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We study nonparametric estimation of the sub-distribution functions for
current status data with competing risks. Our main interest is in the nonpara-
metric maximum likelihood estimator (MLE), and for comparison we also
consider a simpler “naive estimator.” Both types of estimators were studied
by Jewell, van der Laan and Henneman [Biometrika (2003) 90 183-197], but
little was known about their large sample properties. We have started to fill
this gap, by proving that the estimators are consistent and converge globally
and locally at rate n!/3. We also show that this local rate of convergence is
optimal in a minimax sense. The proof of the local rate of convergence of the
MLE uses new methods, and relies on a rate result for the sum of the MLEs
of the sub-distribution functions which holds uniformly on a fixed neighbor-
hood of a point. Our results are used in Groeneboom, Maathuis and Wellner
[Ann. Statist. (2008) 36 1064—1089] to obtain the local limiting distributions
of the estimators.

1. Introduction. We study current status data with competing risks. Such data
arise naturally in cross-sectional studies with several failure causes. Moreover,
generalizations of these data arise in HIV vaccine trials (see [5]). The general
framework is as follows. We analyze a system that can fail from K competing
risks, where K € N is fixed. The random variables of interest are (X, Y), where
X € R is the failure time of the system, and Y € {1, ..., K} is the corresponding
failure cause. We cannot observe (X, Y) directly. Rather, we observe the “current
status” of the system at a single random time 7 € R, where T is independent of
(X, Y). This means that at time 7', we observe whether or not failure occurred, and
if and only if failure occurred, we also observe the failure cause Y.

We want to estimate the bivariate distribution of (X, Y). Since Y € {1, ..., K},
this is equivalent to estimating the sub-distribution functions Foi(s) = P(X <
s, Y=k), k=1,...,K. Note that the sum of the sub-distribution functions
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Zf: 1 For(s) = P(X <) is the overall failure time distribution. This shows that
the sub-distribution functions are related to each other and should be considered
as a system.

We consider nonparametric estimation of the sub-distribution functions. This
problem, or close variants thereof, has been studied by [5-7]. These papers in-
troduced various nonparametric estimators, including the MLE (see [5, 7]) and a
“naive estimator” (see [7]). They also provided algorithms to compute the estima-
tors, and showed simulation studies that compared them. However, until now, little
was known about the large sample properties of the estimators.

We have started to fill this gap by developing the local asymptotic theory for the
MLE and the naive estimator. We study the MLE because it is a natural estimator
that often exhibits good behavior. The simpler naive estimator was suggested to
be asymptotically efficient for the estimation of smooth functionals [7], and we
therefore consider it for comparison. In the present paper we prove consistency
and rates of convergence. These results are used in [3] to obtain the local limiting
distributions.

The outline of this paper is as follows. In Section 2 we introduce the esti-
mators. We discuss their definitions, give existence and uniqueness results, and
provide various characterizations in terms of necessary and sufficient conditions.
Such characterizations are important since there is no closed form available for
the MLE. In Section 3 we show that the estimators are globally and locally consis-
tent. In Section 4 we prove that their global and local rates of convergence are n'/3
(Theorems 4.1 and 4.17). We also prove that n'/3 is an asymptotic local minimax
lower bound for the rate of convergence (Proposition 4.4). Hence, the estimators
converge locally at the optimal rate, in a minimax sense. The proof of the local
rate of convergence of the MLE uses new methods. One of the main difficulties in
this proof consists of handling the system of sub-distribution functions. We solve
this problem by first deriving a rate result for the sum of the MLEs of the sub-
distribution functions (Theorem 4.10). This rate result is stronger than usual, since
it holds uniformly on a fixed neighborhood of a point, instead of on a shrinking
neighborhood of order n~!/3 (see Remark 4.11). Such a strong result is needed
to handle potential sparsity of the jump points of the MLEs of the sub-distribution
functions (see Remark 4.18). Technical proofs are collected in Section 5, and com-
putational aspects of the estimators are discussed in the companion paper [3], Sec-
tion 4.

2. The estimators. We make the following assumptions: (a) the observation
time 7T is independent of the variables of interest (X, Y'), and (b) the system cannot
fail from two or more causes at the same time. Assumption (a) is essential for the
development of the theory. Assumption (b) ensures that the failure cause is well
defined. This assumption is always satisfied by defining simultaneous failure from
several causes as a new failure cause. We allow ties in the observation times.
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FI1G. 1. Graphical representation of the observed data (T, A) in an example with K = 3 competing
risks. The black sets indicate the values of (X, Y) that are consistent with (T, A), for each of the four
possible values of A.

We now introduce some notation. We denote the observed data by (7', A),
where T is the observation time and A = (Ay,..., Ag+1) is an indicator vec-
tor defined by Ay = {X <T,Y =k} fork=1,...,K,and Ag4; = 1{X > T}.
The observed data are illustrated in Figure 1. Let (7;, A, i=1,...,n, ben
i.i.d. observations of (7, A), where Al = (AL, ..., A%+l). Note that we use
the superscript i as the index of an observation, and not as a power. The order
statistics of 711, ..., T, are denoted by T(y), ..., T(,). Furthermore, G is the distri-
bution of 7', G, is the empirical distribution of 7;, i, ..., n, and P, is the empir-
ical distribution of (7}, A’), i =1,...,n. For any vector (x,...,Xg) € RX we
use the shorthand notation x4 = Zle Xk, so that, for example, Ay = Zle Ak
and Fp4(s) = Zle For(s). For any K -tuple F = (F1, ..., Fg) of sub-distribution
functions, we define Fg41(s) = [,_ dF+(u) = Fy(00) — Fy(s). Finally, we use

u=>s
the following conventions for indicator functions and integrals:

DEFINITION 2.1. Let dA be a Lebesgue—Stieltjes measure. Then we define
fort < ty:

gy () = =11y (@)  and /[ S dAw = /[  fadaw)

2.1. Definitions of the estimators. We first consider the MLE. To understand
its form, let F = (F1,..., Fx) € Fx, where Fx is the collection of K-tuples
F = (F1, ..., Fg) of sub-distribution functions on R with F; < 1. Under F we
have A|T ~ Multg4+1(1, (F1(T), ..., Fk4+1(T))), so that the density of a single
observation is given by

K+1 K

(1) prt.8) =[] Fe®* =[] Fe®*(1 — F1(1))

k=1 k=1

1-54

with respect to the dominating measure i = G x #, where # is the counting mea-
sure on {¢;:k=1,..., K 4+ 1} and ¢ is the kth unit vector in RX+1 Hence, the
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log likelihood 7, (F) = [log pr(t, 8) dPy(t, 8) is given by

K
) ln(F):/{ZSklong(t)+(l—8+)log(1—F+(t)) dP,(t, ).
k=1

It then follows that the MLE F, = (E,1, ..., Fnx) is defined by
3) In(Fy) = max I, (F).
FefFx
The naive estimator ﬁn = (}7,,1, e, an) is defined by
4) i (Far) = max L (F),  k=1,....K,
FreF

where ¥ is the collection of all distribution functions on R and /,(-) is the mar-
ginal log likelihood for the reduced current status data (7;, A}),i =1,...,n:

Lo (F) = / [8¢1og Fe(r) + (1 — 8) log(1 — Fi(0))} dPyu(r, 5).
k=1,...,K.

Thus, fnk uses only the kth entry of the A-vector. We see that the naive estimator
splits the estimation problem into K well-known univariate current status prob-
lems. Therefore, its computation and asymptotic theory follow straightforwardly
from known results on current status data. But this simplification comes at a cost.
For example, it follows immediately that the constraint ﬁn+ < 1 may be violated
(see [7]).

We note that both fn+ and ﬁn+ provide estimators for the overall failure time
distribution Fo4+. A third estimator for this distribution is given by the MLE for the
reduced current status data (7', AL), ignoring information on the failure causes.
These three estimators are typically not the same (see [5]).

To compare the MLE and the naive estimator, we now define the naive estimator
by a single optimization problem:

K
In(F) = max I,(F)  where [,(F) =) L (Fp),
k=1

FeFKk

and F X is the K -fold product of . By comparing this to the optimization prob-
lem for the MLE, we note the following differences:

(a) The object function [,,(F) for the MLE contains the term 1 — F_, involving
the sum of the sub-distribution functions, while the object function 1, (F) for the
naive estimator only contains the individual components.

(b) The space ¥k for the MLE contains the constraint .y < 1, while the space
F X for the naive estimator only involves the individual components.
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The more complicated object function for the MLE forces us to work with the
system of sub-distribution functions, and poses new challenges in the derivation
of the local rate of convergence of the MLE. Moreover, it gives rise to a new self-
induced limiting process for the local limiting distribution of the MLE (see [3]).
The constraint F; < 1 on the space over which we maximize is important for
small sample sizes, but its effect vanishes asymptotically. These observations are
supported by simulations in [3], Section 4.

