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Abstract Family survival data can be used to estimate the degree of genetic and
environmental contributions to the age at onset of a disease or of a specific event
in life. The data can be modeled with a correlated frailty model in which the frailty
variable accounts for the degree of kinship within the family. The heritability (degree
of heredity) of the age at a specific event in life (or the onset of a disease) is usually
defined as the proportion of variance of the survival age that is associated with genetic
effects. If the survival age is (interval) censored, heritability as usually defined cannot
be estimated. Instead, it is defined as the proportion of variance of the frailty associated
with genetic effects. In this paper we describe a correlated frailty model to estimate
the heritability and the degree of environmental effects on the age at which individu-
als contact a social worker for the first time and to test whether there is a difference
between the survival functions of this age for twins and non-twins.

Keywords Additive gamma frailty model · Twin study · Family data ·
Survival analysis · Interval censoring · Heritability

1 Introduction

Family survival data are often used in genetic research to estimate genetic and envi-
ronmental contributions to age at onset of a disease or of a specific event in life, as the
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age at which individuals need social help for the first time (like in this paper). The data
can be modeled with a correlated frailty model (see, e.g., Yashin and Iachine 1999;
Iachine 2001; Jonker et al. 2009).

Frailty models were originally introduced to model missing covariates. Later,
Vaupel et al. (1979) extended these models to include single shared frailties to model
simple patterns of dependence between the survival times of related individuals. In
the single shared frailty model all individuals in a group share the same frailty, but the
frailties of individuals from different groups are independent. In genetic research a
group of individuals usually consists of individuals from the same family; individuals
who share a part of their genes. The shared frailty model is too simplistic for these
kind of data, because different family bands should correspond with different frailty
correlations. To deal with more complex dependence structures between individuals,
the shared frailty models were extended to correlated frailty models (Yashin et al.
1995; Andersen et al. 1992).

Our aim is to estimate the degree of heredity (heritability), environmental effects
and twin effects of the age at which people contact a social helper for the first time,
to test whether these terms differ for males and females, and to investigate whether
the survival functions differ for twins and their non-twin siblings. Our data come
from an ongoing study on health, lifestyle, and personality. Longitudinal data were
collected of Dutch monozygotic and dizygotic twins and of their siblings. At five
different time points between 1991 and 2002 the twins and their siblings were asked
whether they ever contacted a social worker for non-physical problems. So, not the
age at which an individual contacted a social worker for the first time is observed,
but an age interval in which this age falls. Summarized, we have family survival
data which consists of interval censored age at onset data for monozygotic or dizy-
gotic twins and of their siblings. We model the data with a correlated gamma frailty
model. The frailty term of each individual is decomposed as a linear combination
of four independent gamma distributed random variables. These terms represent the
genetic contribution to the age at onset, contributions by the common environment
of all siblings (twins and non-twins), a twin-effect and the last term represents the
contribution by individual specific, unshared alleles and environment. We include a
twin-effect in the model, since environmental/social effects may differ for twins and
non-twins.

Heritability is usually defined as the proportion of variance of the quantitative trait
or survival age that is associated with genetic effects. Since the survival age is never
observed, heritability as usually defined can not be estimated. Instead, we define her-
itability as the proportion of variance of the frailty associated with genetic effects.
So, the definition of heritability is as usual, but the frailties are viewed as the latent
phenotypes (see, e.g., Yashin and Iachine 1999; Iachine 2001; Jonker et al. 2009). The
same arguments hold for the environmental and twin effects.

For mathematical convenience we assume that the frailty variable follows a gamma
distribution. In that case, an explicit expression of the simultaneous survival function
for the twins and their siblings can be expressed in terms of the marginal survival func-
tion and the other model parameters. All unknown parameters are estimated by their
maximum likelihood estimators and statistical tests are performed with a likelihood
ratio test.
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The remainder of the paper is organized as follows. In Sect. 2 we describe the
additive gamma frailty model for family survival data. Next, in Sect. 3, we give an
expression of the likelihood function for the interval censored data as in our data-set.
This likelihood is maximized to obtain the maximum likelihood estimators of the
unknown parameters in the model. We furthermore describe statistical tests for testing
whether genetic, environmental, and twin effects are significantly present, whether
these terms differ for males and females and whether the age at onset distribution of
twins and of their non-twin siblings differ. The results of the analysis is described in
Sect. 4 and we conclude the paper with a discussion in Sect. 5. Mathematical details
are given in the Appendix.

