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Density functional results for isotropic and anisotropic multipole
polarizabilities and C 6, C7, and C8 Van der Waals dispersion coefficients
for molecules

V. P. Osinga, S. J. A. van Gisbergen, J. G. Snijders, and E. J. Baerends
Department of Physical and Theoretical Chemistry, Vrije Universiteit, De Boelelaan 1083, 1081 HV,
Amsterdam, The Netherlands

~Received 5 December 1996; accepted 20 December 1996!

The generalized gradient-approximated~GGA! energy functionals used in density functional theory
~DFT! provide accurate results for many different properties. However, one of their weaknesses lies
in the fact that Van der Waals forces are not described. In spite of this, it is possible to obtain
reliable long-range potential energy surfaces within DFT. In this paper, we use time-dependent
density functional response theory to obtain the Van der Waals dispersion coefficients C6, C7, and
C8 ~both isotropic and anisotropic!. They are calculated from the multipole polarizabilities at
imaginary frequencies of the two interacting molecules. Alternatively, one might use one of the
recently-proposed Van der Waals energy functionals for well-separated systems, which provide
fairly good approximations to our isotropic results. Results with the local density approximation
~LDA !, Becke–Perdew~BP! GGA and the Van Leeuwen–Baerends~LB94! exchange-correlation
potentials are presented for the multipole polarizabilities and the dispersion coefficients of several
rare gases, diatomics and the water molecule. The LB94 potential clearly performs best, due to its
correct Coulombic asymptotic behavior, yielding results which are close to those obtained with
many-body perturbation theory~MBPT!. The LDA and BP results are systematically too high for
the isotropic properties. This becomes progressively worse for the higher dispersion coefficients.
The results for the relative anisotropies are quite satisfactory for all three potentials, however.
© 1997 American Institute of Physics.@S0021-9606~97!02612-3#
-
lo

g
o
ne
t
ll
re
n
ne

he
en
s
-
na

ro

xi
y
dr
ca
o
-

ible
ong-
eme

l-
e
ith
e,
er
al-
ies
il-
per
il-
s
fi-

m

n
st
no

ua-
ed,
er-
e–
m-
y to
I. INTRODUCTION

Density functional methods1,2 have become very popu
lar, because of the accuracy which can be obtained at
computational cost. There are however a few situations
which the present approximate functionals for the exchan
correlation energy clearly fail. These functionals are t
crude to describe the small Van der Waals interaction e
gies, and the region of the potential energy surface near
Van der Waals minimum is usually not very we
described.3,4 Both the depth and the position of the well a
generally not obtained with satisfactory accuracy. Seco
the long-range part of the potential energy surface obtai
with the local density approximation~LDA ! and generalized
gradient approximations~GGAs! does not behave asR26, as
it should.

In order to overcome this problem, we proposed anot
way of constructing the long-range part of the potential
ergy surface within DFT,5 by calculating the Van der Waal
dispersion coefficient C6 from frequency-dependent polariz
abilities calculated with time-dependent density functio
theory.6

A somewhat different DFT approach has been int
duced recently. Both Anderssonet al.7–10 and Dobson and
Dinte11 have considered energy functionals which appro
mate the Van der Waals forces for two well-separated s
tems. Both these approaches and our own approach ad
the long-range behavior only. This means that a way to
culate Van der Waals minima reliably within DFT does n
yet exist. We will not be concerned with this difficult, un
J. Chem. Phys. 106 (12), 22 March 1997 0021-9606/97/106(12)/5

ed¬09¬Aug¬2011¬to¬130.37.129.78.¬Redistribution¬subject¬to¬AIP¬licen
w
in
e-
o
r-
he

d,
d

r
-

l

-

-
s-
ess
l-
t

solved problem here, though it should certainly be poss
to devise a scheme which connects the short-range and l
range potential energy surfaces. An outline of such a sch
has been given in Ref. 12.

In this paper, we will extend our previous work by ca
culating not only the C6 dispersion coefficients, but also th
C7 and C8 coefficients. These coefficients, connected w
the R27 andR28 behavior of the potential energy surfac
determine the form of this surface closer to the Van d
Waals minimum. In order to do this, the code used for c
culating frequency-dependent dipole–dipole polarizabilit
was extended to general multipole–multipole polarizab
ities. To the best of our knowledge, the results in this pa
are the first within DFT on molecular quadrupole polarizab
ities and C7 and C8 dispersion coefficients. Atomic result
for higher multipole polarizabilities and dispersion coef
cients have been obtained by Bartolotti and co-workers.13,14

The calculations were performed with the Amsterda
density functional15–17 program ~ADF!. Because of limita-
tions on the maximuml -value of the basis and fit sets i
ADF, we restrict ourselves to the calculation of the lowe
order dispersion coefficients. We emphasize that there is
fundamental problem in going beyond C8 coefficients.

Since our implementation of the linear response eq
tions of time-dependent DFT has already been describ5

we will concentrate in the theoretical section on the gen
alizations which are needed when general multipol
multipole polarizabilities are required. For the sake of co
pleteness, the equations which link the dispersion energ
5091091/11/$10.00 © 1997 American Institute of Physics
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the frequency-dependent polarizabilities are also given in
tail.

It is widely acknowledged that the quality of the mo
popular LDA and GGA exchange-correlation potentials
unsatisfactory in the outer region of a molecule. They sh
an exponential decay, where the exact exchange-correla
potential tends to zero as21/r . This leads to large errors in
the one-electron energy of the highest occupied Kohn–S
orbital18 ~which should be equal to the ionization potential
magnitude! and to systematic overestimations
polarizabilities.19,20 We have shown previously20 that this
systematic overestimation is removed for the dipole pola
ability, if one uses the Van Leeuwen–Baerends~LB94!
potential,18 which has the correct asymptotic21/r behavior
by construction.

As the higher multipole polarizabilities are even mo
sensitive to the outer region, one would expect the nor
exchange-correlation potentials, such as the Vosko–W
Nusair ~VWN!21 parametrization of the LDA potential an
the gradient-corrected Becke–Perdew~BP!22,23 potential, to
yield a larger overestimation here. We observed this trend
the atomic polarizabilities before.20 For this reason the LB94
potential was included in our calculations, as well as
more common VWN~simply denoted by LDA in this work!
and BP potentials.

II. THEORETICAL INTRODUCTION

A. Frequency-dependent linear response in DFT

We will use time-dependent DFT6 for our calculations in
this paper. Only recently, various applications of this the
in the field of quantum chemistry have appeared.5,20,24–27For
recent reviews on time-dependent DFT we refer to Gr
et al.12 for a general overview of the field and to Casida28 for
the perspective of a quantum chemist. The book by Ma
and Subbaswamy29 is also a valuable source of informatio
and contains many of the earlier references.

