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1. Introduction

Throughout R is a rational m X m matrix function with no poles on the unit

circle T, and we write R(z) = Z;’;_Oo 27 R; for the Laurent expansion of

R on T. The corresponding (block) Toeplitz operator on ¢2 (C™) is denoted
by T, that is,
Ry R.1 R
R, Ry R, --- —
T'=|R, R, Ry ---| onti(C™). (1.1)

Recall (see, e.g., [9], Section XXIV.3) that R is said to admit a right canonical
factorization (with respect to T) if R can be factored as

R(z) =T(2)0(z), z€T, (1.2)
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where © and ¥ are regular m x m matrix rational functions such that ©(z)
and ©(z)~! have no poles in {z € C : |z| < 1}, while ¥(2) and ¥(z)!
have no poles in {z € C : |z| > 1} infinity included. It is well-known that R
admits such a factorization if and only if the Toeplitz operator T is invertible.
Moreover, in that case, T~' = Tg-1Tg-1, where Tg-1 and Ty—1 are the
Toeplitz operators defined by ©(z)~! and ¥(z)~!, respectively.

In this paper we analyze canonical factorization of R using a special
state space representation, namely

R(z) =Ry +2C(I —zA) "B+~ (zI —a)" ' 3. (1.3)

Here A and « are square matrices of sizes n X n and v X v, say, which are
assumed to be stable, that is, the eigenvalues of A and « are contained in
the open unit disc. The I’s in (1.3) stand for identity matrices of appropriate
sizes, and B, C, 3, v in (1.3) are matrices, again of appropriate sizes. We
shall refer to (1.3) as a stable representation of R.

With the representation (1.3) we associate the algebraic Riccati equation

Q = aQA+ (8 — aQB)(Ry — vQB) ™ (C — 7QA). (1.4)
We say that @ is a stabilizing solution to this Riccati equation if the matrix
Ry — y@QB is invertible, @ is a solution to (1.4), and the matrices

Ao = A= B(Ry —yQB) "1 (C — yQA) (1.5)
ac =a— (8- aQB)(Ro —vQB) 'y (1.6)
are both stable. We are now ready to state the main result of this note.

Theorem 1.1. Let R be an m X m rational matriz function with no poles on
the circle, and let (1.3) be a stable representation for R. Then R admils a
right canonical factorization with respect to the unit circle if and only if the
algebraic Riccati equation (1.4) has a stabilizing solution Q, and in that case
a canonical factorization R(z) = U (2)O(z) is obtained by taking

O(2) = D+ 2C,(I —2A)"'B, U(2)=68+~v(z] —a) 5. (1.7)
Here

Co =6 HC —~QA), Bo=(8—-aQB)D™, (1.8)

and § and D are any invertible matrices satisfying 0D = Ry—~yQB. Moreover,
the inverses of the factors are given by

O()t=D"'t—2D7'C.(I - 2A,) ' BD™? (1.9)

\Il(z)*l =01- 5*17(21' — ao)*lﬂoéfl, (1.10)

where Ao and ao are defined by (1.5) and (1.6), respectively.
Finally, if (1.4) has a stabilizing solution, then this solution is unique
and given by
C
CA
Q= [ﬂ afB o?p ---}T‘l CAZ| (1.11)
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where T is the block Toeplitz operator (1.1) defined by R.

In Section 2 below we prove Theorem 1.1 and specify this theorem for
the case when the Toeplitz operator T is tri-diagonal and for the case when
R has no poles on the closed unit disc.

