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Benchmark calculations of chemical reactions in density functional theory:
Comparison of the accurate Kohn—Sham solution with generalized
gradient approximations for the H ,+H and H,+H, reactions
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The Netherlands
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The Kohn—-ShaniKS) solution is constructed from an accurate Cl density and the KS exchange and
correlation energieg, andE., as well as the corresponding exchange and exchange-correlation
energy densitieg,(r) ande,(r), which are obtained for the hydrogen abstraction reactierHsl

and the symmetrical four-center exchange reactigttH,. The KS quantities are compared with
those of the standard GGAs. Comparison shows that the GGA exchange functional represents both
exchange and molecular nondynamical left—right correlation, while the GGA correlation functional
represents only the dynamical part of the correlation. This role of the GGA exchange functional is
especially important for the transition statd<s) of the reactions where the left—right correlation is
enhanced. Standard GGAs tend to underestimate the barrier height for the reattignadd to
overestimate it for the reaction,H#tH,. For H,+-H, the Kohn—Sham orbital degeneracy in the
square TS is represented with an equi-ensemble KS solution for both accurate KS/Cl and GGA,
while near the TS ensemble solutions with unequal occupations of the degenerate highest occupied
orbitals are obtained. For the GGA ensemble solution a special ensemble formula for the GGA
exchange functional is proposed. Application of this formula to the-H, reaction reduces
appreciably the reaction barriers calculated with GGAs and leads to much better agreement with the
accurate value. The too low GGA barriers for the H, reaction are attributed to overestimation of

the dynamical correlation in the TS by the GGA correlation functionals. In order to correct this
error, it is recommended to modify the dependence of the approximate correlation functionals on the
local polarization { with the purpose of reducing the approximate correlation energy for
intermediatel values, which are expected to characterize the TS’s of radical abstraction reactions.
© 1999 American Institute of Physids$0021-960809)30733-9

I. INTRODUCTION obtained with high quality configuration interacti¢@l) cal-

) . . . _culations at many points of the two-dimensional potential
With the advent of the generalized gradient approxima-, .- surfacgPES of the symmetrical bHH, reaction
tions (GGA9),}* density functional theoryDFT) has be- gy Y 2

. . and the collinear path of the +H, reactions. In Sec. Il the
come a powerful tool for computational chemistry. GGAs . . .
. . . computational details are discussed and the method of con-
are successfully applied to the calculation of various molecu- ) oo )
truction of the KS solution is characterized.

lar properties such as atomization energies and equilibriurﬁ . .
geometries. However, the quality of the GGA calculations of In Sec. lll the_ PES for the react_|on2H-IH2 is presented
d the construction of the KS solution around the square TS

potential energy surfaces of chemical reactions appears to - i< di d hi ion th
nonuniform. For certain types of reactions, most notably forf Dan Symmetry is discussed. In this region the proper KS

the hydrogen abstraction reactions, it was established in tHa"d GGA solutions are represented with an ensemble of de-

literature that the standard GGAs yield too low reactiond€nerate determinants similar to the case of thenGlecule
barriers® None of these studies compares GGAs with theconsidered in our previous papérin Sec. IV the CI results

essentially accurate Kohn—ShaiS) solution, which can a}nd the accurate !<S exchange and correlatiqn energy densi-
be obtained from an accuraab initio electron density(r). ~ ties for the reaction bt H, are compared with those of
Previously, such solutions have been obtained for a numb&GAs. The standard GGAs appreciably overestimate the re-
of atom€-12 and moleculed3~2° action barrier. It is proposed to use for the GGA ensemble
In this paper the KS solution is constructed fromam  solution around the TS a special ensemble formulaBpr

initio p and the KS exchange and correlation enerfigand ~ Application of this formula reduces the reaction barriers cal-
E., as well as the corresponding exchange and exchangéulated with GGAs and leads to much better agreement with
correlation energy densitiag(r) ande,.(r), are calculated the accurate value. In Sec. V the CI results and the KS ex-
for a number of pointgincluding the transition statéTS)]  change and correlation energy densities for the reaction
along the paths of the simplest collinear hydrogen abstrads+H, are compared with the GGA ones. In agreement with
tion reaction H-H, and the symmetry-forbidden four-center previous studies, GGAs are found to underestimate the bar-
exchange reaction HH,. Theab initio densities have been rier of this reaction. To improve the performance of the GGA
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for H+H, without worsening its results for H4H,, it is  theory and an approximation for the orbital density response
proposed to modify the spin-polarization dependence of thépi(r)=~dp(r)pi(r)/p(r) is employed:® An updated poten-
GGA correlation energy functional in order to reduce thetial vi™*(r)=vg(r)+évi(r) is used to calculate a new set
Coulomb correlation of the electrons with like spins, which of orbitals " *(r) and the iterative procedure continues un-
is overestimated by the GGA. In Sec. VI conclusions arelil convergence is reached. The accuracy of the resultant KS
drawn. One conclusion is that, owing to its localized modelsolution can be characterized by the values of the absolute
Fermi hole, the GGA exchange functional represents effecintegral errorAp for the calculated density™(r)

tively both exchange and molecular left—right nondynamical

correlation. The GGA correlation functional, in its turn, rep- Ap:f |p™(r)—p(r)|dr. (2.9
resents only the dynamical short-range correlation. The same

trend has been observed in our previous work for diatomicl'he magnitude op depends on the quality of the targsh
molecules Lj, N,, F,,*%'7 and for H.%?2 Comparison of initio p as well as on the system considered. For the most
the KS and GGA energy densitieg(r) ande,.(r) supports accurate target densities, typical errors are small, with the

this conclusion. maximal errors being only p=0.0002 for the H; TS and
Ap=0.00% for the H; TS. In general, the procedure of Egs.
Il. CALCULATION OF THE KS QUANTITIES (2.1)—(2.3) provides a higher accuracy of the KS solution

with fewer iterations compared to that of van Leeuwen and
Baerend® employed in our previous work.