Our implementation of the linear response equations~we
refer to Ref. 5 for more details! had to be extended in orde
to calculate the linear response to a general multipole fi
What we need to calculate is the frequency-dependent lin
density response of a moleculedr ( lm)(r ,v) due to a scalar
electric external field of general multipole formdvext

lm(r ,v),
labeled with the quantum numbersl andm:

dvext
lm~r ,v!5A 4p

2l11
ErlZlm~ r̂ !cos~vt !, ~1!

where the functionZlm stands for a real combination o
spherical harmonicsYlm . It is important to note that, for
dr, we use parentheses around the labelsl andm in order to
indicate that this density change was caused by an exte
field of lm symmetry. The density change will in gener
possess components of otherl 8m8 symmetries as well.

In time-dependent density functional response theo
this density changedr ( lm) is given ~in principle exactly! in
terms of a single particle Kohn–Sham response func
xs(r ,r 8,v) acting on an effective fielddveff

( lm)(r 8,v) ~which
differs from the external field because of screening effec!:
J. Chem. Phys., Vol. 106,
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dr~ lm!~r ,v!5E dr 8xs~r ,r 8,v!dveff
~ lm!~r 8,v!, ~2!

wheredveff
( lm)(r ,v) is the effective time-dependent potenti

evaluated to the first order in the perturbing potential:

dveff
~ lm!~r ,v!5dvext

lm~r ,v!1E dr 8
dr~ lm!~r 8,v!

ur2r 8u

1dvxc
~ lm!~r ,v!. ~3!

The response functionxs(r ,r 8,v) is written in terms of
~real! occupied and virtual Kohn–Sham orbitals and th
respective energies, as well as the occupation numbern,
which can all be obtained in a standard DFT calculation:

xs~r ,r 8,v!5(
i

occ.

(
m

virt.

nif i~r !fm~r !fm~r 8!f i~r 8!

3S 1

~« i2«m!1v
1

1

~« i2«m!2v D . ~4!

The term for the change in the exchange-correlation poten
is given by

dvxc
~ lm!~r ,v!5E dr 8 f xc~r ,r 8,v!dr~ lm!~r 8,v!. ~5!

The exchange-correlation kernelf xc(r ,r 8,v) is the Fourier
transform of the functional derivative of the exchang
correlation potential with respect to the time-dependent d
sity. The so-called adiabatic local density approximati
~ALDA ! provides the simplest approximation to this kern
It was first employed by Zangwill and Soven.30 It is obtained
by taking the derivative of the time-independent LDA e
pression forvxc . The result is a function which is frequency
independent and local in space:

f xc
ALDA ~r ,r 8,v!5d~r2r 8!

d2

dr2
@r«xc

hom~r!#ur5r0~r ! , ~6!

where this function is evaluated at the converged SCF d
sity r0(r ). In this equation,«xc

hom represents the exchange
correlation energy density for the homogeneous electron
in the VWN21 parametrization.

The ALDA has been used in most of the time-depend
DFT calculations performed until now. In the low-frequen
range, experience shows that it works quite well. We emp
size that we employ the ALDA for all potentials. This mea
that the potential which is used influences the results o
through the response function and that finite-field calcu
tions may differ from the results obtained here with t
Becke–Perdew and LB94 potentials. In other words, we
ways take the VWN expression for«xc in Eq. ~6!.

Using this scheme, the change in the electron den
dr ( lm)(r ,v) can be calculated by iteratively using Eqs.~2!,
~3! and ~5! until self-consistency is obtained. After this ha
been done, the frequency-dependent polarizabi

ãm,m8
l ,l 8 (v) is directly available. For an external potenti

specified by the quantum numbersl andm, as given by Eq.
~1!, one has:
No. 12, 22 March 1997
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ãm,m8
l ,l 8 ~v!52

2

EE drdr~ lm!~r ,v!r l 8A 4p

2l 811
Zl 8m8~ r̂ !.

~7!

Here, the superindicesl and l 8 determine the type o
multipole–multipole polarizability considered (l5 l 851 rep-
resenting the ordinary dipole–dipole polarizability!, while
the subindicesm andm8 determine the component of th
polarizability tensor. The indicesm andm8 range from2 l to
l and2 l 8 to l 8 respectively. In the practical implementatio
the polarizability is calculated by taking the trace of t
product of the multipole moment matrix and the first ord
density matrix, which is a transcription of Eq.~7!.

The tilde which has been attached to the polarizabi
tensor indicates that the multipole operators are based on
spherical harmonicsZL,M , where we adopt the conventio
that a negative sign for the angular momentum quan
numberM refers to the sine combination of two spheric
harmonics. Explicit expressions can be found in Ston
book on intermolecular forces.31 Stone also gives conversio
tables which can be used for converting our results into th
obtained by using other conventions~based on Cartesian ten
sors!.

B. Van der Waals dispersion coefficients

There is an interesting relation between the polarizabi
tensors at imaginary frequencies and Van der Waals dis
sion coefficients. The equations presented here exploit
relationship in order to obtain the dispersion coefficien
The equations have been derived and extensively use
Wormer and co-workers.32–37 A detailed derivation of the
equation for the dispersion energy38 ~which is given below!
is also available from the authors.

One starts by considering moleculesA andB with ori-
entations in space determined by the sets of Euler an
vA andvB . Their position relative to each other is given b
the vectorR. For this system one can write the dispersi
energy in terms of a complete set of scalar-coupled fu
tions:

Edisp5 (
n>6

(
LA ,LB ,L

(
KA ,KB

Cn
~LA ,KA ,LB ,KB ,L !R2n

3 (
MA ,MB ,M

S LA LB L

MA MB 2M D
3@DKAMA

LA ~vA!#* @DKBMB

LB ~vB!#*

3A 4p

2L11
YL,2M~R̂!. ~8!

Here the coefficientsCn
(LA ,KA ,LB ,KB ,L) are the Van der Waals

dispersion coefficients which we want to calculate. For la
separations (R@ 1), only then56 term remains, yielding the
R26 behavior. In this paper we will also be concerned w
the termsn57 andn58. The quantity between brackets is
J. Chem. Phys., Vol. 106,
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3 j -symbol, while the matricesD are the Wigner rotation
matrices. More details and further references can be fo
elsewhere.32,33

The dispersion coefficients are the only quantities in t
equation which are unknown. They can be calculated fr
the multipole–multipole polarizabilities of the monomer
which appear in the so-called Casimir–Polder integral39

The final expression is based upon a double spherical
monics expansion of the 1/r 12 operator:

Cn
~LA ,KA ,LB ,KB ,L !

