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Molecular exchange-correlation Kohn—Sham potential and energy
density from ab initio first- and second-order density matrices: Examples
for XH (X =Li, B, F)

Oleg V. Gritsenko, Robert van Leeuwen, and Evert Jan Baerends
Afdeling Theoretische Chemie, Vrije Universiteit, De Boelelaan 1083, 1081 HV, Amsterdam,
The Netherlands

(Received 25 January 1996; accepted 1 March 1996

The molecular Kohn—Sham exchange-correlation potenjjsand the energy densigy. have been
constructed fronab initio first- and second-order density matrices for the seriesXHLi, B, F).

The way various effects of electronic structure and electron correlation manifest themselves in the
shape ofv,, and ¢, has been analyzed by their decomposition into various components; the
potential of the exchange-correlation hole, the kinetic component(ianthe case ofv,.) the
“response” component. The kinetic energy of noninteracting partitlgsthe kinetic part of the
exchange-correlation enerdy., and the energy of the highest occupied molecular orkjidiave

been obtained with reasonable accuracy and the effect of bond formation on these functionals has
been studied. © 1996 American Institute of Physid$50021-96086)03021-9

I. INTRODUCTION first example of a,. has been obtained with the method of
Ref. 9 for a molecular system witN>2, namely, the LiH

Key ingredients of the density functional thedi®FT) moleculet!
(Refs. 1, 2 are the exchange-correlation energy functional  £q the analysis of electron interaction and for efficient
E,dp] of a many-electron system, DFT approximation o, it is useful to decompose, into
various components related to the electronic structure. In
Exc[P]:f p(Ne[pl;r)dr, (1) particular, one can decomposg, into the “energy” and
“response” component¥ The former, namely, the potential

of the exchange-correlation hole?%® and the potential

and the corresponding exchange-correlation Kohn—Sham . representing the effect of Coulomb correlation on the

(KS) potentialv([pLir), kinetic functional, contribute also to the exchange-
correlation energy functional. The latter represent ‘“re-
. 9ExdP] sponse” effects o1 andv, i, and do not contribute to
ch([p]yr) ’ (2) c . ! .
op(r) E,dp]. Such a decomposition has been carriediar the

atomic exchange-only potentials of the optimized potential
the latter represents the local effect of electron exchange anglodel (OPM) (Refs. 13—15 and also forv,. of the two-
Coulomb correlation in the one-electron KS equatidar-  electron He atom and Hnolecule'® However, to our best

tree atomic units will be used throughout the paper knowledgep,. for systems witiN>>2 have never been ana-
lyzed in this way.
{= 3 V24 e FHou(n)+o, (N} di(r) =€ i(r), (3 Unlike v,., which is defined uniquelyup to a constant

for a given system with Eq.2), €, is not defined uniquely
N with Eq. (1), since the samE, can be obtained with differ-
_Z |i(r)|?=p(r). (4)  entfunctionse,(r) ande,(r) = e(r) + f(r) whose differ-
=1 encef(r) integrates to zero

E,Jdp] is expressed in Eq1) as an integral of the exchange-

correlation energy _density per partic_lexc([p];r)_, w_hile f p(NF(r)dr=0. (5)

vyl[plir) is defined in Eq(2) as a functional derivative of

E,J[p] with respect to the electron densigyr). In Eg. (3)

Veyt IS the external potential is the Hartree potential of Nevertheless, in order to perform a consistent analysis of

the electrostatic electron repulsidd,is the number of elec- correlation effects and to provide a physically reasonable

trons in the system, and the occupied KS orbiglyield p  modeling of €, one can choose some suitable definition of

via Eq. (4). €.(r). In particular, one can expregg as a combination of
The exact functional form of,. and ¢, is not known. % and vekin (Ref. 17. (See also the next section for this

However, several methods have been propds@do con-  definition) A procedure to construat, from ab initio first-

structv,. numerically using an essentially accurgtdrom  and second-order density matrices has been proposed in Ref.

ab initio calculations. Hitherto, all these methods have beerl7 and examples of the correlation energy densithave

applied to few-electron atomic systems and only recently théeen obtained for the two-electron systems He apd H
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This paper presents moleculag, and ¢, constructed lated with other electrons in the system, in the sense that it
from ab initio first- and second-order density matrices for thereflects the magnitude of changednwith changingr, (so it
closed-shell monohydrides of elements of the second perioid a measure of thehangein correlation hole with reference
LiH, BH, and HF. The corresponding KS energy characterpositionr,). vy, iS defined analogously to,;, in terms of
istics such as the kinetic energy of noninteracting particleshe Kohn—Sham functioni$;*°
T, the kinetic part of the correlation enerdy, and the 1
energy of the highest occupied molecular orbitdOMO) ey~ . (r,)== f [V, P(Sy,%a, ... X[ F1)|2d S 0%y - - Ay
are also calculated and discussed. The relation between the 2

form of v, and the molecular electronic structure is analyzed N

. . . 1 (ro 12
via the decomposition o into %€ v in and the re- =5 > v, %% , (12)
sponse potential. i=1 p 1
IIl. PARTITIONING OF v,. AND D(S1,%y,... Xn|11)= Yl Xn) (13)