2 The model

Suppose that survival data of n families is available. Each family consists of a twin
(monozygotic or dizygotic) and at most two siblings (if data of more than two siblings
is available, a part of the data is simply ignored). We assume that data from different
families are independent. For ease of notation, we describe the model for only one four-
some (a twin and two siblings); for a couple or a trio the model directly follows from the
model for the foursomes. Let (T1, T2, T3, T4) be the survival ages (the age at which the
individuals contacted a social worker for the first time) of the four individuals of a fam-
ily/a foursome. The first and the second coordinates always refer to the twin (the order
of the twin halves is of no importance), the third and fourth coordinates are the survival
ages of the siblings. Furthermore, let (Z1, Z2, Z3, Z4) be a foursome of latent variables
(“frailties”), such that T1, T2, T3 and T4 are conditionally independent given the frail-
ties (Z1, Z2, Z3, Z4) with hazard functions t → Z1λ(t), t → Z2λ(t), t → Z3λ(t)
and t → Z4λ(t), respectively, for a given “baseline hazard function” λ. For every
individual in the foursome, we decompose the frailty variable into a sum of four
independent components:

Zi = Ai + C + Bi + Ei , for i = 1, 2, 3, 4.

The first component, Ai , represents the additive genetics for individual i , the second
component C is for the common environment of the four siblings (twin halves and sib-
lings), and thus is equal for all four siblings, the third component reflects the specific
twin environmental effects, and the fourth component, Ei , represents the non-shared,
specific environmental and genetic effects for the i th individual in the foursome. We
assume that the vectors (A1, A2, A3, A4) and (B1, B2, B3, B4) and the variables C , and
E1, E2, E3 and E4 are independent. We moreover assume that the correlation between
the genetic effects of two siblings equals 1/2 unless the siblings form a monozygotic
twin; then the correlation between the two terms equals 1 (Cor(Ai , A j ) = 1/2 for
(i �= j), unless individuals i and j form a monozygotic twin, then Cor(Ai , A j ) = 1).
We furthermore assume that the correlation between the twin-effect terms equals
1 for twins and 0 for non-twins (Cor(B1, B2) = 1,Cor(B1, B3) = Cor(B1, B4) =
Cor(B2, B3) = Cor(B2, B4) = Cor(B3, B4) = 0). The terms E1, . . . , E4 are assumed
to be mutually independent. Furthermore, we assume that all terms in the frailty
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decomposition have gamma distributions with inverse scale parameter η and shape
parameters ν for the terms A1, A2, A3 and A4, νc for C , νb for B1, B2, B3 and B4,
and shape parameter νe for E1, E2, E3 and E4. We set η = ν + νc + νb + νe so that
EZ1 = EZ2 = EZ3 = EZ4 = 1 (see also Yashin et al. 1999; Jonker et al. 2009).

The proportions of variance of individual frailties associated with additive genetic
effects (h2), shared environmental effects (c2), twin social effects (b2) and non-shared
environmental and genetic effects (e2) are defined as

h2 := ν

η
, c2 := νc

η
, b2 := νd

η
and e2 := νe

η
.

Then h2 + c2 + b2 + e2 = 1, since η = ν+ νc + νb + νe, and the correlation between
the frailties of monozygotic and dizygotic twin halves and siblings equal:

ρM Z = ν

η
+ νc

η
+ νb

η
= h2 + c2 + b2,

ρDZ = 1

2

ν

η
+ νc

η
+ νb

η
= 1

2
h2 + c2 + b2,

ρS,S = 1

2

ν

η
+ νc

η
= 1

2
h2 + c2, (1)

with ρS,S the correlation between the frailties of two siblings who do not form a twin
(see Appendix for the computations).

Define SM Z ,S,S and SDZ ,S,S as the simultaneous survival functions for a foursome
that consists of a monozygotic twin and two siblings, and a dizygotic twin and two
siblings, respectively. The vector of frailties is assumed to be multivariate gamma
distributed. In this special case the simultaneous survival functions SM Z ,S,S and
SDZ ,S,S can be written in terms of the marginal survival function S (see the Appendix
for the derivation):

SM Z ,S,S(t1, t2, t3, t4) = P(T1 > t1, T2 > t2, T3 > t3, T4 > t4|M Z × Sib × Sib)

=
(

1

S(t1)−σ 2 + S(t2)−σ 2 + S(t3)−σ 2 + S(t4)−σ 2 − 3

)ν/4+νc

×
(

1

S(t1)−σ 2 + S(t2)−σ 2 + S(t3)−σ 2 − 2

)ν/4

×
(

1

S(t1)−σ 2 + S(t2)−σ 2 + S(t4)−σ 2 − 2

)ν/4 (
1

S(t3)−σ 2 + S(t4)−σ 2 − 1

)ν/4

×
(

1

S(t1)−σ 2 + S(t2)−σ 2 − 1

)ν/4+νb

(S(t1)S(t2))
νeσ

2
(S(t3)S(t4))

(ν/4+νb+νe)σ
2
.