Theorem 1.1 is of particular interest for the case when the values of R
on the unit circle are hermitian matrices. In that case, one takes a = A*,
[ = C*, and v = B*. The corresponding Riccati equation is then given by

Q=A*"QA+ (C* — A*QB)(Ry — B*QB) ' (C — B*QA), (1.12)

and the rational matrix function R(z) plays the role of the so-called Popov
function or spectral density. This symmetric algebraic Riccati equation orig-
inates from stochastic realization theory (see the books [3], [5], [6], [12]), and
for this symmetric case Theorem 1.1 is basically known. See, for instance, [15]
where R(z) is positive definite on the unit circle and the resulting canonical
factorization is a spectral factorization (cf., Appendix Al in [7]). When R(z)
is just hermitian on the unit circle symmetric canonical factorization is usu-
ally referred to as a J-spectral factorization, and for this type of factorization
the relation with the stabilizing solution of (1.12) is covered by Lemma 12.4.1
(iv) in [11]. The existence of a (unique) stabilizing solution of the symmet-
ric algebraic Riccati equation and its connection with the invertibility of the
Toeplitz operator can be found in Section 4.7 of [13]. For further references
on the symmetric algebraic Riccati equation and a more detailed description
of the history of the subject, see the books [3], [11], [13], and [14].

For the non-symmetric case Theorem 1.1 seems to be new. Our proof
of Theorem 1.1, which is self-contained, is based on a Schur complement
argument as in [6]. This proof and formula (1.11) for the stabilizing solution
also may be of interest for the symmetric case.

We see Theorem 1.1 as an addition to [10], where canonical factorization
of R and invertibility of T" are described explicitly in terms of a different state
space representation, namely R(z) = I + C(2G — A)~!B, where 2G — A is
a square matrix pencil which is invertible for z on the unit circle. In [10]
canonical factorization is obtained by matching of spectral subspaces of the
pencils zG — A and 2G — (A — BC') (see also Chapter 2 of [1] for the special
case when G = I). In Section 3 below we reconsider the example discussed
in Section 10 of [10] (cf., Section XXIV.10 in [9]), and we use this example
to illustrate Theorem 1.1.

Solving (1.4) by iteration leads to the Riccati difference equation

Qnt1 = aQNA+ (B —aQnB)(Ry —7QnB) 1 (C —1QnA).

As one may expect from formula (1.11) for the stabilizing solution, solving
this equation is closely related to inverting Toeplitz operators by the finite
section method. This connection is the main topic of Section 4, the final
section of the paper.

Other solutions of (1.4), not just the stabilizing ones, are also of interest.
For instance, if @) is an arbitrary solution of (1.4), then the rational matrix
functions © and ¥ defined by (1.7) and (1.8) are analytic on the closed unit
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disc and R(z) = ¥(z)O(z). Moreover, this factorization is a so-called pseudo-
canonical factorization (see [16] or Section 9.2 in [2]) of R if, in addition, the
matrices A, and a, defined by (1.5) and (1.6) have eigenvalues only in the
closed unit disc. Note that in this case (1.11) does not hold, and to prove
that conversely any pseudo-canonical factorization of R is obtained in this
way one has to require additional minimality conditions on the representation
(1.3). We will come back to this in a future publication.

Finally, we mention that canonical factorization of rational matrix func-
tions with respect to the real line or the imaginary axis and its connection
with continuous time algebraic Riccati equations is well understood; see, e.g.,
Chapter 5 in [2], and Chapter 19 in [14], and the references in these books.

2. Proof of Theorem 1.1

Let T be the (block) Toeplitz operator on ¢2 (C™) defined in (1.1). The
Toeplitz structure of T allows us to partition T as a 2 X 2 operator matrix

Ry F} { cm ]
T=|_2 on . 2.1
{ = T 2 (C™) (2.1)
Here T is the row operator and = is the column operator defined by

Ry
Ir=[Ry R, ---]:2@C™—Cm ==|F|.cm-e@cm).

If T is an invertible operator on ¢2 (C™), then (see, e.g., pages 28, 29 in [2])
the Schur complement A = Ry — I'T~'Z is a well-defined invertible operator
on C™. Moreover, the inverse of T" admits the block matrix representation

. AL —A~IrT! cm
YT erza r s roEa-pr] [fi(@m)} - @2
This yields the following useful result.

Lemma 2.1. Assume that T is an invertible Toeplitz operator on Ei(@m),
and let A = Ry — TT'Z be the corresponding Schur complement. Then the
following identities hold:

T'=8T'S*+(E - ST 'E)(Ry — T '2)"Y(E* -TT~'S*), (2.3)
S*r~t =718 —TTIEATY(EF - TT1SY), (2.4)
T7'S=8T"'—(E-ST'E)A~'TT . (2.5)

Here E denotes the canonical embedding of C™ onto the first coordinate space
of (2(C”), and S is the block forward shift on (% (C™).

