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ABSTRACT

Geographical research is often suffering from inaccurate and unreliable
data. This paper deals with the treatment of soft (ordinal) data in spatial
statistics and eccnometrics. After a brief discussion of soft spatial data,

a set of recently developed techniques is introduced aiming at drawing
quantitative (cardinal) inferences from a soft data input. These techniques
are inter alia multidimensional scaling, rank order statistics, logit analysis,
interdependence analysis, discriminant analysis and cancnical correlation.

A key stone of this paper is formed by combining Theil's approach to
logit analysis with Kendall's rank correlation method based on pairwise compar-
isons. The paper offers several new perspectives for the treatment of soft
data in multivariate techniques (such as multiple regression and c¢lustering

analysis} and in decision problems.
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1. Introduction

Regional and urban modelling is playing an increasingly important role in
geoqgraphical research. Despite much criticism, the use of mathematical and
statistical tools has become a prerequisite for an operational analysis of
regional and urban phenomena. Mathematical models in gecgraphy are based on

several assumptions such as:

-/the complex relationships in a spatial system can adequately be represented
(//// by means of a limited set of mathematical equations descrihing the successive
relevant impacts
- all relevant wvariables {state variables, goal variables, policy instruments
k//// etc.), can be measured in an accurate (cardinal) way
= technical, economic, social and institutional side-conditions prevailing in
L//H the spatial system at hand are precisely known and can be specified in an
operational way
<~ = the policy aspects of models {(e.g. decision-maker (s), goal conflicts, policy
measures) can also be included in an operational manner
- the time trajectory and the spatial spillover effects of all variables can be
precisely computed
-~ when the state of the spatial system concerned is characterized by uncertainty
(for instance, due to stochastic wvariables) the probability distribution of

the stochastic elements is known.

The above mentioned agsumptions imply that most regional and urban models
are focussing the attention primarily on precigse (sharply defined and cardinally
measured) variables, so that all standard numerical operations can be applied to
them. Qualitative wvariables, linguistic attributes, fuzzy characteristics and
ordinal aspects are normally left out of consideration. This holds true foxr both

_urban and regional models and spatial multivariate methods.
| Recently, however, much more attention has been paid to 'soft econometrics'

W

N _and "soft data analysis', in which non-cardinal variables are dealt with {especi-

ally ordinal wvariables and fuzzy variables). This paper deals in particular with
the treatment of soft data in spatial statistics and econometrics with a special
emphasis on ordinal multivariate techniques.

The essential aim of multivariate methods in spatial analysis is to reduce
the complexity of phenomena in which many variables or attributes are involwved.
Given this general feature, it is no surprise that these methods have been
applied in various fields of research, such as economics, gecgraphy, medicine,

biology, etc. (c¢f. Xendall [1975]).




The starting peint of multivariate analysis is normally the data matrix

(1.1)

where I denotes the numbexy of members observed and J the number of variables

concerned; x

3

instance, the i-th region}.

i denctes the value of the j-th wvariable for the i-th member (for

In the majority of multivariate methods it is assumed that the variables
are measured on a cardinal (interval or ratio) scale. This means that it is
meaningful to apply numerical operations to these variables such as summation,
subtraction and multiplication (see Rietveld [1980] for a more accurate defini-~
tion of a cardinal scale of measurement). However, in spatial research often the
assumption of cardinal measurability cannot be maintained. For example, when the
data are not accurate enough, when variables are involved which can only be
measured in a gualitative way (e.g., beauty of landscape}, or when latent vari-

ables are to be dealt with.
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It is important, therefore, to consider the question whether it is possible
to develop multivariate methods which are not based on the assumption of cardinal

measurability. This has of course, important implications for econometric model-

:“building, since the treatment of soft data has always formed a bottlencck for

estimating economic models. Soft econometrics is a recently developed approach to
overcaoming this problem. This paper presents some techniques for ordinal data and
its implications for regional statistical and econometric analyses., A variable j
is ordinally measurable when for a series of observations it is possible to indi-
cate the rank order of the cbservations, but not the differences between the
observations. For example, when the rank order of five observations - where the
smallest value receives rank 1, the one but smallest receives rank 2, etc. - is:
2, 3, 1, 5, 4, it may be concluded that the first observation is smaller than the
fourth one, but not that the difference between the first and the fourth one is
larger than the difference between the first and the third one.

It is important to note that several techniques can be applied to perform
a multivariate analysis of ordinal data in a spatial context. Some examples of

such approaches are given below.



1. The simplest way of achieving a short circuit is to interpret ordinal data
as 1f they were cardinal. Obviously, in this way more information is extracted
from the data than is actually contained in them. Kendall [1970], ». 125,
indicates that gsometimes such an approach may yield satisfactory results.
However, since it is based on a questionable assumption, it cannot serve as
a general device for dealing with ordinal data.

2. Another way of avoiding the necessity to develop ordinal multivariate methods

is the use of order statistics to assign cardinal wvalues to the observations

{cf. Rietveld [1980]}). A necessary step in this approach is the determination
of the probability distribution from which the observations are drawn. This
can only be done on a priori grounds which makes the results arbitrary. The
arbitrariness can be removed to a certain extent by repeating the cardinal-
ization of data for different probability distributions. Obviously, the dis-
advantage of this approach is that it gives rise to extensive computational
work.

3. A third cardinalization method consists of applying multidimensional scaling

procedures (cf, Nijkamp [1979, 1980]). These procedures have been devised to
transform the ordinal matrix X with dimensions J x I into a cardinal matrix ¥
//“w1th dimensions K x I where K < J. Thus, multidimensional scaling procedures
{ are a means to transform ordinal data about many variables into cardinal data
} about less variables which reflect as accurately as possible the configuration
kw/gf the criginal data. Although multidimensional scaling as such is a sound
procedure, its use in the present context may give vise to difficulties. For
example, the variables derived may be difficult to interpret, which means that
the results of the ensuing multivariate analysis may be less meaningful or re-

quire at least a closer examination.