(2)

and

SDZ ,S,S(t1, t2, t3, t4) = P(T1 > t1, T2 > t2, T3 > t3, T4 > t4|DZ × Sib × Sib)
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=
(

1

S(t1)−σ 2 + S(t2)−σ 2 + S(t3)−σ 2 + S(t4)−σ 2 − 3

)ν/8+νc

×
(

1

S(t1)−σ 2 + S(t2)−σ 2 + S(t3)−σ 2 − 2

)ν/8

×
(

1

S(t2)−σ 2 + S(t3)−σ 2 + S(t4)−σ 2 − 2

)ν/8

×
(

1

S(t3)−σ 2 + S(t4)−σ 2 + S(t1)−σ 2 − 2

)ν/8

×
(

1

S(t4)−σ 2 + S(t1)−σ 2 + S(t2)−σ 2 − 2

)ν/8

×
(

1

S(t1)−σ 2 + S(t2)−σ 2 − 1

)ν/8+νb
(

1

S(t1)−σ 2 + S(t3)−σ 2 − 1

)ν/8

×
(

1

S(t1)−σ 2 + S(t4)−σ 2 − 1

)ν/8 (
1

S(t2)−σ 2 + S(t3)−σ 2 − 1

)ν/8

×
(

1

S(t2)−σ 2 + S(t4)−σ 2 − 1

)ν/8 (
1

S(t3)−σ 2 + S(t4)−σ 2 − 1

)ν/8

× (S(t1)S(t2))(ν/8+νe)σ
2
(S(t3)S(t4))

(ν/8+νb+νe)σ
2
. (3)

with σ 2 = 1/η the variance of Z1, Z2, Z3 and Z4. Note that SM Z ,S,S(t, 0, 0, 0) =
SM Z ,S,S(0, t, 0, 0) = SM Z ,S,S(0, 0, t, 0) = SM Z ,S,S(0, 0, 0, t) = S(t) is independent
of the relationship between the four individuals. The same holds for SDZ ,S,S .

If a family consists of a twin and one sibling, an expression for their simultaneous
survival function in terms of the marginal survival function can be found by setting t4
in SM Z ,S,S(t1, t2, t3, t4) and SDZ ,S,S(t1, t2, t3, t4) equal to zero:

SM Z ,S(t1, t2, t3) = P(T1 > t1, T2 > t2, T3 > t3|M Z × Sib)

=
(

1

S(t1)−σ 2 + S(t2)−σ 2 + S(t3)−σ 2 − 2

)ν/2+νc

×
(

1

S(t1)−σ 2 + S(t2)−σ 2 − 1

)ν/2+νb

× S(t3)
(ν/2+νb)σ

2
(S(t1)S(t2)S(t3))

νeσ
2

(4)

and

SDZ ,S(t1, t2, t3) = P(T1 > t1, T2 > t2, T3 > t3|DZ × Sib)

=
(

1

S(t1)−σ 2 + S(t2)−σ 2 + S(t3)−σ 2 − 2

)ν/4+νc

×
(

1

S(t1)−σ 2 + S(t2)−σ 2 − 1

)ν/4+νb
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×
(

1

S(t1)−σ 2 + S(t3)−σ 2 − 1

)ν/4 (
1

S(t2)−σ 2+S(t3)−σ 2−1

)ν/4

× (S(t1)S(t2)S(t3))(ν/4+νe)σ
2
S(t3)

νbσ
2
. (5)

If the value at another coordinate is set equal to zero, the survival function of another
trio is found.

Next, we set t3 = 0 in SM Z ,S(t1, t2, t3) and SDZ ,S(t1, t2, t3) to find expressions
for the simultaneous survival function for a monozygotic twin, SM Z , and a dizygotic
twin, SDZ :

SM Z (t1, t2) =
(

1

S(t1)−σ 2 + S(t2)−σ 2 − 1

)ρM Z /σ
2

S(t1)
1−ρM Z S(t2)

1−ρM Z , (6)

for monozygotic twins and

SDZ (t1, t2) =
(

1

S(t1)−σ 2 + S(t2)−σ 2 − 1

)ρDZ /σ
2

S(t1)
1−ρDZ S(t2)

1−ρDZ , (7)

for dizygotic twins with ρDZ and ρM Z as defined before.
The marginal survival function S can be left completely unknown, or we may

assume that it belongs to a family of parametric survival functions which are known
up to a finite dimensional parameter.

2.1 Gender effects

If the marginal survival functions for males and females differ, S is replaced by gender
specific survival functions. Also if the survival functions of twins and of their non-twin
siblings are thought to be different, twin and non-twin specific survival functions can
be used instead.

Suppose one is interested in the question whether the degree of heritability dif-
fers between males and females. Then, the frailty decomposition in the model can be
extended with an extra term:

Z f
i = Ai + A f

i + C + Bi + E f
i ,

for females, and

Zm
i = Ai + Am

i + C + Bi + Em
i ,

for males. In these decompositions Ai reflects the genetic additive effects that males
and females have in common. The gender specific terms, A f

i and Am
i , represent the

genetic effects that are specific for females and males. So, the genetic additive effect
for females is given by Ai + A f

i and for males by Ai + Am
i . The distributions and the

mutual correlations (also among different family members) of Ai ,C and Bi are defined
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as they were defined in the non-gender specific model in the previous subsection. We
assume that A f

i and Am
j (i �= j) are mutually independent and are independent of

Ak,C, Bk and Em
k and E f

k for i, j, k = 1, 2, 3, 4. The correlation Cor(A f
i , A f

j ) = 1/2
for (i �= j) unless i = 1, j = 2 and the first and second individual in the family form
a monozygotic-twin, then Cor(A f