Note that the identity in (2.3) can be viewed as an algebraic Riccati
equation with 77! as the solution. We shall see below (in Part 1 of the proof
of Theorem 1.1) that equation (1.4) follows from (2.3) in a straightforward
way.
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Proof. A simple computation shows that
0
0 7!

ST—16* =

This identity, together with the identity (2.2), yields

7™ - ST7'5" = {—T—Al_alA—l T—_é:—rlf*;—l}
= {_TI_@] ATH[T -IT1]. (2.6)
Next observe that
{—Tl—lE] - H - {T_OlE} — E— STz, (2.7)
I -IT7'=[I 0]-[0 T =E"-TT '5" (2.8)

Using the latter identities in (2.6), we obtain
T =8T7'S*+(E— ST 'E)A~Y(E* —TT~'s*). (2.9)

This is precisely equation (2.5). Multiplying (2.3) by S* on the left yields
(2.4). Likewise multiplying (2.3) by S on the right gives (2.5). O

Proof of Theorem 1.1. The proof is broken up into four parts. In the first two
parts we assume that R admits a right canonical factorization, or equivalently,
that T is invertible, and we show that the matrix @ defined by (1.11) is a
stabilizing solution to the algebraic Riccati equation (1.4). In the third part
we start from a stabilizing solution to (1.4) and derive the desired canonical
factorization. The final part deals with uniqueness statement.

PART 1. Assume that T is invertible, and let @) be the matrix defined by
(1.11). In this part we show that @ is a solution to (1.4). Notice that @
can be written @ = wT!W, where W is the observability and w is the
controllability operator defined by

C

CA
W= |ca2|:C"— £ (C™),

w= [6 aB a?p - ] Zi((Cm) — C”.
By comparing (1.1) with (2.1), and using the representation (1.3), we obtain

=WB, C=EW and S*W =WA, (2.10)

I'=~w, pf=wE and wS=aw. (2.11)
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Using the first identities in (2.10) and (2.11) together with Q = wT W, we
see that

A=Ry—TT'E=Ry —ywIT 'WB =Ry —QB. (2.12)
Furthermore, the identities in (2.10) and (2.11) yield

(B* =TT71S*)W =C — T 'WA=C —~QA, (2.13)

WE—-ST'2)=3—-awT 'WB = - aQB. (2.14)

Now multiplying equation (2.3) on the left by w and on the right by W, we
obtain that Q = wT W is a solution to the algebraic Riccati equation (1.4);
here we used (2.12), (2.13) and (2.14).

PART 2. As in the previous part Q = wT'W. In this part we show that
for this choice of @) the matrices A, and a, defined by (1.5) and (1.6) are
stable matrices. In fact, we shall only prove that A, is stable. The proof of
the stability of a, can be obtained in the same way using a duality argument.

First we note that S*T~'W = T~ 'WA,. This identity follows from
(2.4) together with (2.10) and (2.13). Indeed, we have

S*T'W =T (S* —EATN(EF -TT'S*) W
=T'(WA-WBA Y (C —yQA) =T "W A,.
Next, we decompose C™ as C" = X} & Xy, where X = Ker W and X} =

C™ © Ker W. Notice that X5 is an invariant subspace for A, and C|X; = 0.
We claim that QA|X, = 0. This follows from the fact that

QAX> C QXy = wT "W X, = {0}.

By using C|X> = 0 and QA|X> = 0 in (1.5), we see that Ao|X2 = A|Xy and
X5 is also an invariant subspace for A.. In other words, A, admits a matrix
representation of the form

X

M -

Ay 0
Ao = [Am Azz] on
where Ags = A|X2 on As. Since X» is an invariant subspace for A and A is
stable, Ags is also stable.
Let E; be the natural embedding of X} into C™ = X} & X5. Let Wy be
the one to one operator defined by Wi = W E; mapping X; into Ei(@m).
Using S*T—'W = T7'W A, with Aj; = Ef Ao FE1, we obtain

S*T YW, = S*T"'WE, = T 'WA.E;
=T 'W\E,AE, = T "W, Ay.