5 (
l A ,l A8 ,l B ,l B8

l A1 l A81 l B1 l B8125n

z
l A ,l A8 ,l B,l B8

LA,LB,L

3 (
mA52 l A

l A

~21!KAS l A l A8 LA

mA KA2mA 2KA
D

3 (
mB52 l B

l B

~21!KBS l B l B8 LB

mB KB2mB 2KB
D 8p

3E
0

`

a
mA ,KA2mA

lA ,l A8 ~ iv!amB ,KB2mB

lB ,l B8 ~ iv!dv . ~9!

Here, the coefficientsz are given by:

z
l A ,l A8 ,l B ,l B8

LA ,LB ,L 5~21!LA1LB1L~21! l A1 l A8

3F ~2l A12l B11!! ~2l A812l B811!!

~2l A11!! ~2l A811!! ~2l B11!! ~2l B811!! G
1/2

3@~2LA11!~2LB11!~2L11!#

3S l A1 l B l A81 l B8 L

0 0 0
D

3H l A l A8 LA

l B l B8 LB

l A1 l B l A81 l B8 L
J , ~10!

where the quantity between curly brackets is the Wig
9 j -symbol. We note that our expression contains a ph
factor (21)(LA1LB1L), which was inadvertently40 omitted in
the review paper of Ref. 32. However, in the calculations
this paper, we always have thatLA1LB1L is even, which
makes the difference in phase irrelevant.

As l A and l A8 are combined toLA , the last quantity is
limited in the following way~similarly for LB andL):

LA5u l A2 l A8 u,u l A2 l A8 u11,•••,l A1 l A8 ,

LB5u l B2 l B8 u,u l B2 l B8 u11,•••,l B1 l B8 , ~11!

L5uLA2LBu,uLA2LBu11,•••,LA1LB .

As the polarizabilitiesa in these formulas are based o
spherical harmonicsYL,M while the calculatedã ’s are based
on real spherical harmonicsZL,M and include the Racah
renormalization factorA4p/(2l11), the following conver-
sion has to be made:
No. 12, 22 March 1997
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am,m8
l ,l 8 5

1

4p
A~2l11!~2l 811!

1

2
~A2!dm,01dm8,0~2sm!m

3~2sm8!
m8$ã umu,um8u

l ,l 8 2~12dm,0!

3~12dm8,0!smsm8ã2umu,2um8u
l ,l 8

1 i @sm8~12dm8,0!ã umu,2um8u
l ,l 8 1sm~1

2dm,0!ã2umu,um8u
l ,l 8 #%, ~12!

in order to convert from~real! ZL,M ’s to YL,M ’s. Hered is
the Kronecker delta ands is the sign function. For the mol
ecules considered here, the imaginary part ofa vanishes on
symmetry grounds.

III. COMPUTATIONAL DETAILS

The calculations were performed similarly to our calc
lations on dipole polarizabilities,5,20 to which we refer for
further details. We repeat the most important aspects of
calculations here, for ease of reference.

All calculations were performed with the Amsterda
density functional~ADF! package.15–17Because the proper
ties we consider are very sensitive, the use of extensive b
and fit sets~used to make the evaluation of Coulomb pote
tial cheaper! is required. The basis sets we use consist o
valence triple zeta Slater type basis with two polarizat
functions, augmented with twos, two p, two d and two f
functions, all with diffuse exponents.

Because none of the atoms we consider in this pa
possessd-electrons~a frozen core approximation is use
which includes the 3d-shell for Kr! and we do not conside
polarizabilities higher than octupole–dipole or quadrupo
quadrupole,g-functions are not essential in the basis set. T
diffuse f -functions are indispensable on the other hand, a
also shown by our test calculations.

We assume that the major source of error in our cal
lations comes from the remaining incompleteness in the
sis and fit sets. This incompleteness becomes more impo
for the higher multipole polarizabilities. Our test calculatio
show that the other possible sources of error~the use of a
frozen core approximation, the numerical integrati
scheme! are smaller and can be neglected.

One more technical aspect of our calculations is wo
mentioning. Because of the large basis sets with many
fuse functions which are used, problems with linear dep
dence in the basis sometimes occur. If this becomes a p
lem, the eigenvectors of the overlap matrix of the ba
functions with the smallest eigenvalue are removed from
basis set. This is a standard method for solving this probl
and has been applied before by others41,42 in similar situa-
tions.

In our calculations on water it was absolutely necess
to use this method, while the removal of dependent ba
functions also affected the C8

4,0,0,0,4results for the diatomic-
rare gas interactions. As the linear combinations of ba
J. Chem. Phys., Vol. 106,
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functions which are removed are close to being superfluo
the quality of the results is not expected to suffer much fr
this.

The criterion for the smallest eigenvalue in the overl
matrix was taken to be 1024 for the H2O, H2, N2 and 1023

for Cl2, CO and HCl. This lead to the removal of 7 function
for H2O, and 4 functions for each of the diatomics. Cons
ering the total number of basis functions~156 Slater type
orbitals for H2O, and at least 100 for all diatomics! this re-
duction in the basis is not very severe. Some results w
insufficiently stable with respect to the criterion for remov
of basis functions. These have either been left out of
tables or given in parentheses.

All in all, we believe our results to be close to the bas
set limits in general. This is supported by the fact that
LB94 results are close to those obtained with MBPT. Th
are a few exceptions in which the agreement is less satis
tory. These will be discussed in more detail.

IV. POLARIZABILITY RESULTS

In a previous paper,20 atomic quadrupole polarizabilitie
for the rare gases were presented. Here, the quadrup
quadrupole polarizability tensorsam,m8

2,2 for the diatomics
H2, N2, CO, HCl and Cl2 are given. We use the following
definitions of the mean quadrupole–quadrupole polariza
ity ( ā2,2) and the relative first (gD1,2

) and the second
(gD2,2

) anisotropy in the quadrupole–quadrupole polarizab
ity:

ā2,25~a0,0
2,212a1,1

2,212a2,2
2,2!/5,

D1a
2,25a0,0

2,21a1,1
2,222a2,2

2,2,

D2a
2,25~3a0,0

2,224a1,1
2,21a2,2

2,2!/4, ~13!

gD1,2
5

D1a
2,2

ā2,2
,

gD2,2
5

D2a
2,2

ā2,2
.