To obtainab initio correlated wave functions and densi-
ties, the HF and subsequent CI calculations of the two-
dimensional PES of the H-H, reaction and the collinear

The iterative procedure used in this paper to obtain th
Kohn—Sham orbitalsy;(r) and potentialvg(r) from anab
initio densityp(r) has been developed recently in Ref. 23. It
starts from a trial potential2(r):

VAN =Vex 1)+ V(D) +Vxa(p;T) + 265 ni(p,| Vo ;1) H+H, reaction have been performed by means ofatheoL
VWN packagé€’ A basis of contracted Gaussian functions has been
+2e/"N(p:r), (2.0 used for the calculations. A high quality quintuple zeta basis

which produces the starting densji§(r) built from the or- set(cc-p\(SZ)ZS has been used for a number of points along
bitals ¢2(r). In Eq. (2.1) ve,(r) is the external potential of the reaction paths. For the largep+H, system theg-type
the nucleiv,(r) is the Hartree potential of the electrostatic Polarization function has been omitted from the basis and

electron repulsion calculated with a suitable initial density,two f-type functions have been replaced with drfenction

the exchange energy density gradient correction of Béckefireference CI(MRCI) calculations have been carried out
and e\C/WN is the local density approximatiofLDA) of within the direct CI approach with the reference configura-

Vosko, Wilk and Nusaf® for the correlation energy. At the tions produced by the inclusion of all excitations in an inter-
n+1-th iteration a change of the potentiabv’(r) nal space of 24 orbitals. All single and double excitations

=v™* () —v(r) is calculated using the total(r) and or- from each reference configuration have been included in the
bitasl pin(r):fij #7(r)|? densities obtained at the previous it- MRCI. For the bulk of the calculations for the PES a smaller

eration as well as the targpfr): (though also large enouglaugmented triple zetéaug-cc-
pVTZ) basis has been used. In this case the single reference
SO(r) = V2p(r)— p(r) v2p"(r) Cl calculations have been carried out with all single and
s 4p"(r) P p"(r) P double excitations from the HF configuration. The high qual-
1 ity of our CI calculations can be illustrated by the fact that
_ n—(Vp(r)Vp”(r)— pn(r) Vp"(r) 2)’ they yiiaeld as barrier height_of t_he hydrogen abstraction reac-
p"(r) p"(r) tion EB=9.64 kcal/mol, which is even closer to the experi-
N-1 (r) mental valueEg, ;=9.7 kcal/mot*° than a high-quality quan-
+ > oV P:] ' (2.2 tum Monte Carlo result of 9.61 kcal/mdf°
i=1 p"(r) The Kohn—Sham exchange energy densityr;) has
where ov7=(y"|ov| 4", the diagonal matrix elements of Peen calculated according to the conventional expression
dvy, are calculated from a set of independent linear equa- 1 NN
tions ry)=-— dr
X 1= 2t 4 2 ) 9
n n
p;(r)p;i(r)
2 (f—J oy Arfidi—fiow | avg NSO 05
. [ri—rol '
_ _j pin(r) [Vz[p(r)—p”(r)] from the KS orbitalsy;(r) obtained with the iterative proce-
4p"(r) dure Egs.(2.1)—(2.3. The KS exchange-correlation energy
_ density €,.(r1) is defined according to Refs. 21, 31 as the
r "(r)]Vp"(r xell1
v ([p( ) Z”((r))] p"( ))’d 23  sum
) — . . 1,,hole .
To derive Eqgs(2.2),(2.3), the response of the KS orbitals to excllPliN) =Veun(LpLin) + 2vie (L L) 2.6

the potential changév is considered within linear response of the potential of the exchange-correlation hol}@'e
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1= T2lp(ry) 20
and the kinetic parv i, \ /
V1 Valp(ry !rl)_ps(r:ll_:rl)“ri:rl E =
Vc,kin(rl) = 2p(l’1) . (2.8 2,4_: /
To constructe,(r1) via Egs.(2.6)—(2.8), the first-order den- 1 '

sity matrix p(ry,r,) and the diagonal pag,(r,r,) of the

two-electron density matrix have been calculated from the 20 /
MRCI wave function by means of a Gaussian orbital density ]
functional cod&®3 based on thextMoL package. The KS 1o
first-order density matrixog(r;,r1) in Eq. (2.8) has been -
calculated from the orbitalg;(r). 3
The GGA functionals considered in this paper are the L
exchange-correlation functional of Perdew and W#RgV E (

91),43334the combination BP of the exchange functional of T T T

Beckée and the correlation functional of Perde®86® and x@w)

the combination of the same exchange functional of Becke FiG. 1. The two-dimensional potential surface for the reactigr Hy.
with the correlation functional of Lee, Yang, and Parr

(LYP).2 The GGA calculations have been performed both
self-consistently and with the Gi(r). The GGA exchange being 38 kcal/mol higher than @H2H). Still, due to the

o

e >" and exchange-correlatiof " energy densities define formation of (formally) four relatively weak H—H bonds in
according to the expressions the TS, it is stable with respect to dissociation to four H
atoms, with a corresponding atomization energy of 71 kcal/
Exp]= f (e A plinadr, 29  mol,

The construction of the Kohn—Sham solution from the
ce B GGA 1. ab initio ClI p(r) for H,+H, deserves special discussion, due
Exc A[p]_f p(Nec ([plndr, 210 {5 the strong near-degeneracy correlation effects when the
TS state with its high symmet® 4, is approached. On one
side of the reaction barrigifor the reagenisp(r) is repre-

energies. In this paper the accurate KS energy dens't'essented with the full-symmetrgin D) KS orbital y/(ag) and

Egs.(2.5 and(2.6) are compared with the GGA ones calcu- . . . . . i
lated with the Clp(r). In particular, for the open-shell HH, the orbitaly(b,), which has antibonding character with re
yspect to new bondé&ee Fig. 2

system the total GGA exchange energy densit
eSCNp!,plir) has been calculated from the CI spin-  p(r)=2[¥(ag)(r)|?+2|y(byy)(r)|% (3.0
densitiesp!(r) andp'(r) as follows:

the corresponding exchang& ®” and exchange-correlation
EGGA
XC

This corresponds to the pure state KS determiniagt

1 GGA, 1. ! GGA, |.
(SOA 1 plipy = PO '”(+’; (Nepin). W =ded (ag) () aih(ag) (1) BBz (r) ah(byy)
p(r
(2.11) X(r)Bl. (3.2
Ill. POTENTIAL ENERGY SURFACE AND THE
ENSEMBLE SOLUTION FOR THE TS OF THE H,+H, ._O
REACTION 4 i """""" T
E| @ P
Figure 1 presents the two-dimensional PES from a ClI . ‘b_o
3u 2u

calculation for the symmetry-forbidden four-center exchange
reaction H+H,. Each point of the figure corresponds to a
rectangle H with sidesx andy, so thatr =min(x,y) is the
bond distance in each ,Hragment andR=max(.y) is the
distance between the fragments. Along the reaction path, for
the larger intermolecular separatioR®s>3.0a.u. the bond
distancer in each H is close to its equilibrium value
=1.4a.u. for the individual K molecule. For the shorter
separations gradually increases until the system reaches the
square transition statel'S) with r=R=2.32a.u. This pro-
duces a monotonous increase of the total energy and a high
reaction barrieE®=147.6 kcal/mol. The TS is unstable with
respect to dissociation into a,Hholecule and two H atoms, FIG. 2. The orbital correlation diagram for the reactiogr,.