Another, recently developed approach concerns a set of ordinal regression

models developed by McCuliagh [1980]. This approach attempts to develop a
genoral class of regression models that are especially approoriate for ordinal
obsexvations on variables. These models are based on various models of stoch-
astic orderings of an ordinality structure. The author proposes two models in
particular, viz. the proporticnal odds model (based on a (linear or non-linear)
logit method for the ordered categories of response variables, given the values
of covariates) and the proportional hazards model (based on a complementary
log-log transform of a hazard function for a response variable that depends on
the difference between covariates).

gT“An interesting development has also taken place in the field of categorical

i
H

data analysis. Categorical data are very often collected in survey question-

aires, when respondents have to indicate whether or not a certain object is

regarded as important. The proportions of affirmative or denying responses

B

S regarding the
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objects can then be used as data input for the application of a linear logit
model, so that the differences in the ratio of these proporticons (across the
objects) can next be related to a set of explanatory variables representing the

attributes of these chbjects (see, for instance, Wrigley, 1980Q}.

In light of all these attempts to deal with ‘*soft' data, it is meaningful to
study in more detail ordinal multivariate methods. In the field of (regional)
economics this subject has mainly been neglected, whereas in other disciplines,
expecially scociology, substantial work has been done on this subject. Given the
exploratory character of this paper, we will focus our attention on the main ideas
and less on specific statistical aspects or on the feasibility of numevrical pro-
cedures.

We will deal with the feollowing methods:

Section 2: multiple regression analysis (by means 6f logit analysis, ordinal
rank correlaticn and constrained regression, respectively).

Section 3: related orxrdinal regression techniques (such as interdependence and
discriminant analysis).

Section 4: clustering and classification methods.

Section 5: principal component analysis (and related subjects such as canonical

correlation and partial least squares).

Multiple Regression Analysis

Introduction

Cansider the following relationships between y - the variable to be explained -

and K explanatory wvariables Xpr menr Xp o

y = BO + 81 3 + 82 X, + ... + BK xK (2.1)
For instance, y might be regional income, while the explanatory variables might
be regional investments, infrastructure endowment and labour force.
In this section we consider the gquestion: 'given that I observations are

available of the variables y and x ... X = measured on an ordinal scale -, is

1!
it possible to estimate the values of the Bi'(k =0, 1, ..., K) or to draw con~-
clusions about the extent to which the variables % contribute to the explanation
of y'.

There are several ways to approach this question. In subsections 2.2 - 2.4
we will critically examine a logit formulation, an approach based on multiple
rank correlation coefficients and a multiple regression procedure under constraints,

respectively.

b



2.2,

Logit Ahalysisl)

In this subsection we will show how a logit analysis based on data about
pairwise comparisons of observations, can be used to determine the relative im-

portance of the explanatory variables. Consider all pairs of observations

(i, i1' ; i # i') which will be numbered as n=1, ..., N, where N =1 (I - 1).
We introduce new variables w and zk (k =1, ..., K} which are related to y and
xk {k =1, ..., K) by means of the following dominance relationships:

if for the pair (i,i') : Y, > ¥;» o thenw = 1

if for the pair (i,i') : v, <v¥,, , thenw_ =0

i i n
(2.2)

. , . iy . -

if for the pair (i,i') Xy > Kyqr. v then zkn 1

. 3 : S | - -

if for the pair (i,i') : X < Xpgo v then 2 0

These variables can be summarized in a column vector w with N elements and an

N % K matrix Z:

wlw 211 T

w=|. L z= |, (2.3)
W
[N | AR

Every row of Z consists of a series of zeros and ones. A certain row com-
bination of zeros and ones will be called a regime 1 (1 = 1,..., L}). There are

in principle L = 2K different regimes. Let F. denote the number of rows in 2

1

and F denote the number of rows of regime 1

oL 1l
in Z such that the corresponding walue of v

with a certain regime 1. Let F

is equal to 0 and 1, respectively.

Then we have by definition: F, = F

1 - For *F

11 and ZFl = N.

1

A numerical example may clarify the meaning of the symbols defined above.

Assume that I = 4 and X = 2 and that the observations of the y and x, are:

1
)The authors thank Professor Franz Palm for his valuable comments on this

section.
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When the pairs of observations are considered in the following order:
(1,2, (1,3), (1,49, (2,1), {2,3), ... . (4,3}, we arrive at the following

results of w and Z:

- —_— ~ ™
0 1 1
o 1 1
0 1 ]
1 0 0
0 0 0
1 0 0
1 0 o (2.5)
1 11 1
1 1 0
1 0 1
0 1 1
0 0 1

E J - -

The four regimes appearing in (2.5) are (0,0}, (1,0), (0,1) and (1,1). The

corresponding frequencies are summarized in Table 1:

regime 1
1 =1 1 =2 1 =3 l1=4
{0,0) {1,0) (0, 1) (1,1
F1l 3 1 1 _ 1
FOl 1 1 1 3
Fl 4 2 2 4

Table 1, Frequencies for various regimes of explanatory variables.

Let vy, 3 and x, denote net migration, the wvacancy rate and the quality of
infragtructure, respectively. A regime (1,1} means in this case that when two
reglons A and B are considered, both the vacancy rate and the quality of infra-
structure in region A are higher than those in region B. Table ! shows that
there are 4 pairs of regions with this regime: in 3 cases the net migration of

region & is smaller than that of region B; in one case the reverse holds true.



