a smaller
scale, �� 1 GeV [33]. The value we take here,
ms ¼ 200 MeV, is significantly smaller than ~ms �
500 MeV used in constituent quark models [19,20].
It is important that the use of current quark masses
allows us to avoid several fitting parameters (con-
stituent masses).

(3) The value of the string tension � ¼ 0:18 GeV2

cannot be used as a fitting parameter, as it is fixed

by the slope of the Regge trajectories for light
mesons.

(4) The choice of the GE potential is important for low-
lying states. Here we use the vector strong coupling
�BðrÞwhich possesses the asymptotic freedom (AF)
property and freezes at large distances at the value
�crit. For higher excitations the choice of �crit be-
comes less important; moreover, in many cases the
GE potential can be considered as a perturbation.

In the RSH H ¼ H0 þHstr the unperturbed part

H0 ¼ Tð!1; !2Þ þ VBðrÞ (2)

contains the kinetic term T (1), where the variables!i have

to be determined from the extremum conditions: @H0

@!i
¼ 0

(i ¼ 1, 2) [28,34]. Then one finds

!iðnLÞ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
i

q �
nL

ði ¼ 1; 2Þ: (3)

The kinetic energy of a light (strange) quark is denoted as
!1ðnLÞ ¼ !qðnLÞ, and!2ðnLÞ ¼ !c is the kinetic energy

of the c quark; the quantity!red ¼ !1!2

!1þ!2
, andL ¼ l1 þ l2.

Then putting!i into Eq. (1), one arrives at a different form
of T, denoted below as TR:

TR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

q

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

c

q
: (4)

Rigorously, the expression (4) for TR is valid only for
L ¼ 0, while in general, for L � 0, T ¼ TR þ Tstr contains
the kinetic energy of the string rotation Tstr. For L � 4 this
term Tstr is small compared to TR and can be considered as a
perturbation; its matrix element (m.e.) �strðnLÞ ¼ hTstrinL
is included in the mass formula (6). The form TR of the
kinetic energy was suggested in Ref. [35] and used in many
models [15,36], while due to our derivation of TR one can
establish the connection between the unperturbed RSH H0

and the RQM, where the same kinetic term is used.
Then the e.v.M0ðnLÞ and w.f. are defined by the spinless

Salpeter equation:

½TR þ VBðrÞ	’nL ¼ M0ðnlÞ’nL: (5)

It is essential that in the RSH approach the spin-averaged
meson massMðnLÞ 
 McogðnLÞ is not only defined by the
e.v. M0ðnlÞ (5), but also contains two additional negative
contributions: the string correction �strðnLÞ ¼ hHstrinL
[18,34] and the nonperturbative self-energy (SE) term
�SEðnLÞ [37]:

MðnlÞ ¼ M0ðnLÞ þ �strðnLÞ þ�SEðnLÞ: (6)

For a given radial quantum number n, the string correction
increases for larger L, while for a given L it decreases for
higher radial excitations. For the Dð1PÞ, Dð1DÞ, and
Dð1FÞ states their values are equal to �� 23 MeV,
�45 MeV, and �65 MeV, respectively, which can be
obtained using the analytical expressions for �str

from Ref. [18]. As an illustration, in Table I the masses
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calculated here for several DðnLÞ and DsðnLÞ states are
compared to those from Ref. [15]. It appears that differ-
ences between them are mostly due to string corrections,
�40 MeV, and our numbers are closer to the experimental
data [2–5].

For the 1P and 2P states the string corrections are
smaller, �22 MeV and �10 MeV, respectively, and the
masses MðDsð2PH

1 ÞÞ calculated here coincide with the
experimental mass of Dsð3040Þ, if this resonance with
JP ¼ 1þ is identified as the higher 2PH

1 state with js ¼
1=2 (which has to have a larger total width), while in the
low-mass state with Mð2PL

1 Þ ¼ 3020 MeV the state with
js ¼ 3=2 dominates.

Even larger mass differences occur for the yet unob-
served states Dð23P2Þ, and Dðn3F4Þ (n ¼ 1, 2) for which
the masses we predict here are �100 MeV smaller than in
[19] (see Tables II and III).