. Ve €xc 1,22y~ ANIV L) T —/—/—/——— -

def d d f S pro/M
To definee,, and to provide a partitioning fow,., we !

use the followi)r(wcg expression T, [p]: 217 xe From Egs.(1),(6),(7),(8) one can define,, as follows:
Exd pl=Wd p]+Tdlpl, (6) exe1)= 3 030 1) +vgkin(r), (14
1 hole where
WXC[p]:EJp(r)vxc (r)drl (7)
Ve kin(1) = Vkin(1) = Vs kin(T) - (15
T :f r () =0 u(r)1dr. 8 Note that this definition 0§, is in terms of unique potentials
lP)= | P(L1n(1) = Vs in(T)] ® that enter the Kohn—Sham equations and the effective poten-

The first term of Eq.(6) is the potential(i.e., electron— tial for the density amplitude/p, and that have a clear physi-
electron interactioncontributionW,. to E,. with v%¢in Eq. cal interpretation. In the DFT literature an alternative defini-

(7) being the potential of the exchange-correlation hole, ~ tion of € is often used, in which it is expressed via an
integral over the coupling parametef®?!

hole p2(r1,r2) = p(ry)p(ra)

v (f1)=f dr, 1 L p(r )[gM(rq,r,)—1

X [ri=ralp(ry) elr)=73 f fo G 2)[|gr1(—1rZ|2) ]dxdrz. (16)
([ p(ra)lg(ry,rp)—1]
- [ri—r,] ra. ©) In this paper, however, we choose definitidid) as more

i convenient for our purpose, since in this case one does not
In Eq. (9) po(ra,rp) andg(ry,ryp) are the diagonal part of the L aed to know the dependencegfon \.

second-order density matrix and the pair-correlation function Equation(14) provides also a partitioning af,. Taking
XC*

with the electron interaction/r 1, at full strengthA=1. The  i1a functional derivative Eq2) of Eq. (6) leads to the fol-
second term of Eq(6) is the kinetic contributionT, to E,. lowing expression fop,:
Xc*

with the local potentiab,,(r) being defined as follow¥
0y L1 =031 +vein([p1iN) +vresf [p1iT),

1
Ukin(rl)zzf|V1CD(511X21---yXN|r1)|2dsldX2'"dXN (17)
where
Vi Vap(ry,roly - 2
_ T Vel g 0resd [P =Vl +uER([pLir).  (18)
2p( rl) 8p (rl) . hole,resp; . . "
® is the conditional brobabilit Here the potentiab,;~"***is an integral of the linear “re-
In Eq. (10) ®(s1.%;,...XIro) i probability  sponse ofg((plir 1), 89([plir 1. 2)/Sp(rs)
amplitudé of the total wave function
V(X1 Xo X)X 1={r; .5, {r;} are the space anfk} are nolerespy 1. _ 11 p(r)p(ra) 69([pliraira) dr-d
the spin variables Uxc [plirs) =5 [P Bp(ra) r.dr,.
(19
DSy Ko gl = ez XN GEVY f the sensitivity of the pair-correlation f
1. X2, XN|M1) = — = is a measure of the sensitivity of the pair-correlation func-
Jp(rp/N Yo

tion to density variations. These density variations may be
and p(ry,r;) is the first-order density matrix fon=1. understood in the following way. If the density changes to
d(sy,%,,...Xn|r 1) €mbodies all effects of electron correlation (v-representablep+ dp, then according to the Hohenberg—
(exchange as well as Coulomin that its square is the prob- Kohn theorem this changed density corresponds uniquely to
ability distribution of the remainindN—1 electrons associ- an external potential ...+ dv,;. FOr the system with exter-
ated with position,,... Xy Wwhen one electron is known to nal potentialv o+ dve, We have the corresponding Kohn—
be atr;. vy, can be interpretél as a measure of how Sham system and the pair-correlation function
strongly the motion of the reference electronratis corre-  g([p+p];r1.r,). So the derivative occurring in the response
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potential(19) may be regarded as the linear responsg tf p"(r)+a
density changeSp caused by potential chan@® ;. flri) = “ota (29
.Urﬁ‘e‘ is the response of the potentiat i, to density with a=0.5, Whlich smooths out the effect of the remote
variation exponential density tails on the procedure.
resp N ovekin(lplir2) 3 Uc,kin(ri) is calculated fromy,y(r;), p(r) and{¢;(r)} via
Uc,kin([P]'rl)_f p(ra) T en(ry) dr. (20 Egs.(12—(15 andvs{r;) is calculated by subtracting

Ve kin(ri) andvi2%r;) from the constructed (r;).

€.(r;) is obtained according to EqL4). Implementation
Uxe(1) = 26&x(1) = Ve kin(1) + Uresd 1) (21) of this scheme for the monohydrides LiH, BH, HF will
' be discussed in the next sections.