The information contained in Tabkle 1 can be used for a standard logit
analysis in the following way (cf. Theil [1971a,b] and Upton [1978]). Let v,
denote the probability that w is assigned a value 1 when regime 1 holds. A
regime 1 is described by a (K x 1} vector m consisting of 1 and 0 elements
M (k=1l, ..., K). Then the usual assumption in this type of problem is that
Py depends on the structure of regime 1 in the following way:

Py

iln (1“91) = Yo Y Wy P Yy By b d oy m {2.6)

The right hand side of (2.6} shows an additive structure with dummy vari-
ables., If desired, interaction effects between the variables k and k' can be

included by adding parameters § {k #* ¥'} when both m and m are egual to

' '

1 (cf. Theil [1971al). The exprzzsion in (pl/ (1 - pl}}l:t the ith hand side

of (2.6} is termed the logit of p;. Its main feature is that it transforms in

a monotone increasing way P, - falling in the [0,1] interval - to a variable

ranging from - o to o . For a further discussion of the specification of (2.6}

and its relationships with the entropy concept we refer to Theil [1971a].
Equation (2.6) does not contain an error term. The reason is that in the

left hand side no observed variable is included. When we want to estimate the

parameters Yy o we have to replace the probabilities Py by the cbserved relatlve

frequencies f1 = F11 / Fl. In that case there is a clear reason to include an

error term, since the relative frequencies f. may differ from the probabilities

1
p,- Thus the relationship to be estimated is:

In (gp) = Yo * Yy Wy F Yy My, e Ry m gy (2.7

where El is the error term.

Theil [1971a] shows that a weighted least squares method is appropriate to
estimate the parameters when it may be assumed that the relative frequencies fl
are based on independent random samples of size F1 from binomial distributions
with probability pl of success. In that case it can be shown that the large sample

expectation and variance of £, are 0 and 1 / (Fl {fll (l—fl)),r respectively.

1
Consequently, weighted least squares (a special case of generalized least squares)

(fl)(i—fl} (which serves

can be applied, the weights being proportional to V Fl

to take account of the sample size).

This means that regimes for which f. = 1 or 0 do not play a role in the

1
eshimation of the y. We also see that the larger Fl {the number of observations
in a regime), the heavier the weight of that regime in the determination of the

parameters.
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An important difficulty inherent in the estimation of (2.7) in the context
of ordinal data analysis is that Theil's assumpticn that the f1 's are based on

independent random samples of size F, is not valid. The freguencies F refer

1 11
to pairs of observations which are derived from the original set of observations
in a systematic way. For our numerical example is this c¢learly displayed by

Table 1, where we find that f1 + f4 = 1 and fz + f3 = 1.

We conclude that the €4 in (2.7} cannot be assumed to be distributed inde-
pendently. Therefore, a generalized least squares estimation of (2.7} is adequate.
The obvious difficulty is that the covariance matrix V is not known and that it
seems to bhe impossible to describe V by means of a small number of parameters, as
is sometimes done in time series regressions. How can one proceed in this situ-

ation? Three directions cap be chosen.

1. The simplest way is to igncre the problem and to apply ordinary least squares.

In that case the estimated parameters are unbiased, but the variances will be

higher compared to the results of generalized least squares (cf. Theil [1971b]).

2. Another way is the use of iterative procedures, For example: start with an
estimation by means of ordinary least squares, Use the resulting estimated
errors to construct an estimated covariance matrix G and apply generalized
least squares based on G, and so forth.

3. & third approach aims at directly approximating the covariance structure of

the el 's as follows:

Consider the set of I original cbservations. This set can be used to generate
I sets of 1T ~ 1 observations, each set containing the I original observations
but one. For each set the values of fl and 1ln (f1 !/ (l-fl)) can be determined.
The series of I values for the logits can be used to calculate the covariance
matrix of the logits. This matrix can be used as an approximation of V so that

generalized least squares can be employed.

It is clarifying to pay some attention to the number of cobservations and
parameters in specification (2.7). The number of parameters in (2.7) is equal to
K + 1, The maximum number of ohservations (regimes) is equal to 2K. This means
that when the actual number of cobservations is egual to the maximum possible
number, the number of degrees of freedom increases rapidly with increasing X.
However, there are several reasons why the actual number of regimes in the esti-
mation is smaller than 2K. Especially when I is not so large, for some regimes
FOl or Fy, (or both) may be egual to zero and - as shown above - such a regime

cannot be used tc estimate the parameters.

Another reduction in the number of observations is due to the interdepen-

1%



dencies by means of the concept of 'complementary regimes'. A regime 1' is a

complement of a regime 1 when the sum of m, and L is a vector 1 , exclusively

consisting of unit elements:

r—n-l+91' = 1 {2.8)

In cur numerical example the complement of regime 1 is 4 and of regime 2 is 3.

It follows from the definition of FOl and Fll that for complementary regimes we

have the following redundancy conditions:

FOl = Fll' : Fll = FOl' ¢ and Fl = Fl‘ ;, and therefore: fl = 1—fll .

Consequently for each pair of complementary regimes holds the following condition:

fl £
ln —=— + 1n
1~fl l-fl,

= 0 (2.9}

Combining (2.9) with (2.7) yields for all complementary pairs:

1 1*
In ~— + 1ln -—F5— = 2y _ + X + e, + & = 2.10
1-—fl 1—fl, 0 X Yk 1 1 (2.10)

We may conclude, therefore, that for all complementary pairs (1,1'} and {(g,s")
we have:

E_, = €. + ¢ = es (2.11)

1 1!

Consequently, when in (2.7) the relative frequency f is given for the regime
1, i' and s, the value of fs' does not add any useful information for the deter-

mination of the parameters <y, . This means that when there are L regimes (L even},

only the frequencies of %L +k1 regimes contain useful infermation on the para-
meters {(the set of LL + 1 regimes contains only one pair of complementary regimes).
In our numerical example we have K = 2 and hence the number of parameters is
equal to 3.

In such a case, in general, the parameters can be determined, while the
estimated errors are zero. Indeed, we can derive that e, = ¢, = €_ = 0 and

1 2 3
Yo = =Yy = =Y, =1n 3 .

At the end of the presentation of this approach, we may conclude that,
despite some difficult estimation problems, an ordinal analogon has been developed
for multiple regression which deoes justice to the ordinal character of the data.