Reaction Coordinate —
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On the side of the producta(r) is represented withi(a,) TABLE I. Occupationsd [Egs.(3.6) and(3.7)] for the KS and GGA solu-

; ; ; ; tions near the transition stateR&r =2.32 bohr of the reaction ++H,. At
and the Orbltah’//(b%)’ which has an antlbondmg character eachR the H-H distance is as indicated by the crosses in Fig. 1. BP and

with respect to the old bonds BLYP mean BeckdRef. 3 exchange and Perdew 198Bef. 1) and LYP
(Ref. 2 correlation, respectively. PW means Perdew—Wang 18&fs. 4,
p(r)=2| ‘p(ag)(r)|2+2| (bzy) (1% 3.3 33, 34 exchange and correlation.
This corresponds to the pure state KS determiniagt R KS PW BP BLYP
Woo=defy(ay)(r) ay(ag)(ry) By(bsy)(ro) ay(bs,) 2.32 1.00 1.00 1.00 1.00
2.35 1.36 1.79 1.83 1.80
X(rp)Bl. (3.4 2.40 1.86 2.00 2.00 2.00

. o . 2.00 2.00 2.00 2.00
These two determinants are similar to the HF determinants

that would play the main role in the description of the wave
function in a CI calculation, which we may denokbg,; and

Y. When TS is approached thg,, orbital is destabilized sity Eq. (3.6) the energies of the orbitalg(b,,) and ¢(bs,)

and theb, orbital is stabilized and the mixing of the two snhould be equal to each other, thus defining the Fermi level
determinants in the Cl wave function increases. In the TS th@nergy e,

b,, and thebg, orbitals become the degenerag ,, e,

pair of orbitals belonging to thE,, irreducible representation e(p(bay)) = €((b3y)) = €r . (3.9
of D4y The wave function will be predominantly t®,;  The ground-state KS ensemble E8.7) does not contain a
CSF hole below the Fermi level, as follows from Eq8.6) and
(3.8). Since EQq.(3.8) is an exact property of the unique KS
V(TS)= i(leufxa(l)eufxﬂ(Z)l solution, which reproducesg, the occupatiord is uniquely
V2 determined by Eq(3.9).

B Ieu_ya(l)eu_yﬂ(2)|). 3.5 fom:n the square TS thB,, symmetry dictates fop(r) the
In cases of strong configuration mixing, the KS solution may p(1)=2|(a1,) (1) |2+ e, ) (r)2+] (e, ) (1|2

no longer correspond to a single determinant, but it may be 19 e 30
necessary to represent the exact density with an ensemble of ) ) ,

KS determinants. The KS potential in that case leads to ¥Ith the singly occupied degenerate orbitafée, _,) and
degenerate HOMO; see the discussion in Ref. 18 and refef/(€e-y), which correlate with the orbitalsj(bs,) and
ences therein. This is what we have observed in the presefﬁ(bZU)’ respectively. In th'? case the KS solution is de-
case: as can be seen in Fig. 2, the KS orbital becomes Scribed by the density matrdd s representing a mixtureen-
degenerate with thb,, orbital before the TS is reached. If Semble of the determinants

one would continue to occupy th®,, orbital and leave the o

bs, orbital empty, a non-Aufbau situation would result. This Me=0.9W ) (Weal + 0.9Waa)(Weal, 319
non-Aufbau solution with a hole below the Fermi level is W a=dely(ag)(r) aiplagg)(r) Bi(e,—y)

inadmissible in the KS theory, since it corresponds to an

excited state of the noninteracting KS syst&ms a matter X(ra)ayg(e,—x)(r2)Bl, (3.11

of fact, we have observed that it becomes increasingly diffi- ¢, =def Playg) (ry) ag(asg) (ry) B(ey—y)

cult to generate a local potential that is such that the density

of the non-Aufbau determinant is equal (ose t0 the ex- X(ro)ap(ey_y)(ry)Bl. (3.12

act density"® This local potentiafwhich is not the KS po-  Thjs density is identical to the one resulting from a kg
tential since its ground statéufbau) determinantal density csF similar to Eq(3.5) but built from the KS determinants

is not the exact densifystarts to exhibit strange, unphysical, g, andw,. We prefer to usé; for the representation of
features. In the neighborhood of the TS, the KS solution thaihe density and for the calculation of the KS energy compo-
properly reproduces the Gkr) corresponds to a KS poten- nents for reasons to be discussed below.

tial with degeneratd,, andbs, orbitals. The density is an Table | presents the occupatiodscalculated for the
ensemble density of the noninteracting KS electron systergoints along the reaction path in the neighborhood of the TS.
with unequal fractional occupations of the orbita§ba))  The ensemble KS solution EG3.6) with d<1 is found for

and ¢(b,) the segment 2.32R<2.50 a.u.the second column of Table
P =2l () (124 2d| d(ba) ()2 I). For larger intermolecular separations the KS solution is

p(1)=2|¢(ag)(r)] [#(b20) ()] the pure state Eq3.2), while with R approaching the TS
+2(1—=d)|(bgy) ()| (3.6  valueR=2.32a.u., the ensemble solution turns to the equi-

ensemble Eq(3.10. It represents a strong nondynamical
correlation between the electrons which in the wave function
o would become manifest as strong mixing of the configura-
M=d| VU W (V| +(1—d) | P o )( Vsl 3. . .
=¥ a)(Wal+ (1= d)[¥ o) (Ve @D fions (ag)2(b2y,)? and (@g)?(bs,)?. The self-consistent GGA
Occupationd is determined with the procedure of Ref. 36 calculations also produce the ensemble solution {Bcf)
from the requirement, that for the KS solution with the den-nearR=2.32 a.u. and the equi-ensemble E89) in the TS