The perturbative self-energy correction contributes to
the current mass of a heavy quark (it gives �15% for a c
quark [1]) and moreover there exists a nonperturbative SE
correction to the quark (antiquark) mass. This correction is
very important to provide the linear behavior of the Regge
trajectories [34]. As shown in Ref. [37], this correction is
flavor-dependent and strongly depends on the current
quark mass, being small for a heavy quark and large for
a light (strange) quark [37]:

�SE ¼ � 3�

2�

�

f

!qðnLÞ þ

Q

!QðnLÞ
�
: (7)

The factor 
f is determined by the quark current mass and

the vacuum correlation length [37,38]: 
f ¼ 1:0 for a light

quark, 
s ¼ 0:70 for the s quark, and 
c ¼ 0:35 for the c
quark. Notice that the number 3=2 enters the SE term (7),

instead of the number 2 in [37]; this change follows from a
more exact definition of the vacuum correlation length
[38].
From Eq. (7) one can see that the kinetic energies !i

play a special role: they determine both the string and the
SE contributions, and also enter all spin-dependent poten-
tials [39]. In some potential models a negative overall
constant C0 is introduced, which may play the role of a
self-energy correction; however, such a constant violates
the linear behavior of the Regge trajectories. It is also
important that in the RSH the SE terms decrease for higher
states, being proportional to !�1

q ðnLÞ.
We use here the ‘‘linearþ GE’’ static potential, VBðrÞ,

which was already tested in a number of our previous
works devoted to heavy-light mesons [18,23] and heavy
quarkonia [40]:

VBðrÞ ¼ �r� 4�BðrÞ
3r

; (8)

where the vector coupling �BðrÞ is taken as in background
perturbation theory [41] with �crit ¼ 0:50, which is a bit
smaller than �crit ¼ 0:60 in Ref. [15], while a larger value
�crit ¼ 0:84 was used in Ref. [19]. In all cases the AF
behavior of the vector coupling is taken into account.
Notice that if a constant value �0 (without AF behavior)
is used in the GE potential, then the value of �0 turns out
�30% smaller than �crit.

III. HIGHER D MESONS

The masses of higher D excitations are presented in
Tables II and III together with results from [15,19], where
the same � ¼ 0:18 GeV2 is used. In these tables we have
omitted results for the ground states, 11S0, 1

3S1, and the 1P
states, since they were studied in detail within the same
approach in Ref. [18]; also for low-lying states their masses
do not differ much in different models, since they are often
used as a fit.
On the contrary, for higher states, a large effect takes

place when the constituent quark masses, instead of the
current masses, are used. In Refs. [15,19] the following
masses were taken:

Ref: ½15	 mu;d ¼ 220 MeV; ms ¼ 419 MeV; mc ¼ 1628 MeV;

Ref: ½19	 mu;d ¼ 330 MeV; ms ¼ 500 MeV; mc ¼ 1550 MeV;

this paper mu;d ¼ 0; ms ¼ 200 MeV; mc ¼ 1420 MeV:

(9)

Our results are presented in Tables II and III. The mass
MðDð13D3ÞÞ ¼ 2760 MeV calculated here coincides with
the experimental mass of Dð2760Þ, which is assumed now
to be the JP ¼ 3� state [13,14]. This value is smaller than
the masses 2863 MeV given in Ref. [19] and 2830 MeV

given in Ref. [15] and this difference is partly explained by
the string correction, equal to �45 MeV.
Much larger differences occur for the excitations with

n ¼ 2 and L ¼ 2, 3. For example, Mð23D3Þ ¼ 3212 MeV
is obtained here, while the value 3335 MeV was predicted

TABLE I. The D and Ds masses for the 1D, 2P, and 1F states
(in MeV).

State Ref. [15] This paper Exp. Refs. [2–5]

Dð13D3Þ 2830 2760 2762

Dsð13D3Þ 2920 2840 2860

Dsð2PH
1 Þ Absent 3040 3044

Dð13F4Þ 3110 3030 Absent
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in Ref. [19], and this result cannot be explained by a string
correction, which is only �� 25 MeV in this case. From
our point of view it happens due to the use of a large
constituent mass for a light quark.