What is the essentially new idea of this approach? A close examination shows

that the approach consists of two building stones: 1) a method to transform the
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ordinal data matrix X and the vector y in a vector of relative frequencies

fl' ooy fL

based on specification (2.6}. The main elements of the building stones have been

by means of pairwise comparisons; and 2} an estimation procedure

developed by Kendall [1970] and Theil [1971al, respectively. The novelty of the
method developed here is thus the combination of the two building stones. ~

This logit analysis enables us to draw inferences about the probability that

¥

a certain regime (based on a dominance via pairwise comparisons of individual
ordinal explanatory variables) will lead to a dominance of the left hand side
variable {alsc based on a pairwise comparison of a set of observations). Especially
in case of soft spatial data, this approach may be a promising one for the deri-
vation of cardinal conclusions from ordinal data. It should be noted that the
strength of this approach is based on the fact that both the left hand side and

the right hand side variables may be measured in ordinal units.

Crdinal Analogue of Multiple Regression and Correlation Analysis

Beside the previcus linear model, one may also use a correlation analysis.
The approach discussed in this subsection is based on structural similarities
between product-moment correlation coefficients and rank correlation coefficients.
We will first show the nature of these similarities.

The ordinary preduct-moment correlaticn coefficient for cardinal data on a

set of variables ui and vi reads as:

T o(uy - u) (v, - V)

r =‘/_i — — (2.12)
Tu ~-W2E (v, -V
it i

where u and v are the mean values of the u, and v, respectively.
We alsc present the regression coefficient bvu following from the estimation

of the relationship between v and u:

v, = a+b_u
i vu 1 -

The best linear unbiased estimator of b reads as:

i (ui - u)(vi - )
b = — (2.13)
vu T (u, - 0)?
i 1

We turn now to some correlation coefficients proposed for ordinal data. First,

we will discuss correlations among pairs of variables.
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Kendall [1970] proposed to use the method of paired comparisons in the
following way. Consider all % I(I - 1) pairs (i, i') of ordinal observations of
two variables x and y. Let st be the number of pairs for which x and y are ¢on-
cordant, i.e., the number of pairs for which {xi > %x;, and y; > yi,} or {xi < Xy
and y, < y.,}. Let 8 be the number of pairs for which {xi > X 0 and ¥y < Yi'} or

i i
{x, < x,, and v, ” v..}. Let T, and Ty pe the number of ties in x and y, respec-

i i i
tively. When no ties appear, Kendall's coefficient of rank correlation i1s defined
as the number of concordant pairs minus the number of discordant pairs divided

by the total number of pairs:

e -
¢ = 5.8 {(2.14)
st + s

‘When ties are present, the following correction is applied:

+ -
. = 5 -5 (2.15)

vé+ + 8 4+ T; ¢%+ + 85 + Ty‘

For the latter case, Somers ( 1962 ) provided an alternative measure which will

later also appear to be meaningful:

+ -

5 -5
4 = (2.16)
¥X sty s+ T,

For these three measures it can be proved that the extreme values are -1 and
+1, respectively.

At first sight there is not much similarity between these ordinal measures
and the above mentioned measures for cardinal data:the ordinal measures are based
on counting frequencies of disco;dant and concordant paits, while the cardinal
measures are based on measuring distances with respect to the mean. It will be
shown, however, that the structure underlying the ordinal and the cardinal
measures (cf. Hawkes [1971] and Ploch [1974]) is the same.

The first step to prove the similarity is to rewrite (2.12) and 2.13) such
that the mean values u and v disappear. It is not difficult to show that for

cordinal data:

T (ug - m2 =

1
S £ T (u, ~u?
i 21 19 i

J

- - 1
; (ui - u)(vi -v) = oT rz {ui - u.){vi - vj)
i i3



Accordingly, when we set uij =uy - uj and vij_§§jvi;?¥%§h§%§frelation coefficient
(2.12) and regression coefficient_{2.13)_éaﬁgpéhﬁ%ﬁéiiﬁéﬁ—ébz
Tu,, v,
1) 1)

a2, VBV

i} i3

(2.12")

u,. V..
b, = —ad 1l (2.13%)
Iu?, .
1]
In (2.12') and (2.13') the summation relates to all possible pairs.
In the second step we introduce the following operation for the ordinal data.

For 211 pairs (i, j), we may set:

xij = 1 if xi > gj
X,. = 0 if =, = x,
1] 1 J
X, = ] if ¥, <X,
ij i J

< L ~~_:»...--*’sfﬁs--':*éewwe:cf:,.-s-.n_:w. 5 R -
The wvariable Yij can be defined in the same way. Thus we arrive at—two -vectors
consisting of N° elements being equal to 1, 0, or ~1, The term (S+ - 87) can be
expressed in terms of xij and yij in a straightforward way, so that S+ -8 =

kX xij Yij' Given this result it is not difficult to see that:

r = i3 i | (2.15%)

and

X,V
a - ij ~43 (2.16")
vx T %2

When we compare (2.12') and 2.13') with (2.15') and 2,16') we conclude
that, although the correlation coefficients are based on different concepts,

they give rise to completely identical analytical expressions.

Thus, our conclusion is that there is a strict correspondence between
cardinal and ordinal correlation coefficients {(and between cardinal and ordinal
regression coefficients as well) in case of a pairwise treatment of data.

Hawkes [1971] and Ploch [1974] argue that these similarities provide a
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sufficient base for developing partial and multiple correlation coefficients

for multivariate ordinal data along the same lines as for cardinal data. Because
this would be a very convenient result, this approach deserves a closer examin-
ation.

There is at least one argument supporting this. Kendall [1970] has shown
that, in developing a partial correlation coefficient for ordinal data based on
v {assuming that no ties occur), one may arrive at a formulation which is com-
pletely similar to the formulation of the partial product moment correlation

coefficient:

Tk = Tmr Tx1

5] = -
mk.l oY 7
\/1 - Tml\{l - T

{2.17)

where Omk 1 denotes the partial correlation between m and k, given 1.