2.2. Existence and uniqueness. Since only values of the sub-distribution func-
tions at the observation times appear in the log likelihoods /% (Fx) and [,,(F), we
limit ourselves to estimating these values. This means that the optimization prob-
lems (3) and (4) reduce to finite-dimensional optimization problems. Hence, their
solutions exist by [19], Corollary 38.10.

For the naive estimator, the values of the sub-distribution functions at all ob-
servation times enter in the log likelihood [,;(Fy). Together with strict con-
cavity of [, (Fy), this implies that ﬁnk is unique at all observation times, for
k=1,...,K. For the MLE, Fi(T;) appears in the log likelihood [, (F) if and
only if A + A %1 > 0. This motivates the following definition and result:

DEFINITION 2.2. Foreachk=1,..., K + 1, we define the set 7; by
5) Te={Ti,i=1,....,n: A+ Al | > 0 U (T ).
PROPOSITION 2.3. Foreachk=1,...,K + 1, I?nk(t) is unique at t € Jy.

Moreover, Fy(00) is unique if and only if AiK+1 = 0 for all observations with
T; = Te).-

PROOF. We first prove uniqueness of fnk(t) atte Jp,fork=1,...,K. Let
ke {l,..., K}. Strict concavity of the log likelihood immediately gives unique-

ness of Fnk at points T,- with A’ = 1. Note that the log likelihood is not strictly
concave in Fnk (Ty) if A = = 1, so that we need to do more work to prove unique-

ness at these points. First, one can show that Fpi can only assign mass to intervals
of the following form:

() (T3, Tj] where A, =1, Al =1 and A{ = A%, , =0 for all £ such that
T, <Ty <T;,
(i) (T;, 00) where T; = T(;) and Al =1

(see [5], Lemma 1, or use the concept of the height map of [9]). Note that I?,,k
is unique at the right endpoints of the intervals given in (i), since Fok is unique
at points 7; with AL = 1. This implies that the probability mass in each interval
given in (i) is unique. In turn, this implies that Fox is unique at all points that are
not in the interior of these intervals. In particular, this gives uniqueness of ﬁnk (1)
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att e Tk- :l:he uniqueness statement about fn k+1 follows from the uniqueness of
Fu,..., Fuk.

We now prove the statement about Fnk (00). First, if A k41 = 0 for all obser-
vations with 7; = T(”), then Fpy can only assign mass to the intervals given in (i).
Hence, Fnk(oo) nk(T(n)) and since Fnk(T(n)) was already proved to be unique,
it follows that fnk(oo) is unique. Conversely, if there is a T; = Ty w1tE Al ki1 =1
then the log likelihood contains the term 1og(1: Fi(T,))). Hence, F,, 1 must as-
sign mass to the right of 7, in order to get L, (iin) > —o00. The MLE is indifferent

to the distribution of this mass over F,, ..., F,k, since their separate contribu-
tions do not appear in the log likelihood. Hence, F,x(c0) is nonunique in this case.
0

2.3. Characterizations. Characterizations of the naive estimators ﬁnl, e,
ﬁnK follow from [4], Propositions 1.1 and 1.2, pages 39—41. Characterizations
of the MLE can be derived from Karush—Kuhn-Tucker conditions, since the op-
timization problem can be reduced to a finite-dimensional optimization problem
(see the first paragraph of Section 2.2). However, we give characterizations with
direct proofs. These methods do not use the discrete nature of the problem, so that
they can also be used for truly infinite-dimensional optimization problems.

DEFINITION 2.4. We define the processes Vi by

(6) Vnk(t)=/ ScdP,(u,8), teR, k=1,...,K+1.
u<t

Moreover, let x be the collection of K-tuples of bounded nonnegative nonde-
creasing right-continuous functions.

Using this notation, we can write [,(F) = ZK+1 [log Fx(u) dVyi(u). In
Lemma 2.5 we translate the optimization problem (3) into an optimization prob-
lem over a cone, by removing the constraint F; < 1. Subsequently, we give a
basic characterization in Proposition 2.6. This characterization leads to various
corollaries, of which Corollary 2.10 is most important for the sequel.

LEMMA 2.5. I?n maximizes I, (F) over ¥k if and only ifl?n maximizes l_n(F)
over Fx, where

_ K+l
I (F) = / log Fi(u) d Viye (1) — F.(00).

PROOF. (Necess_ityi Let E, maximize I,(F) over Fk, and let F € Fx. We
want to show that [,(Fy,) > [,(F). Note that this inequality holds triviaﬂy if
F(00) = 0. Hence, we assume F,(co0) =c¢ > 0. Then F/c € ¥k, and [,(F,) >
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l,(F/c), by the assumption that Fn maximizes [, (F) over Fg. Together with
F4(c0) =1 this yields
In(Fy) =1 (Fy) = 1= 1, (Ffe) = 1

K+1

= Z /long(u)ank(u) loge — 1

=1,(F)+c—logc — 1> I,(F).

The last inequality follows since x —logx — 1 > 0 for x > 0.

(Sufficiency.) Let F maximize l (F) over Fx, and let Fn+(oo) = c. As before,
we may assume ¢ > 0. Then I, (F ) > l (F /c), and by the same reasoning as
above this glvesl (F y>1, (F /o) =1, (F /c)—1 =1, (F )+c—logc— 1. Smce
x —logx — 1 <0 if and only if x = 1, this yields ¢ = 1. Hence, F,, € £k, and F,
maximizes I, (F) over Fx C Fx. O

We now obtain the following basic characterization of the MLE.
PROPOSITION 2.6. Fn maximizes l,,(F) over Fx if and only ian € Fx and

the following two conditions hold forallk =1, ..., K:
/ dVyk () +/ dVu k+1(u)
wzt Fae) — Ju<t Fygp1(u) ~

®) /{/u dl/nk(u) +/M dYn,K+l(u) —1}ank(t)=0-

>t Fur(u) <t Fy k+1(u)

@) <1, teR,

PROOF. (Neces_sity.) Let Fn maximize [, (F) over ¥x. Then Fn also maxi-
mizes [,,(F) over ¥k, by Lemma 2.5. Fix k € {1, ..., K}, and define the pertur-

bation £ (B E) by By = (1 + )y and F\Y = F,j for j # k.
Since F,f ) e Fx for |h| <1, we get

0= }}inbh_l{in(ﬁ,fh)) — I (Fy))

= / AV () + / ”"(OOI){H (:)" W 4V, 1) = Fur(00)

d Vi (u dv, u ~
:/{/ Vi ( )+/ Vi k+1( )—l}ank(t),
wzt Foc)  Ju<t Fpgq1(u)
using Fubini’s theorem to obtain the last line. This gives condition (8). Next,

let r € R, and define the perturbation F,ih’t) = (F,%”Z), .. (h t)) by F (h t>(u) =
Fuic () + M1, 00)(0) and F,*" = F,; for j # k. Since Fn( e Fx for h >0, we
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get

i hil —n ﬁ(h,z) _‘n Fn

. d Vo (u) / dvn,K+l(M) _
uzt Fur(u) u<t Fy gi1(u)
which is condition (7).
(Sufficiency.) Let F e ¥ -k satisfy conditions (7) and (8), and let F' € Fx. We
want to show that /,, (F ) > 1,(F). Concavity of the logarithm yields

K+ pow) - B R
ACRASEDS /%dm(w— F1(00) + Fo (00).

We now show that the rlght—hand side of this display is nonpositive. By Fubini, we
have

F n K dv,
Z/ngﬂ@:?/ zgud(Fk_ Fu) (1) 7 )

Fuk(u)
ank( ) =
/ / s d(F = F )
and
Fr1(u) — Fy g 1(u) dVy, k+1(u)
dvy, d(Fy — Fpy) () =21
/ Fo.k+1(u) K= / (F +)() Fu k+1(u)

an (u) =
_Z f | S i - oo,

Fu gk +1(w)
Combining the last three displays gives
K
- -~ AV (u dv, u ~
W -hEr =y [l S | ﬂ—l}d(Fk—Fnk)(t)
k=1 u u

>t Fur(u) <t Fpk41(u)
K
dv, dv,
=z/{/ Ank(”)_{_'/ An,K—H(”) —l}dFk(l)fo,
im? Wzt Fae(u)  Ju<t Fp g 1(u)
where the equality follows from (8), and the final inequality follows from (7).

Hence F;, maximizes [, (F) over ¥k, and by Lemma 2.5 this implies that F;, max-
imizes [,,(F) over Fx. [

DEFINITION 2.7. We say that ¢ is a point of increase of a right-continuous
function F if F (1) > F(t — ¢) for every & > 0 (note that this definition is slightly
different from the usual definition). Moreover, for F' € £, we define

dVy k+1(u)
9 =1 | —22T
© Pnr Fgy1(u)
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Note that 8,7 is uniquely defined, since ﬁn k+1(t) is unique at points ¢ where
dV, k+1 has mass (Proposition 2.3). We now rewrite the characterization in Propo-
sition 2.6 in terms of B, 7 :

COROLLARY 2.8. fn maximizes I, (F) over Fx if and only if fn € Fx and
the following holds forallk =1, ..., K:

AV () — d Vi k41 () A
o ‘/L-‘>t{ ﬁnk(”) - ﬁn,K—I—l(”) }SﬂnF", teR,

where equality holds if t is a point of increase of Fok.