1 , A f
2 ) = 1. The same correlations hold for the addi-

tive genetic male terms. If the individuals are of opposite sex, the correlation equals
zero: Cor(A f

i , Am
j ) = 0 for i, j = 1, 2, 3, 4, i �= j . We furthermore assume that A f

i

and Am
j have gamma distributions with shape parameters ν f and νm and inverse scale

parameter η. The variables E f
i and Em

j represent the non-shared, specific, environ-
mental and genetic effects for females and males. The distributions of these terms
are gender specific, since the genetic additive effects between males and females may
differ. We assume that E f

i and Em
j are independent of each other and are independent

of all other terms in the frailty decomposition. E f
i and Em

j have a gamma distribution

with inverse scale parameter η and with shape parameters ν f
e and νm

e , respectively. We

assume that ν f +ν f
e = νm +νm

e , then ν+ν f +νc +νb +ν f
e = ν+νm +νc +νb +νm

e .

We furthermore assume that η = ν + ν f + νc + νb + ν
f

e = ν + νm + νc + νb + νm
e ,

so that EZ f
i = EZm

i = 1 for i = 1, . . . , 4. Define h2
f = ν f /η and h2

m = νm/η as the
gender specific heritabilities for females and males. Then, the heritability for females
is given by h2 + h2

f and for males by h2 + h2
m . In Sect. 3 a statistical test is described

for testing whether h2, h2
f and h2

m are positive.
If one is interested in the question whether the common environment or the twin

effect is gender specific, the frailty model can be extended in a similar way.

3 Estimation and testing

3.1 Estimation

The survival ages of the twin halves and their siblings T1, T2, T3 and T4 are not
observed. In stead intervals [U1, V1], [U2, V2], [U3, V3] and [U4, V4] are observed
with Ui ≤ Ti ≤ Vi for i = 1, 2, 3, 4. Possibly Ui = 0 and/or Vi = ∞. If Ui = 0 and
Vi = v, individual i had contacted a social worker before age v. However, if Ui = u
and Vi = ∞, individual i did not contact a social worker before the age of u, and
if Ui = 0 and Vi = ∞ no information for individual i is available. It is reasonable
to assume that the distribution functions of the variables Ui and Vi do not depend on
the frailty parameters and the parameters for the marginal survival functions. When
maximizing the likelihood with respect to all parameters of interest, the terms in the
likelihood with only the distribution functions of the variables Ui and Vi can be left
out. Then, the likelihood for a foursome consisting of a monozygotic twin and two
siblings is proportional to

likM Z ,S,S((U1, V1), (U2, V2), (U3, V3), (U4, V4))

= SM Z ,S,S(U1,U2,U3,U4)− SM Z ,S,S(U1,U2,U3, V4)−SM Z ,S,S(U1,U2, V3,U4)
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− SM Z ,S,S(U1, V2,U3,U4)− SM Z ,S,S(V1,U2,U3,U4)+ SM Z ,S,S(U1,U2, V3, V4)

+ SM Z ,S,S(U1, V2,U3, V4)+ SM Z ,S,S(V1,U2,U3, V4)+ SM Z ,S,S(U1, V2, V3,U4)

+ SM Z ,S,S(V1,U2, V3,U4)+ SM Z ,S,S(V1, V2,U3,U4)− SM Z ,S,S(V1, V2, V3,U4)

− SM Z ,S,S(V1, V2,U3, V4)− SM Z ,S,S(V1,U2, V3, V4)− SM Z ,S,S(U1, V2, V3, V4)

+ SM Z ,S,S(V1, V2, V3, V4).

The expression of the likelihood for a monozygotic twin and one sibling can
be found by setting U4 = 0 and V4 = ∞ (SM Z ,S,S(x1, x2, x3,∞) = 0 and
SM Z ,S,S(x1, x2, x3, 0) = SM Z ,S(x1, x2, x3)). The likelihood simplifies to

likM Z ,S((U1, V1), (U2, V2), (U4, V4))

= SM Z ,S(U1,U2,U3)− SM Z ,S(U1,U2, V3)− SM Z ,S(U1, V2,U3)

−SM Z ,S(V1,U2,U3)

+ SM Z ,S(U1, V2, V3)+ SM Z ,S(V1,U2, V3)+ SM Z ,S(V1, V2,U3)

−SM Z ,S(V1, V2, V3).

For only a monozygotic twin, the likelihood is proportional to (set U3 = 0 and V3 = ∞
in the expression of likM Z ,S):

likM Z ((U1, V1), (U2, V2))

= SM Z (U1,U2)− SM Z (U1, V2)− SM Z (V1,U2)+ SM Z (V1, V2).

The simultaneous survival functions SM Z , SM Z ,S and SM Z ,S,S can be expressed into
the marginal survival function S as described before.