In other words, S*T W, = T~ W, A1;. Because W is one to one, T~'W; is
also one to one. Notice that S*™T~1W; = T—1W; A7, for all integers n > 0.
Since S*™ converges to zero in the strong operator topology and Aj; acts on
a finite dimensional space, Aty converges to zero. Therefore Ay is stable.
Recall that Ay = A|A> is stable. By consulting the matrix representation
for A, in (2.15), we see that A, is stable.
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PART 3. In this part @ is a stabilizing solution of (1.4), and we derive the
desired canonical factorization. Let O(z) and ¥(z) be the rational m x m
matrix functions defined by (1.7) and (1.8). First we prove that R(z) =
U(2)©(z). Note that

C—+vQA=6C,, B—aQB=p.D, Ro—~QB=3D. (2.16)

Using these identities we see that the Riccati equation (1.4) can be rewritten
as a Stein equation (a discrete Lyapunov equation), namely

Q= aQA+ B,Cs. (2.17)
From the identity (2.17) we see that
20:Co = 2(Q — aQA) = (2 — a)Q — (2] — a)Q(I — zA) + zQ(I — zA).
It follows that
Y(zI — ) H(28,Co)(I — 2A)"'B
=9QU —2A)'B—yQB + zy(2I —a) " 'QB
= 27QA(I — 2A) 'B +~+QB +v(zI — a) 'aQB,
and hence
U(2)0(2) = (6 +v(2f — ) ' Bo) (D + 2Co (I — 2A) "' B)
= 0D + (2l —a) ' B.D + 200, (I — 2A)"'B
+ (2T — )" (2B,Co)(I — zA)™'B
= (6D +7QB) + (21 — )" (BoD + aQB)+
+ 2(YQA + 5C) (I — zA) "' B.
From the third identity in (2.16) we see that 6D + yQB = Ry, the second
identity in (2.16) yields S,D + QB = (3, and the first identity in (2.16)
shows that yQA + 6C, = C. But then we see that ¥(z)O(z) is equal to the
right hand side of (1.3), that is, R(z) = ¥(z)O(z). It remains to show that
this factorization is a right canonical one, i.e., we have to show (see, e.g., [9],
Section XXIV.3) that ©(z) and ©(z)~! have no poles in {z € C : |z| < 1},
while ¥(z) and ¥(z)~! have no poles in {z € C: |z| > 1} infinity included.
But these properties follow directly from the stability of the matrices A, «,

Ao, and a,. Thus R(z) = ¥(2)O(z) is a right canonical factorization of R
relative to the unit circle.

PART 4. In this part we prove the uniqueness of the stabilizing solution. In
fact, we show that the stabilizing solution to (1.4) is given by (1.11). So let
@ be a stabilizing solution to (1.4). By the result of the previous part, R
admits a right canonical factorization R(z) = ¥(z)O(z), where © and ¥ are
given by (1.7). It follows that the block Toeplitz operator T' defined by R is
invertible. Moreover, its inverse can be expressed explicitly in terms of the
Taylor coefficients ©f, 0,0, ... of ©(z)~! at zero and the Taylor coeffi-
cients WS, W WS ... of ¥(2)~! at infinity. In fact (see Theorem XXIV.4.1
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in [9]), we have T—! = Tg-1Ty-1, where

er 0 0 .- U Ur
@f @g o --- 0 \1;8< \Iflx .
T@—1 = @5 ®i< @6< , T\Il—l = 0 0 \I/(>)< . (218)

As ©(2)7! and ¥(2)~! are given by (1.9) and (1.10), we see that
Oy =D7', ©=-D'C,AI'BD™" (j=1,2,..),
Uy =0", Wi=-6"val"B6" (j=12,..).
Using these identities and (2.18) we have
wlg-1 = [E ag QQB } ,  where