In Tables II and III we denote by PH
1 and DH

2 the high-
mass states with J ¼ L, and by PL

1 and DL
2 the low-mass

states. Each of these states is an admixture of the state with
jq ¼ lþ 1=2 and jq ¼ l� 1=2 in the jq

2 scheme, and for

l ¼ 2, 3 the mixing angle between these states appears to
be small (see Sec. V).

For the 23P2 state we predict the mass, 2965 MeV,
smaller than the values 3012 MeV in Ref. [19] and
3035 MeV in Ref. [16]. For the states with L ¼ 3 calcu-
lated here, the mass MðDð13F4ÞÞ ¼ 3030 MeV is

157 MeV and 80 MeV smaller than in Refs. [15,19], re-
spectively, and these large differences can be only partly
explained by the string correction, equal to �65 MeV for
the 1F states. The largest difference takes place here for
Mð23F4Þ ¼ 3430 MeV, which is much smaller than the
value 3610 MeV from Ref. [19]. Again, such a large
discrepancy cannot be explained by a string correction,
which is �� 48 MeV for the 2F states.

In Tables I, II, III, and IV all FS splittings given are
calculated taking the strong coupling �fs in the spin-orbit
and tensor potentials equal to 0.45.
We can summarize our results for the higher D mesons:
(1) The HF splitting between Dð23S1Þ and Dð21S0Þ,

equal to 72 MeV, was calculated with the use of
the ‘‘universal ‘‘ strong coupling in the HF potential,
�HF ¼ 0:31 from Ref. [27]; this splitting is in full
agreement with experiment.

(2) The string corrections, present in the RSH, reduce
the spin-averaged masses of the nL multiplets by
�25 MeV,�45 MeV,�65 MeV for the states with
L ¼ 1, 2, 3, respectively.

(3) Large mass differences for high excitations like
Dð23D3Þ and Dð23F4Þ reach 120 MeV and

180 MeV compared to the predictions in Ref. [19].
(4) The recently observed Dð2760Þ and Dð2750Þ reso-

nances are interpreted as the Dð13D3Þ and the low-

mass Dð1DL
2 Þ states, where Dð1DL

2 Þ is in fact the
state with jq ¼ lþ 1=2 (see Sec. V) and therefore

should have relatively small total width, as is ob-
served in the BABAR experiments [5]. It implies that
in the LS scheme the states Dð13D2Þ and Dð11D2Þ
are mixed with the mixing angle � ¼ 40�.

IV. HIGHER Ds MESONS

For the S-wave states, there are no string corrections;
nevertheless, the mass MðDsð31S0ÞÞ ¼ 3140 MeV calcu-

lated here is 79 MeV less than the one given in Ref. [19]
(see Table IV). From our point of view, this happens

TABLE IV. The masses MðnLÞ (in MeV) for Ds mesons.

State Refs. [1–4] This paper Ref. [15] Ref. [19]

21S0 2638a 2656 2670 2688

23S1 2710 2728 2730 2731

2688b

31S0 Absent 3140 3219

33S1 Absent 3200 3242

23P0 Absent 2970 3054

2PH
1 3044 3040 3154

2PL
1 Absent 3020 3067

23P2 Absent 3045 3142

13D1 Absent 2870 2900 2913

1DH
2 Absent 2885 2961

1DL
2 Absent 2828 2931

13D3 2862 2840 2920 2973

23D1 Absent 3290 3383

23D3 Absent 3285 3469

13F4 Absent 3110 3190 3300

13F2 Absent 3150 3230

23F4 Absent 3490 3754

aThe data of SELEX [26]
bThe data of Belle [3]

TABLE III. The D meson masses MðnPÞ, MðnFÞ (n ¼ 1, 2)
(in MeV).

State This paper Ref. [15] Ref. [19]

23P0 2880 2919

2PH
1 2960 3021

2PL
1 2940 2932

23P2 2965 3012

13F4 3030 3110 3187

13F2 3088 3090

23F4 3430 3610

TABLE II. TheDmeson massesMðnSÞ (n ¼ 2, 3) andMðnDÞ
(n ¼ 1) (in MeV). The experimental data are from [5]; the quark
masses are given in (9); � ¼ 0:18 GeV2 in all cases.