PROOF. Since the integrand of (8) is a left-continuous function of ¢, condi-
tions (7) and (8) of Proposition 2.6 are equivalent to the condition that for all
k=1,...,K,

[ A e g
u u

=t Fx@) ot Foga)
where equality must hold if ¢ is a point of increase of Fk. Combining this with
dv, dv,
/ Vg 1) _ B _/ An,K—H(M)’ [eR
u<t Fp g41(u) " Juzt Fyk1(u)

completes the proof. [

We determine the sign of B,z in Corollary 2.9:

COROLLARY 2.9. Let ﬁn maximize l,(F) over Fx. Then ,ann > 0, and
B.£, = 0 if and only if there is an observation with T; = T(ny and AiK—H =1.

PROOF.  Taking t > T,) in Corollary 2.8 implies that 8,z > 0. Now suppose
that there Ls aT; =T with AiK+1 = 1. Then we must have ﬁn+(T(n))A< 1to
obtain [, (F,) > —oo. Hence, there must be a k € {1, ..., K} such that F,; has
points of increase ¢ > T(y). Corollary 2.8 then implies that 8,z = 0. Next, suppose

that there does not exist a T; = T,y with Al 41 = 1. Then

/ {ank(u) AV k1) } _/ d Vi (u)
u>Ty U Fur () Fu,k+1(u) u>Tey Fuk(u)

and by Corollary 2.8 this implies g,z > 0. [

>0,

We now make a first step toward localizing the characterization, in Corol-
lary 2.10. This corollary forms the basis of Proposition 4.8, which is used in the
proofs of the local rate of convergence and the limiting distribution of the MLE.
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COROLLARY 2.10. ﬁn maximizes l,,(F) over Fx if and only ifl?n € }:'K and
the following holds for all k =1, ..., K and each point of increase t,j of Fyy:

dav, dav,
(11 / { Ank(u) B An,K—H(u)} = B2 1o (Ton). sER,
[tuk,s) U Frkc (1) Fu kg 41(u) mo

where equality holds if s is a point of increase of Fyk, and ifs > Tqy).

PROOF. Let fn maximize [, (-) over Fg. Let s > . If 1y <5 < T(y), then
(11) follows by applying (10) to t = 1, and t = s, and subtracting the resulting
equations. If 7, < T(,) < s, then

/ {ank(M) _ AV k41(u) } :/ {ank(M) B an,K+1(u)}
(tnk.s) U Fuk (1) Fu k+1(u) u>ty U Fui(u) Fox+1(m) )

so that the statement follows by applying (10) to ¢ = 7,k. If T(,) < Tax < s, then
the left-hand side of (10) equals zero for ¢ = 7,4 and ¢ = s. The inequalities for s <
Tk can be derived analogously. Finally, the inequality (11) and the corresponding
equality condition imply (10). U

3. Consistency. Hellinger and L,(G) (r > 1) consistency of the naive esti-
mator follow from [13, 18]. Local consistency of the naive estimator follows from
[4, 13]. In this section we prove similar results for the MLE. First, note that for
two vectors of functions F = (Fy, ..., Fx) and Fo = (Fyy, ..., Fog) in Fk, the
Hellinger distance h(pF, pr,) and the total variation distance drv(pr, pr,) in our
model are given by

K+1

(12 K (pr. pry) =1 / (VPF = VPR) du=1Y" f (VFx — VFor)? dG,
k=1

K+1
(13 drvprpr) =4 Y. [ 1A~ FuldG,
k=1

where u = G x #, and pr and # are defined in (1). The MLE is Hellinger consis-
tent:

THEOREM 3.1. h(pﬁn, PFy) —>a.s. 0.
PROOF. Since # = {pr:F € Fk} is convex, we can use the following in-
equality:
h*(pg,, Pry) < (Pu — PY(P7 /PRy

where ¢(t) = (¢t — 1)/(t + 1) ([18], Proposition 3; see also [11] and [14, 15]).
Hence, it is sufficient to prove that {¢(pr/pF):F € Fx} is a P-Glivenko—
Cantelli class. This can be shown by Glivenko—Cantelli preservation theorems of
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[18], using indicators of V C-classes of sets and monotone functions as building
blocks. Alternatively, the result follows directly from [18], Theorem 9 by viewing
the problem as a bivariate censored data problem for (X, Y). O

L,(G) consistency is given in Corollary 3.2, where the L,(G) distance is de-
fined by

K+1
(14) IF — Follg, = / |Fe() — FoeO"dG (), r=1.
k=1

COROLLARY 3.2.  ||F, — FollG.r —as. 0 forr>1.

PROOF. Note that || F — Fyllg,1 = 2drv(pF, pr,). Hence, the statement for

r =1 follows from the well-known inequality drv(pr,, pr,) < V2h( DF,» DF,)-
The result for r > 1 follows from |a — b|" < |a — b| for a,b € [0, 1] and r > 1.
]

Note that Theorem 3.1 and Corollary 3.2 hold without any additional assump-
tions. The quantities in these statements are integrated with respect to G, showing
the importance of the observation time distribution. For example, the results do not
imply consistency at intervals where G has zero mass. Such issues should be taken
into account if G can be chosen by design.

Under some additional assumptions, Maathuis ([10], Section 4.2) proved several
forms of local and uniform consistency using methods from [13], Section 3. One
such result is needed in the proof of the local rate of convergence of the MLE, and
is given below:

PROPOSITION 3.3. Let Fyy, ..., Fox be continuous at ty, and let G be contin-
uously differentiable at ty with strictly positive derivative g(ty). Then there exists
anr > 0 such that

sup | Fur(t) — For()] =450, k=1,...,K.
telty—r,to+r]

PROOF. Letk €{1,..., K}and choose the constant » > O such that Fyy is con-
tinuous on [fg — 2r, ty + 2r] and g(¢) > g(tp)/2 for t € [ty — 2r, ty + 2r]. Fix an @
for which the L{(G) consistency holds, and suppose there is an xo € [fo — 7, to+ 7]
for which fnk (x0, ) does not converge to Foi(xg). Then there is an & > 0 such
that for all n; > O there is an n > n such that |fnk(xo, w) — For(xp)| > €. Using
the monotonicity of Fyi and the continuity of Fyy, this implies there isa y > 0
such that | Fy;(t, ) — Fox(¢)| > ¢/2 for all t € (xg — y, xo] or [xp,xo + ) and
[x0—y,x0+y] C [to—2r, to+2r]. This yields that [ |fnk(t, w)— For ()| dG(t) >
yeg(to)/4, which contradicts L1(G) consistency. Uniform consistency follows
since Fyy is continuous. [
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4. Rate of convergence. The Hellinger rate of convergence of the naive es-
timator is n1/3. This follows from [15] or [17], Theorem 3.4.4, page 327. Under
certain regularity conditions, the local rate of convergence of the naive estimator
is also n'/3; see [4], Lemma 5.4, page 95. This local rate result implies that the
distance between two successive jump points of Fyi around a point fg is of order
0,(n=1/3).

In this section we discuss similar results for the MLE. In Section 4.1 we show
that the global rate of convergence is n'/3. In Section 4.2 we prove that n'/3 is an
asymptotic local minimax lower bound for the rate of convergence, meaning that
no estimator can converge locally at a rate faster than n!/3, in a minimax sense.
Hence, the naive estimator converges locally at the optimal rate. Since the MLE
is expected to be at least as good as the naive estimator, one may expect that the
MLE also converges locally at the optimal rate of n!/3. This is indeed the case,
and this is proved in Section 4.3 (Theorem 4.17). Our main tool for proving this
result is Theorem 4.10, which gives a uniform rate of convergence of Fj on a
fixed neighborhood of a point, rather than on the usual shrinking neighborhood
of order n~!/3. Such a strong rate result is needed to handle potential sparsity of
the jump points of the MLEs of the sub-distribution functions (see Remark 4.18).
Some technical proofs are deferred to Section 5.

4.1. Global rate of convergence.
THEOREM 4.1. n'h(pg . pr) = 0,(1).

PROOF. We use the rate theorem of Van der Vaart and Wellner ([17], Theo-
rem 3.4.1, page 322) with

o 1:5) =g 205 (1.8)
(VAN

M, (F) =P,mp,, M(F) = Pm,, and G,mp, = /n(M,, — M)(F). The key con-
dition to verify is E||Gn||My S ¢u(y), where My, = {mp, — Mpp :h(pr, pRy) <
y} and ¢, (y)/y? is a decreasing function in y for some o < 2. For this purpose

we use Theorem 3.4.4 of [17], which states that the functions m . fit the setup of
Theorem 3.4.1 of [17], and that

(15) E(Gulln, < T, . W1+ Ty, P,y 2n~ 12},

where T[](y, P, h) = foy J1+1ogNp(e, P,h)de and logNp(e, P, h) is
the e-entropy with bracketing for &> = {pr: F € Fx} with respect to Hellinger
distance 1. We first bound the bracketing number Npj(e, P, h). Let F = (Fy, ...,
Fg)e Fx.Foreachk=1,..., K+ 1, let [lt, ux] be a bracket containing Fj, with
size [(ux — Ix)*dG < &?/(K +1). Then
K+1 K+1
[pi(t,8), pu(t,8)] = [1‘[ L™, ] uka)ﬂ

k=1 k=1
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is a bracket containing pr, and its Hellinger size is bounded by ¢.