From Egs.(14),(17) a relation follows between,., ande,., (4)

In the next section a procedure will be presented for the
numerical construction af,. and ¢,. as well as their com-
ponents from the correlateab initio first- and second-order V. DETAILS OF CALCULATIONS FOR LH, BH, HF

density matrices. . .
y The monohydrides XHX=Li, B, F) have been chosen

because they form the simplest series of closed-shell mol-
Ill. CONSTRUCTION OF v,. AND €, ecules. For those mol_ecules ac_curate empir_ical estimates of
the Coulomb correlation energids? are availablé® The
To constructv,., €, and their components, the first- correlated wave functions for XH have been obtained with
order density matrixp(r’,r), its diagonal parip(r) and the singly and doubly excited configuration interacti®DCI)
diagonal partp,(rq,r,) of the second-order density matrix calculations of the ground states at equilibrium distances
from ab initio calculations are used as the input functions. InR(Li—-H)=3.015 a.u.,R(B—H)=2.330 a.u.,R(H-F)=1.733
our actual implementatidf these functions are represented a.u.. Calculations have been performed within the direct Cl
as matrices in the basis of the Hartree—Fock MO’s. Aapproach by means of themoL package”
scheme for the numerical construction consists of the follow- A basis of contracted Gaussian functighisas been used
ing steps-t with five s- and two p-type functions for H, seves- and
four p-type functions for Li, and seves, four p- and two
culated from the correlated densigfr), v,(f;) is cal- q-ty_pe functions for_ B and F. For H an extra valenc_e polar-
culated fromp(r'r) via Eq. (10) and o€ .) is calcu- ization d-fqnchon_ with the exponen&r=1.0 and for Li two
lated from p(r) and p,(r1,f,) via Eq. (9). v, anvagIe such functions with the exponeni&_O.BG anda=0.15 have .
are used for the analysis of,, and for the construction been used. In order to better.take mto account the correlation
of €, while v,y andv™® are used in the procedure of effef:ts for core .electrons,.th|§ basis has been augmented for
Uy CONstruction as components of the starting potentia?( with tWO. localized polarizatiorp- and twod-functions of
the core size, whose exponents were set equal to those of the
second most localized contractsedfunction of the basié®

of electron interaction ).
2 r;) and a set of KS orbital&g,(r)} are obtained from . . )

(2) velri) 5 (1} The increase in the absolute value of the correlation energy
due to inclusion of core polarization functions amounts to

the correlategp(r) with an iterative procedur%starting
from some initial guess?, for v, .
INIHAl gUESB e 1O el 6% of ES for LiH, 14% for BH, and 8% for HF, so that the

(1) For a given grid{r;} the Hartree potentiab(r;) is cal-

Ue'(ri):lfH(ri)_JrvXC(ri)' _ (22_) SDCI calculations recover 93% & for LiH, 90% for BH,
At the mth iteration the KS equation@) are solved with 5,4 78% for HF.
the potentiab g, ) Calculation ofp(r’,r) andp,(r,,r,) from the SDCI wave
val(r) =fm(rive (ry) (23)  functions with the subsequent constructionwgf, €, and

calculated frormg}’l of the previous iteration with the their components has been performed in the same basis of
correction factof ,,, the latter being the ratio of the den- MO’s as the SDCI calculations by means of a special density

sity ™ from the (m—21)th iteration and the givep, functional extensiot??® of the ab initio ATMOL package.
p™ () Matrix elements ofvy, in this basis have been calculated
flri) = AR (24 using a numerical integration with grids according to Ref.
I

27.
To obtainv,. and{¢;} via the procedur€22)—(25), two
alternative initial potentials 9,

Then,p™ 1 in Eq. (24) is replaced withp™ obtained at
the mth iteration and this procedure continues until fur-
ther iterations cease lowering the difference

|p™(r;)—p(r;)| in the region of nonvanishing densities. vo([plin=vu(pl;n) +vo([pl;r), (26)
Finally, v,.(r;) is obtained by subtracting,(r;) from the o . . hol _ o _
resulting potentia22). As was pointed out in Ref. 9, vellplin)=vnu([plin) + v ([plir) +vresd[p]i1),
this iterative procedure is not guaranteed to converge. (27

However, if it converges then its limit is unique as guar-have been employed. In Eq®6), (27) vy anduﬂg'e are the

anteed by the Hohenberg—Kohn theorem applied to aigorous Hartree potential and exchange-correlation hole po-
noninteracting electron systethin the calculations we tential calculated from the correlatealr) and p,(ry.r),
have used a slightly modified form Eq. (#4), while v, andvp.g,are the following approximatiorfs:
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vgc([p];r) =vxa(p;l’)+265(p,|Vp|;l’)+ ZE\C/WN(p;r), TABLE I. Kohn—Sham energy characteristi@u).
(28) LiH BH HF

\ e €omo ~0.284 ~0.359 ~0.585

0 N oi(r —ly —0.283 —0.359 —0.589
Uresp([p],f)—o-382i21 Vu—& — o (29 T, 8.001 25.153 100.072
- Toe 7.993 25.119 100.027
T 8.058 25.252 100.309
In Eq. (28) vy, is the exchange-correlatiokia potential?® Tg' 0.057 0.099 0.237
€ is the exchange energy density gradient correction of e, 0.061 0.110 0.304