which corresponds to the KS ensemble density maitix
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(see Table)l In this case occupatiomis obtained variation- change energy of the RHF model, will in the TS become
ally in the sense that the GGA energy is minimized under thenuch larger(more negative since it will incorporate the
constraint of anAufbautype of electron occupation, i.e., no near-degeneracy correlation. In the KS case such a disconti-
holes below the Fermi level and fractional occupation for thenuity does not arise in either the exchange or correlation
highest occupied orbitals such that they have equal energiesnergy when we use the ensemble representation along the
cf. Eq. (3.8). Note that GGA makes the ensemble regioncomplete reaction coordinate, including the TS point. The
2.32<R=<2.40a.u. smaller compared to the accurate KScrucial point is that we continue to take for the exchange
solution. energy a weighted sum of single-determinantal exchange en-
We consider the definition of exchange and correlatiorergies. In principle, just at the single point of thg,3ym-

energies, and the proper evaluation of these quantities in apaetry (but nowhere else in the ensemble regitims sum
proximate treatments like LDA and GGA, in case of an in-depends on the transformation of the degeneegte and
teracting electron system for which the corresponding KS,., orbitals, which changes the degree of their localization

system is an ensemble (this problem is a common one for the application of various
one-electron methods to high-symmetry stibedHowever,
M=, di| PN (P, (3.13  our results show continuity of the energi@s19 obtained at
i

the high-symmetry point and in its neighborhood where
(3.15 is unambigously defined in terms of the canonical KS

p(r)=2 dipi(r). (3.149 orbitals. This means that the degenerate orbitals of the TS
! high-symmetry point we use are the delocalized continua-
The total energy has the form tions of the canonical KS orbitals at the adjacent points.
In the second place we note that, in case of an ensemble
E=> diTsi+f dr p(r)Vex(r) KS solution, GGAs encounter a problem with the choice of
[ the proper formula for the GGA exchange energy functional.

1 (r)p(r In approximate treatmen{t DA, GGA) the exchange energy
f drydr zi +3 dE,+E, (3.15 isnotcalculated from orbitals but from the density. One can,
[ri—rol i in the conventional way, insert the total ensemble density Eq.

whereT; andE,; are the kinetic and exchange energies of(3éé4) into a certain GGA exchange energy functional

the individual one-determinantal componeht; of the en- Ex“1p]

semble
ESGA: E)c(seA

Ei dip;

E nij | drygf( r)( Vz)wr), (3.16

Ex.=—%; }k‘, i N =2 dif drpi(f)fx([Ei diPi}”’)- (3.18

Alternatively, in analogy with Eqs(3.15, (3.17), one can

P (r) () g () () insert the density; of the individual ensemble components
fdrld M2 [ri—r, 317 into ES®Yp] and sum up the resulting energies over the
ensemble

[the orbital occupations;; in Egs.(3.16), (3.17) are either 1
or 0]. Equations(3.15—(3.17 define the total correlation
energyE, as the difference between the exact total energy ExGGA(e)ZZ diExGGA[Pi]:zi dif drpi(r) ex(pi;r).
and the other KS energy terms which can all be calculated (3.19
from the KS orbitals. Two comments are in order.

First we note that the difference between the definitionEvidently, the energies Eq63.18 and(3.19 are not equal
of exchange and correlation in the KS theory and the stanto each other. Indeed, each component of Bgl9 repre-
dard quantum chemistry definitidv®’*8is particularly rel- sents the exchange interaction mfr) with itself, while in
evant in cases like the present one. Along the reaction coofq. (3.18) this interaction is partially replaced with the inter-
dinate before and after the TS, there will be strongaction with other componenis.; of the ensemble. The lat-
conflguratlon interaction  between agpz(bzl,)2 and ter interaction is smaller than that pf(r) with itself, so one
(ag) 2(bg,)?, leading to a larggnondynamical correlation  can expect that the energy E®.19 is lower (more nega-
energy. In the TS, however, the higher symmetry leads to théve) than Eq.(3.18. In a different contextthe approximate
restricted Hartree—Fock wave function E&.5), in which  calculation of excited multiplet energié$ arguments have
energy lowering due to this mixing is already accounted forbeen given for the exclusive use of the available approximate
so only dynamical correlation remains. There is therefore &xchange functionals for single KS determinants only. Only
somewhat artificial discontinuity in the conventional correla-single determinants will obey with certainty the conditions
tion energy. As a corrollary, there is similar discontinuity in for the exchange hole that have been used to derive model
the RHF exchange energy, since the one-electron energxpressions for the exchange functional. So we use as ap-
terms and the Hartree energy will not change strongly at th@roximate GGA exchange energy a weighted sum of single-
TS, so the remaining term, which is by definition the ex-determinantal GGA exchange energies. As will be shown in
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TABLE Il. Cl total energieda.u) and the differences between the GGA and Compared to the total increase in the Cl energy of 0.235
Cl total energiegkcal/mo) for the path of the reaction H4H,. Columnp®' Hartree(147.6 kcal/mol, the “errors” are modest, the dif-

is calculated with the KS orbitals for the kinetic energy afdfor all other .
energy terms. The standard expression Bql8 for the GGA exchange ference between the SCF and uh% cases bemg almost an

energy has been used. order smaller still.
The CI reaction barrieEB, the accurate KS contribu-
APW ABP ABLYP tions toE® from exchangeE? and correlatiorE® as well as
R r Cl SCF  pa SCF  pg SCF  pq the KS exchange and correlation energial in kcal/mo)

232 232 -2113 155 177 71 02 204 227 forthe TS gnd well-separated, frholecules aR=10a.u. are
235 229 -2115 139 168 54 83 187 217 presented in the second column of Table IIl. Note B8t
240 221 -2127 6.6 108 -1.9 22 114 158 and EE are KS quantities; they are calculated with Egs.
250 206 -2166 21 29 -64 -56 66 79 (3.19—(3.17 using the accurate KS orbitals and the en-
275 168 -2263 13 19 -70 -66 51 61  gemple weightsd;. The exchange brings a large positive
2:88 i:ﬁ :g:ggi 2:3 2:2 :i:‘; :i:g ;g 2:2 contribution E2=129 kgal/mol toEB, _while the c_orrglaticB)n
500 140 -2.347 38 45 -48 -44 52 63 makes an appreciable negative contributiorE;