Note that all Fy, k=1,..., K + 1, are contained in the class F = {F:R —
[0, 1] is monotone}, and it is well known that log Njj(8, ¥, L2(Q)) < 1/6, uni-
formly in Q. Hence, considering all possible combinations of (K + 1)-tuples of
the brackets [Ii, ur], it follows that

log Njy(e, . h) < log({Ny(e/vK + 1, F, Ly(G))} ¥ ™)
= (K 4 Dlog Nj(e/vVK + 1, F, L2(G)) S (K + 127!

Dropping the dependence on K (since K is fixed), this implies that J~[](y, P, h) <
yl/z, and together with (15) we obtain EllGnllMy <Jv+ (yﬁ)_l. Since
y = (Y + (y/n)~Y)/y is decreasing in y, it is a valid choice for ¢,(y) in
Theorem 3.4.1 of [17]. We then obtain that rnh(pﬁn, PFy) = Op(1) provided that
h(pg,. Pry,) — 0 in outer probability, and r2¢a(r;71) < /n for all n. The first
condition is fulfilled by the almost sure Hellinger consistency of the MLE (The-
orem 3.1). The second condition holds for r, = cn!/? and ¢ = ((v/5 — 1)/2)%/3.

O

We obtain the following corollary about the L{(G) and L,(G) rates of conver-
gence:

COROLLARY 4.2.  n'3||F, — Follg,, = 0,(1) forr = 1,2.

PROOF. The result for r = 1 again follows from drv(pr,.pr,)
</2h (PF,, PF,). The result for r = 2 follows from

K+1

IF - Fol3,=> f{ﬁ — VFou (VFe +VFor )2 dG <8R (pr, pry),
k=1
using «/ Fy ++/ For <2. O

4.2. Asymptotic local minimax lower bound. In this section we prove that n'/3
is an asymptotic local minimax lower bound for the rate of convergence. We use
the set-up of [1], Section 4.1. Let & be a set of probability densities on a mea-
surable space (€2, 4) with respect to a o-finite dominating measure. We esti-
mate a parameter § = Up € R, where U is a real-valued functional and p € P.
Let U,, n > 1, be a sequence of estimators based on a sample of size n, that
is, Uy =t,(Z1,...,Z,), where Z1,...,Z, is a sample from the density p, and
t, : 2" — R is a Borel measurable function. Let [ : [0, co) — [0, co) be an increas-
ing convex loss function with /(0) = 0. The risk of the estimator U}, in estimating
Up is defined by E, ,I(|U, — Upl|), where E, , denotes the expectation with re-
spect to the product measure P®" corresponding to the sample Zi, ..., Z,. We
now recall Lemma 4.1 of [1].
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LEMMA 4.3. For any p1,p2 € P such that the Hellinger distance
h(p1. p2) < 1:

ilr}fmax{En,pll(lUn - Up1l), En,pzl(|Un —UpaD}

> 1(L1Up1 — Upal(1 = B2(p1, p2))™").

Let k € {l,...,K} and let Uy, n > 1, be a sequence of estimators of Fo (#p).
Furthermore, let ¢ > 0 and let F,’f = (Fy1, ..., Fyg) be a perturbation of Fy where
only the kth component is changed in the following way:

For(to — en—1/3), if x € [1g —cn™13, 1),
Fui(x) = Fok(t0+cn_1/3), if x e [lo,l0+Cn_l/3),
For(x), otherwise,

and F,j(x) = Fy;(x) for j # k. Note that F,’l‘ € Fx is avalid set of sub-distribution
functions with overall survival function Fj, g4+1 =1— F,+.

We now apply Lemma 4.3 with [(x) = x", p1 = pF, and pr = Pk where pr is
defined in (1). This gives a local minimax lower bound for the rate of convergence.
A detailed derivation of this result is given in [10], Section 5.2.

PROPOSITION 4.4. Fix k€ {1,...,K}. Let 0 < For(tg) < For(00), and let
For and G be continuously differentiable at ty with strictly positive derivatives
fox(t0) and g(tg). Let d =273¢=1/3 Then, forr > 1,

timinf "/ infmax{Ey . |Unk = For(t0)l", Enp 4 [Unic = Far(t0)|"}

n—oo n

(16) >d’[g(t0){ Ly ! ”_r/3
= Lfok(to) | For(to) 1 — Foy(t0) '

REMARK 4.5. Note that the lower bound (16) consists of a part depending on
the underlying distribution, and a universal constant d. It is not clear whether the
constant depending on the underlying distribution is sharp, because it has not been
proved that any estimator achieves this constant. However, we do know that the
naive estimator Fy; does generally not achieve this constant. To see this, recall that
I?nk is the MLE for the reduced data (7;, A};), i=1,...,n. Hence, its asymptotic
risk is bounded below by the asymptotic local minimax lower bound for current
status data:

r[g(to){ L, 1 ”—’/3
Jor (o) | For(to) 1 — For(to)

(see [1], (4.2), or take K =1 in Proposition 4.4). Since 1 — Foi(#p) > 1 — Fo(to)
if Fy;(tp) > 0 for some j € {1,..., K}, j # k, this bound is larger than the one
given in (16).
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4.3. Local rate of convergence. As mentioned in the introduction of this sec-
tion, the n!/3 local rate of convergence of the naive estimator and the n'/3 local
minimax lower bound for the rate of convergence suggest that the MLE converges
locally at rate n'/3. This is indeed the case, and we now give the proof of this result.
However, although this result is intuitively clear, the proof is rather involved.

The two main difficulties in the proof are the lack of a closed form for the MLE
and the system of sub-distribution functions. We solve the first problem by working
with a characterization of the MLE in terms of necessary and sufficient conditions.
This approach was also followed in [1] for case 2 interval censored data, and in [2]
for convex density estimation. We handle the system of sub-distribution functions
by first proving a rate result for EJF that holds uniformly on a fixed neighborhood
around fo, instead of on the usual shrinking neighborhood of order n~1/3.

The outline of this section is as follows. In Section 4.3.1 we revisit the charac-
terization of the MLE, and derive a localized version of the conditions (Proposition
4.8). In Section 4.3.2 we use this characterization to prove the rate result for I?n+
that is discussed above (Theorem 4.10). In Section 4.3.3 we use this result to prove

the local rate of convergence for the components fnl, cee, ﬁn k (Theorem 4.17).
Some technical proofs are deferred to Section 5.
Throughout, we assume that for each k € {1, ..., K}, F,; is piecewise constant

and right-continuous, with jumps only at points in 77 (see Definition 2.2). This
assumption does not affect the asymptotic properties of the MLE.

4.3.1. Revisiting the characterization. We consider the characterization given
in Corollary 2.10. Since it is difficult to work with Fj; in the denominator, we start
by rewriting the left-hand side of (11), using

d V(1) d V(1) For(u) — Fou (1)
[s,0) Frr(u) [s.0) Fox(u) (s,0)  Fox(u) Fur(u)
This leads to the following lemma:
LEMMA 4.6. Forallk=1,...,K and s,t € R,
/ {ank(u) B an,K—i—l(”)}
[s,0) U Frug () Fu kg 1(u)
_ {ank(u) B an,K—H(u)}
[s,) U For(u) Fo g +1(u)
F, —F,
/ ok (1) | nk (1) AV ()
[s,0)  Fox(u) Fur(u)
Fo k1) — Fy k11 (1)
- = Vi, k+1(u).
[s,)  Fo,k+1() Fy kx+1(1)
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We now combine Corollary 2.10 and Lemma 4.6 to obtain a localized version
of the characterization in Proposition 4.8. We first introduce some definitions:

DEFINITION 4.7. Let ax = (For(to))~! for k =1,..., K + 1. Furthermore,
fork=1,..., K, we define the processes W, (-) and S,«(-) by

(17) Wi (1) =/ {0k — Fox ()} dPy(u, 3),
u<t
(18) Snk (1) = ar Wk (t) + ag +1 W (7).
PROPOSITION 4.8. For each k=1, ...,K, let 0 < For(tg) < For(00), and

let For and G be continuously differentiable at ty with strictly positive derivatives
Jfor(t0) and g(ty). Then ti/z\ere is anr > 0 such that, forallk =1, ..., K and each
Jump point Ty < Ty of Fur, we have