State Experiment Ref. [5] This paper Ref. [15] Ref. [19]

21S0 2539 2567 2580 2581

23S1 2608 2639 2640 2632

31S0 absent 3065 3062

33S1 Absent 3125 3096

13D1
a

2790 2820 2788

13D3 2763 2760 2830 2863

1DH
2 Absent 2810 2850

1DL
2 2750 2746 2806

23D1 Absent 3215 3228

23D3 3212 3335

aThe identification of this state is not certain, because the
quantum numbers of the Dð2760Þ state are not established. It
could be either a 13D3 or a 13D1 state.
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because of the large constituent mass ~ms ¼ 500 MeV
taken in Ref. [19]. To illustrate this effect we have
solved the spinless Salpeter equation with two different
masses of the s quark, ~ms ¼ 0:5 GeV and ms ¼ 0:2 GeV,
keeping all other parameters the same. Then the
mass difference �ðnLÞ ¼ McogðnL;m1 ¼ 0:5 GeVÞ �
McogðnL;m1 ¼ 0:2 GeVÞ appears to be almost constant

for a fixed L and changing n: �ð2PÞ ’ �ð3PÞ ¼
�138 MeV, �ð1DÞ ’ �ð2DÞ ¼ �130 MeV, and �ð1FÞ ’
�ð2FÞ ¼ �120 MeV. Thus one may expect mass differ-
ences �100–150 MeV to occur between relativistic mod-
els with large constituent light (strange) quark mass
compared to the RSH, which uses current quark masses.

Just for that reason the masses MðDsð23D3ÞÞ and

MðDsð13F4ÞÞ are in our calculations �180 MeV lower

than in Ref. [19] and again such a large difference
cannot be explained by the string corrections, which is
only �� 45 MeV for the Dsð2FÞ state.

Thus one can conclude that a large decrease in the
masses of higher states predicted here mainly comes
from two sources: the string correction and the use of the
current mass for an s quark, which is significantly smaller
than a typical constituent mass ~ms � 450� 50 MeV.

There exists another characteristic feature of the Ds

spectrum—for all known states the experimental masses
of DsðnLÞ and DðnLÞ differ by �100 MeV. In our calcu-
lations such a spacing �sðnLÞ comes from two sources:
first, from different e.v.M0ðnLÞ of Eq. (5) in the cases with
mq ¼ 0 and ms ¼ 0:20 GeV, which give �50� 10 MeV

difference; second, the light and the s quarks have different
nonperturbative SE corrections (negative), which are
�40� 10 MeV smaller for the s quark as compared to a
light quark. Altogether �s appears to be �100 MeV for
low-lying states and smaller, �s � 70–80 MeV, for higher
states.

Our results about theDs spectrum can be summarized as
follows:

(1) The HF splitting between Dsð23S1Þ and Dsð21S0Þ,
calculated with the use of the universal �HF ¼ 0:31
from Ref. [27], gives good agreement with
experiment.

(2) The resonance Dsð3044Þ is considered here as the
high-mass state Dsð2PH

1 Þ, which is dominantly the

state with js ¼ 1=2 (see Sec. V) and therefore has to
have large total width, in agreement with the experi-
mental value � ¼ 239� 35 MeV; also its mass,
3040 MeV, calculated here, is in full agreement
with experiment.

(3) The resonance Dsð2860Þ is interpreted as the
Dsð13D3Þ state and its calculated mass 2840 MeV

is in agreement with experiment. This state with
JP ¼ 3� and js ¼ 5=2 is assumed to have relatively
small total width, as it takes place for D�

s2ð2573Þ.
Indeed, the experimental width �ðDð2860ÞÞ ¼ 48�
3 MeV [2,4] is small for so high a resonance.

(4) The calculated masses of the higher states, like
Dsð2DÞ and Dsð2FÞ, are 120–200 MeV less than
those from Ref. [19].