For a couple, a trio or a foursome consisting of a dizygotic twin and zero, one
or two siblings similar expressions for the marginal likelihood hold. For the whole
sample of n families the likelihood is proportional to the product of all likelihoods of
the couples, trios and foursomes, by independence of the families.

The marginal survival functions for male twins, female twins, male non-twins, and
female non-twins may be different. However, we assume that they all belong to the
family of truncated and shifted exponential distributions: so their cumulative distri-
bution function has the form x → α(1 − exp(−λ(x − s))) for x ≥ s, for α, λ and
s unknown parameters. This choice of the family was based on the forms of the non
parametric maximum likelihood estimators (NPMLE) of the cumulative distribution
functions under the (incorrect) assumption of independent survival data of all indi-
viduals. Under the independence assumption, the likelihood for the four data-sets
(male twins, female twins, male non-twins and for female non-twins) have the form∏N

i=1(S(Ui )− S(Vi )) for N the total number of individuals in the data-set.
To maximize the likelihood with respect to all unknown parameters, including

the parameters h2, c2, b2 and σ 2 (and possibly also the gender-specific parameters
h2

m, h2
f , c2

m, c2
f , b2

m and b2
f ), we used an iterative algorithm. We maximized iteratively

with respect to the three parameters of the marginal survival functions of male twins,
next to those of the survival function of the female twins, then of the male siblings,
of the female siblings and finally to the frailty parameters (h2, c2, b2, σ 2) until the
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value of the likelihood did not increase anymore. We performed the maximization
with different starting values and different order of maximization of the parameters.

3.2 Testing

To test whether the age at which individuals visit a social worker for the first time is
heritable (i.e. whether h2 > 0), whether this age is affected by common environmental
factors (i.e. whether c2 > 0) or whether there is a twin-effect (whether b2 > 0), we
test the following hypotheses sequentially

H0 : h2 = 0 ∨ H1 : h2 > 0,

H0 : c2 = 0 ∨ H1 : c2 > 0,

H0 : b2 = 0 ∨ H1 : b2 > 0.

Note that the three null hypotheses are equivalent to the hypotheses that ν = 0, νc = 0
and νb = 0, respectively. The hypotheses are tested by a likelihood ratio test. In the
numerator of the likelihood ratio statistic the likelihood is maximized over the full
parameter space, whereas in the denominator the likelihood is maximized over the
restricted space with h2, c2 or b2 equal to zero (depending on the hypothesis that is
tested). Since we assume that the survival functions of the male twins, female twins,
male non-twins, and female non-twins are parametric distributions (truncated and
shifted exponential distributions), the asymptotic distribution of the likelihood ratio
test statistic is a 50–50% mixture distribution of a point mass at zero and a chi-square
distribution with one degree of freedom (see, e.g., van der Vaart 1998, Chap. 16). For
α < 1/2 (with α the level of the test), the upper α-quantile of this mixture distribution
is the upper 2α-quantile of the chi-squared distribution with one degree of freedom.
Parameters that are not significantly bigger than zero are taken equal to zero in the
model (the level of the test was taken equal to 0.05).

Tests whether one of the effects is gender specific can be performed similarly (after
including the gender specific term into the model).

The last question is whether the cumulative distribution functions for the age
at which twins and their non-twin siblings ask for social help, differ. Define
F M

T , F F
T , F M

S , and F F
S as the cumulative distribution functions for male twins, female

twins, male siblings and female siblings. The two hypotheses that have to be tested
are:

H0 : F F
T ≡ F F

S ∨ H1 : F F
T �≡ F F

S ,

H0 : F M
T ≡ F M

S ∨ H1 : F M
T �≡ F M

S .

Since the four distribution functions are known up to the truncation, shift and intensity
parameter, it is actually tested whether the three parameters of the distribution func-
tions for (fe)male twins and (fe)male non-twins equal. Under both null hypotheses the
likelihood ratio test statistic has asymptotically a chi-squared distribution with three
degrees of freedom. It can also be tested whether the distribution functions of twins
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and non-twins differ at a certain age, for instance at age 50. Under the null hypothesis
that the distribution functions equal at the particular age, the limit distribution of the
likelihood ratio test-statistic is a chi-square distribution with one degree of freedom.

4 Results

4.1 The data

In an ongoing study on health, lifestyle, and personality longitudinal data were col-
lected in a large sample of Dutch twins and their families. The participants were volun-
teer members of the Netherlands Twin Registry, kept by the department of Biological
Psychology at the VU University in Amsterdam (Boomsma 2002; Boomsma et al.
2006). Surveys were mailed to the participants at five different time points between
1991 and 2002. In each of these surveys, questions were asked whether the partici-
pants ever had contacted a social worker for non-physical problems. From the data
we selected all families with information of at least one twin halve (a monozygotic
or a dizygotic twin). Some of the individuals filled in all five questionnaires, others
only a few of them. In total, data of 4,499 families is available. If a family consisted
of a twin and more than two siblings only two of the siblings were included into the
data. Of these 4,499 families 727 contained information on only one individual, 1,988
on two individuals, 1,232 on three, and 551 families contained information on four
individuals. Of the 4,499 families, 1,917 consisted of a monozygotic twin and possi-
bly siblings and 2,582 of a dizygotic twin and siblings. In total we have data of 6,289
females and 4,314 males.