/ (et P () — For@)) + ag+1{Fps (0) — For (u)}} dG ()
(19) ok
= / d Suk () + Ruk (Tuk, 5) Jors < T(n)y
[Tnkas)

where equality holds in (19) if s is a jump point of Fyuk, and where

| Rnk (s, 1)
(20) sup =0,().
to—2r <s<t<tg+2r n=23 v =13t —s)3/2 g

PrROOF. Letke{l,...,K} and let 7,x < T(;) be a jump point of I?,,k. Note
that Corollary 2.10 and Lemma 4.6 imply that for all s < T(,),

/ Fo(u) — Foi(u)
(tukss)  For () Fur (u)

-~

_/ Fu k+1(u) — Fo,k+1(u)

) FO, K1) Fy 11 ()
- / {5k — For(w) g1 — Fokv1(u)
~ Jueltys) U For(u) Fo,k+1(u)

with equality if s is a jump point of Fok. We first consider the left-hand side of (21).
Foreachk € {1, ..., K 4+ 1}, we replace F,; (1) by For(u) in the denominator:

d Vi ()

21)

an,K—H (Lt)

}dIF’n(u,(S),

/ F;f (LZ) )_ j:‘FO(k ()u ) d Vi (u)
S,t u nk (U
@ Okfk()F()
= nk i) = ToktH )
o [5.) FOk(M)2 ank(u) + Lok (S, 1),
Fox (1) — For ()2
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Next, we replace d Vi (1) by d Vi (1) = For (4) dG (u) in the first term on the right-
hand side of (22):

Fux(u) — For () [ Fuc(u) = Foe(u) @
o [ T Vi = / 4G+ o .,
) _ Fo () — Fo(u) _
(25) where p,}’ (s, 1) = /[s,t) For )2 d(Vak — Vi) ().

Finally, we replace the denominator Fpr(u) by For(fg) in the first term on the
right-hand side of (24):

' F, — F,
nk (u) — For(u) dG(u)+pﬁ)(s,t),

For(u) s For(t0)
0 o [Pt 011,

and similarly on the right-hand side of (21):

5 — F, O — F
/ k—o"(u)dIP’n(u,(S)zf %Pl 0,8y — pD s 1),
UEls,t)

For(u) uels,t) For (t0)
where, with G, the empirical distribution of Ty, ..., T, (as defined in Section 2),
{Fox (u) — For (to) H{dx — Fox (u)}
o= d(P, = P)(u,8)
uels,t) Fox (u) For (o)

27 :/ For (u) — Fox (1)

[s.0) Forx(u) For (t0)
/ FOk(to)—FOk(u)d
[5.1) For (1)

Inequality (19) then follows from Fg41 =1 — Fy for F € ¥k, and the definition

d(Vak — Vi) (u)

(Gn — G)(w).

4 4
14 14
28)  Ruls, =2 p\kyi (00— D ol (5,0, k=1,... K.
=1 (=1

We now show that the remainder term R, (s, t) is of the given order. Let k €
{1,..., K+ 1}, and consider p,(l}{). Note that fnk and Foy stay away from zero with
probability tending to 1 on [f9 — 2r, o + 2r], by the assumption Foi(fg) > 0O, the
continuity of Fy at fp, and the consistency of fnk (Proposition 3.3). Furthermore,

f (P ) — Fo )} d Vi ()

< / (Bt ) — For )2 d(Gyy — G) () + f (Bt ) — For )12 dG ),
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where the second term on the right-hand side is of order O, (n=%/3) by the L, (G)
rate of convergence given in Corollary 4.2, and the first term is of order O, (n=2/3)
by a modulus of continuity result. To see the latter, define

Q = {gr(u) = (F(u) — Fox(w)}*: F € F},
Q) = {qF e @: [ qr@?dGu < yz},

where ¥ is the class of monotone functions F:R — [0, 1]. The L,(G) rate of
convergence (Corollary 4.2) implies that we can choose C > 0 such that gf €
@(Cn~'/3) with high probability. We then apply (5.42) of [16], Lemma 5.13, with
a=1and B =0 to the class @(Cn~'/3). This yields that p\;) (s, 1) = O, (n~2/3)
uniformly in #9 — 2r <s <t <ty + 2r. Analogously, p,(li) (s,1)=0p (n_z/ 3) uni-
formly in 719 — 2r <s <t <19 + 2r, using the L,(G) rate of convergence and a
modulus of continuity result. Next, we consider p,(i) (s, ). By the Cauchy—Schwarz

inequality,
! { For(u) — Fok (to)}?
s Foi(t0)?

5 { / {Fpk () — For(u))?
For (u)?

12
10D, 1)] < { dG(u)}

1/2
dG(u)} .

The first term of the product is of order O(t — 5)3/2, uniformly in #y —
2r <s <t <ty + 2r, by the continuous differentiability of Fpr. The sec-
ond term is of order OP(n_l/ 3) by the L,(G) rate of convergence. Hence,

,0,(3() (s, 1) = OP(n_1/3(t —5)3/?), uniformly in g — 2r <s <t <9+ 2r. Finally,
P& (s, 1) = 0,(n~"/2(t — 5)), uniformly in to — 2r <s <1 < fo + 2r, by writing
f[s’t) = f[s,to) — f[t,to) and using Lemma 4.9 below. Since the term O, (n= V%t —s))
is dominated by 01,(11_2/3 v n1B3@ — 5)3/2) for all s <1, it can be omitted.

O

LEMMA 4.9. Let F:R — R be continuously differentiable at ty with deriva-
tive f(tg) > 0. Then there is an r > 0 so that uniformly in ty —2r <s <t < ty+2r,

(29) /[ t){F(’) — F)}d(Gy — G)(u) = 0,(n""2(t — 5)),

(30) /[ ) F(t)— F(u)

e d(Vak — Vi) () = 0,(n"*(1 — 5)),

k=1,...,K.
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PROOF. We only prove (29), because the proof of (30) is analogous. Integra-
tion by parts yields

0!/ / (F(t) — F)}d(Gy — G)(u)
[s,0)

— —n'2{F (1) — F(&)HGu(s) — G(5)) +n1/2/

[s

t){Gn(u) —G)}dF (u).

Note that n'/2 sup,cr |Gn(u) — G(u)| is tight, since it converges in distribution to
sup,cgr | B(G (1))| < sup,¢po.17 |B(x)|, where B is a standard Brownian motion on
[0, 1]. Hence, both terms on the right-hand side of the display are O, (1){F(z) —
F(s)} = Op(t —s), uniformly in t) — 2r <s <t <ty +2r. [

4.3.2. Uniform rate of convergence of ﬁn+ on a fixed neighborhood of ty. The
main result of this section is a rate of convergence result for ﬁn+ which holds
uniformly on a fixed neighborhood [#g — r, #o + r] of fg, rather than on a shrinking
neighborhood of the form [#9 — Mn=13 to+Mn=1/3] (Theorem 4.10). We discuss
the meaning of this result in Remark 4.11, by comparing it to several existing
results for current status data without competing risks. Theorem 4.10 is used in
Section 4.3 to prove the local rate of convergence of the components fnl, R fn K.

THEOREM 4.10. Forallk=1, ..., K, let 0 < For(ty) < Fopr(00), and let Fyy
and G be continuously differentiable at ty with strictly positive derivatives fo (to)
and g(tg). For B € (0, 1) we define

—-1/3 f|l| <pn—1/3
_Jn s L =n s
D on(t) = {n<lﬁ>/3|z|ﬂ, if 1] > n1/3.

Then there exists a constant r > 0 so that

Fop(t) — Fou(t
(32) sup | Fyy (1) — Foy (2]
telto—r,to+r] vy (2 — 1)

=0,(1).

Note that the function v,(r) = n~'/3 for |t| < n~'/3. Outside a n~1/3 neigh-
borhood we cannot expect to get a n~!/3 rate. Therefore, for r > n~1/3 we let the
function v, (¢) grow with ¢, by defining v, (t) = n=U=B73 B,

Before giving the proof of Theorem 4.10, we discuss its meaning by comparing
it to several known results for current status data without competing risks.

REMARK 4.11. By taking K =1 in Theorem 4.10, it follows that the theorem
holds for the MLE F, for current status data without competing risks. Thus, to
clarify the meaning of Theorem 4.10, we can compare it to known results for Fy.
First, we consider the local rate of convergence given in [4], Lemma 5.4, page 95.
For M > 0, they prove that

(33) sup | Fy(to +n"31) — Fyt)| = 0,(n™1/3).
te[—M,M]
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vn(t) < 3=095
6 =0.75
£ =0.40
£ =0.05

71/71/3 t

FI1G. 2. Plot of v, (t) for various values of . The dotted lines are y =t and y = n~1/3. Note that
B close to zero gives the sharpest bound.

We can obtain this bound by applying Theorem 4.10 to r € [tg — Mn~'/3 1 +
Mn~=1/3], and using the continuous differentiability of Fy at #g and the fact that

vn(t - t()) < Un(Ml’l_l/3) = Mﬂn_l/3
for M > 1, 1 € [to— Mn= 13,19 + Mn—1/3].