V. FINE-STRUCTURE SPLITTINGS

On a fundamental level, the spin-dependent potentials
ViðrÞ (i ¼ 1–4) have been studied in analytical approaches
[39,42], and also on the lattice [43], where the spin-
dependent potentials are expressed via the vacuum corre-
lators. When the spin-orbit potential VSOðrÞ is considered,
its perturbative part can be expressed only through the
vector potential V2ðrÞ 
 VðrÞ if the Gromes relation [44]
is used, and its nonperturbative part is determined by the
scalar confining potential SðrÞ ¼ �r. For the tensor poten-
tial the nonperturbative contribution appears to be very
small [39,43] and it is defined by the perturbative potential
only, usually denoted by V3ðrÞ, which in general case is not
equal to ½V0

r � V 00	, as it takes place for the one-gluon-

exchange (OGE) potential [notice that in the static poten-
tial (8) the effective vector coupling �BðrÞ includes higher
order perturbative corrections, while these corrections ap-
pear to be different for different spin-dependent potentials
and in OGE approximation they are neglected]:

V3ðrÞ ¼ 3T0ðrÞ� 
 4�FS

3r3
�: (10)

Here the factor �ðnLÞ is introduced to show the difference
between V3ðrÞ and 3T0ðrÞ. In heavy quarkonia this factor �
appears due to second order perturbative corrections, being
� ’ 1:30� 0:05, both in charmonium and bottomonium
[30]. However, the value of � remains unknown for heavy-
light mesons and the difference between V3ðrÞ and 3T0ðrÞ
may be important for the FS analysis. In heavy quarkonia
for the 1P states the spin-orbit aSOð1PÞ and the tensor
tð1PÞ m.e. can be extracted from the experimental masses
since all of them are measured with great accuracy.
The study of the FS of the DðnLÞ and DsðnLÞ multiplets

is a more complicated task, because only a few masses are
known from experiment, besides those for the Dð1PÞ and
Dsð1PÞ multiplets. Moreover, many states lie above open
thresholds and may have mass shifts, which change the
mass values as compared to those in single-channel ap-
proximation. Nevertheless, a general analysis of the FS in
heavy-light mesons is very useful and allows us to under-
stand better the FS dynamics and make definite conclu-
sions about mixing angles for the states with J ¼ L.
For a multiplet nL the FS is considered here in the basis

j2q, where the total angular momentum of a light (strange)

quark jq is diagonal [22]. (Below we use the notation

jq 
 j.) This basis is especially convenient for the calcu-

lation of the mixing angle [denoted as �ðnlÞ] between the
states with j ¼ lþ 1=2 and j ¼ l� 1=2, if J ¼ l. Another
scheme, S2, is also often used, and in this scheme the
notation � for a mixing angle is used here. The relation
between � and � can be easily established, writing the
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high-mass state (LH
J ) and low-mass state (LL

J ) with J ¼ L
in both schemes. In the j2 basis we write

jJHi ¼ sin�

��������j ¼ lþ 1

2

�
þ cos�

��������j ¼ l� 1

2

�
;

jJLi ¼ cos�

��������j ¼ lþ 1

2

�
� sin�

��������j ¼ l� 1

2

�
;

(11)

while in the S2 scheme the same physical states are defined
as in Ref. [12],

jLHi ¼ � sin�j1LJi þ cos�j3LJi;
jLLi ¼ cos�j1LJi þ sin�j3LJi: (12)

Then taking from Ref. [22] the relations

jJ ¼ l; j ¼ l� 1=2i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ 1

2lþ 1

s
jJ ¼ l; S ¼ 1i

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l

2lþ 1

s
jJ ¼ l; S ¼ 0i;

jJ ¼ l; j ¼ lþ 1=2i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l

2lþ 1

s
jJ ¼ l; S ¼ 1i

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ 1

2lþ 1

s
jJ ¼ l; S ¼ 0i; (13)

and inserting them into Eq. (11), one obtains

� ¼ ��þ arccos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ 1

2lþ 1

s
: (14)

For L ¼ 1, 2, 3 it gives

�ðL ¼ 1Þ ¼ ��þ 35:26�;

�ðL ¼ 2Þ ¼ ��þ 39:23�;

�ðL ¼ 3Þ ¼ ��þ 40:89�:

(15)