This expression is obviously an indication that in some cases ordinal partial
correlation coefficients may be dealt with in the same way as their cardinal
counterparts, It has to be added, however, that Quade [1974] has indicated
several ways to conceptualize a partial correlation coefficient for ordinal
data and that not all of them lead to relationships like (2.17}.

Further correspondences between ordinal and cardinal measures in the multi-
variate case have not been found, however. Consequently, the approach of deriving
regression ccefficients by means of ordinal correlation coefficients is only part-
1y justified. For some empirical applications we refer to Ploch [1974], while
Namboodiri et al. [1975] and Blalock [1976] give a more thorough discussion of
the above mentioned approach. Thus our conclusion regarding multiple correlation
is that ordinal regression and correlation analyses may lead to dissimilar analy-

tical expressions compared to cardinal analyses, except for some specific cases.

Multiple Regression under Censtraints

In this subsection we will deal with ordinal data on y and x +eey %, Trom

1? K
(2.1) again in an alternative way, viz. by imposing side-~conditions associated
with the ordinal values of these variables.

Let ey, cx

«e.y CR, be the unknown cardinal values corresponding to the

1° K
ordinal variables. Thus, when Y3 > Vs then eyqy > Yy ate. Accordingly, we
arrive at a series of I-1 inequalities (for instance, spatial differences) for

the Yy

(2.18)
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where il is the index of the largest observation, i2 indicates the one but
largest cbservation, etc. The same set of inequalities can be developed for the
explanatory variables.

Next one may try to use (2.18) as logical constraints for deriving cardinal
units. The information that there is a linear relationship between y and the
X, may be used to determine the cardinal values corresponding to y and the e
As a Tirst step in the analysis we consider a constrained regression procedure

expressed as the following mathematical programming problem:

-

sy b2 _ - _ _ 2
min! . ¥ (cyi By ~ BioXq; v By cxKi)
CY3 2% 0Py
gubject to ey, P ¢y, * ... » ¢y, = 1 (2.19)
i, - i, = = i
1 2 I
CX, . > CH.. > ee > CX. . =1
131 132 - - 1]I
] X, > ¢cx > ... > X = 1
L K1, K1, K1,

Obviously, in (2.19) the cardinal wvalues of y and'xk and the values of the
parameters Bk are determined simultanecusly. It is a programming problem with
(K + 1) (I + 1) variables and (K + 1) I constraints. The variables cy and X
have been standardized by imposing that the smallest value is equal to one.

It is not difficult to see that (2.19) as it stands here attainz its minimum
when all cardinal values are equal to 1 and when I Bk = 1, This result, when all
variables form one big tie, is less meaningful; it is an indication that (2.19)
has been designed to serve too many ends on the basis of too littie information.
When more restrictions can be imposed on the problem, better outcomes may be ex-
pected, however.

A Tirst way to improving the result arises when for some of the variables
in (2.1) the cardinal values are known in advance., For example, when 11l ex-

. are known beforehand),

ki
(2.19) can be transformed into the following quadratic programming problem:

planatory variables are cardinally measured (i.e. the cx

<y T _ _ _ _ 2
min? . 7 (cy:.L By — Byoxys = .en BKCXKi)
Yi* "k (2.20)
subject to ¢y, > Cy. > ... > OV, = 1
i, =7, = S

This reduced ordinal data problem may give rise to more meaningful results.
Nievergelt [1971] arrives at essentially the same formulation when he tries to

estimate the weiphts B, of a utility function, where the x 's are lhe arguments

LS k
of the utility function and where a series of I alternatives has boecn pldaced in

order of attractivity.



A second source of additional information for improving the results of
(2.19) can be obtained when the explanatory variables can be distinguished in
various classes. For example, Nijkamp [1980] classifies the explanatory vari-
ables of regional income in an economic profile and a socio-geographical pro-
file. Multidimensional scaling methods are then used for each profile to derive
cardinal values for one or several variahles representing the profiles. This
cardinal information can then be used for an ordinary multiple regression pro-
cedure when y is measured on a cardinal scale., When y is measured on an ordinal
scale, however, formulation (2.20) can be used as & meaningful tool.

This approach is obviously a two-step procedure: first the number of ordinal
variables is replaced by a smaller number of cardinal variables, while next the
derived cardinal values are used to estimate the weights Bk' Evidently, it is
worthwhile to consider the possibility of integrating the two steps. This would
mean that the derivation of cardinal variables by means of multidimensional
gscaling uses also information concerning the position of these variables in a
larger causal structure., This integration can be carried out in the following
way. Let the X variables be divided in T profiles or classes (T < K). Assume that
per profile t only one cardinal variable will be determined. This variable will
be denoted by Z.s SO that the informaticon on each category t for all members i
(e.g., regions) is measured in cardinal units, A short-hand description of a

multidimensional scaling procedure iz the following:

f e
! min! stress (ztls vy ZtI)
25
(2.21)
[ subject to (Ztl’ cvas ZtI) € A

Here, stress (z ceas ZtI) iz a measure of the discordance between the ordinal

t1°

. ] [ :
data and the z.;'s, while (Ztl’

lationships from ordinal to cardinal data used in multidimensional scaling. For

vaasy ZtI) € At denotes the transformation re-

the e¢ase of notation, the multidimensional scaling variables referring to the

variable y will be denoted by an index 0. Then the integration we are aiming at

can be reached by solving:
(min! I ( )2
min: M1 0i T Yo = V%13 T orr T YpPqg
T
4 + E:o At stress (ztl,..., ZtI) (2.22)
subject to (zﬂ, e ZtI) €A, t = 0,1, ..., T

“~




_16_

The outcome of (2.22) depends on the weights p and AO’Al’ ieny AT attached to

the various terms of the objective function. It is not difficult to see that the
two-step procedure mentioned ahove is a special case of (2.22), viz. by first

solving (2.22) with u = 0, and subsequently with the values for the zti's obtained

in the first step (with AO = Xl - AT = 0). It may be concluded that this

method has more arbitrary elements than the previous ones.