In Tables I, II and III the mean quadrupole polarizability an
the relative first and the second anisotropies are given. As
quadrupole polarizabilities depend upon the choice of
origin, one has to specify the geometry. We have perform
all our calculations~also for the dispersion coefficients! with
respect to the center of mass, which is the usual choice.

For the anisotropies we present the relative number
order to emphasize that the quality of the polarizabil
anisotropies is not bad for the LDA and BP polarizabili
tensor components. In this way the clear overestimat
which is present in all calculations with the LDA and B
potentials, is divided out. The results of Ref. 43 were linea
interpolated because they were given at several bond
tances, but not at the experimental ones used in this w
and in our previous work.20

In Table I, our results for the mean quadrupole polar
abilities of the diatomics are given. The LB94 potential giv
No. 12, 22 March 1997
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the best results of the three potentials used in this wo
although the values of H2, HCl and Cl2 are a bit higher than
the literature values. The LDA yields overestimations fro
10 to 40%, while the BP result is slightly better with ove
estimations of 5 to 30%. These results confirm the tre
which were observed in our earlier comparison of these th
potentials.20 The trends are more pronounced in the case
quadrupole polarizabilities than for dipole polarizabilities.

The results for the relative first and the second aniso
pies ~given in Tables II and III! obtained with the different
potentials are of comparable quality. The results for diato
ics containing a chloride-atom are somewhat worse than
others. Most of the results for the relative anisotropies of
the three methods are comparable to theab initio literature
values.

We also performed quadrupole polarizability calcu
tions on water. They results are shown in Table IV. Beca
of the lower symmetry of this molecule, its dipole
quadrupole polarizability does not vanish and off-diago
elements are allowed for the quadrupole–quadrupole ten
For the dipole–quadrupole tensor the LB94 and MBPT v
ues are very close to each other, the values of LDA and
being somewhat higher and the values for the Hartree F

TABLE I. Mean quadrupole polarizabilityā2,2 @cf. Eq. ~13!# for diatomics
using the LDA, BP and LB94 potentials.

Molecule LDA BP LB94 ab initio

H2 21.92 19.73 18.86 16.11,a 15.4122b

N2 91.83 88.37 80.20 78.22,a 80.74c

CO 124.9 119.8 106.9 106.8,a 112.1,d 110.24,e 102.52,f

HCl 128.2 122.2 117.8 106.1a

Cl2 402.4 390.6 371.1 345.2,a 339.0g

aReference 37, many-body perturbation theory.
bReference 47, sum-over-states with explicitly-correlated wave funct
~SoS!.
cReference 48, finite field fourth order singles doubles quadruples-MB
~SDQ-MBPT!.
dReference 49, finite field coupled cluster doubles~FF-CCD!.
eReference 50, singles doubles quadruples MBPT.
fReference 51, finite field HF.
gReference 52, finite field fourth order MBPT.

TABLE II. Relative first anisotropygD1,2
@cf. Eq. ~13!# in the quadrupole

polarizability for diatomics using the LDA, BP and LB94 potentials.

Molecule LDA BP LB94 ab initio

H2 0.479 0.485 0.498 0.474,a 0.527b

N2 1.388 1.391 1.456 1.388,a1.562c

CO 1.511 1.522 1.601 1.567,a 1.606,d 1.611,e 1.594f

HCl 0.321 0.318 0.474 0.271a

Cl2 1.788 1.811 1.835 1.781,a 1.822g

aReference 37, many-body perturbation theory.
bReference 47, sum-over-states with explicitly-correlated wave funct
~SoS!.
cReference 48, finite field fourth order singles doubles quadruples-MB
~SDQ-MBPT!.
dReference 49, finite field coupled cluster doubles~FF-CCD!.
eReference 50, singles doubles quadruples MBPT.
fReference 51, finite field HF.
gReference 52, finite field fourth order MBPT.
J. Chem. Phys., Vol. 106,
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method of Ref. 36 somewhat lower. Considering the exc
lent agreement between the LB94 and MBPT results, the
values of Ref. 53 seem to be less accurate than eithe
these.

The LB94 results for the quadrupole–quadrupole pol
izability are also in very good agreement with the MBP
results, except for thea2,0

2,2-component. The DFT results fo
this component have been given in parentheses, as tes
culations have shown that our results for this component
unstable with respect to small changes in the basis set.
performed a calculation where extra basis and fit functio
were added on the symmetry axis at 0.27 Å from the O-at
in the direction of the hydrogen atoms~with the same crite-
rion for the removal of basis functions!. This yielded a value
for the LB94 potential ofa2,2

2,051.38, in much better agree
ment with the other values. The other components are m
more stable with respect to changes in the basis set or in
criterion for removal of basis functions and can be cons
ered reliable. It is not completely clear, why this compone
is less stable than the other ones. The sole fact that it is s
in magnitude, is not satisfactory as an explanation.

s

T

s

T

TABLE III. Relative second anisotropygD2,2
@cf. Eq. ~13!# in the quadru-

pole polarizability for diatomics using the LDA, BP and LB94 potentials

Molecule LDA BP LB94 ab initio

H2 0.0217 0.0145 0.0114 0.0119,a 0.1367b

N2 20.206 20.208 20.222 20.223,a 20.234c

CO 20.261 20.266 20.285 20.293,a 20.292,d 20.294,e 20.319f

HCl 0.148 0.150 0.171 0.144a

Cl2 20.402 20.398 20.383 20.395,a 20.390g

aReference 37, many-body perturbation theory.
bReference 47, sum-over-states with explicitly correlated wave functi
~SoS!.
cReference 48, finite field fourth order singles doubles quadruples-MB
~SDQ-MBPT!.
dReference 49, finite field coupled cluster doubles~FF-CCD!.
eReference 50, singles doubles quadruples MBPT.
fReference 51, finite field HF.
gReference 52, finite field fourth order MBPT.

TABLE IV. Polarizability tensor elements for water, using LDA, BP an
LB94.