Hence, Theorem 4.10 implies (33) for M > 1.
Next, we consider the global bound of [4], Lemma 5.9:

(34) sup | F (t) — Fo(t)| = 0,(n""*logn).
teR

The result in Theorem 4.10 is fundamentally different from (34), since it is stronger
than (34) for |t — 1| <n~'/3 (log n)'/B  and it is weaker outside this region.

REMARK 4.12. Note that Theorem 4.10 gives a family of bounds in 8. Choos-
ing B close to zero gives the tightest bound, as illustrated in Figure 2. For the proof
of the local rate of convergence of Fnl, ..., Fyk (Theorem 4.17), it is sufficient
that Theorem 4.10 holds for one arbitrary value of 8 € (0, 1). Stating the theorem
for one fixed 8 leads to a somewhat simpler proof. However, for completeness we
present the result for all g € (0, 1).

As an introduction to the proof of Theorem 4.10 we first note the following. Let
¢ > 0 and let r > 0 be small. Then the continuous differentiability of Fypy at #g
implies
Fot(t + Mv,(t — 19)) < Foi (1) + 2Mv, (t — 19) fo+(t0), telty—rto+rl,
Foi(t — Mup(t — 10)) = Fo+ (1) —2Mu, (t — 10) for(t0),  t€lto—r. 1o +r].
Hence, it is sufficient to show that we can choose n and M such that for all n > n

Pl3relto—rto+r]: n+(t)¢(F0+(t—Mvn(t—to))
Foy(t + Mv,(t —19)))} <&
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In fact, we only prove that there exist n; and M such that
(35) P{3telto,to+r]: Fuy(t) > For(t + Mv,(t —10))} < e/4, n>nj,

since the proofs for ﬁn+(t) < Fo4(t — Mv,(t — tp)) and the interval [fg — r, tp] are
analogous. In the proof of (35) we use the fact that we can choose r, n1 and C such
that P(E}, ) <¢&/8 for all n > ny, where

K
E,.c= ﬂ {ﬁnk has a jump in (f9 — 2r, tg — 1), Ty > to+ 2r,

k=1
36
0 | Rnk (w, 1)|

“23 n—13(1 — w)3/2 = C}’

sup
to—2r<w<t<tg+2r 1

and R,;(w,t) is defined in Proposition 4.8. For the event involving R, this fol-
lows from Proposition 4.8. For the event that fnk has a jump point in (fp — 2r, to —
r), this follows from consistency of fnk (Proposition 3.3) and the strict monotonic-
ity of Fo in a neighborhood of #y. Finally, 7(,) > to + 2r for sufficiently large n
follows from the positive density of g in a neighborhood of 7.

PROOF OF THEOREM 4.10. By the discussion above, and by writing
P{3r € [to, to + r]: Fuy (1) = Fou (1 + Mu, (t — 1))
< P(E},¢)
37) + P(3t € lto, to + 1 Fur (t) = For(t + Mva(t — 10)), Enrc),

it is sufficient to show that we can choose n1, M and C such that the second term
of (37) is bounded by ¢/8 for all n > n;. In order to show this, we put a grid on the
interval [to, fp + r], analogously to [8], Lemma 4.1. The grid points #,; and grid
cells I,; are denoted by
(38) tij=to+jn~ ' and Ly =ty tn j+1)

for j=0,...,J, =[rn!/].
This yields

P(3r €lto, t0+7]: Fuy(t) = Foi(t + Mvy(t — 10)), Enrc)

Jn
= Z P(Elt € Inj:Fn—I—(t) = FO+(t + M, (t _IO))a Ean)-
j=0

Hence, it is sufficient to show that we can choose n; and m such that for all
n>ny, M>mpand j=0,...,J,, we have

(39) P(3t € Iyj : Foy (1) = Foy (t + Muy(t — 10)), Enrc) < Pjm»
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where pjy satisfies limsup,, ., ZJJ-":() pjim — 0as M — oo. We prove (39) for

3 T

@ L it ot S S
where d; and d; are positive constants. Using the monotonicity of ﬁn+, it is suffi-
cient to prove that foralln > ny, M >mj and j =0,..., Jy,
41) P{Asjm, Enrc} < pjm,
where
(42) Anjt = {Fut (tn,j+1) = For (sujun)},
(43) SniM = tnj + My (taj — t0).

Fixn>0and M >0, and let j € {0, ..., J,}. Let 7,; be the last jump point
of Fyy before 7, j11,fork=1,..., K. On the event E,,c, these jump points exist

and are in (79 — 2r, 1, j+1]. Without loss of generality we assume that the sub-
distribution functions are labeled so that Tnlj <00 S Tk On the event Ayjy

there mustbe a k € {1, ..., K} for which Fx(t, j+1) > For(snjm)- Hence, we can
define £ € {1, ..., K} such that

(44) Fur(tn j1) < For(sujm).  k=L+1,... K,

(45) Fue(tn,j+1) = Foe(snjm).-

Since spjpm < to + 2r for n large, and 79 + 2r < T(,) on the event E,,c, we have

/ " ae(Fre ) = Foe)} + ag1{Far o) — For 0} dG ()

ntj
< / dSu00) + Rue(Tutj . snjat)-
[Tnej snjm)

by Proposition 4.8. Hence, P(A;jy, Enrc) equals

P(/san{az{fnz(u) — Foe()} + ag 4 1{Fut () = For ()}} dG (u)

ntj

S/ dSpe(u) + Rue(Tuej, Snjm)s Anjm.s Enrc),
[Tnljvsan

and this is bounded above by

SnjM ~
P( / ae{Fe () — Foe ()} dG (u) — [ dS,e (1)
Tnej [Tnej snjm)
(46)
< Rue(Tuej, Sujm), Anjm, Ean)
SnjiM
@7) + P( [ B ) = For 0} dG ) <0, A Ec)
Tntj
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We now show that both terms (46) and (47) are bounded above by p /2. Note
that (45) implies that on the event A,

Foe(u) > Fuo(tuej) = Fue(tn, j+1) = Foe(snjm) for u > 7,4},

using the definition of 7,4, and the fact that an is piecewise constant and
monotone nondecreasing. Hence, on the event A,j we have

/ M Bueu) — Foo(w)} dG(u) > / M Fot (snjat) — Foe(u)} dG (u)

ntj Tnej

> 18(10) foe (t0) (Snjmt — Tuej)?,

for all 7,¢; € [to — 2r,1,,j+1] and r sufficiently small. Combining this with the
definition of E,,¢ [see (36)], it follows that (46) is bounded above by

P( inf ]{ﬁg(to)aefoe(to)(san —w)? — /[ dSpe(u)

welto—2r,ty, j+1 SnjM)

(48)

V- ) 20)
For m; and n sufficiently large, this probability is bounded above by p /2 for
al M >my,n>n;and j €{0,..., J,}, using Lemma 4.13 below. Similarly, (47)
is bounded above by p /2, using Lemma 4.14 below. This proves (41) and com-
pletes the proof. [J

Lemmas 4.13 and 4.14 play a crucial role in the proof of Theorem 4.10. The
probability statement in Lemma 4.13 consists of three terms: a deterministic par-
abolic drift b(syjpy — w)z, a martingale Syk, and a remainder term C (n*Z/ 3 v
n—1%s, iM = w)3/ 2). The basic idea of the lemma is that the quadratic drift dom-
inates the martingale and the remainder term. Lemma 4.14 controls the term that
involves the sum of the components. In this lemma the key idea is to exploit the
system of sub-distribution functions, and play out the different components against
each other. The proofs of both lemmas are given in Section 5.

Finally, we note that (48) in the proof of Theorem 4.10 contains a smaller re-
mainder term C(n—2/3vn—1/3 (Snjm — w)3/%) than the one in Lemma 4.13. Hence,
(48) is also bounded above by p ;. We choose to state Lemma 4.13 in terms of the
larger remainder term C (n=23 v n=10s, iM — w)3/?), since we need the lemma
in this form for the proof of Theorem 4.17.

LEMMA 4.13. Let C > 0 and b > 0. Then there existr > 0,n; > 0and m| >
O such that forallk=1,..., K, n>n;,M >myand j€{0,...,J, = [rn1/31},

P( inf {b(san —w)? — / dSnk(u)

welto—2r,ty, j+11 [w,snjm)

P (s — w)3/2)} < 0) < piu.
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where syjpy = thj + Mv,(tnj — to), and Sk (-), v, (-) and p;y are defined by (18),
(31) and (40), respectively.

LEMMA 4.14. Let the conditions of Theorem 4.10 be satisfied, and let £ be
defined by (44) and (45). Then there exist r > 0, ny > 0 and m > 0 such that for
alln>ni, M >myand j €{0,...,J,= |'rn1/3'|},

SnjM
P{ [ (B = For w1 dG ) <0, Auar Emc} < i,
T,

ntj

where Ty,yj is the last jump point Ofﬁng before ty j11, Spjm = thj + M, (tyj — 1),
and Eyrc, pjm and Apjy are defined by (36), (40) and (42), respectively.