. Related Ordinal Multiple Regression Techniques

The ordinal multiple regression techniques discussed in section 2 ¢an also
be applied to related problems where regression analysis plays an implicit role,
for instance, in subselection and classification problems. Two methods that are
fairly common in geographical research, viz. interdependence analysis and discrim-

inant analysis, will briefly be discussed here.

Interdependence Analysis

Interdependence analysis is a methed aiming at selecting a set of variables
from a larger data set such that the selected variables represent the original
data set as good as possible (see Kendall [1975] and Blommestein et al [1980]).
This method is based on multiple regression, since the criterion in the selection
procedure is the multiple correlation coefficient between each of the discarded
variables (the variables to be explained) and the selected variables (the ex-
planatory variables)}. We conclude, therefore, that the approaches to ordinal
multiple regression dealt with in subsections 2.2 - 2.4 are equally useful for

ordinal interdependence analysis.

. Discriminant Analysis

The aim of discriminant analysis is the determination of a decision rule
which assigns individuals (in a broad sense) to certain predetermined classes on
the basis of their characteristics, such that the probability of misclassification
is as small as possible. Let the characteristics of the individuals be denoted by
Kys enes XK and assume that there are only two classes. Then a frequently used
form of the decision rule is (assuming that the variables are measured on a

cardinal scale):
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iF % Bk Xy > ¢ , assign X to class A
{3-1)

it E Bk Xt < ¢ o, amipgn x o class B

F'romn this formulation of a decision rule, it is clear that there is a high
similarity between regression analysis and discriminant analysis. For example,
Kendall 1975, p.94) considers linear regression with a nominally measured
regressand y as identical to discriminant analysis.

When the scale of measurement of the xk‘s is ordinal, a decision rule
can be conceptualized in the following way. It can no longer refer to one
individual and therefore we propose referring it to a pair of individuals
{i,i'). It indicates to which class (A or B) individual i has to be assigned,
given the characteristics for which individual i is larger than i', given the
characteristics for which i is smaller than i', and given the class to which
alternative i' belongs.

This formulation of a decision rule enables one to employ the logit
function (2.7) for ordinal discriminant analysis. The only necessary adjust-
ment concerns the right hand side of (2.7), where a dummy variable has to be
added indicating whether or not alternative i' belongs to class A. It is not
difficult to determine the reference value ¢ as introduced in (3.1). This
value is in ordinal discriminant analysis equal to zero, sinece 1ln p/(1-p) = 0
implies: p = .50

It is finally interesting to note, that also in discriminant analyses with
digcrete explanatory variables similar specifications of the decision rule are
used (cf. Goldstein and Dillon [1978)).

Our final conciusion is that related ordinal multivariate problems can

be dealt with in a meaningful way by means of the tools described in section 2.

Cluster Analysis

Consider the above mentioned data watrix (1.1.) and suppose it is measured
in ordinal units. Then one may raise the guestion whether it is possible to
develop a cluster technique for these ordinal data, especially because cluster
techniques have gained much popularity in geographical research.

Clustering aims at deriving sets of "similar" individuals or variables.
Some authors use the term clustering only in connection with individuals and

employ the term classification in connection with variables. We will normally

use the term clustering;only when misunderstandings might arise we will indi-
cate whether we mean clustering of individuals or of variables. It is inter-
esting to note that clustering implies the transformation of numerical data to

data measured on a nominal scale.




There are many types of clustering methods (see Hartigan [1975]). Clus-
tering methods can be distinguished among others according to:
- the similarity criterion
- the objective function (e.g., the objective way be: maximize the similarity
within clusters, minimize the similarity between clusters, or employ some
mixed objective)
- the way in which clusters are combined (hierarchical versus non-hierarchical).
In this paper we will only deal with the first mentioned feature: the similarity
criterion,

When the aim is a clustering of ordinally measured variables, it is not

difficult to find a similarity criterion. Kendall's rank correlation coeffic-
ient defined in (2.5) is a good indicator for the interdependence between two
variables, that is closely related to the notion of similarity between two
variables, When a cluster C consists of more than two variables, an adeguate
similarity iudex (based on the rank correlation coefficient) is:

s(C} = min T, (4. 1)

jgj‘EC ]Sj'

Thus, s{C) indicates the minimum correlation between all pairs of variables
in cluster C.

Serious difficulties arise when the aim is a clustering of individuals

on the basis of ordinal data. This is clearly exemplified by the folliowing

data matrix, desecribing the outcomes of two variables for four individuals:

It is tempting to state that in (4.2) the first and second individual are
better candidates to form a cluster than the 2-nd and 3-rd individual, since
2

.? (le - xj2) < ? (xj2 - Xj3} (4.3)

This numerical operation with ordinal data, bowever, may lead to falue con-

clusions. For instance, suppose that the underlying cardinal values were:

10 60 85 100
X = (n.m)
95 1060 90 10
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a cluster between the 2-nd and 3-rd individual should be preferred. Obviously
tile root of this problem is & mis-interpretation of the ordinal data matrix X.
In the present section, we will show that it is yet possible to draw
certaln conclusions about clusterings based on ordinal data, although in mest

cases the conclusions will not be strong, as the distance metric (4.3) has
only a limited relevance. A discussion of distance properties of multivariate
techniques (inter alia in the case of qualitative variates) can be found in
Gower [1966].

Congider a pair of individuals (i,m). Let s(i,m) denote the similarity

between 1 and m. Then the following statement is in accordance with an ordinal

il

matrix X (§&,‘§2, veey EI) :

if x, <« x < x then : s{i,m) > i,mn and
<X, X, » then (i,m) > s{i,n) 0

(4.5)
s(m,n) > s(i,n)

Thus we arrive at an ordinal similarity measure.