The non-parametric maximum likelihood estimators (NPMLEs) of the cumulative
distribution functions for the age at which males and females contact a social worker
for the first time were computed under the assumption that the data of all males and of
all females are independent (see Fig. 1). This was also done for the twins and non-twins
separately (see Fig. 2).

There is no information under the age of 10 and hardly any above the age of 65.
So, parametric and non-parametric estimates of the cumulative distribution function
below the age of 10 and above the age of 65 are not reliable. Estimates of life time
risks are, therefore, also not reliable.

The frailty decomposition in the final model contains the terms for additive genetic
effects, common environmental effects and twin effects; they were all significant. The
p-values of the corresponding three tests equalled 1.18 × 10−6, 0.0198 and 0.000361,
respectively. The extra terms in the frailty for gender specific effects were not included
in the final model, because these effects were not significant (the smallest p-value was:
0.294). Furthermore, the null hypothesis that the cumulative distribution functions for
female twins and non-twins equal was not rejected (p-value: 0.282). In the final model
we assume that the age at which female twins and female non-twins visit a social
worker for the first time equal. For the male twins and non-twins the equivalent null
hypothesis was rejected (p-value: 0.000264); in the final model different survival func-
tions are modeled for male twins and non-twins. Also the null hypotheses that the male

123



A frailty model for (interval) censored family survival data 309

0 20 40 60 80

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

age

Fig. 1 Non-parametric maximum likelihood estimates of the cumulative distribution function of the age at
which females and males contact a social worker. Continued step-function: Females. Dashed step-function:
males
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Fig. 2 Non-parametric maximum likelihood estimates of the cumulative distribution function of the age
at which females (left) and males (right) contact a social worker. Continued curves: twins, Dashed curves:
siblings. Number of observations: male twins: 3,141, female twins: 4,948, male non-twins: 1,173, female
non-twins: 1,341

distribution functions equalled at the age of 50 or 65 were rejected (p-values: 0.00224
and 0.0285).

The maximum likelihood estimates of the parameters h2, c2, b2 and σ in the final
model are given by ĥ2 = 0.392, ĉ2 = 0.101, b̂2 = 0.137, and σ̂ = 3.095. The
parameter estimates of the three cumulative distribution functions are given in Table 1
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Table 1 Maximum likelihood estimates of the parameters of the three distribution functions under the
assumption that these distribution functions belong to the family of truncated and shifted exponential
distributions

α shift λ

Females 0.682 12.21 0.0329

Male twins 0.640 10.13 0.0212

Male non-twins 0.997 2.02 0.0071
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Fig. 3 Maximum likelihood estimates of the cumulative distribution function of the age at which females
and males contact a social worker. Dashed curves: females, Continued curves: male-twins (upper), male-
siblings (lower)

and the estimated curves are shown in Fig. 3 (it is assumed that the survival functions
for female twins and female non-twins equal). The estimated distribution function for
male non-twins almost starts at the origin, whereas the other two distribution func-
tions are shifted more than 10 years to the right. As mentioned before, the estimated
distributions functions are not reliable for young ages, because before the age of 10 no
information is available. We compared the parametric and the non-parametric maxi-
mum likelihood estimated curves for male non-twins. In all cases the two distribution
functions were very similar at the interval from 15 to 50 years. Above the age of 50
the estimated curves diverge slightly, probably because the amount of information is
small.
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5 Discussion

In this paper we considered an additive gamma frailty model for survival data of
twins and siblings. The frailty term was decomposed into four terms: genetic effect,
common environmental effect of all twins and non-twins in the family, twin effect
and individual specific genetic and environmental effect. The presented model is a
nice alternative for variance decomposition models (see e.g., Sham 1998) in case the
survival data are censored or truncated. In the variance decomposition model the trait
value is decomposed into a linear combination of independent normally distributed
random variables. In the model presented in this paper the frailties are decomposed;
the frailties are viewed as latent phenotypes.

The major aim in this paper was to test whether twins more or less often ask for
social help than their non-twin brothers and sisters. For females we found no signifi-
cant difference between the cumulative distribution functions. For males a difference
was found; before the age of 50 more twins than non-twin brothers visited a social
worker. The same result was found at the age of 65.

With the presented model survival data of a twin and zero, one or two siblings is
modeled. The model can be easily extended to deal with more than two siblings. Other
family members can also be included into the model, but then the frailty decompo-
sition has to be changed to deal with cohort-effects. Moreover, the marginal survival
function of other family members, like parents, may be completely different, because
they grew up in a different period with possibly a different philosophy concerning
social help.

For mathematical convenience we assumed that the frailty variable equals a sum
of independent gamma distributed variables with a common scale parameter, so
that the frailty itself is gamma distributed again. Only if the frailty has a gamma
distribution the multivariate survival function can be written in terms of the mar-
ginal distributions. Further research to alternative models for the frailty variable is
needed.