To determine � one needs to know the m.e. of the spin-
orbit and tensor potentials, which are written here in a more
general form than in Ref. [22]:

VSO ¼ 1ðrÞ2l � s1 þ 2ðrÞ2l � s2; (16)

with

1ðrÞ ¼ 1

4!2
1

V0 � S0

r
þ 1

2!1!2

V0

r
;

2ðrÞ ¼ 1

4!2
2

V0 � S0

r
þ 1

2!1!2

V 0

r
:

(17)

Notice that the kinetic energies !i enter i in Eq. (17)
instead of the constituent masses usually used in potential
models. This change follows from the general considera-
tion of spin-dependent potentials in the RSH [39] and is
important for higher states, decreasing their FS splittings.
For the linear confining potential S0 ¼ �, while the

perturbative vector potential VðrÞ is taken in the form,
satisfying the relation V0ðrÞ=r ¼ 4�FS=r

3 
 T0, as for
the OGE potential, where the vector coupling �FS is con-
sidered as an effective coupling. Then the quantity V3 in
the tensor potential,

VtðrÞ ¼ V3ðrÞ
12!1!2

S12; (18)

is given in Eq. (10) and the tensor operator is defined as
usual by

S12 ¼ 3
ð�1 � rÞð�2 � rÞ

r2
� �1 � �2: (19)

Later we use for simplicity the notations iðnlÞ for m.e.
hiðrÞinl and

tðnlÞ ¼
�
V3ðrÞ
3!1!2

�
nl
: (20)

The spin-orbit m.e. aSO, given by

aSOðnlÞ ¼ 1ðnlÞ þ 2ðnlÞ; (21)

and the tensor m.e. tðnlÞ fully determine the FS splittings
for the states with J ¼ lþ 1 and J ¼ l� 1 (in both cases
spin S ¼ 1):

MðJ ¼ lþ 1; S ¼ 1Þ ¼ Mcog þ laSO � l

2ð2lþ 3Þ t;

MðJ ¼ l� 1; S ¼ 1Þ ¼ Mcog � ðlþ 1ÞaSO � lþ 1

2ð2l� 1Þ t:
(22)

For J ¼ l the states with j ¼ lþ 1=2 and j ¼ l� 1=2 are
mixed and their masses and mixing angles� are defined by
the matrix Mmix:

Mmix ¼
aSOlþ l

2ð2lþ1Þ ½t� 82ðlþ 1Þ	 �ð42 � tÞ
ffiffiffiffiffiffiffiffiffiffi
lðlþ1Þ

p
2ð2lþ1Þ

�ð42 � tÞ
ffiffiffiffiffiffiffiffiffiffi
lðlþ1Þ

p
2ð2lþ1Þ �aSOðlþ 1Þ þ lþ1

2ð2lþ1Þ ðtþ 8l2Þ

0
B@

1
CA: (23)
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From Eq. (23) one can see that in general the matrix Mmix

depends on aSO and t, and also on the m.e. 2, and the value
of the factor 42 � t, present in the off-diagonal m.e., is
important for the determination of the mixing effect.

In the heavy-quark limit there is no mixing, because
both 2 and t are going to zero [they are proportional to
m�n

Q ðn ¼ 1; 2Þ and may therefore be neglected]. Then the

high-mass state H has j ¼ lþ 1=2 while the low-mass
state has j ¼ l� 1=2, if aSO is positive. However, such a
situation with aSO � t does not occur even in bottomo-
nium, where for the 1P states aSOðb �b; expÞ ¼ 13:65�
0:39 MeV coincides with tðb �b; expÞ ¼ 13:13�
1:04 MeV within the experimental errors, and in charmo-
nium aSOðc �c; expÞ ¼ 34:96� 0:13 MeV is even 14%
smaller than tðc �c; expÞ ¼ 40:63� 0:26 MeV (their ratio
is 0.86).