B=pBD"'—-a (Z ajﬁchoAg) BD™ !, (2.19)
j=0
and
C
CA

Ty W = CA2| where

C=06"'C—-6" (Z aggoa—lcm) A (2.20)
j=0

We shall prove that B = (B, and C = C,. To do this set A = Ry —vQB.
Because @ is a solution to the algebraic Riccati equation (1.4) and 6D = A,
we have

Q = aQA+ (8 — aQB)(Ro — 7QB) ' (C — 7QA)
— 6Q(A ~ BATN(C —4QA)) + BAH(C —1QA)
= aQA, + D71 C..
In other words, Q = aQA, + 3D~ 'C,. Since a and A, are both stable,
Q=27 alBDLC,A". So according to (2.19) and the second identity in
(1.8), we see that 8 = 3D ' —a@QBD™! = (3—aQB)D~! = 3,. Analogously,
Q = aQA+ (B —aQB)A™H(C —1QA)
=(a—(B—aQB)A™'Y) QA+ (B — aQB)A™'C
= QA+ B.671C.
In other words, @ = a,QA + B.071C. Since a, and A are both stable,
Q = Z;io abB.6"1CAJ. So according to (2.20) and the first identity in
(1.8), we see that C, = C.
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To complete the proof, recall that @) also satisfies the Lyapunov equation
Q= aQA+ 3.C,.

Hence @ = Z;io o 8,C,Al. By consulting (2.19) and (2.20) with 3 = £,
and C = C\, we obtain

WI W = wlg 1Ty W =Y o/ B,CoA = Q.
j=0

Therefore Q = wT~'W and the stabilizing solution @ is unique. O

Next we specify Theorem 1.1 for the simple case when R has no poles on
the closed unit disc D. In this case the block Toeplitz operator T on 63_ (cm)
defined by R is block lower triangular, and R admits a representation of the
form

R(2) = Ry + 2C(I — 2A)™'B  with A a stable n x n matrix. (2.21)

Notice that T' defines an invertible operator on ¢% (C™) if and only if det R(z)
had no zeros in D, or equivalently, Ry is invertible and A — BR, 1C is stable.

By choosing o = 0 on the zero space {0}, and 8 = 0 from C™ into {0},
and v = 0 from {0} into C™, we see that (2.21) is of the form (1.3). In this case
the corresponding Riccati equation (1.4) is just the equation @ = 0, where
@ maps C" into {0}. Hence @ = 0 is the only solution to (1.4). Moreover,
ao =0and A, = A — BREIC’. So @ is a stabilizing solution if and only if
A— BR; 1C is stable, or equivalently, T is invertible. By choosing D = Ry
and § = I, we see that R(z) = U(2)O(z) is a right canonical factorization
with © = R and ¥ = [.

From the simple case considered in the previous paragraphs it already
follows that the algebraic Riccati equation (1.4) may not have any stabilizing
solution. For example, take R as in (2.21) above, with A =0, B=-2,C =1
and Ry = 1. Then @ = 0 is the only solution to the corresponding Riccati
equation (1.4) and A, = 2 is unstable.

The next proposition is a corollary of Theorem 1.1 for the case when
the Toeplitz operator is tri-diagonal.

Proposition 2.2. Assume R(z) = Ry+2zR1+2z 'R_1. Then R admits a right
canonical factorization if and only if the equation

Q=R_1(Ro—Q)'Ry (2.22)
has a solution QQ with Ry — @ invertible and with
Ao =—(Ro—Q) 'Ry and ao=—-R_1(Ry—Q)*! (2.23)

being stable matrices. In this case, take any 6 and D invertible so that 0D =
Ry — Q. Then the corresponding canonical factorization is given by R(z) =
U (2)O(z), where the factors ¥ and © and their inverses are determined by
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O(2) =D+ 25" 'Ry, U(z)=6+2'R D,

O() =D+ 2A,(I +2A,)"' D, (2.24)

V() =014z - a) .
Proof. To see this we simply set A=a=0o0on C"™, and B=~ =1 on C™.
Moreover, take C = Ry and 8 = R_;. Then this proposition follows from
Theorem 1.1. 0

Put Y = Ry — Q. Then (2.22) can be rewritten as

Ry=Y +R_1Y 'Ry (2.25)