REMARK 4.15. The conditions of Theorem 4.10 also hold when £y is replaced
by s, for s in a neighborhood of #y. Hence, the results in this section continue to
hold when ¢j is replaced by s € [t9 — 1, o + r], for r > 0 sufficiently small. To
be precise, there exists an r > 0 such that for every ¢ > 0 there exist C > 0 and
n1 > 0 such that

Foi(t) — Fou(t
Py \BO=Fu0l o),
telto—r,to+r] Un(t —S)

forsetgy—r,to+r], n>ny.

In Remark 4.12 we already mentioned that, in order to prove the local rate of

convergence of the components Fy1, ..., F,x, we only need Theorem 4.10 to hold
for one value of 8 € (0, 1). Therefore, we now fix 8 = 1/2 so that v,(¢) = n—13v
n=1/6. /[1].

Then Remark 4.15 leads to the following corollary:

COROLLARY 4.16. Let the conditions of Theorem 4.10 be satisfied. Then
there exists an r > 0 such that for every ¢ > 0 there exist C > 0 and ny > 0 such
that

P( Ly (B (@) = For (0} dG )| C) -,

sup
telto—r,s) n=23 v n=1/6(s —1)3/2

forseltg—r,to+r], n>nj.

4.3.3. Local rate of convergence of fnl, e, fn k. We are now ready to prove
the local rate of convergence of fnl, e fn k- The proof is again based on the
localized characterization given in Proposition 4.8, but we now use Corollary 4.16
to bound the term involving fn+ [see (52) ahead].
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THEOREM 4.17. Let the conditions of Theorem 4.10 be satisfied. Then there
exists an r > 0 such that for every € > 0 and M > 0 there exist M > 0 andn; > 0
such that

P< sup n1/3|Fnk(s +n_1/3t) — For(s)| > M) <e, k=1,...,K,
te[—M1,M]

foralln>nyands €[t —r, tg+r].

PROOF. For the reasons discussed in Remark 4.15, it is sufficient to prove the
result for s =1y. Lete >0, M| >0and k € {1, ..., K}. We want to show that there
exist constants M > Mj and n; > 0 such that for all n > ny,

(49) P(Fu(to+ Mn='3) > For(to +2Mn~13)) < ¢,
(50) P(Fu(to — Mn='3) < For(to — 2Mn~13)) < &.
We only prove (49), since the proof of (50) is analogous. Define
Buint = {Far(to + Mn™'3) > For(sum)}  and sy =t +2Mn~"/3,
and let T, be the last jump point of fnk before o+ Mn~1/3. Since we may assume
that s, < to +r < T(y) for n sufficiently large, Proposition 4.8 yields
SnM —~
PBuan = P( [ axl P = Fon(w)
Tnk
(51) + a4 1{Fuy () — For ()}} dG (u)
S/ dSuk () + Ruk (Tuk» Snm)» BnkM)-
[TnksSnm)

By consistency of Fok (Proposition 3.3) and the strict monotonicity of Fy in a
neighborhood of 79, we may assume that 7, € [fo — 1, tg + M n~1/3]. Moreover,
by Proposition 4.8 and Corollary 4.16 we can choose C > 0 such that, with high
probability,

| Rk (Tukr snpn)| < C(n ™23 v n ™3 (sum — tan) ¥/?),

SnM
(52) / | Fpy () — For )| dG ) < C(n 23 v n= Vo5, — ta)*?),
Tnk

uniformly iE T €lto—r,to+ M n—1/3]. Finally, note that on the event B,;ys, we
have [ {Fyi(u) — Fox(u)} dG(u) = [;"M { For (snm) — For ()} dG (u), yielding a
positive quadratic drift. The statement now follows by combining these facts with

(51), and applying Lemma 4.13. [J

REMARK 4.18. Note that Theorem 4.10 and Corollary 4.16 yielded the bound
(52) in the proof of Theorem 4.17. Such a bound would not have been possible
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using rate results like (33) or (34) for ﬁn+. A bound of the form (33) cannot be
used, since we cannot assume that 7,x — s,p = O) (nfl/ 3 ). A bound of the form
(34) would change the right-hand side of (52) to C n V3 (Tt — sumr) logn, and this
is not dominated by the quadratic drift (t,x — $)2 for T —s > Mn~'3. Even a
stronger global bound of the form O p(n_l/ 3loglogn) would not suffice for this
purpose. This shows that the rate result given in Theorem 4.10 was essential for
the proof of Theorem 4.17.

COROLLARY 4.19. Let the conditions of Theorem 4.10 be satisfied. For all
k=1,...,K,lett,;(s) and r,j,; (s) be, respectively, the largest jump point < s and
the smallest jump point > s of F,i. Then there exists an r > 0 such that for every
& > 0 there exist ny > 0 and C > 0 such that forallk=1, ..., K,

P('L':,'c(s) —7,(s) > Cn71/3) <e forn>ny,s€lty—r/2,t9+r/2].
PROOF. Let ¢ > 0 and r > 0. Take an arbitrary value for M (say M| = 1),
and choose M and n| according to Theorem 4.17. Next, choose C > 0 such that
(53) For(s — Cn= Y3 4 Mn™13 < Fop(s) — Mn™1/3
fors eltgy—r/2,to+1/2].

Note that s — Cn~Y3 € [19 — r, tg + r] for all s € [fy — r/2,to+r/2) and n > ny,
for ny sufficiently large. Hence, applying Theorem 4.17 to s and s — Cn~'/3 yields

P(Fu(s —Cn™ 3 < Fop(s —Cn™ 3y 4+ Mn=13) > 1 —¢,
P(Fu(s) > For(s) — Mn=3) > 1 —¢,
for n > n;. Together with (53) this implies that P(s — 7, (s) > Cn~13) < 2¢, for

n>nyands € [ty —r/2, to + r/2]. Similar reasoning holds for r:; (s). O

We now obtain a bound for the remainder terms R,k (s, ?) in Proposition 4.8,
for 1y — mn 1B <g<r< to + mn—1/3 and m > 0. This bound is used in Proposi-
tion 3.2 of [3], which is a recentered and rescaled characterization of the MLE that
is needed to prove the limiting distribution.

COROLLARY 4.20. Letm > 0and let Ry, (s,t),k=1,..., K, be the remain-
der terms in Proposition 4.8, defined by (28). Then
(54) sup |Ruk (s, )| = 0,(n 7).

to—mn~13<s<t<tg+mn=1/3

PROOE.  Since Ruk(s, 1) = Y f_1 pr k1 (5:1) — Xf_1 poy (s, 1), it is sufficient

to show that the terms plgi)(s, ,k=1,....,.K+1,£=1,...,4, are of the right
order, uniformly in #g — mn 1B <s<t< to + mn~1/3,
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Let m >0 and k € {1,..., K + 1}. We first consider ,onk, defined by (23).
By the local rate of convergence (Theorem 4.17) and the continuous differ-
entiability of For at #9, we have Fnk(u) — For(w) = O (n_l/ H, uniformly in
u € to —mn_ =13ty + mn—1/3]. Moreover, the assumptlon For (t9) > 0, the con-
sistency of F,,k (Proposmon 3.3), and the continuity of Fp; at fg, imply that
{Fok(u)Fnk(u)} = Op(1), uniformly in u € [tg —mn —173 ,to+mn— 1/31. Hence,

1055, 1) < 0,(n%3) AV () = 0,(n™ Y,

[to—mn=1/3 ty+mn—1/3)

uniformly in #g — mn_l/3 <s<t<ty+mn 13,

Next, we consider ,onk , defined by (25). We apply Theorem 2.11.22 of [17] to
the class @,,, where

F(u) — F
@ = {‘ln.Fn,t(u) = \/EM

For )2 1[10’,0+n71/3,)(u) tel-m,m], F, € Tn},

Fn = {Fn:RI—) [0, 1],

F, monotone, sup |(F, — For)(to +n~u)| < Cn_1/3].
uel—m,m]

This yields that the sequence {/n(Vax — Vi)qn.F,+:t € [-m,m], F, € F,} is

tight. Moreover, for every ¢ > 0 we can choose C > 0 and n; > 0 such that

P(Fnk € #,) > 1 — ¢ for all n > ny, by the local rate of convergence of Fnk

(Theorem 4.17) and the continuous differentiability of Fy; at fg. This implies that

,or(li)(s, 1) = 0,(n~1), uniformly in tg — mn='/3 <5 <t <ty +mn='/3, since

Fur(u) — For (u)
Ve — Vi 7 .= dVur — Vi .
AWk = Vil fpi =1 /MMW F0k<u)2 (Vi = Vi)

Finally, we consider the terms ,o ) and ,onk, defined by (26) and (27). We
showed in the proof of Proposition 4.8 that ,0(3) (s,1) = 0p(n~ 13t — 5)3/2) and
,onk)(s H)=0 (n_l/z(t —s)), uniformly in tg — r <s <t <19+ r. Plugging in
t—s <2mn” 1/ 3 completes the proof. [J

5. Technical proofs.

PROOF OF LEMMA 4.13. Letke{l,...,K},n>0and j €{0,..., J,}. Note
that for M large, we have for all w <1, j1:

C(n™ 2P vn ™ sujm — w)¥?) < Lb(sujm — w)?,
since sy — w > (M — Dn~1/3
Lemma 4.13 is bounded above by
(55) P{ sup {/ d Sy (u) — b(snjpr — w)z} > 0}.