It is pot difficult to prove that this measure has the following properties:

reflexivity :os(i,m) > s(i,m}  V (i,m)
transitivity : if s{i,m) > s(1,n) and if s(1,n} > s(k,r} ,

then s(i,m) > s(k,r) V¥ (i,m}, (1,n), (k,r) .

[t cannot be preoved that this measure is complete, however. Completeness

would mean that for all combinations of pairs (i,m}, (1,n) either s(i,m) >

s(1,m) or s(i,m) € s(1,n); in other words, it would imply that it is possible

to indicate for all combinations of pairs which of either pair is most similar.
We will illustrate the similarity measures s(i,m) by means of the matrix X

in (4.2). An incomparable combination of pairs will be denoted by u. In Table 2

Wwe represent the results of 3 combination-wise comparison of the similarity

index for all pairs of individuals.
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(1,n)
(i,m) (1,2) (1,3) (1,4) (2,3) (2,4) (3,%)
(1,2) | = u u u u u
(1,3) u = > u u u
(1,4) u < = u u <
(2,3) a u u = > u
(2,4) u u u < = <
(3,4) u u > u > =

Table 2. Results of a combination-wise comparison of the similarity

index s (.,.) for the pair of altermatives (i,m) and the
pair (1,n)

The table clearly shows that most of the combinations are incomparable.
We illustrate its meaning for the clustering problem by means of the second
row. This row implies that a necessary condition for a common membership by
individuals 1 and 4 of the same cluster is, that also individual 3 is a
member of that cluster. Thus, the information contained in this row implies
that a clustering such as C; = {2,3} and C, = {1,4} is not consistent with
the ordinal data matrix X.

It appears, however, that in general several clusterings exist which are
in accordance with the information of the type of Table 2. For example, when
we consider the ways in which two clusters can be formed that are consistent

with Table 2, we arrive at:

1. Cl = {1,2} 02 = {3,u}
2. ¢ = {1} c, = {2,3,4}
3. ¢, = (2} ¢, = {1,3,u4} (4.6)
b ¢ = sl c, = {1,2,3}
We conclude that we need an additional critericn to reduce the number of

. . s - . m
feasible clusterings. One positive way is to use the median x a5 a reference

_point. For example, when J = 2, we arrive at Y4 possible clusters:
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.= x| = > xm}
1 — — ——
C. = {x1=x < X"}
5 X X X
(4.7)
m m
= <
C, x 1 X2 %, X x2}
- m m
¢, T lxix < x ., ox 2 %)

When (4.7) is applied to (3.2), we find:

C,=C, =6 ,C4= {1,2} , ¢, = {34}

which is one of the feasible clusters in (4.6).

It is not difficult to show that a clustering along these lines is always
in accordance with the information contained in Table 2 (and hence with (4.5),
irrespective of the number of variables J, the number of individuals I, or the
number of reference points used (e.g., in addition to the median one may also
use the quartile positions). The proof reads as follows:
A general way to describe an arbitrary cluster in this situation is:

CPS - {_}E ‘ 51‘

<x <x°} (4.8}
where E% and 5? are vectors with reference values.

Condition (&.5) states that, when Xs £ 2. < x and when individuals i and

n are in the same cluster, alsc individual m should be in that cluster. This
condition is satisfied by (4.8), since when x. € ¢ and %z € ¢, (4.8)

implies that also X € s,

We may conclude that given an ordinal data matrix X, clustering of
viriables is not essentially different from a situation with cardinal data.
The cliustering of individuals is more difficult with an ordinal X, however,
We proved that a consistent clustering can be achieved by using reference
points (such as the median). Of course, the cluster results depend on the

reference points used.

Principal Component Analysis

. Introduction

The aim of principal components analysis is the representation of J

variakles by a smaller number of variables (called components) with a high
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degree of accuracy. When the data matrix X is cardinal, this can be achieved

as follows. We describe X ag a series of J row vectors : gi, censy 5& .

Then the first component p' has to be determined such that the difference
between each 5% and a; p' is as small as possible. The factor ay is a scaling
factor to allow for the fact that the J variables can be measured in different

dimensions. Thus the first component p can be found by solving:

min ! X X (x,, - a.p.)2 (5.1)
a i M 73
j’ Pi

This means that the matrix X consisting of I J parameters is approximated by

the matrix a p' , based on I + J parameters.

The second component can be found by repeating this procedure for the
data matrix consisting of the errors remaining after the first step. In general,
component n is based on the errors remaining after step n - 1.

Principal component analysis is also a widely used tool in quantitative
geographical research, so that it is extremely interesting to explore the

possibilities of ordinal principal component techniques.

Ordinal Approaches to Principal Component Analysis

Is it possible to extract components when X is ordinal? We will discuss

several proposals all dealing with the extraction of one component.

1. Kendall [197¢] proposes to base the components on the I sums of the elements

in the columns of X. Thus, first one calculates:

s; = §xji i=1, .o, I (5.2)

Subsequently the I individuals are ranked according to the Sy

Tor example, when St is set equal to I, etc., Kendall proves that this pro-
cedure yields the maximum average correlation (of the Spearman type) between
the rankings in ¥ and the component. Thus by means of this procedure we

maximize:

Cafp=

X ooy (5.3)
]

where 05 is the Spearman type correlaticn between the component and
variable j. This component is very easy to compute, and Kendall [1975]

shows an application of it for an analysis of crop productivity in various
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countries. He reports that there was a striking agreement between the first
principal component based on cardinal data and the component based on

(5.2) for ordinal values being in accordance with the cardinal ones.

Yet, there is a weak point in this approach. It can be illustrated by

means of the following data matrix:

1 2 4 3
X = (5.4.)

In this case the column sums are all equal, which means that the component
consists of equal outcomes for all individuals. This is a strange result
when we realize that in (5.1} the scaling factor aj may be positive as well
as negative. Following the lines of (5.1) we should conclude that in (5.4),
(1 24 3) or(4 31 2} would be perfect components, since they do not give
rise to any remaining errors.