Becke3® ande’"N is the local density approximatici.DA) Te ek 0.88 0-75 0.84
’ €c Yy appro AT, 0.061 0.093 0.102
of Vosko, Wilk, and Nusait for the correlation energy den- AT, 0.023 0.012 0.050

sity. The parameter of vy, is chosen from the following
fitting condition:

[— 3 VD) +ud(NIon(r) =—1,¢n(r), (300 V. KOHN-SHAM ENERGY CHARACTERISTICS

_ _ ) Table | presents various energy characteristics for the
where ¢y is the highest occupied Kohn-Sham molecularks orbjtals{d(r)}, which have been obtained with the pro-
orbital (HOMO) andl ; is the experimental ionization energy cequre(22)—(25). The first is the HOMO energst, . Accord-
of the molecule. The Kohn—-Sham calculation with this opti-jng 1o Refs. 33—36, an accurate HOMO eneegyis equal to
mized potential may also be used to construfet, of EA.  minys the ionization potential of the systémand ey values
(29), which is the KS orbital dependent approximaffor  gptained for XH are indeed close to the experimentd)
Uresp With € being the energy of the KS orbitah and v \aues(see Table)l In this respect it is informative to con-
being the Fermi level of a given system, which is equal to thjger the evolution we observed & calculated for LiH and
energy of the HOMQu=ey . Both potential(26) and (27) By during the cycles of the iteration procedure. Starting
hglve a proper long-range Coulombic asymptoticsfom the valueel=—1, [because of the fitting condition
Uelﬁ_(z_l)/_|r|- _ _ (30)], ey departs from—1, at the first few iterations with

For the lighter monohydrides LiH and BH the results simytaneous lowering of the calculated KS kinetic energy
obtained depend only slightly on the type of the initial gUeSST_ and then goes back to the valud , at the subsequent
used, with Eg.(26) providing a somewhat better final jiarations. P
HOMO energy. This is probably due to the for this property  Tapje | also presents the kinetic energy of the KS system
“perfect” starting potentialcf. Eq.(30)]. After 45-50 itera- T ,
tions the procedur&22)—(25) has reached its saturation state,
with no further discernible change of results. The densities 1 X )
obtained agree with the correlatedwithin 0.1% in the re- Ts=—3 ;1 ¢F (r)V=gi(r)dr (31
gion of nonvanishing densities. Similar accuracy égr(and
p) may probably be obtained with the starting potential ofand the kinetic part of the exchange-correlation enérgy
Eq. (27) by varying the constant inf’esp[Eq. (29] so as to  where we indicate the fact that we are dealing with an ap-
start with the accuratey= —1,, but we are satisfied with the proximation to this quantity by a ClI calculation by way of
solution obtained with the initial gue$6). The results ob- the superscript Cl,
tained with this starting potential will be presented in the
next section. Cl_—Cl —

For the heavier HF system the initial potentiab) ap- Te=T"=Ts f P(NVein(r)dr (32
pears to overestimate substantially the attractive character of
vy Near the F nucleus. The subsequent iterative procedu
has not been able to remove this defect and it has not reach
its saturation state even after 100 iterations. The resultjpg

appears to be very close t§°" near the F nucleus. Since it

Since the DFT definition of correlation energy deviates
ffom the conventional one, which is always with respect to

e Hartree—Fock energy as the reference, we will denote the
conventional quantities with the subscript HF,

is knowrt??®that the response potentiglesy = vy — vhe© E. nue=E—E"F,
— v kin IS fairly large and positive in theslregion(see Fig. i
8 below), andv i, is much smallekcf. Fig. 7), v, is obvi- Tenr=T-TT. (33

ously somewhat deficient. On the other hand, with the initial
guess(27) for HF, which does build in correctly this repul-
sive term in the & region[cf. Eq. (29)] from the start, the Te e

procedure did approach its saturation state with the resulting £ —=-1 (34

vy being appreciably less attractive thafi”® near the F oHF

nucleus. The results for HF obtained with the initial guessThe approximation to the exact conventional correlation en-
(27) will be presented in the next sections. ergy that we obtain from our SDCI calculatiolEg'HF, may

Due to the virial theorem these exact quantities are equal
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be compared to the known exact valG&&? to obtain im- For the series XHX=Li, B, F) the differenceAT, is a
proved estimates from the ClI approximationsTig,e and to  positive quantity, which increases monotonically from 0.061

Te, a.u. for LiH to 0.093 a.u. for BH and to 0.102 a.u. for HF.
£ The positive sign oA T, is in line with the positive sign of
e _gC ZC&HF the exact as well as Hartree—Fock values for the kinetic en-
c,HF c,HF =CI P ;
Echr ergy change upon bond formation. It reflects contraction of
E the KS orbitals occurring at bond distances closRgoThis
Te=TC Z&HF (35)  can be understood, if we rewrite the expressi@ for T, in
c c ECI_ .
C.HF the gradient fornt,
The correction factors are 1.075, 1.11, and 1.28 for LiH, BH, 1
and FH, respectively. The extrapolated values Tgr, de- Ts:§ > f [V i(r)|%dr. (39
i=1