So we can also reformulate the above proposition in terms of Y rather than in
terms of Q). The stabilizing solution in this reformulation is the one for which

Y is invertible and Ao = —Y 'R, and oo = —R_1Y ! are stable matrices.
With Ry positive definite, and R_y = R], equation (2.25) is studied in [4].
The case when R is a trigonometric polynomial, R(2) = >27__, R, is
also of special interest. In this case we obtain a representation (1.3) by taking
[0 I i Ry
Ry
A= ., B=|.|, c=[1 0 0],
0 I :
L 0] Ry
[0 T I
I 0 0
o= .. . ) ﬁ: -l 7:[R71 R-2 ... th:l.
I I o] 0

Using (1.11) one computes that for this special representation of R the so-
lution @ of the correponding algebraic Riccati equation is just equal to the
p % t block matrix in the top left corner of the operator 7.

3. An example

To illustrate how one can use Theorem 1.1, we reconsider the example ana-
lyzed in Section 10 of [10] (cf., Section XXIV.10 in [9]). Consider the rational
matrix function
1—z71 11
_ 2
R(z) = { —3z 1+z} '

As in [10] we seek a canonical factorization of R with respect to the unit
circle. For this R we have Ry = I and a stable representation is obtained by
taking

A=0, B=[-3 1], CH, a=0,=[-1 1], VH.
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In this setting, (Q = ¢ is a scalar,

14+3¢ — _ 14+3¢)~" q(1+3¢)~!
Roqu[ 34 ﬂ’ (R07q3)1{( Oq) a( 161) }

The corresponding Riccati equation is now determined by the following scalar
equation:
- 1+3¢)~" q(1+3¢)~*] [0
q=pB(Ro—v¢B)"'C = [71 ﬂ [( QQ) « 1 9 } [1}

T A e o

2 1+43¢ 2+6q¢
Rewriting this leads to the quadratic equation 6¢®> + g — 1 = 0. The zeros of
this equation are —1/2 and 1/3. Since A and « are zero, equations (1.5) and
(1.6) yield

Ay = —B(Ry —v¢B)™'C and a, = —B(Ry—v¢B)™ Y.
A simple calculation shows that A, and o, are both equal to —1/(1 + 3¢).
So the stabilizing solution is obtained with ¢ = 1/3, and 4, = a, = —1/2.
We now take 6 = I and D = Ry — yqB, that is

9 _1 ) 11
— 3 S 6
p=[t ] wa o= b ]

Then we compute the factors ©(z) and ¥(z) in (1.7):
2 -3 0 0 2 —
— 3 - 3
O() = [0 1 }*43 1} - [32 1+z}’

\I/(z)zl—i-i H [-1 5] D7 =I+i H (-2 5] = {10; ﬂ

This is exactly the canonical factorization of R derived in Section 10 of [10].

and

4. Riccati iteration and finite sections

Throughout this section R is a rational m x m matrix function given by the
stable representation (1.3), and (1.4) is the corresponding Riccati equation.

Solving (1.4) by iteration leads to a Riccati difference equation (cf.,
Appendix A2 in [7]):

Qnt1=aQnA+ (B—aQnB)(Ry —vQnB) ' (C —yQnA). (4.1)

Let us assume that starting from an initial condition at N = k, at each step
of the iteration the matrix Ry — 7@y B is invertible. In this way we obtain
from (4.1) a sequence Qn, @n+1,@N+2, ... of v X n matrices. Moreover, as-
sume that this sequence converges with limit @) and the matrix Ry —yQB is
invertible. Then @ is a solution to the Riccati equation (1.4) and this solu-
tion will be the stabilizing solution of (1.4) provided the matrices A, and «,
defined by (1.5) and (1.6) are both stable. In that case the Toeplitz operator
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defined by R is invertible and a right canonical factorization for R is given
by R(z) = U(z)O(z) where ¥ and © are defined by (1.7).