100 1.40 -2348 40 47 -54 -50 47 58 =—37.4kcal/mol. This may be understood from the ex-
change(Fermij and correlation(Coulomb hole functions
px(ro|ry) andp(rs|ry), from which the exchange energy

and the electron—electron potential energy part of the corre-

lation energyW,, can be obtained:

the next section, the difference between E(%18 and
(3.19 is of importance for proper estimation of the+H,

reaction barrier by GGAs. 1 r ro|r
y EXZEJ' p( |1r)Px(r 2|| 1)dr1dr2, @.1)
1— 12
IV. COMPARISON OF THE KS AND GGA RESULTS 1 (rDpul | )
r ro|r
FOR H,+H, Wcz_f LASEVLSE: LEVp 4.2
2 [ri—rol

Table Il compares the total energies calculated along the
reaction path of BHH, by the Cl and GGAs. The third In the separated molecule limit the exchange and correlation
column of the table contains the CI total energigsHar-  in each H molecule are represented with exchange and cor-
treeg, while other columns contain differences betweenrelation holes which are localized within a single molecule
these Cl values and those of the GGA approximatigmme-  (the molecule where the reference electron is logatedr
sented in kcal/mol and the sign defined 86GA=EC®®"  the exchange hole this can easily be understood from the fact
—EC®") The columns labeled SCF contain energies from arthat the exchange hole has approximately the shape of the
SCF GGA calculation. The column labelgd' uses the KS localized orbital with large amplitude at the reference
orbitals determined from the CI density for the kinetic en-position#®** The approach to the TS causes delocalization of
ergy andp® for the electron-nuclear and Hartree energiesthe exchange hole over all four H atoms. The exchange en-
and in addition usep® in the GGA exchange and correla- ergy is the weighted average of the exchange energies of the
tion energies. The standard formula E§.18 is employed determinantsVs; and¥, and in both determinants the ex-
for the exchange energy in both cases. The differences in thehange hole delocalizes when the interaction between the
kinetic, electron-nuclear and Hartree terms are individuallyorbitals on the two monomers becomes stréordpital local-
not small, but the summed values are rather close; so are tligation will be less effective Delocalization of the exchange
exchange and correlation energies witff™ and p©', there-  hole charge of one electron produces a decrease of the ex-
fore the total energies are close to each other for all funcehange energgit becomes less negatiyenence the observed
tionals and all points considered. All GGAs reproduce thepositive contributiorEE to the barrier. The correlation con-
monotonous increase of the CI total energy toward the TStribution to the barrier is on the contrary negative, since the

TABLE lIl. Reaction barriers for B+H, [EE=E(R=2.32)— E(R=10)] and the exchange and correlation
energies for the transition state aRa-10 a.u. together with the resulting exchange and correlation contribu-
tions EXB and EcB (kcal/mo) to the barrier energf®. The entries in the CI/KS column have been obtained from
Cl energiegfor EB) and from the accurate KS model obtained from the CI density, cf. Bqs5—(3.17) for

all other energies. ThRAGGA columns contain the differences between the GGA and CI/KS quantities
kcal/mol), AGGA(s) uses the standard formula E(®.18 for the exchange part\GGA(e) the ensemble
formula Eq.(3.19. For the correlation energy alwafg® p°] is used.

CUKS ~ APW(s) APW() ABP(s) ABP(E) ABLYP(s) ABLYP(e)

EB 147.56 13.04 3.21 14.16 3.93 16.85 6.63
E,(TS) —88.48 28.44 25.16 38.63

E.(10) —51.06 -6.53 -7.82 2.96

ES —37.42 34.97 32.98 35.67

E.(TS) -701.10 -1071  —2053 -1597 —26.20 -15.97 —26.20
E,(10) —830.07 11.22 11.22 2.85 2.85 2.85 2.85
ED 12897 -21.93  -31.75 —1882 —29.05 -18.82 —29.05
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electron correlation effects will be stronger in the weakence now of+28.4 kcal/mol withECKS]. So all GGAs fail to
bonds between the H atoms in the TS than in the strong H-leproduce the strengthening of correlation in the TS due to
bonds in each of the two separated monomers. When a refhe nondynamical correlatiofmote the large positive differ-
erence electron is near one H nucleus, one expects a mogces betwee>(®“” and EZ in Table Ill). This agrees