noted with a superscrig (cf. Table ), are still approxima-

tions for two reasons. In the first place, applying the correcThe more localized the KS orbitals are, the higher are their
tion factor deduced from the correlation energiesact and gradients, which leads, according to Eg8) to increase of
Cl) to just the kinetic part of the correlation energy is only T,. The energetical effect of the orbital contraction increases
allowed if the virial theorem would also hold for the approxi- with increasing nuclear charge of the X atom. The kinetic
mate Cl, whereas it will only hold exactly for a full Cl. In the energy effects due to bond formation, in particular the low-
second place, the correction factor is not necessarily equakring of the kinetic energy at long distances and the orbital
for T{ye andTS'. In particular, the extrapolation af, will  contraction and concomitant kinetic energy riseRat R,

be dubious in systems that are not good Hartree—Fock casdsave been studied in the classical papers by Ruedenberg
i.e., where a single determinant is not a good first order apet al. on H; and H,.333% An analysis of kinetic energy ef-
proximation to the wave function, such as a dissociatingects for individual Kohn—Sham orbitals describing various
molecule. In such a cadg may differ strongly fromT"", cf.  bond types(c and ) at long and short distances has been
Table Il in Ref. 16. given in Ref. 40.

It is interesting to consider in the present series of mol-  The differenceA T, reflects the effect of bond formation
ecules, where Hartree—Fotk a reasonable first approxima- on the kinetic part of the correlation functional. Unlikd g,
tion, what actually the difference is betwe€pandT,e. The it changes nonmonotonically in the series XAT . is mini-

KS kinetic functionalT 4 p] minimizes the kinetic energy for mal for BH (0.012 a.u), it is larger for LiH (0.023 a.u), and

a Kohn—Sham determinant with the density constrained tit has the largest value 0.050 a.u. for HF Note the same
the correlated density. It is well known that the correlated trend for the differencAE e = E¢ ye(XH) — E¢ wr(x) Of the
density is more contracted around the nuclei than theonventional total correlation energiayhich have the val-
Hartree—Fock density, which is extremely so in poorues 0.038, 0.028, and 0.064 a.u. for LiH, BH, and HF, re-
Hartree—Fock cases like dissociating.}44° Due to this  spectively. This is not surprising, because the conventional
contraction effect of correlation, the minimal ener@y is  exact quantitied . - andE, ¢ are equal on account of the
still higher thanT"". Although the difference is not large virial theorem, andT is roughly proportional tor; ¢ for
percentage wisésee Table), it is not negligible on the scale both atomic and molecular systems considered.

of the difference betweefi® and Ty, i.e., T.. As a result,

the rat|0TC|/TC HF is COﬂSlStently lower than 1 for XH rang- VI. POTENTIALS AND ENERGY DENSITIES

ing from 0.75 for BH to 0.88 for LiH. We may expect this

ratio to be closer to 1 in the corresponding atoms, since the In Figs. 1-3 the molecular Kohn—Sham exchange-
atoms X are closer to the limiting case of tightly bound, goodcorrelation potential,. constructed for the series XkK
Hartree—Fock systems. =Li, B, F) are compared with the potentials of the exchange-

One can study the effect of bond formation on the ki-correlation holevxg'e. The potentials are plotted along the
netic functionals by comparison @t andT¢ values obtained bond axis, as functions of the distareéom the bond mid-
at the equilibrium X—H distance with the sum of atomic point. In all casey is everywhere less attractive than the
values for X and H. For the one-electron H atdif(H)=0 corresponding "%, This is an anticipated trend since, ac-
and the KS system coincides with the exact one, so tha€ording to Eq.(17), v, can be obtained by addition of,

according to the virial theorenT,((H) is equal to minus the and v k|n16to vye®, and the former potentials are
total energy of the H atonT (H)=0.5 a.u. TakingT4(X) expected1*2to be mainly repulsive. - .
values from Ref. 37 and extractinE£(X) values from the The form of v, resembles that ob,c", for instance,

data reported in this reference, we obtain the differences both potentials have a deep well around the nucleus X. This
is simply due to the fact that at positionsvithin the 1s shell

AT=Ty(XH)=T(X) - 0.5, (36) the exchange hole surroundings very close to minus the
AT,=TE(XH)—T(X), 37) 1s density, leading to a strongly attractive potenti%!).leStiII,

there exists a significant difference betwagp andv,; ",
which are presented in Table I. We note that the atomic datwhile v/ is a rather smooth potential,,, displays a char-
in Ref. 37 are approximate since the atoms are open shedicteristic structure. The most visible featuresvgf are the

systems that have been treated using sherical averaging. local maxima(intershell peaksbetween the core and valence
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0.01 0 —

(a.u.)
(a.u.)

-3.0 T T T T T T T -5 T T T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

z(au.) z(a.u.)