Formula (1.11) for the stabilizing solution suggests to define the iterates
@Qn in terms of the finite sections of T'. By definition the N-th section of T
is the N x N block matrix Ty given by

Ry Ry, -+ Rin
Ry Ry -+ Ra n
Ty = . . . .
Ry_1 By—2 -+ Ro

In what follows we assume that the Toeplitz operator T" defined by R is invert-
ible and that the same holds true for its block transpose T# = [Tk_j];?szo.
Note that the latter is equivalent to requiring that R#(z) = R(z~') admits
a right canonical factorization relative to the circle. Thus in the scalar case
the invertibility of T# follows from the invertibility of 7 and conversely. This
is also true in the symmetric case (when R(z) is Hermitian for each z on the
unit circle).

Since R is a continuous matrix symbol, we know (see Section VIII.5
in [8]) that invertibility of 7" and T# implies (in fact, is equivalent to the
statement) that the finite section method for T converges. In particular, in
this case, there exists a positive integer k such that T is invertible for N > k
and

lim w, Ty Wy = wT™'W.
n—oo
Here

C
CA

cait
In checking the invertibility of the finite section the following lemma is useful.

Lemma 4.1. Assume the N-the section T of T is invertible, and put QN =
wNT]§1WN. Then T 41 is invertible if and only if Ry — vQn B is invertible,
and in that case the matric QN1 = wN+1TJ§i1WN+1 is given by

Qny1=aQNA+ (B —aQNB)(Ry —yQnB) " (C —1QnA).

Note that the matrix Ry — y@QB is a square matrix of order m while
Tn41 is of order m(N + 1). Hence, in general, checking the invertibility of
Ry — vQB will be a much easier task than checking the invertibility T 1.

Proof. Note that T+1 admits the 2 x 2 block matrix representation:

| Ro wn
Trgr = [WNB TN:| . (4.2)
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Moreover, the Schur complement Ay of Ty corresponding 2 x 2 block matrix
in (4.2) is given by

An = Ro— ’waTJIWNB = Ry — ’YQNB (43)

Hence Ty41 will be invertible if and only if Ry — y@Qn B is invertible. The
fact that Qn4+1 = WN—HT];LWN-H is then given by the right hand side of
(4.3) follows by proving the analogue of Lemma 2.1 with T being replaced
by Tn4+1 and using the same type of arguments as in Part 1 of the proof of
Theorem 1.1. O

We summarize the preceding discussion with the following proposition
which is a partial converse to the result stated in the second paragraph of
this section.

Proposition 4.2. Let R be given by the stable representation (1.3), and con-
sider the Riccati difference equation in (4.1). Assume the Toeplitz operator
T defined by R and its block transpose T? are invertible. Then there exists a
positive integer k such that the following holds

(i) Ty is invertible;
(il) Ro—~QnB is invertible for all N > k where Qy is the solution to (4.1)
subject to the initial condition Q = wka_lwk ;
(iii) QN converges to @ and Ry — yQB is invertible;
(iv) the matrices ao and A are stable.

In this case, Q is the unique stabilizing solution to the Riccati equation (1.4).

It can happen that @, converges to Q and Ry — y@B is invertible and
. or A, may not be stable. In fact, this follows from the example considered
in the final paragraphs of the previous section. Indeed, take R(z) = 1 — 2z,
and represent R(z) as in (1.3) with A, B, C matrices of size 1 x 1, A = 0,
B =-2,C =1, and with & = 0 on {0}, 8 = 0 from C into {0}, and v =0
from {0} into C. Then (4.1) and (1.4) reduce to Qn = 0 and @ = 0. Thus
limy_oo @n = @, but @ is not a stabilizing solution. In this case, R does
not admit a right canonical factorization.

In conclusion we note that for the example considered in Section 3 the
Riccati difference equation is given by

(1+3gn)~"! (IN(1+3(]N)1‘| m _ l+an

aver=[-1 3] 0 1 1~ 2+ 6gn

Starting with the initial condition gy = 0, we see that the sequence gy con-
verges to 1/3. In fact, gy = 1/3 for all N > 11, and the first eleven values
for gy are given by

1 3 13 51 205 819 3277 13107 52429 209715 1
27 107 387 1547 6147 2458 98307 393227 157286 629146° 3~
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