We assumed that the survival functions belong to a family of parametric distribu-
tions. When we are interested in the frailty parameters, we could, as an alternative,
estimate the survival functions by their NPMLEs, insert them into the expression of
the likelihood or likelihood ratio statistic and next maximize with respect to the frailty
parameters. When maximizing the likelihood with respect to the frailty parameters the
estimates of the survival functions are taken fixed. However, in this case the asymp-
totic distribution of the likelihood ratio test-statistic is unknown and the values of the
test-statistic can not be compared with the quantiles of a chi-squared distribution in
order to find p-values. Moreover, testing whether the survival functions for twins and
non-twins equal is not possible.

In this paper we considered a statistical model with four possibly different survival
functions (for male twins, female twins, male non-twins and female non-twins). In
general this approach works well for discrete covariates with only a few categories
(in our case male/female and twin/non-twin). However, it is not applicable in case of
continuous covariates or discrete covariates with many categories. Then a proportional
hazards model could be used.
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Appendix: derivation of expressions for SM Z,S and SDZ,S

For simplicity of notation we derive an expressions of SM Z ,S in terms of the marginal
survival function S. The derivations of expressions for SDZ ,S, SM Z ,S,S and SDZ ,S,S

in terms of S are similar.
The trio of frailties (Z1, Z2, Z3) as defined in Sect. 2 has a three dimensional

Gamma distribution with marginal distributions equal to the �(ν + νc + νd + νe, η)

distribution with η = ν+νc +νb +νe. This marginal distribution is infinitely divisible.
Infinity divisible distributions correspond one-to-one with Lévy processes. These are
processes Y = (Yt : t ≥ 0) with stationary, independent increments and Y0 = 0. The
corresponding infinitely divisible distribution is the distribution of Y1. Given inde-
pendent copies Y, Ȳ and Ỹ , we define the vector with frailty variables (Z1, Z2, Z3)

by

Yν/(2η) + (
Yν/η − Yν/(2η)

) + (
Y(ν+νc)/η − Yν/η

)
+ (

Y(ν+νc+νb)/η − Y(ν+νc)/η

) + (
Y1 − Y(ν+νc+νb)/η

)
, (8)

for the first coordinate, Z1,

Yν/(2η) + (
Yν/η − Yν/(2η)

) + (
Y(ν+νc)/η − Yν/η

)
+ (

Y(ν+νc+νb)/η − Y(ν+νc)/η

) + (
Ȳ1 − Ȳ(ν+νc+νb)/η

)
, (9)

for the second coordinate, Z2, and

Ỹν/(2η) + (
Yν/η − Yν/(2η)

) + (
Y(ν+νc)/η − Yν/η

)
+

(
Ỹ(ν+νc+νb)/η − Ỹ(ν+νc)/η

)
+

(
Ỹ1 − Ỹ(ν+νc+νb)/η

)
, (10)

for the third coordinate, Z3. The first and the second term in the decompositions cor-
respond with the additive genetic frailty component A, the third term with common
environment component C , the fourth term with the term for twin effect B, and the last
term with the non-shared, specific environmental and genetic effects E . The decompo-
sitions in the previous displays were constructed so that the correlation of the genetic
terms between the two MZ twins halves equals 1 and between two siblings (who do
not form an MZ-twin) equals 1/2, the correlation of the common environmental effects
between two siblings equals 1, the correlation of the twin effect between two twins
equals 1 and 0 otherwise, and the correlation of non-shared, specific environmental
and genetic effects between the individuals always equals 0.

The frailty terms Z1, Z2 and Z3 possess marginally the same distribution and the
mutual correlations equal
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ρM Z = Cor(Z1, Z2) = Cov(Z1, Z2)

Var Z1
= Var Y(ν+νc+νb)/η

Var Y1

= ν + νc + νb

η
= h2 + c2 + b2,

ρM Z ,S = Cor(Z1, Z3) = Cov(Z1, Z3)

Var Z1
= Var (Y(ν+νc)/η − Yν/2η)

Var Y1

= ν/2 + νc

η
= 1

2
h2 + c2.

An equal expression holds for Cor(Z2, Z3). In order to obtain non-negative frailties, the
distribution of Y1 and consequently also of Ȳ1 and Ỹ1 must be concentrated on [0,∞).