Tensor
component

LDA BP LB94 TDCHFa MBPTa CI-valueb

a0,0
2,1 23.44 23.30 22.70 21.959 22.633 22.194

a2,0
2,1 22.75 22.88 22.73 22.717 22.853 23.433

a1,1
2,1 28.11 28.22 27.87 27.143 27.843 27.785

a21,21
2,1 23.60 23.39 22.56 21.822 22.509 22.062

a2,2
2,2 59.7 57.9 46.4 40.732 45.947

a2,0
2,2 ~3.9!c ~3.6!c ~0.06!c 1.228 1.843

a1,1
2,2 64.7 62.8 54.9 46.425 51.375

a0,0
2,2 55.8 53.7 43.3 37.149 42.368

a21,21
2,2 58.4 55.9 42.8 38.043 43.398

a22,22
2,2 58.6 56.4 44.0 37.604 42.809

aReference 36.
bReference 53.
cValues in parentheses are unstable with respect to basis changes.
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A. Results for Van der Waals coefficients

The dispersion coefficients were calculated from Eq.~9!,
using a stand-alone program called ‘‘disper,’’ which w
based upon a similar program by Dr. P.E.S. Wormer a
co-workers. The program uses the output of polarizabi
calculations with the ADF program. The Casimir–Polder
tegrals, which appear in Eq.~9!, are evaluated by Gauss
Chebyshev quadrature34 in 20 frequency points. Because th
Casimir–Polder integrals are even functions of the freque
v, the frequency-dependent polarizabilities are needed in
frequencies only. Test calculations with a larger number
integration points have shown that the resulting changes
minimal.

All the calculations were done for LDA, BP and th
LB94 potentials. Although the program disper is able to c
culate the Cn Van der Waals coefficients up to arbitraryn,
only the results up to C8 are given. Higher order dispersio
coefficients would not be reliable due to the limitations
basis and fit sets. The results given in this section will
concentrated on the coefficients for which literature valu
exist.

First we will consider C8-coefficients for interactions be
tween rare gases in Table V. The BP and LDA potenti
overestimate this coefficient in all cases with respect to
ab initio values, while the Hartree Fock values are cons
tently too low. The LB94 potential gives good resul
though the results involving Kr are somewhat too low. Th
is due to the underestimation of the quadrupole polarizab
of Kr by the LB94 potential.20

The average errors and average absolute errors with
spect to the MBPT values have been included in the ta
The first one gives an impression of the general quality of
results, while the second gives information about the na
of the error. Clearly, the LB94 results are superior to the
results, which are in turn better than the LDA results. T
error in the LDA and BP results is very systematic, while t
errors in the LB94 results are of a more random nature.

After the rare gas-rare gas interactions, the interacti

TABLE V. C8 Van der Waals coefficients for the rare gases.

Atom–Atom LDA BP LB94 ab initio TDCHFa

He–He 20.97 18.13 14.15 14.1179b

He–Ne 48.20 44.01 34.32 36.175c

He–Ar 215.0 197.2 171.8 167.47c

He–Kr 344.0 317.5 268.8 279.99c

Ne–Ne 109.6 105.2 82.02 90.344c 73.458
Ne–Ar 461.5 444.3 379.5 390.12c 344.51
Ne–Kr 726.4 703.1 583.0 638.14c 560.17
Ar–Ar 1877 1808 1709 1623.2c 1553.0
Ar–Kr 2904 2811 2578 2616.7c 2487.3
Kr–Kr 4455 4337 3862 4187.3c 3953.0

Av. abs. error wrt MBPT 18.9% 12.8% 5.1%
Av. error wrt MBPT 18.9% 12.8% -3.5%

aReference 54, TDCHF.
bReference 47, sum-over-states with explicitly electron-correlated w
functions~SoS!.
cReference 54, many-body perturbation theory~MBPT!.
J. Chem. Phys., Vol. 106,
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between diatomics and rare gases were considered. Bec
the number of independent components is greatly reduce
this case, a more compact notation for the dispersion co
cients is used in the literature, based on Legendre polyno
als PL,M . In the Legendre convention one has coefficie
Cn
L which are related to the coefficientsCn

L,0,0,0,L by:35

Cn
L5

Cn
L,0,0,0,L

~21!LA2L11
. ~14!

The diatomic-rare gas interactions are completely de
mined by theCn

L coefficients. All the results for the diatomic
rare gas interactions are given in the Legendre convent
Some of the LDA dispersion coefficients presented here
Tables VI and Tables VIII, were calculated by us before.5 In
these cases very small differences occur, mainly due to
fact that we use somewhat larger basis sets in the pre
work. The present values have to be considered slightly m
accurate for this reason.

First the isotropic dispersion coefficients will be di
cussed. The C6

0-coefficients are given in Table VI. For thes
coefficients accurate constrained dipole oscillator stren
distribution~DOSD! results44–46are available. These are ob
tained by the use of available oscillator strength data an
system of quantum mechanical sum rule constraints and
be used as reference values, where these results are ava

In Table VI, we have given the average absolute er
and average error of our results with respect to both
DOSD and the MBPT results. This has been done, beca
the DOSD results can be considered the benchmark, bu
MBPT results are available for all the molecules. The pre
ously noted general trend of an overestimation for LDA a
BP potentials and results closer to the literature values
the LB94 potential can again be observed for these Van
Waals coefficients. Looking at the potentials individual
several trends can be noted.

For the LDA and BP potentials most values give t
expected overestimation, but the overestimation is lower
the C6-coefficients involving Kr. This can be explained from
the LDA and BP values for the dipole polarizability of K
which also show a smaller overestimation. The general ov
estimation of BP is smaller than the one of LDA~4.7% ver-
sus 9.8%!.

With an average absolute error of 3.2%, the LB94 resu
approach the DOSD values best of the three exchan
correlation potentials. The MBPT results are even bet
with an average absolute error of 2.0%. The average er
show that the LDA and BP errors are clearly of a systema
nature, which is not true for the LB94 and MBPT resul
The errors with respect to the MBPT results show that
picture does not change if the Cl2 molecule is taken into
account as well.

In Table VII the C8
0 results are presented. The trends a

the same as in the previous tables. Taking the MBPT res
as a reference, the average LDA, BP and LB94 errors
20.5%, 13.2% and 4.2% respectively. For the LDA and
results, these errors are clearly larger than those for the6

0

results. This was to be expected, since the C8
0 coefficients are

e
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TABLE VI. C6
0-Van der Waals coefficients for diatomic-rare gas.