In more general terms this cbjection against (5.2) can be formulated
as follows:
criterion (5.3) is not meaningful, as it ignores the possibility of negative

correlations. Better criteria would therefore be:

max ! i lo. | (5.5.a)
J T
]
or:
max ! ‘% T 0.2 (5.5.b)
3 ]

It is not difficult to see that these criteria - when applied to (5.4) -
yield the desired outcomes. It is important to note, however, that there
is no straightforward way to determine the solution of (5.5.a) or (5.5.b),

as was the case with (5.2).
. Another approach discussed by Kendall [ 1970 ] is based on a special hierar-

chical frequency of ordinal outcomes. This will be illustrated by the

following X matrix:
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(5.6)

>
1]

B s

4] [FV I

[aey = e

FooOE

This method uses the number of variables with outcome I, I - 1, sequen-
tially etc., obtained by each individual. For example, individual 4 will
receive rank 8 since it includes two outcomes 4 in its column. Individual
1 will receive rank 3 since it has the other outcome 4. Further, the
second individual gets rank 2 since it has two values equal to 3 and rank
1 is for individual 3.

Kendall dismisses this approach, however, since it is not self-
consistent. This can be seen when the same procedure is followed, but now
starting with the value 1. It is easy to see that a rank order is achieved
which is different from the order when we start with value 4. This is ob-

viously an unattractive property.

Another approach, suggested by Ehrenberg [1952], is to base a component on
the number of variables in regard to which individual i is ranked higher
than i'. It is interesting to note the similarity between this idea and the
principle of majority voting between pairs of alternatives. Indeed, the
problem of deriving a common component from a series of rankings is very
similar to the problem of finding a social welfare function based on a
series of preference relationships. Arrow [1951] has shown that such an
aggregation of preferences is only possible under rather restrictive
assumptions.

A well-known illustration of the difficulties in this respect is based

on the following ranking of three alternatives i by three percons j:

{5.7)

w

1]
L O
W = M
= K W

When majority voting is used to select an aliternative from the pair (1,2},

alternative 2 will be chosen. Voting between altermatives 2 and 3 leads Lo
the gelection of alternative 3. Voting between alternatives ! amd 3 leads
to the selection of alternmative 1. The aggregated preference relation ob-

tained in this way is intransitive (cf. Section 4) which is obviously un-

satisfactory.



5.3,

_25_

We conclude that this third approach will give rise to the same
problems as in social welfare theory. Up to now there has not been much
progress in solving these problems. Therefore, this approach is not very

promising, unless less restrictive assumptions are being made,

4. The last approach is related to the proposals in (4.5}, but instead of
Spearman's correlation coefficient it uses the Kendall approach. Thus the
component has to be determined such that a maximum is attained for one of

the two following criteria:

1 =
= & I, {5.8.a)
JJ|J|
or
l): 2
= < T, (5.8.b)
J 3 ]

For the moment, our conclusion is that especially the (adjusted)
first method and the fourth method may provide a meaningful appreoach to

ordinal principal component analysis.

Related Technigques

At the end of this section, we will alsc pay some attention to canonical

correlation and partial least squares, since these methods are cleosely related

to principal component analysis {(ef. Kendall [1975] and Wold [19791).

The aim of canonical correlation analysis is the determination of com-
ponents from two data sets Xl and X2 such that the correlations between the
components are as high as pegsible. Partial least squares can be conceived of
as a generalization of canonical correlation analysis since it deals with the
analysis of correlations between components derived from more than two data
sets,

We will illustrate for canonical correlaticn analysis how it can be
carried out when Xl and X2 are ordinal. Let the number of variables in Xl and

X2 be J1 and J2 respectively. Then the components Py and p, are the solution of:
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1 ) l ¢
! = T3 + = T, + |t 5.7.a
max tF Flny e g Ty ng b el (5.7.a)
or
1 2 1 2 2
mx ! = & 13 + = ; TS + 7T (5.7.b)

In these formulations, Tl 5
;]

components 1 and 2.

Further, Tj and T, denote Kendall's correlation coefficient between component

1 2
1 and variable jl for 1 = 1,2 , respectively. It should be noted, that in
(4.9) an equal weight is given to the correlations internal to an Xy and the

external correlations between the Xl's.
In conclusion, ordinal principal component techniques may find fruitful

applications in geographical research.

6. Conclusion

We conclude that it is in principle possible to develop multivariate
methods for ordinal data that are related to corresponding methods for
cardinal data without making mis~interpretatioms concerning the character
of ordinal data. The methods developed in this paper show the power of soft
econometric methods in regional and urban modelling. Clearly, this field has

to be explored much further, For example, in further elaborations more attention
has to be paid to:

- statistical properties of thé ordinal data methods (see also McCullagh, 1980)
-~ gtatistical tests related to the methods

~- computational aspects

- the occurrence of ties

- the possibility that part of the variables are ordinal and others are

cardinal.

An important question concerning the newly developed methods is whether
they give rise to outcomes that differ much from the outcomes of methods based
on cardinal data. In order to test the sensitivity of the results, it is meaning-
ful te perform both a cardinal analysis and an ordinal amalysis to the same data
set, in which the data in the ordinal analysis are obtained from an ordinal

transformation of the original cardinal data base (see Tigure 1.)

denotes Kendall's correlation coefficient between

4y
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cardinal statements about
a. {cardinal datal = multivariate| = the structure of
methods ' Fthe data
ordinal statements
b. |cardinal data|] = ordinal data| = |multivariate| - |about the
methods structure
| of the data

Fig. 1. Input-output schemes for multivariate methods.

In these cages one may analyze the ordinal data matrix of which the cor-
responding cardinal values are known. Then we_will bé able to compare the
specificity of the outcomes of ordinal and cardinal me?hods.

This compariseon is alse important for several fieldé of research or
decision-making where ordinal data are already used as a source of infor-
mation (e.g. certain multiobjectife decision methods). We expect that ordinal

Jata techniques may have important side-effects on various numerical methods

in spatial analysis.
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