strongly localized Coulomb hole surrounding it in the TS jth the interpretation that the GGA correlation functionals
state than in an Himolecule at equilibrium geometry, cf. Fig. represent only dynamical correlation.
1 in Ref. 31. The strengthening of the Coulomb correlation  ggth exchange GGA functionals consider@ecke and
in the TS due to the increased nondynamical interatomi(Perdew_WanDunderestimate exchange S||ght|y for the Sepa_
(“left—right” ) correlation produces the observed negativerated molecules, the corresponding error is snialR.85
contribution of the correlation t&®. kcal/mo) for the Becke functional and it is somewhat larger
In Table IIl the differences between the exact KS eX-(4-11.2 kcal/mo) for the Perdew-Wang one. However, in the
change and correlation contributions and the GGA does TS they appreciably overestimate exchange with the standard
ing p©) are given. TheAGGA numbers for the total barrier formula Eq.(3.18; the overestimation increases by ca. 10
EB are just the sum of the exchange and correlation contrikcal/mol when the ensemble formula H8.19 is used. The
butions, assuming for this comparison that total “GGA” en- net effect is a considerable negative deviation of the GGA
e{:gljigs would be calculated with the *ég orbitals foy and  exchange contribution to the barrier. It is remarkable that this
p~ in all other terms, in particular if, [p] (cf. column  negative deviation compensates the missing effect of the
p® in Table 1). We note in Table Iil that the GGA exchange nondynamical correlation in the GGA correlation function-
energies have a less repulsive contributidhthan the exact als, so that the GGA errors for the total barrigh are con-
exchange energy of CI/KS. The difference is ee20 kcal/  siderably smaller than those for the individual components
mol for the standard GGA energies, E3.18, and some EB andEB. Thus the exchange GGA functionals represent
—10 kcal/mol more for the ensemble expression 8ql9.  poth exchange and, effectively, molecular nondynamical cor-
The GGA correlation energy contribution to the barrier de-rejation.
viates in the oppositépositive) direction from the exact This interpretation finds further support from the com-
quantity E2. In fact, the difference of+ 35— + 36 kcal/mol parison of the exchange,(r) and exchange-correlation
is almost as large as the exdtd of —37.4 kcal/mol, imply- ¢, (r) energy densities constructed for the accurate KS so-
ing an almost zerdeg(GGA). In order to understand these |ution with those calculated with GGAs. The energy densi-
trends we refer to Refs. 16, 17 where it was established foties of the LDA are also presented for comparison. In Fig. 3
the case of the dimers LN,,F, that the exchange GGA all energy densities are plotted as functions of the distance
functionals with their localized model holes represent effecfrom the bond midpoint along the molecular axis of the H
tively just the combination of exchange and molecular nonmolecule(the H atom is atx=0.7 a.u) separated by 5 a.u.
dynamical left—right correlation. This interpretation does notfrom another H molecule. In spite of the fact that for well-
contradict the fact that the GGA exchange functionalsseparated molecules bo#h(r) and e, (r) are integrated to
(Becke’s functionaf, in particulay are fitted to reproduce nearly the same energies as the GGA functions, their form is
only the atomic exchange energies. Indeed, the atomic exeery different. This seems to be an exceptional feature of
change effects arise from a localized exchange hole, so th®/stemsH,, with light H atoms, since for systems of heavier
approximation that uses atomic results will correspond to a&lements the KS and GGA energy densities look much more
localized hole. In a molecule, however, it is only the combi-alikel’ In particular, due to the fact that the KS exchange
nation of exchange and correlation holes, which are individuhole is delocalized over both H atoms of the smajlrrbol-
ally delocalized, that produces a localized hole that can becule, the corresponding functiaq(r) has its minimum at
modeled as an atomic exchange hole. In their turn, the GGAhe bond midpoint, while2®*(r) exhibits a well around the
correlation functionals represent only dynamical correlationH atom [see Fig. 8)]. Note also the clear difference be-
which is also described by a localized hole. Taken togethetween two GGA exchange energy densities at largef(r)
the GGA exchange and correlation functionals cover all thehas the proper Coulombic asymptotics, so it folloegr)
exchange-correlation effects, which explains the success o#ther closely in this region, Whilesfw(r) decays much
GGAs in molecular calculations. faster. The exchange-correlation functieg(r) has a very
The results for the k#H, reaction confirm this interpre- shallow descent when going from the bond midpoint to the H
tation of the GGA exchange and correlation. We start oumtom[see Fig. 8)]; still the overall picture is similar to that
analysis with the correlation functionals. For the separatedor the exchange-only functions, since in this case the ex-
molecules atR=10a.u., where the correlation energy of change clearly dominates over the correlation. All approxi-
each H is close to the energy of the dynamical correlation inmate functions are appreciably more negative tagn) and
the isoelectronic He atofB®= —0.042 H=—26.4 kcal/mol,  ¢,.(r) around the nucleus and they are higher at largso
the GGA correlation energielécGGA for H,+H, are close to that the good agreement between the KS and GGA energies
the KS vaIueEES= —51.1kcal/mole.g.,E.(10) with PWis  emerges as a result of the cancellation of the GGA local
at —57.6 kcal/mol only 6.5 kcal/mol lower thdﬁss]. How-  errors in these regions.
ever, while the exadt, becomes much more negative in the Note that the comparison of the GGA energy densities
TS (—88.5 kcal/mo), the GGA correlation energies do not with the KS ones can be criticizéd becausg1) the GGA
follow this trend and stay much closer to the values at largand KS functions might have different definitions due to the
separatiof EZ(TS) for instance is-60 kcal/mol, a differ-  nonuniqueness of the energy density &¥)ddepending on its
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FIG. 4. The Kohn—Sham and GGA energy densities for the transition state
of the H,+H, reaction.(a) Exchange energy densities afiy) exchange-
correlation energy densities.

FIG. 3. The Kohn—Sham and GGA energy densities for theuhit of the
H,+H, at R=5 a.u. () Exchange energy densities arid) exchange-
correlation energy densities.

actual structure, a certain GGA energy density can be trans- In Fig. 4 the GGA and KS energy densities for the TS
formed within the procedure of partial integration, which are also plotted as functions of the distaxceom the mid-
preserves the resulting energy, but changes the form of thgoint of the bond between two H atoms with the H atom
energy density function. These reasons, however, cannot eplaced atx=1.16 a.u. Due to the delocalization of the ex-
plain the observed differences between the KS and GGAhange hole over all four H atoms, the KJr) in Fig. 4(a)
functions. It is the exchange that dictates the form of theremains a shallow function in the bonding region. Here, the
curves in Fig. 3, but both GGA and KS exchange energydifference betweem,(r) and the corresponding GGA func-
densities are based on the same definition(Edp). Further-  tions becomes even larger than in Figa)3 which reflects
more, the GGA exchange energy densities behave like thihe abovementioned effective inclusion of the strong nondy-
LDA one and, indeed, they contain the LDA part. The latter,namical correlation in the TS into the GGA exchange func-
however, is a trivial functiorcp®’®. tionals. Note the pronounced bond midpoint peak of both
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LDA and GGA functions, which brings them to higher ener- TABLE IV. Cl total energies(a.u) and the differences between the GGA
gies thane,(r). Remarkably, with the inclusion of the non- and ClI total energiegkcal/mol) for the path of the reaction HH,.
dynamical correlation at the KS level, the form of the total APW ABP ABLYP
exchange-correlation KS functiom, (r) becomes much
closer to that of the corresponding GGA functidssee Fig.
4(b)]. Now, €,.(r) possesses the same pronounced peak as76 176 -1.659 -52 —-33 -115 -99 -29 -08
the GGA exchange-only functions, which indicates that thel.80 1.71 -1659 -51 -33 -115 -99 -29 -08
GGA exchange functionals attempt to simulate not only thel®0 162 -1659 —48 -30 -111 -95 -26 -04
effect of the nondynamical correlation on the integrated en-, i:i; :i:ggg :‘31:‘11 :ﬁ __18:(15 :3:3 :(2):3 (1):(3)
ergies, but also its local influence on the form of the energy>s50 145 —1665 —-2.0 01 -76 -59 03 25
density functions. 3.00 1.42 -1.669 -0.3 14 -53 -39 21 39
The most important result of this section is the good4.00 141 -1.673 0.9 20 -32 -24 36 48
performance of the ensemble formula E&.19 for the 00 140 -1674 109 20 -26 -20 39 50
GGA exchange energy. Indeed, the GGA reaction barriers
calculated with the standard formula E§.18 are apprecia-

bly higher than the Cl onéby 13—-17 kcal/mol, see Table . . ] .