Diatomic Rare gas LDA BP LB94 MBPTa DOSDb SoSc

H2 He 4.789 4.327 4.102 3.913 4.007d 4.012 81
H2 Ne 9.187 8.679 7.961 8.027 8.091d

H2 Ar 30.36 28.54 28.84 27.12 27.64d

H2 Kr 42.46 40.13 39.59 39.47 39.44d

N2 He 11.77 11.00 9.939 9.773 10.23d

N2 Ne 23.01 22.43 19.73 20.25 20.97d

N2 Ar 73.22 71.16 68.23 65.60 68.69d

N2 Kr 101.6 99.32 93.00 94.52 97.28d

CO He 12.23 11.39 10.21 10.83 10.69e

CO Ne 23.80 23.16 20.18 22.34 21.87e

CO Ar 76.47 74.15 70.52 73.36 72.26e

CO Kr 106.4 103.7 96.32 106.1 102.5e

HCl He 15.44 14.31 13.36 13.33 13.33f

HCl Ne 29.71 28.77 26.02 27.34 27.05f

HCl Ar 97.57 94.18 93.56 91.48 91.21f

HCl Kr 136.3 132.3 128.3 132.9 129.9f

Cl2 He 26.75 24.90 23.04 23.48
Cl2 Ne 51.47 50.04 44.88 47.98
Cl2 Ar 169.0 163.8 161.5 161.5
Cl2 Kr 236.2 230.2 221.6 234.8

Av. abs. error wrt. DOSD 9.8% 4.7% 3.2% 2.0%
Av. error wrt. DOSD 9.8% 4.7% 22.0% 20.5%

Av. abs. error wrt. MBPT 9.7% 5.2% 3.8% 2

Av. error wrt. MBPT 9.7% 4.8% 21.8% 2

aReference 37, MBPT, results were linearly interpolated.
bConstrained dipole oscillator strength distribution results.
cReference 47, sum-over-states with explicitly electron-correlated wave functions~SoS!.
dReference 44.
eReference 45.
fReference 46.
th
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ave
more sensitive to the description of the outer region of
molecule. The errors are quite similar to those of the r
gases in Table V.

Now we turn to the anisotropies in the dispersion co
ficients. In Table VIII, the relative anisotropic dispersion c
efficientsg6

2 are shown. They are defined by:

g6
25

C6
2

C6
0 . ~15!

In our earlier work5 we used the symbolG for g6
2. Similarly,

we define

g8
25

C8
2

C8
0 ,

g8
45

C8
4

C8
0 , ~16!

g7
35

C7
3

C7
1 .

In Table VIII, the DOSD values can again be consider
the reference. Unfortunately, they are only available for H2,
N2 and CO. The errors with respect to the DOSD valu
~5.9%, 4.2%, 4.1% and 11.1% for the LDA, BP and LB9
potentials and for the MBPT results respectively! show that,
for the molecules considered here, our results are in be
J. Chem. Phys., Vol. 106,
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TABLE VII. C 8
0-Van der Waals coefficients for diatomic-rare gas.

Diatomic Rare gas LDA BP LB94 MBPTa SoSb

H2 He 77.31 67.13 59.74 53.60 55.3
H2 Ne 167.6 153.5 133.7 128.4
H2 Ar 720.7 663.2 644.0 576.5
H2 Kr 1135 1051 989.5 953.6
N2 He 284.3 259.7 222.4 219.7
N2 Ne 599.1 574.2 481.4 498.7
N2 Ar 2334 2240 2068 1986
N2 Kr 3552 3429 3074 3145
CO He 334.0 304.9 257.9 262.7
CO Ne 693.6 664.2 548.9 588.9
CO Ar 2689 2576 2348 2355
CO Kr 4072 3923 3474 3726
HCl He 364.9 332.2 298.5 284.1
HCl Ne 764.5 730.6 639.8 643.7
HCl Ar 3048 2914 2815 2638
HCl Kr 4667 4487 4201 4219
Cl2 He 1026 946.1 849.4 810.3
Cl2 Ne 2086 2013 1758 1770
Cl2 Ar 7758 7479 7186 6764
Cl2 Kr 11 539 11 184 10 439 10 505

Av. abs. error
wrt. MBPT

20.5% 13.2% 4.2% 2

Av. error
wrt. MBPT

20.5% 13.2% 1.8%

aReference 37, MBPT, results were linearly interpolated.
bReference 47, sum-over-states with explicitly electron-correlated w
functions~SoS!.
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TABLE VIII. g6
2-Van der Waals coefficients for diatomic-rare gas.

Diatomic Rare gas LDA BP LB94 MBPTa DOSDb SoSc

H2 He 0.0875 0.0915 0.0931 0.0902 0.0924d 0.0946
H2 Ne 0.0852 0.0893 0.0902 0.0883 0.0901d

H2 Ar 0.0905 0.0947 0.0971 0.0946 0.0971d

H2 Kr 0.0917 0.0960 0.0984 0.0961 0.0986d

N2 He 0.1040 0.1064 0.1107 0.0824 0.1027d

N2 Ne 0.1010 0.1034 0.1068 0.0803 0.0999d

N2 Ar 0.1068 0.1095 0.1145 0.0857 0.1074d

N2 Kr 0.1079 0.1108 0.1157 0.0870 0.1087d

CO He 0.0833 0.0856 0.0884 0.1023 0.0930e

CO Ne 0.0814 0.0837 0.0860 0.1001 0.0916e

CO Ar 0.0842 0.0868 0.0899 0.1054 0.0942e

CO Kr 0.0845 0.0873 0.0903 0.1064 0.0943e

HCl He 0.0330 0.0337 0.0431 0.0368
HCl Ne 0.0324 0.0332 0.0419 0.0361
HCl Ar 0.0329 0.0337 0.0440 0.0375
HCl Kr 0.0328 0.0337 0.0443 0.0378
Cl2 He 0.1323 0.1334 0.1346 0.1355
Cl2 Ne 0.1281 0.1295 0.1294 0.1310
Cl2 Ar 0.1374 0.1390 0.1415 0.1437
Cl2 Kr 0.1395 0.1412 0.1437 0.1469

Av. abs. error wrt. DOSD 5.9% 4.2% 4.1% 11.1%
Av. abs. error wrt. MBPT 12.7% 11.6% 13.8% 2

aReference 37, MBPT, results were linearly interpolated.
bConstrained dipole oscillator strength distribution results.
cReference 47, sum-over-states with explicitly electron-correlated wave functions~SoS!.
dReference 44.
eReference 45.
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agreement with the DOSD results than the MBPT results
The quality of the LDA, BP and LB94 results is very simila
This implies that reliable estimates for therelativeanisotro-
pies can be obtained at the LDA or BP level, because
overestimations affect the different polarizability tens
components in similar fashion.