Such a decrease of the spin-orbit m.e. and the ratio aSO=t
occurs due to the negative��hr�1inL term and a partial or

full cancellation in the m.e. hV0�S0
r inL is possible. (Also the

m.e. hr�3inL, entering the spin-orbit and tensor m.e., de-
creases for increasing n and L.) Therefore it is of interest to
define the quantity

ASOðnLÞ ¼ 4

3
�FShr�3inL � �hr�1inL; (24)

which does not depend on!i and enters i ¼ ASO

4!2
i

þ T0

2 ði ¼
1; 2Þ. In the DðDsÞ mesons the factor ASOðnLÞ is negative
and its magnitude depends on the value of �FS taken. Here
�FS ¼ 0:45 is mostly used, which is a bit larger than�SO �
0:38� 0:02 extracted from the charmonium FS [30]. The
values of ASO can be illustrated by the following numbers:

(1) In bottomonium ASO ’ 0:14 GeV3 is positive and
relatively large, while in charmonium ASO ¼
�0:01 GeV3 is already small, even compatible
with zero, so that the ratio aSO

t ¼ 0:86 is less than

unity.
(2) For the DðnLÞ multiplets the factor ASO is always

negative: �� 0:017 GeV3 for the 1P, 2P states,
and �� 0:028 GeV3 for the 1D and 1F states (for
�FS ¼ 0:45). This result weakly depends on the
quark masses used.

(3) In Mmix a common scale is defined by the tensor
m.e. t, and for t ¼ T0 (i.e., � ¼ 1:0) it has values
tð1PÞ ¼ 39 MeV, tð2PÞ ¼ 29 MeV, tð1DÞ ¼
11:3 MeV, tð1FÞ ¼ 5 MeV.

(4) For L ¼ 2, 3 the mixing angle is very small,
j�j � 1�, for any reasonable choice of coupling.
On the contrary, for the nP (n ¼ 1, 2) states the
mixing angle is very sensitive to �FS used.

(5) For small coupling, �FS � 0:30, the mixing angle�
decreases, so that the main uncertainty in any FS
analysis comes from the value of�FS taken, which is
not fixed yet.

In our calculations the following values of the kinetic
energies are obtained for DðnLÞ:

!qð1PÞ ¼ 0:60 GeV; !qð1DÞ ¼ 0:683 GeV;

!qð1FÞ ¼ 0:757 GeV; !cð1PÞ ¼ 1:555 GeV;

!cð1DÞ ¼ 1:588 GeV; !cð1FÞ ¼ 1:62 GeV:

(25)

For the Ds mesons the FS picture is essentially the same,
because the m.e. for Ds, which are important for the FS,
coincide within 1%–5% with those of the D mesons,
and therefore the Ds FS splittings and mixing angles are
practically the same as for theDmesons (see Tables II, III,
and IV).
We also assume that for a given nLmultiplet the masses

of the MðJ ¼ lþ 1; j ¼ lþ 1=2Þ and MðJ ¼ l; j ¼
lþ 1=2Þ states have no mass shifts (or have small mass
shifts), as it happens for the Dð1PÞ and Dsð1PÞ multiplets,
and therefore the mass differences between these states,

MðD�
s2ð2573ÞÞ�MðDs1ð2535ÞÞ¼37:31�1:0MeV;

MðD�
2ð2460ÞÞ�MðD1ð2422ÞÞ¼40:8�1:6MeV;

(26)

may be considered as the most stable characteristic of a
given multiplet nL; in general this mass difference is
denoted by �ðnlÞ:

�ðj ¼ lþ 1=2Þ ¼ MðJ ¼ lþ 1; j ¼ lþ 1=2Þ
�MðJ ¼ l; j ¼ lþ 1=2Þ: (27)

Our calculations show that for theDð1PÞ states the quantity
1 ¼ 5:5 MeV is positive and small, while 2 ¼
17:3 MeV is relatively large, giving aSOð1PÞ ¼
22:8 MeV, and tð1PÞ ¼ T0ð1PÞ ¼ 38:6 MeV (� ¼ 1:0),
so that the ratio aSO=t ¼ 0:59 is smaller than in charmo-
nium, where this ratio is 0.86.
With the use ofMmix, Eq. (23), the mass splittings within

the 2P multiplet are calculated (see Tables III and IV) and
the mixing angle depends on �FS, decreasing for smaller
coupling: a large angle �ð1PÞ ¼ �38� is obtained for
large �FS ¼ 0:60, while �ð1PÞ ¼ �12:6� for �FS ¼ 0:45
and � ¼ �4:2� for a smaller �FS ¼ 0:33.
For higher orbital excitations (l ¼ 2, 3, n ¼ 1) the non-

diagonal terms in the matrix Mmix appear to be much
smaller than the diagonal m.e. for �FS ¼ 0:45 and due to
this fact the mixing angles