With the definition of the frailties as just defined, the joint survival function of
(T1, T2, T3) is given by

SM Z ,S(t1, t2, t3) := P(T1 > t1, T2 > t2, T3 > t3)

= E
(

e−Z1	(t1)e−Z2	(t2)e−Z3	(t3)
)

= E
(

eYν/2η(	(t1)+	(t2))e(Y(ν+νc+νb)/η−Y(ν+νc)/η)(	(t1)+	(t2))

× e(Y(ν+νc)/η−Yν/2η)(	(t1)+	(t2)+	(t3))e(Y1−Y(ν+νc+νb)/η)	(t1)e

(
Ȳ1−Ȳ(ν+νc+νb)/η

)
	(t2)

× eỸν/2η	(t3)e

(
Ỹ(ν+νc+νb)/η−Ỹ(ν+νc)/η

)
	(t3)e

(
Ỹ1−Ỹ(ν+νc+νb)/η

)
	(t3)

)

= E
(

e(Yν/2η+(Y(ν+νc+νb)/η−Y(ν+νc)/η))(	(t1)+	(t2))e(Y(ν+νc)/η−Yν/2η)(	(t1)+	(t2)+	(t3))

× e(Y1−Y(ν+νc+νb)/η)	(t1)e

(
Ȳ1−Ȳ(ν+νc+νb)/η

)
	(t2)

× e

(
Ỹν/2η+

(
Ỹ(ν+νc+νb)/η−Ỹ(ν+νc)/η

)
+

(
Ỹ1−Ỹ(ν+νc+νb)/η

))
	(t3)

)

= E
(

e(Yν/2η+(Y(ν+νc+νb)/η−Y(ν+νc)/η))(	(t1)+	(t2))
)

× E
(

e(Y(ν+νc)/η−Yν/2η)(	(t1)+	(t2)+	(t3))
)

× E
(

e(Y1−Y(ν+νc+νb)/η)	(t1)
)

E

(
e

(
Ȳ1−Ȳ(ν+νc+νb)/η

)
	(t2)

)

× E

(
e

(
Ỹν/2η+(Ỹ(ν+νc+νb)/η−Ỹ(ν+νc)/η)+

(
Ỹ1−Ỹ(ν+νc+νb)/η

))
	(t3)

)

= ψ(	(t1)+	(t2))
(ν/2+νb)/ηψ(	(t1)+	(t2)+	(t3))

(ν/2+νc)/η

×ψ(	(t1))νe/ηψ(	(t2))
νe/ηψ(	(t3))

(ν/2+νb+νe)/η,

for ψ(u) = Ee−uY1 , the Laplace transform of Y1. In the last equality we used that
νe = η − ν − νc − νb and the identity Ee−uYt = (Ee−uY1)t , which follows from the
independence and the stationarity of the increments. The Laplace transform of the
frailties equals ψ(u) = (1 + u/η)−η. The corresponding joint survival function is,
then, given by
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SM Z ,S(t1, t2, t3) = P(T1 > t1, T2 > t2, T3 > t3)

=
(

1

1 +	(t1)/η+	(t2)/η
)ν/2+νb

(
1

1 +	(t1)/η +	(t2)/η +	(t3)/η

)ν/2+νc

×
(

1

1 +	(t1)/η

)νe
(

1

1 +	(t2)/η

)νe
(

1

1 +	(t3)/η

)ν/2+νb+νe

.

Setting t2 = t3 = 0 shows that the marginal conditional survival function is given
by

S(t) = P(T > t) = SM Z ,S(t, 0, 0) =
(

1

1 +	(t)/η

)η
,

is dependent of the parameters ν, νc, νb and νe only via the sum η = ν+ νc + νb + νe.
Solving 	(t) from the equation in the previous display, yields

	(t) = η
(

S(t)−1/η − 1
)
.

Substituting this equality into the expression of SM Z ,S and taking σ 2 = 1/η yields
the expression in (4).

An expression for SDZ ,S(t1, t2, t3) can be found in a similar way. We define the
vector with frailty variables (Z1, Z2, Z3) by, respectively, (8), (9), and (10), where the
first two terms (the genetic term) are replaced by, respectively

Yν/(4η) + (
Y2ν/(4η) − Yν/(4η)

) + (
Y3ν/(4η) − Y2ν/(4η)

) + (
Yν/η − Y3ν/(4η)

)
,

Yν/(4η) + (
Y2ν/(4η) − Yν/(4η)

) + (
Ȳ3ν/(4η) − Ȳ2ν/(4η)

) + (
Ȳν/η − Ȳ3ν/(4η)

)
,

Yν/(4η) + (
Ȳ2ν/(4η) − Ȳν/(4η)

) + (
Ȳ3ν/(4η) − Ȳ2ν/(4η)

) + (
Yν/η − Y3ν/(4η)

)
.

This time the decomposition of the genetic term is chosen so that the correlation of this
term between every two siblings equals 1/2 (two siblings who do not form a MZ-twin
share on average half of their genes). Then,

ρDZ = Cor(Z1, Z2) = Cov(Z1, Z2)

Var Z1
= Var Yν/(2η) + (Y(ν+νc+νb)/η − Yν/η)

Var Y1

= ν/2 + νc + νb

η
= 1

2
h2 + c2 + b2,

ρDZ ,S = Cor(Z1, Z3) = Cov(Z1, Z3)

Var Z1
= Var Yν/(4η) + (Y(ν+νc)/η − Y3ν/(4η))

Var Y1

= ν/2 + νc

η
= 1

2
h2 + c2.

Similar computations show that Cor(Z2, Z3) = (ν/2 + νc)/η. The remaining deriva-
tion follows the same line as for SM Z ,S .
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