Table IX gives the results for the relative anisotrop
dispersion coefficientsg8

2. We have calculated the averag
absolute errors with respect to the MBPT results. The D
anisotropies are slightly higher than the MBPT anisotro
for Cl2. The average errors show that the LDA and BP v
ues tend to be very similar to each other and slightly low
than those obtained with MBPT, while the LB94 values a
slightly higher. In general the agreement between the D
results and the MBPT results is very satisfactory in this tab

Though the results for the isotropic dispersion coe
cients calculated at the MBPT level are of higher qua
than our DFT results, the errors of Table VIII indicate th
the MBPT results for the relative anisotropies need not n
essarily be better than ours. As still higher level calculatio
are lacking, it remains unclear which of the columns in Ta
IX gives the most reliable results.

Table X contains the results forg8
4. We have chosen no

to include results for Cl2, as we were unable to obtain con
verged results. The changes resulting from the remova
one or a few basis functions were too large to allow fo
reliable quantitative estimate of this coefficient. The oth
dispersion coefficients and other molecules were much m
stable with respect to small changes in the basis.
J. Chem. Phys., Vol. 106,
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TABLE IX. g8
2-Van der Waals coefficients for diatomic-rare gas.

Diatomic Rare gas LDA BP LB94 MBPTa SoSb

H2 He 0.2786 0.2870 0.3064 0.2950 0.308
H2 Ne 0.2520 0.2588 0.2739 0.3233
H2 Ar 0.2161 0.2197 0.2290 0.2184
H2 Kr 0.2016 0.2049 0.2138 0.2018
N2 He 0.8864 0.8944 0.9465 0.9227
N2 Ne 0.8270 0.8353 0.8748 0.8488
N2 Ar 0.6927 0.6931 0.7228 0.7003
N2 Kr 0.6399 0.6402 0.6708 0.6428
CO He 0.9932 1.0046 1.0637 1.0424
CO Ne 0.9279 0.9352 0.9841 0.9600
CO Ar 0.7936 0.7970 0.8322 0.8151
CO Kr 0.7375 0.7406 0.7764 0.7553
HCl He 0.1615 0.1671 0.2127 0.1861
HCl Ne 0.1546 0.1590 0.1997 0.1744
HCl Ar 0.1236 0.1268 0.1630 0.1397
HCl Kr 0.1132 0.1161 0.1515 0.1277
Cl2 He 1.5042 1.5389 1.4979 1.4946
Cl2 Ne 1.4301 1.4595 1.4170 1.4060
Cl2 Ar 1.2751 1.2994 1.2588 1.2497
Cl2 Kr 1.2046 1.2279 1.1951 1.1778

Av. abs. error
wrt. MBPT

5.5% 5.0% 6.5% 2

Av. error
wrt. MBPT

24.9% 23.3% 4.5% 2

aReference 37, MBPT, results were linearly interpolated.
bReference 47, sum-over-states with explicitly electron-correlated w
functions~SoS!.
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TABLE X. g8
4-Van der Waals coefficients for diatomic-rare gas.

Diatomic Rare gas LDA BP LB94 MBPTa SoSb

H2 He 0.0098 0.0092 0.0082 0.0091 0.009
H2 Ne 0.0092 0.0085 0.0074 0.0076
H2 Ar 0.0063 0.0058 0.0052 0.0062
H2 Kr 0.0055 0.0051 0.0046 0.0055
N2 He 20.0208 20.0212 20.0200 20.0217
N2 Ne 20.0176 20.0180 20.0163 -0.0179
N2 Ar 20.0181 20.0183 20.0177 20.0192
N2 Kr 20.0174 20.0176 20.0171 20.0187
CO He 20.0392 20.0402 20.0361 20.0379
CO Ne 20.0345 20.0354 20.0308 20.0322
CO Ar 20.0337 20.0345 20.0315 20.0334
CO Kr 20.0323 20.0330 20.0303 20.0325
HCl He 0.0621 0.0658 0.0768 0.0777
HCl Ne 0.0555 0.0586 0.0675 0.0682
HCl Ar 0.0483 0.0509 0.0594 0.0598
HCl Kr 0.0445 0.0469 0.0552 0.0552

Av. abs. error wrt. MBPT 8.6% 7.5% 6.4%
Av. error wrt. MBPT 23.4% 23.2% 26.4%

aReference 37, MBPT, results were linearly interpolated.
bReference 47, sum-over-states with explicitly electron-correlated wave functions~SoS!.
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Once again, the agreement between the DFT results
the MBPT results is very good, considering the highly ani
tropic character of this coefficient. The DFT values tend
be somewhat lower than the MBPT values. The average
solute errors are comparable for the three exchan
correlation potentials.

Finally, we come to our results for the C7-coefficients.
As these are zero for the centrosymmetric molecules, o
results for HCl-rare gas and CO-rare gas interactions are
sented in Table XI, where the coefficient C7

1 is considered.
Once again, the LDA values are too high. To lesser ext
this also holds for the BP values, though the BP coeffici
for HCl-Kr is slightly lower than the MBPT value. The LB9
and MBPT results are in good agreement, though the MB
values are slightly higher than the LB94 values for CO.

Table XII is the last table on the diatomic-rare gas int
actions. It contains the relative anisotropic coefficientg7

3.
Very good agreement between the LDA, BP, LB94 a
MBPT results is obtained for the interactions involving HC
This is not the case for those involving CO, where the D
results are in very good mutual agreement, but in disag
ment with the MBPT results. These results represent

TABLE XI. C7
1-Van der Waals coefficients for diatomic-rare gas.

Diatomic Rare gas LDA BP LB94 MBPTa

CO He 35.23 32.17 27.12 28.69
CO Ne 66.12 63.04 51.06 57.25
CO Ar 230.8 219.1 197.9 204.9
CO Kr 325.8 312.1 274.9 302.3
HCl He 21.33 19.57 19.23 18.54
HCl Ne 40.95 39.28 37.30 37.72
HCl Ar 135.2 129.1 135.4 128.0
HCl Kr 189.2 181.6 186.0 186.5

aReference 37, MBPT, results were linearly interpolated.
J. Chem. Phys., Vol. 106,
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largest differences we found between all the DFT and MB
results in this paper. It is nota priori clear which results
should be more trustworthy, and more advanced calculat
are needed in order to draw definite conclusions. Howe
the fact that the DFT results are in very good mutual agr
ment ~which might be expected only for the LDA and B
results!, as well as the fact that the DFT results for CO are
better agreement with the DOSD results forg6

2 speak in fa-
vor of the DFT numbers.

Summing up the results for the anisotropic parts of
diatomic-rare gas interactions, one can say that the DFT
MBPT results are in very satisfactory agreement for the re
tive anisotropic dispersion coefficients~except for the case
just mentioned!.