FIG. 1. Kohn—Sham exchange-correlation potential and the potential of th&G. 2. Kohn—Sham exchange-correlation potential and the potential of the
exchange-correlation hole for LiH. exchange-correlation hole for BH.

regions. One can see them most clearly on the outer sides tbn of the electron density on the more electronegative at-
the B and F atoms with the maxima of the peaks beingpms F (in HF) and H (in LiH), thus providing the ionic
placed az=—1.90 a.u. anad=—1.22 a.u., respectively. The patterns of the electron distributio H-F°~ and Li*" —H°".
outer-side intershell peak is more pronounced in the case d¢for BH, a molecule with a more covalent type of bonging,
the F atom in the HF molecule, while it is less pronouncedv,. exhibits a more “covalent” pattern, having a flat shape
for B and it completely disappears for Li in the LiH mol- in the bonding regiorisee Fig. 2
ecule. The same trend is observed for the intershell peaks of In Figs. 4—6 the exchange-correlation energy density
individual atoms X(see Figs. 2 and 3 of Ref. B7Analogous [as defined in Eq(14) ] is plotted for the series XH together
peaks are displayed on the inner, bonding sides of X in BHwith its potential /" and kineticv ¢ ki, components. It is
and HF with the maxima a&=-0.45 a.u. and=—-0.50 a.u., not surprising, that the form af. is determined primarily by
respectivelyv,, for LiH also exhibits a peak in the bonding that of its potential component. While. \;, represents a
region, but its maximunz=—0.22 is closer to the bond mid- Coulomb correlation effectp/"® represents also the ex-
point and this peak seems to be caused by a combination ehange, a dominating part of the total electronic exchange-
various correlation effecttsee the discussion belgpw correlation. Still, a proper account of the pure Coulomb cor-
vy displays also features in the valence region, whichrelation effect on both potential and kinetic functionals,
can be related to the heteropolar nature of the diatomiembodied in the Coulomb hole potent'u?{lo'e and inv yin,
bonds, leading to anionic atomg Fin HF and H~ in LiH. is important for an adequate description of molecular sys-
Local wells inv, are discernable that “attract” electrons to tems, especially for one-electron properties of valence elec-
the electronegative atom. For HF this well surrounds the Frons and for bonding properties.
core just beyond the intershell peak and where the bond axis In all casese,. has a deep and rather sharp well around
intersects with the well local minima i, are visible in Fig.  the X nucleus, caused By "%, i.e., by the exchange hole in
3 at z=-1.39 a.u. andz=-0.31 a.u. For LiH, this well the 1s shell, see above. However, the form ef in the
spans the region of the H atofeee Fig. 1 with the mini-  region of the H atom changes substantially within the series
mum placed at the H nuclegse neglect the small wiggle at XH. For LiH ¢, just as its dominating componefi %',
the H nucleus, which probably is an artefact of the iterativehas a distinct well around the H nucleus, while for BH such
procedure ob,. construction. These wells favor accumula- a well becomes very shallow and for HF it completely dis-
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(a.u.)

(a.w.)

z{(a.u.)

daw.) FIG. 4. Exchange-correlation energy density and its kinetic and potential

components for LiH.

FIG. 3. Kohn—Sham exchange-correlation potential and the potential of the
exchange-correlation hole for HF.
peaks in the intershell regions. One can see them, for ex-
ample, on the inner, bonding side of the X atom with the
appears. This trend reflects the above-mentioned effect of maxima of the peaks being placedzat —0.27 for LiH and
different ionicity of the H atom on/!l%"®, which is also the z’=-0.65 for BH in Fig. 7a), and atz=—0.50 for BH and
dominating component af .. z'=-0.74 for HF in Fig. Tb). The peaks are higher and
The kinetic party, i, of the exchange-correlation energy closer to the nucleus for the heavier X, the latter feature
density is small compared tg,, due to the large exchange illustrates the abovementioned contraction of #g;, oscil-
contribution to that quantity. Nevertheless, addition oflations. Note, that scaling of the coordinate reduces the
U kin tO gv';g'e produces some structure é.. One may men- visual effect of contraction, so that for the real, unscaled
tion the distinct peak ok, in the bond midpoint region of coordinatez the contraction of oscillations is stronger.
LiH (see Fig. 4 or its small intershell peak on the outer side Closer to the X nucleus, the peakswfy, are replaced

of the B atom in BH(see Fig. . Still, because of the small with negative wells of a lower amplitudéexcept for the

amplitude ofug yin, € iS everywhere rather close "% sharp peak at the nucleus mentioned befdrethe bonding
being less negative thajp 2 for the majority ofz values.  region vckin Nas a smoother behavior. It decreases in the
For larger|z| values bothe, and 3% approach the Cou- direction of the H atom, passing through a small local maxi-
lombic asymptotics-0.5/z. mum in the bonding region. In this regien ,;, is somewhat

In Figs. 1a) and 7b) the potentials .\, are presented. reminiscent(especially for HF of the corresponding poten-
In order to make the comparison more clear, in Fig) The tial for the H, molecule at the equilibrium distance, which
plot of v, \in VS the scaled coordina®=1.2% (1.29 is the has been constructed in Ref. 16.
bond length ratio for LiH and BHfor BH is compared with This complicated behavior af; i, reflects the fact that,
v kin(2) for LiH, so that the nuclear positions in both plots according to its definition (15), the relatively small
coincide. Analogously, in Fig. (B) the plot v in(z'),  vckin(ry) is a difference of two larger potentiaks,,(r,) and
z'=1.34% for HF is compared withy \n(z) for BH. Uskin(ry). In its turn, the latter difference is determined ac-
Figures Ta) and 1b) show thatv, y, is an oscillating  cording to Eqs(10), (12) by the integrated difference of the
function in the region of the atom X, the oscillations tend toconditional amplitude gradientV,®(s; X,,...xy|r1)|? and
become more contracted with increasing atomic number ofV,®(s; X,,...Xy|r )% or, in other words, by the relative sen-
X. Apart from this contractiony . i, displays some charac- sitivity of the total exchange-correlation hole and the pure
teristic patterns. Its most visible features are the positiveexchangegFermi) hole in the distribution of other electrons
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(a.u)
(a.u.)