[Il). However, the employment of the ensemble formula im_nelghborlng ato_m _Of the Fimolecule; the bonql _d|stan<|:a)f
proves considerably the performance of the GGAs. In par'_[h_e latter is optimized for eacR. In the transition state
ticular, the barrier error reduces to 3.2 kcal/mol for the PWWlth R.:r:1'76 a.u._the H—H bond of the |solat(_aq h.hOI'
functional and to 3.9 kcal/mol for BP, while BLYP produces ecule is Fep'aced with a three-center bond, Whlch IS repre-
a somewhat larger error of 6.6 kcal/mol. To improve thesented with the full-symmetry KS orbitgh(1a,), while the

quality of the reaction barriers calculated with approximateunpa'red electron occupies the nonbonding orbjtil o),

DFT methods, it was proposed in the literatute use the which has a node on the central H atom. The bonding in the
hybrid schem,e§3*44 in which standard LDA and GGA TS is only slightly weaker than in £l so that the CI energy

exchange-correlation functionals are combined with theOf H+H, slowly increases toward TS and the reaction barrier

KS/HF exchange functional built from the LDA orbitals. It Is only 9'_64 kcal/mol. Again, the GGA energies cqlculated
has also been proposeti to improve density functional re- self-consistently and with the Gi(r) and corresponding KS

sults for TS barriers by the use of the self-interaction correcprbltals are close to each other, which allows us to concen-

tion (SIC),*® where a part of the LDA/GGA exchange- trateToglr a\r}ally3|s on _thedlgtti[]results. Table IIL. It

correlation functional is replaced with minus the sum of the at € t:]s (;_rg?nlze thm Cle sarr;e Wt?yrg a deth '

exact self-interaction terms for the occupied orbitals. In jtPresents in the irst row the L1 reaction barmet, -and the
deviations of the GGA barrier heights from the CI barrier.

effect SIC is, to some extent, similar to the hybrid schemes

since the inserted self-interaction terms constitute a majoThe deviations are all negative and appreciable, i.e., the

: GA barriers are 50% and more reduced compared to the ClI
art of the KS/HF exchange. Both schemes can help in cas % . L
P g P %arrler. Table V also lists in the CI/KS column the accurate

where the standard GGA methods underestimate bafaers N B B I

in the case of the K H, reaction studied in the next sectipn KS F:ontnbutlonS (" from exchangd, and correlatior, .
otherwise the use of the hybrid schemes or SIC may worse Il'in .kcaI/mol), as well as trle KS exchange. and correlation
the results as well. As one can see from Table Ill, in the Casgnergles for the TS_’ and f(R._S a.u. from wh|ch_the vglues
of H,+H, any mixture of the KS exchange with the GGA or _the corre:_;pondlng contributions to the barrier hel_ght are
exchange-correlation functional can only increase the aIreadge”VGd' As in the case of the;HH, TS of the previous

too high barrier and therefore worsen the agreement with thE%(ilgg’;t;/?n?I(d\]/\?r?ilgee t?\réngir?;;t[?:np?nsétll\; c;:tgbutmn
accurate Cl value. x &9 ) ppre-

Based on the comparison between GGAs and the accfiable negative contributiofEZ = — 14.5 kcal/mol. For the

rate KS/CI performed in this section, we recommend to usgxchange this can be explained again as a result of the delo-
the exchange energy expression Ej19 in cases of sym- calization of the unit charge of the exchange hole in the TS,

metry (or near-symmetrydegeneracy as well as in cases of
the accidental degenerdfywhen GGA produces an en-
semble KS solution Eq.3.7) with fractional occupations of

R r Cl SCF Pl SCF Pal SCF  pg

TABLE V. Reaction barrier€® for the reaction H-H, with the exchange
and correlation contributiofkcal/mol, the exchange and correlation ener-

the degenerate KS orbitals at the Fermi level. gies for the transition state arR=5 a.u. calculated with CI/KS, and the
differences between the GGA and CI/KS quantitieskcal/mo) (see also

V. COMPARISON OF THE KS AND GGA RESULTS caption to Table .

FOR H+H;, CI/KS APW ABP ABLYP
Taple Y, compares the total Cl energies calculatgd along gs 9.64 54 80 58

the collinear reaction path of the hydrogen abstraction reac-g(Ts) —40.79 -0.50 —2.08 7.04

tion H+H, with GGA energies. It is organized in the same E%(S) —26.32 —-6.71 -5.11 1.85

manner as Table Il—the CI energies are presented in Har-Ec —l4.47 6.2 3.0 5.2

trees and the differences between the GGA and ClI energieixg)s) :2?1'81 _258752 —7;;;35 _7'2615