The final results obtained for this work are the Van d
Waals coefficients for the water–water interaction, presen
in Table XIII. Only those coefficients are shown for whic
comparison to MBPT literature values was possible. T
means that very small dispersion coefficients are not
cluded in the table. The results for the coefficien
C6
0,0,0,0,0, C7

1,0,0,0,1and C8
0,0,0,0,0once again show the overest

mation in the LDA and BP results. The other compone

TABLE XII. g7
3-Van der Waals coefficients for diatomic-rare gas.

Diatomic Rare gas LDA BP LB94 MBPTa

CO He 20.0448 20.0443 20.0428 20.0216
CO Ne 20.0432 20.0430 20.0404 20.0191
CO Ar 20.0488 20.0484 20.0484 20.0279
CO Kr 20.0504 20.0501 20.0502 20.0306
HCl He 0.2495 0.2649 0.2627 0.2669
HCl Ne 0.2437 0.2588 0.2549 0.2615
HCl Ar 0.2553 0.2719 0.2717 0.2759
HCl Kr 0.2575 0.2746 0.2745 0.2792

aReference 37, MBPT, results were linearly interpolated.
No. 12, 22 March 1997
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have been given relative to these values and are denote
g. One has, for example, thatg7

3,2,0,0,35C7
3,2,0,0,3/C7

1,0,0,0,1.
The DFT results forg8

2,0,0,0,2andg8
2,2,0,0,2have been given in

parentheses, as they depend strongly upon the quadrup
quadrupole polarizability tensor componenta2,0

2,2 of Table IV.
The instability of this polarizability component clearly influ
ences these dispersion coefficients. We performed some
calculations which show that the other components are in
enced far less. Consequently, both the good agreemen
tween the LB94 and MBPT results forg8

2,0,0,0,2and the bad
agreement forg8

2,2,0,0,2should be considered accidental. T
test calculation with extra diffuse functions in the center
the molecule, to which we referred earlier, yielded values
0.052 and 0.162 for theg8

2,0,0,0,2andg8
2,2,0,0,2components for

the LB94 potential.
In general, the LB94 potential clearly gives the be

agreement with theab initio values, in this case also for th
relative anisotropies. This agreement can be considered
satisfactory.

It holds for all dispersion coefficients that all the discre
ancies in the results can be explained by looking at the
ferences in the polarizability results. The frequency dep
dence is not of decisive importance, because it is similar
all the used methods.

V. CONCLUDING REMARKS

We have presented calculations with three differ
exchange-correlation potentials within time-dependent D
on molecular quadrupole polarizabilities and Van der Wa
coefficients. These are the first such calculations within D
By comparing toab initio literature values we have bee
able to analyze the strengths and weaknesses of these p
tials. The LB94 results for the isotropic properties are su

TABLE XIII. Van der Waals coefficients for H2O–H2O.

Coefficient LDA BP LB94 MBPTa

C6
0,0,0,0,0 50.37 48.65 43.17 46.433

g6
2,2,0,0,2 0.041 0.044 0.077 0.0647

g6
2,2,2,2,4 0.0059 0.0065 0.016 0.0112

C7
1,0,0,0,1 113.7 111.80 96.48 102.16

g7
2,2,1,0,3 20.027 20.029 20.055 20.0460

g7
3,0,0,0,3 20.244 20.25 0.277 20.2779

g7
3,2,0,0,3 0.315 0.331 0.366 0.3578

g7
3,0,2,2,5 20.027 20.030 20.064 20.0529

g7
3,2,2,2,5 0.036 0.041 0.084 0.0681

C8
0,0,0,0,0 1426 1361 1115 1141.7

g8
1,0,1,0,2 20.150 20.157 20.162 20.1636

g8
2,0,0,0,2 ~0.066!b ~0.064!b ~0.066!b 0.0626

g8
2,2,0,0,2 ~0.040!b ~0.051!b ~0.206!b 0.1179

g8
3,2,1,0,4 20.048 20.053 20.061 20.0603

g8
3,0,3,0,6 20.043 20.048 20.061 20.0615

g8
3,2,3,0,6 0.055 0.063 0.080 0.0791

g8
3,2,3,2,6 20.071 20.082 20.105 20.1019

g8
4,0,0,0,4 20.075 20.075 20.098 20.0977

g8
4,2,0,0,4 0.078 0.081 0.094 0.0865

aReference 36.
bValues in parentheses are unstable with respect to basis changes.
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rior to the LDA and Becke–Perdew results, which overes
mate the isotropic coefficients. This is due to the fact that
LB94 potential exhibits the correct Coulombic asympto
behavior, which the ordinary LDA and GGA potentials d
not. For the relative anisotropies, the results obtained w
the three potentials are of similar quality. The anisotro
DFT results are in good agreement with the MBPT valu
and seem to be of competitive quality.

Our results indicate that it is possible to obtain reliab
long-range potential energy surfaces within the framework
density functional theory. An important next step would
to link this long-range potential energy surface with t
short-range part, in order to obtain a reliable description
Van der Waals minima.
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41H. Ågren, O. Vahtras, H. Koch, P. Jo”rgensen, and T. Helgaker, J. Chem
Phys.98, 6417~1993!.

42P. Norman, D. Jonsson, H. Ågren, P. Dahle, K. Ruud, T. Helgaker, an
Koch, Chem. Phys. Lett.253, 1 ~1996!.

43H. Hettema, Ph.D. thesis, Katholieke Universiteit Nijmegen, 1993.
44W. J. Meath and A. Kumar, Int. J. Quantum Chem. Symp.24, 501~1990!.
45A. Kumar and W. J. Meath, Chem. Phys.189, 467 ~1994!.
46A. Kumar and W. J. Meath, Mol. Phys.54, 823 ~1985!.
47D. M. Bishop and J. Pipin, Int. J. Quantum Chem.45, 349 ~1993!.
48G. Maroulis and A. J. Thakkar, J. Chem. Phys.89, 7320~1988!.
49G. Maroulis and A.J. Thakkar, J. Chem. Phys.92, 812 ~1990!.
50G. Maroulis, Theoret. Chim. Acta84, 245 ~1992!.
51G. Maroulis, J. Phys. Chem.100, 13 466~1996!.
52G. Maroulis, Chem. Phys. Lett.199, 244 ~1992!.
53I. G. John, G. B. Bacskay, and N. S. Hush, Chem. Phys.51, 49 ~1980!.
54A. J. Thakkar, H. Hettema, and P. E. S. Wormer, J. Chem. Phys.97, 3252

~1992!.
No. 12, 22 March 1997

se¬or¬copyright;¬see¬http://jcp.aip.org/about/rights_and_permissions