-3.0
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FIG. 5. Exchange-correlation energy density and its kinetic and potentiaf|g g. Exchange-correlation energy density and its kinetic and potential
components for BH. components for HF.

to the displacement of the reference electron frgmif the  hole has a polarization shape; negative arorjgd positive
exchange-correlation hole associated witts, X,,...X\|r1)  at the other side of the nucleus. Wheg; is close to the
has a more substantial change of its form than the Fermi holeucleus, the hole acquires an expansive shape; spherical,
associated witlDg(s; ,X,,...Xn|1 1), Ue kin(r1) Will be positive  negative around the nucleus ang;, positive in the outer
and it will be close to zero if there is no or little Coulomb region. When the reference position movesy., in Ne out
correlation or even negative if the Coulomb hole variationof the 2s region into the % shell, the Coulomb hole almost
counteracts the Fermi hole variation so as to produce disappears from the2region and becomes purely polariza-
smaller sensitivity to the reference position of the total holetionlike within the 1s shell (Fig. 3.3 of Ref. 46. This Cou-
than just the Fermi hole. Note, that in the exchange-only caslemb hole behavior enhances the “jump” of the exchange
only electrons with the same spin as that of the referenclole from X,2p character to & character, which explains
electron respond to its displacement. On the other hand, ithe positive peak im y, in the 2s—1s border region. When
the exchange-correlation case electrons with both the sammoving closer to the nucleus the hole stabilizes to a Fermi
and opposite spins change their distribution with the changpart that is just minus thesldensity, and a Coulomb part
ing ry. Because of thisp (r1) is positive in the main that is polarization like, an@. ., becomes smal{actually
regions. somewhat negatiye Moving still closer to the nucleus we
The maximum ofv, 4, in the 1s—2s intershell region observe agairismalle) peaks at both sides of the nucleus,
can be interpreted in the following way. It is well known that which become larger and considerably closer to the nucleus
the intershell peak in g, reflects the fact that the Fermi hole in the series Li, B, Kin F they nearly coalesgeWhile the
“jumps” from one shell to another accompanying the refer- Fermi hole is stable at these reference positions, we conjec-
ence electron when it crosses the intershell bottiér:1646  ture that these peaks are related to the change in Coulomb
Less is known about the Coulomb hole. From the results ohole from polarization to expansion shape. We have no ex-
Ref. 46 it is clear that when the reference position is within aplanation for the sharp dip at the nucleus, which may be an
shell (like the 1s in He) the hole will have a contractive artefact of our procedure for constructing., or may be
shape when the, is in the outer part; spherical, negative caused by the unphysical Gaussian shape of our Cl density at
aroundr =|r ., positive closer to the nucleus. When the ref- the nucleus.
erence position is at intermediate positions in the shell, the The behavior ob ¢ 4, in the bonding region reflects the
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FIG. 7. Comparison of the potentialg ,i, for (a) LiH and BH; (b) BH and HF.

effect of the left—right correlation of electrons of a single from the corresponding stepped structure of the derivative
bond X—H. When the reference electron crosses the bondg,(r.r,)/dp(r5) [see Eq.(19)] as a function ofr; and an
midpoint, another electron has to switch from one atom taexpression has been obtained for individual step heights in
the other due to the left—right correlation of electrons of aterms of the energetical characteristics of the corresponding
single bond X—H. As a consequence, a bond midpoint peakhell.
is expected to appe&rin Uekin- Since there is no analogous By construction,v ¢, presented in this paper contains
exchange effecty i, is definitely positive in this region not only the exchange componadl'®™s, but also the cor-
with a small local maximum near the bond midpoint. How- relation components®®"*®and v, [see Eq.(20)]. One
ever, as was shown in Ref. 16 for the case of themtdl-  can see from Fig. 8 that for all systems thgs,obtained are
ecule, the effect is small at the equilibrium geometry andeverywhere positive, repulsive potentials. Though far from
only for the dissociating molecule, where the left—right cor-perfect, the one-step structure can be recognizea Qg of
relation is strengthened by the strong near-degeneracy effe@®@H with higher values for the core electrons and lower val-
v kin developes a relatively high bond midpoint peak. ues for other electrons. The step pattern is disturbed, mainly,
In Fig. 8 the response potentialgspare plotted, which by the cusps and wiggles of.g,near the nuclei. In particu-
have been obtained by subtraction wf;, and vh% from  lar, Uesp fOr HF has an especially deep cusp near the F
Uye- Just as in the case af; in, vesf2’), 2’=1.2% and  nucleus. One of the possible reasons for these features can be
VresdZ"), Z'=1.74 are plotted for BH and HF respectively. the inclusion of the correlation effects. Another reason can
As was established in Ref. 12 within the exchange-onlybe the performance of the numerical procedure gfcon-
OPM model*1*5the atomicy°®™Pis a repulsive poten- struction. Because of the singularity of the derivativepaft
tial, which has the characteristic form of a step function withnuclei, it appears to be somewhat difficult, in general, to
the steps representing individual electronic shells. For exachieve high numerical accuracy of the KS solution in the
ample, for atoms of the second period with & tore core regiong:®1%1!
vholeresPhag just one step with the higher plateau for tise 1 Nevertheless, Fig. 8 represents a reasonable trend for
electrons and with a rather steep descent to low values in theg, in the series XH. For the heavier X atoms the step
region of the 3,2p electrons. In Ref. 42 it has been shown exhibits a definite contractiofwhich should be more pro-
within the generalization of the exchange-only Krieger—Li—nounced for the real, unscaled coordinatand the height of
lafrate approximatioH that the steps ob[®®"™Poriginate  the stepde increases in accordance with its rough estirffate
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tionals. The energies of the highest occupied KS MO calcu-
lated withv, reproduce the experimental ionization energies
of XH.