are presented in kcal/mol. The energies are given for a num-E§ 29.70 116 110 110

ber of distanceRR between the incoming H atom and the
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which leads to a decrease of the exchange energy. As for theal/mol for PW913* and the LYP functional by
negative correlation contribution to the barrier, the weakerconstructiof has the correct zero correlation energy for H.
bond in the TS leads to a largénore negativecorrelation  However, the GGA correlation functionals may well overes-
effect in the TS due to the stronger nondynamical left—righttimate slightly the dynamical correlation for the intermediate
correlation. polarizations 6<|{(r)|<1. This appears to be the case for
The other columns of Table V exhibit the differences ofthe H; TS where the unpaired electron is localized on the
the GGA quantities from the corresponding CI/KS ofgign  terminal H atoms, so that for these atohd$r)| is in be-
of AGGA quantities defined aE®®A—ECKS). The differ- tween 0 and 1. This conclusion is supported by the fact that,
ences for the separate energy components—exchanggenerally, GGAs tend to underestimate barriers of radical
correlation—allow us to analyze what causes the GGA erroabstraction reactions in open-shell systems. Based on the
in the barrier heightfirst row of Table \J. We note that the comparison between GGAs and the accurate KS/CI per-
GGA exchange energy contribution to the barrier is ca. 1formed in this section, we recommend to modify the
kcal/mol less positive than the KS one. Again, this is to be/-dependence of the approximate correlation functionals in
attributed to the fact that GGA exchange incorporates therder to reduce the correlation for the intermediatealues
nondynamical correlation effect. Indeed, the differencesand, as a result, to increase the barriers calculated for radical
EZ(PW)—ES=—11.6kcal/mol and E2(B)—E2=-11.0 abstraction reactions.
kcal/mol between the GGA and KS exchange contributions It is also possible to try to correct the GGA results
to the barrier approach the KS resuifi4.5 forEZ , which of  straightforwardly by trying to develop an exchange func-
course also contains a small dynamical correlation contributional that gives results close to the exé€8) exchange, and
tion. This is analogous to to the,HH, case, where the a correlation functional that agrees closely with the ES
EZ(GGA) differed ca.—30 kcal/mol from the KS exchange both in the TS and in the separated systems. It has in fact
barrier, to be compared to the KS result-87.4 kcal/mol  been proposed in the literatd®**to improve the calculated
for ECB in that case. barriers by using the hybrid “KS exchang&GA/LDA
The performance of the GGA correlation functionals in exchange-correlation” schemes or the self-interaction cor-
this case, however, differs from that fop#HH,. In the latter  rection(SIC). Of course developing functionals for the exact
case the GGA correlation energies yield only small negativekKS exchange and correlation are perfectly valid and would,
EZ(GGA) of a few kcal/molthe AGGA numbers foES are  if such functionals can be found, provide the desired solution
ca. +35 kcal/mol, canceling most of the37.4 kcal/mol for to the GGA error for the barrier. In fact, such a scheme
E?). This is consistent with the assumption that the negativevould, by construction, also provide an exact description of
EcB is mostly a nondynamical correlation effect, whereas théhe simplest molecular open-shell systes Hor which the
GGA correlation functionals only represent the dynamicalLlDA and GGA exchange functionals make a large error
correlation, which differs little between the TS and separate¢ompared to the exa¢kKS) exchange at long bond distance.
systems. However, for the 3|-EE the AGGA numbers, al- Recently, this system was discussed in the literature in con-
though being positive, by no means cancel the I}:@ In nection with the failure of GGA for weak three-electron two-
fact, the GGAs bring appreciableompared to the height of center bond$! We here propose an alternative remedy,
the barrief negative contributions to the barri&(GGA)  which is based on our observatf8ii’ that the present GGA
=E2+A(GGA), i.e.; EB(PW91)= —8.3kcal/molEE(P86)  “exchange” functionals do not in fact describe “exact ex-
=—11.5kcal/mol and ECB(LYP): —9.3kcal/mol. If the change” very well, but describe the exchange plus nondy-
GGAs for correlation do not represent the nondynamical cornamical correlation quite accurately. Since this also appears
relation in the TS(which causes the negative KBE’ of  to hold in the H+-H, transition state, that leaves the GGA
—14.5 kcal/mol, but do describe dynamical correlation, they “correlation” functional as the only functional to be cor-
apparently overestimate the dynamical correlation in the Hrected for its overestimation of the dynamical correlation in
TS. In the TS the lack of nondynamical correlation in thecases of intermediate spin polarization.
GGAs for correlation should cause appreciable positive In Figs. 5 and 6 the exchange(r) and exchange-
AGGA values(as is the case in the HH, TS, see Table correlatione,.(r) energy densities constructed for the accu-
1), but the correlation energids,(TS) of the GGA PW91 rate KS solution are compared with those calculated with
and P86 functionals are similar factually 0.5—-2 kcal/mol GGAs and LDA. All energy densities are plotted along the
larger (more negativethan| the KS one, and only the LYP main axis of the reaction system Mith the origin placed at
energy is somewhat smaller, but it is also smaller for thethe central H atom. In particular, Fig(&®, 5(b) shows the H
separated H and Hsee Table V. atom and H molecule separated BR=5 a.u. Evidently, their
Thus, a possible reason of the too low GGA barriers forH, portions display the same picture as that in Fig),33(b)
the hydrogen abstraction reactions is the overestimation bfor the separated Hfragment of the B+H, system dis-
the GGA correlation functionals of the dynamical correlationcussed in the previous section. The separated H atom is rep-
in open-shell systemsuch as the Kl TS), for which a typi-  resented with a well, which describes the excluded self-
cal absolute value of the local polarizatiaffr)=[p'(r) interaction of the %-electron. For both H and Hall GGA
—pX(r)]/p(r) is in between 0 and 1. By construction, all the functions are too low around the nuclei and too high at larger
GGA correlation functionals considered yield only a smallelectron-nuclear distances.
artificial correlation energy for the separated H atom with  Figure 6 shows the HTS. The shallow form of the KS
£(r)=1. In particular, it equals 2 kcal/mol for P86t is 0.07  €,(r) reflects delocalization of the exchange hole over all
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FIG. 5. The Kohn-Sham and GGA energy densities for theHi at R FIG. 6. The Kohn—Sham and GGA energy densities for the transition state
=5 a.u.(a) Exchange energy densities afil exchange-correlation energy of the H+H, reaction.(a) Exchange energy densities afft) exchange-
densities. correlation energy densities.

tgood agreement between the integrated KS and GGA
gxchange-correlation energi@s. Table V) emerges as a re-
sult of cancellation of the differences between the corre-
sponding energy densities.

three H atoms, while the GGA exchange functionals exhibi
rather sharp wells around all H atoms. These wells of cours
persist in theeSSA functions in Fig. 6b), becoming actually
slightly deeper than ikS. As in the case of ki H,, the
inclusion of the nondynamical left—right correlation at the

KS level brings more pronounced wells around the nucIeiVl' CONCLUSIONS
and peaks in the bond midpoint regions én.(r), which In this paper the KS solution has been constructed from
therefore is closer tefchA(r). Still, the corresponding local the CI density and the KS exchangg and correlatiorE,
differences are large, witkS°A(r) being too low in the energies; as well, the corresponding excharg@) and
whole interior region of the KITS and too high for|z| exchange-correlatios, (r) energy densities have been ob-

>2.4a.u. In spite of these local differences, a remarkablyained for the simplest hydrogen abstraction reactienHd
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