W, SpjM)

welto—2r,t, j+1]

. Hence, the probability in the statement of
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In order to bound this probability, we put a grid on the interval [79 — 2r, 1, j+1),
with grid points 7, ;4 and grid cells 1,, j, given by

In,j—q = [tn,j—q’ tn,j—q+l)
(56)

=[to+ G =@ P+ —q+Dn'7),
forg=0,..., 0, = [2rn'/3 + j1. Then (55) is bounded above by

an
57 | sw 4002 $b(snjar = -1

wely j—q I Wisnjp)
If we bound the gth term in (57) by

exp{—da(q + M)3}, if j=0,¢=0,..., O,
exp{—da(q + MjP)3},  ifj=1,...,00,q=0,..., Qnjs

for some d» > 0, then we are done, since summing over ¢ and using (a + b)> >
a® + b3 fora,b >0, and defining d; = 230:0 exp(—d2q3) < 00, yields

(58)  pjgm = {

Div < dq exp{—d2M3}, if j=0,
/ diexp{—do(MjBY3Y,  ifj=1,..., .

In order to prove that such a bound holds, we introduce, for each 6 > 0, the
time-reversed submartingale exp{nf [}, swjs) @Sk (W)}, for w < s,jp, with re-
spect to the filtration {F,,:w < o + r}, where F, = o{(T;, Al ),i=1,...,n
T; > w}. Then, by Doob’s submartingale inequality (see, e.g., [12], Theorem 70.1,
page 177), the gth term in (57) is, for each 6 > 0, bounded above by

P{ sup exp{n@/ dSnk(u)} > exp{3n0b(sujm —zn,,_qﬂ)z}}
[w,snjm)

wely, j—q

(39) < exp{—%n@b(san — t,,,j_qﬂ)z}E exp{n@ /[z dSnk(u)}.

j—qSnjM)
We are now left with computing an upper bound for E exp{nf/ [t g Snjnt) dSnx(u)}.

Since we have i.i.d. observations, this expectation can be ertten as

(60) (E exp{0 1[!,,,_/‘_(1,&,,_/‘1\4)(T)é‘l’lk(Tv A)})n

Ay Ak
Fou(T)  Fox1(T)
Using the exponential series and E (£,x (T, A)|T) = 0, (60) equals

o 0 Lui (T, A)*
exp{n10g<1 + Els, ;s (T) Z HT ’

where &, (T, A) =
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and since log(1 + x) < x for all x > —1, this is bounded above by
exp{ nfn (0, In,j— qun]M)e (San —In,j— q)}
2 & 9‘3 -2

where fn(9,c1,c2)z — / |E{¢nk (T, INE |T =1t}|dG(t).
= 2

(61)

Next, for each pair ¢ < ¢z, we let 6. ., be the solution of the equation
0f,(0,c1,c2) = %b(cz — c1). This solution exists and is unique for all ¢; < ¢,
since 6 — 01, (0, c1, c2) is a continuous increasing map from R onto R.. Choos-
ing 6 =6;, _, ..y in (61), and using that (syjs — fu,j—g)* < 2(Snjmt — tn,j—q+1)*
for all j and ¢ and M > 4, and that s,jp — tn,j—g = Spjm — tn, j—g+1, yields that
(59) is bounded above by

an(san - tn,j—q+l)3
16 1 (et”’j_q,sana th,j—q> San)

{_nbz(san - tn,j—q+l)3 }

(62) exp { — T6d

} < exp
where d = sup; s, <, <c,<to+2r Jn(Oci.cy» €1, c2). Here we use that, for n suffi-
ciently large, all intervals [z, j_4, snjm) are contained in the interval (79 — 2r, 1o +
2r]. Note that d < oo since

2
borcs = 42— 1P/ [ |EQu (T, 01T =1)]dG 0.
el

Hence, there is a constant d, > 0 such that for all ¢ =0, ..., Q,;, the right-
hand side of (62) is bounded above by exp{—d>(q + M)’} for j =0, and by
exp{—da(q + MjP)3}) for j=1,...,J,. O

PROOF OF LEMMA 4.14. We first note that £ is only defined on the event
Anjm = {ﬁ,H_(tn j+1) = Foy(spjm)}. Hence, this entire proof should be read on
the event An jm - Furthermore, note that the lemma is trivial if £ = K, because in
that case Fn+(u) > F0+(sn]M) for all u > 7,,¢j. Therefore, suppose £ < K Then
we typically do not have that F, (u) > Fo (syjpm) for all u > 1,4, since Fn+(u)
may have jumps on (7, f, j+1). We now exploit the K -dimensional system of
sub-distribution functions by breaking f Y”f M {Fn+(u) — Fo+ (1)} dG(u) into pieces

that we analyze separately. First, we deﬁne £*e{L,..., K} as follows. If

Tnkj
(63) /’{Fn+(u)—Fo+(u)}dG(u)go forallk=¢+1,..., K,
T,

nej

we let £* = £. Otherwise we define £* such that

(64) fr"k"{ﬁﬁ(u) — For)}dGw) <0,  k=¢+1,...,K

ntj

(65) / "B () — For ()} dG(w) > 0.

ntj
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Then, by (65) and the decomposition f;:l’]M fomed g [ e get

ntj ne* j ’

[ B ) = For ) dG )
(66) L
> [ (Fus ) = For @) dG ),

nt* j

where strict inequality holds if £ £ £*. By rearranging the sum and using the nota-
tion 7, x11,j = Spjm, We can write the right-hand side of (66) as

Z f"k (Bt () — For()} dG (u)
k=0*+ Tne* j
(67)

Tnk+1,j

+ Z Z/ {ﬁnp(u) — Fop(u)}dG(u).

k=* p=1"Tnki

We now derive lower bounds for both terms in (67), on the event A,y N Eyrc.
Starting with the first term, note that

Tnkj
(68) _/ Bt () — For ()} dG (u) <0, k=e*+1,....,K
Tnl*j

Namely, if £ = £*, then (68) is the same as (63). On the other hand, if £ < £*, then
(68) follows (with strict inequality) from (64), (65) and the decomposition |, t"’;f =

f,n"f/*’ + f ’"’” . Furthermore, Proposition 4.8 implies that on the event E,, ¢,

/t " Bk ) — Fox )} + ag 1 (Fa (0) — For 01} G ()
(69)
> [ dSu — Cln v P (g — ),
[t Tnkj)

fork=1,...,K and t < 1,4, where S, is defined in (18). Using this inequality
with t = 1,4+ ; together with (68) yields that on the event Ey,c,

/ ™ e Bt ) — For ()} dG ()

Tne* j

> f () — C(n~3 N 0= 13 (0 — 1 )32),
[Tnz* Tnkj)

fork=¢*+1,..., K, so that the first term of (67) is bounded below by

K

> gt {/ dSuk(u) — C(n™*3 v n= V(g — r,,g*j)m)}.
s | [fné* fnkj)
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We now derive a lower bound for the second term of (67). Note that the inequal-
ities (44) in the definition of £ imply that on the event Ay

K K
> Fupltaj)) < Y. Foplsujm).  k=4£,... K.
p=k+1 p=k+1

Together with the definition of 7,1, ..., T,k this yields that on the event A,y =
{Fn+(tn j+1) = F0+(san)} we have

Z an(fnpj) = Z an(tn /+1)

p=1

> Z Fop(sujm),  k=¢€,....K.
p=1

Furthermore, ﬁnp (tnpj) < an (tnkj) for p < k by the monotonicity of fnp and the
ordering 7,1; < ... < 74k;. Hence, we getfork = ¢, ---, K and u > 7;:

Z an(”) = Z an(fnkj

p=1
k

k
Z +(Tup) > D Fop(sujnm)-

p=1
This implies that the second term of (67) is bounded below by

K k Tnk+1,j
Z Z/ {FOp(san)_FOP(U)}dG(M)

k= p=1 Tnkj

K SnjM
= Z/ {Fok (snjm) — For ()} dG (u).

nkj N Tng* j
Hence,

P{ [ (Fu @) = For )} dG ) <0, A Enrc}

ntj

K
SP{ > a,;l{/ d Sui (u)
[tni* Tnk])

k=£*+1

— C(n_z/3 Vn_l/3(fnkj - fnz*j)3/2)}

SnjM

+Z/

Tnkj anl*

{FOk(san) — For(u)}dG(u) <0, Ean}-
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statement now follows by writing

| st = | st~ | dS(u)
[Tnex j 2 Tnkj) [Tnex j snjm) [Tukj>Snjm)

and several applications of Lemma 4.13. [

(1]

(2]

(4]
(5]

(6]

(7]

(8]

(9]
(10]
(1]
[12]
[13]
[14]
[15]
[16]
(17]

(18]
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