The structure ob,. and ¢,. has been analyzed in terms
of their components o, v xin andv s, The form ofv,,
and ¢,; is determined by a combination of the characteristic
features of their components, namely, the wells (¢, the
peaks ofv i, and(in the case ob,.) the stepped-like pat-
terns of v, The relation of these features with various
effects of electronic structure and electron correlation has
been discussed. Anionic nature of atomic fragmerfts i
the LiH molecule and ¥ in the HF molecule manifests
itself through the formation of local wells af,, in the cor-
responding regions.

The present results have shown sensitivity of the mo-
lecular KS solution obtained via the iterative procedure
(22)—(25) to the starting potential,. This is especially true
for the regions near the nuclei. The stability of the procedure
also appears to decrease when going from the lighter LiH
and BH molecules to the heavier HF molecule. One of the
possible reasons of this is the local nature of the simple up-
dating formula(23), (24) for the potential of electron inter-
actionv,. According to this formula, the change of potential
at themth iterationAv¢(r) = v&(r) — v3~(r) depends ex-
plicity only on the local density difference
Ap(r)me_l(r)—p(r) and the local ratiw ,,_,(r)/p(r),

0
2,22
A va 0 40
FIG. 8. Comparison of the potentialgsp. vellr) = p(r) p(r). (40)

In this sense one can expect a better performance of an inte-

6e=0.38, €EHOMO ™ €151 (39) gral formula
wheree, is the energy of the core orbital. .
To sum up, the analysis of,. performed in this section Avel(r):J Xs (r,r")Ap(r')dr’, (41)

shows the role of its various components. Whil'® deter-

mines the general form aof ., v, and v in Provide an  according to which the local potential chande(r) has a
additional structure on top of that of%®. Each component proper nonlocal dependence Ap(r’) in all pointsr’. In Eq.

of v, displays its own characteristic structupd>®has wells  (41) xs * is the inverse static density response function. In
around the X nuclei and around the H nucleus of tfe H Ref. 3 it was proposed to use Eg.) for the construction of
anionic atom of LiHv \, has peaks in the intershell and v, and in Refs. 7, 48 the corresponding scheme of calcula-
bond midpoint regions, while ., displays steplike struc- tions has been developed. Unfortunately, calculation of
ture. The structure of . and its components reflects effects x5 (r, r’) creates problems for its implementatidfiand, to

of electronic structure and electron correlation, such as theur best knowledge, even for atomic systems there were no
ionicity of XH molecules and the variation of the form of the reports orw,. constructed with the integral formuldd).
exchange-correlation hole in various molecular regiofj&® Nevertheless, the procedure of Sec. Il provides a rea-
and v¢n, the “energetical” parts ofv,., yield the sonable accuracy, in particular, for the constructed function
exchange-correlation energy density, thus defining the locad,.. This function contains only the “energetical” compo-
energetical effect of the electron correlation. nentsiv "ok, e kin Of Vi and it integrates to the energy,,

VII. CONCLUSIONS Exc:f (1) €S (r)dr =WEL TO T, 42)

In this paper the molecular Kohn—-Sham exchange-
correlation potential,. and the energy densitieg. have  which, when obtained with a Cl wave function of good qual-
been constructed frorab initio first- and second-order den- ity, is a reasonable estimate of the accuratg (see Sec. V
sity matrices for the series XK=Li, B, F). Comparison of for a discussion of the KS kinetic functionaléurthermore,
the molecular values of the KS kinetic functiondlsandT,  the dominating2v9'%(r) term of ¢,(r) is obtained directly
obtained in this paper with the atomic ones obtained in Reffrom ab initio p(r) andp,(r,r,), providing also a reasonable
37 has revealed the effect of bond formation on these fundocal quality of ¢, as a function of.
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