�ð1DÞ ¼ �0:89�; �ð1FÞ ¼ �1:0� (28)

are very small. From Eq. (14) these values of� correspond
to the following angles � between the states n3LJ (S ¼ 1)
and n1LJ (S ¼ 0) with J ¼ L: �ð1DÞ ¼ 40� and �ð1FÞ ¼
42�. This result may be important for the hadronic decays
of these resonances [12].
The calculated mass differences �ðnLÞ, defined in

Eq. (27),

�ð1PÞ ¼ 37:6 MeV; �ð1DÞ ¼ 15 MeV;

�ð1FÞ ¼ 14 MeV;
(29)
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are in good agreement with the experimental numbers:
�ð1P; expÞ ¼ 37:6 MeV [1] and �ð1D; expÞ ’
MðDð2760ÞÞ �MðDð2750ÞÞ ¼ ð11� 9Þ MeV [4].

We do not discuss here the masses of the states with j ¼
l� 1=2, which may have large mass shifts. In the single-
channel approximation the mass Mð1P; 0þÞ is 104 MeV
smaller than Mð1P; 2þÞ; for L ¼ 2 almost equal masses
Mð13D3Þ and Mð13D1Þ are obtained, while for the L ¼ 3
states Mð13F4Þ is even smaller than Mð3F2Þ (see Tables II
and III). It does not exclude that because of possible mass
shifts, the physical masses Mð13D1Þ and Mð13F2Þ become
smaller than Mð13D3Þ and Mð13F4Þ.

In Ref. [22] for the 1P states the approximation 2 ¼ t
2

was used, which in our consideration is also valid for the
1P and 2P states. For the 1D and 1F states the factor 2 is
smaller, 2ð1DÞ � 0:3t, 2ð1FÞ � 0:2t, and therefore the
factor 42 � t in the off-diagonal term in Eq. (23) is also
smaller. However, the main reason why a small mixing
occurs for l ¼ 2, 3 is that the diagonal terms appear to be
larger than the off-diagonal terms due to larger algebraic
coefficients.

As a result, for l ¼ 2 and 3 the high-mass state is
dominantly the state with j ¼ l� 1=2 and the low-mass
state is mostly the state with j ¼ lþ 1=2.

VI. CONCLUSIONS

The spectra of the D and Ds mesons were studied with
the use of the RSH, where only such fundamental parame-
ters as the string tension and the quark current masses

enter, and the only uncertainty comes from the freezing
constant �crit, which for higher states gives a theoretical
error & 20 MeV in the spin-averaged mass. We have
shown that
(1) The calculated masses of the higher excitations

appear to be 50–150 MeV lower than in other
RQM with the same string tension �¼0:18GeV2.
It occurs for two reasons: first, due to the string
corrections for the states with L � 0 and, second,
because we use the current quark masses.

(2) Using the j2 basis, the states with J ¼ l are shown to
have very small mixing angles for l ¼ 2 and 3: � �
�1�. It means that the states 13LL and 11LL are
mixed with �ð1DÞ ¼ 40� and �ð1FÞ ¼ 42�.

(3) The calculated masses of the state 13D3 and the low-

mass state 1DL
2 agree with the new BABAR reso-

nances, Dð2760Þ and Dð2750Þ.
(4) The resonance D�

sJð2860Þ is considered as the

1Dsð13D3Þ state and Dsð3040Þ as the high-mass

2PH
1 state.

(5) For the yet unobserved resonances the following
masses are predicted: MðDð23P2ÞÞ ¼ 2965 MeV,
Mð2PL

1 Þ ¼ 2940 MeV, MðDð13F4ÞÞ ¼ 3030 MeV,
and MðDsð13F4ÞÞ ¼ 3110 MeV.
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