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Abstract

This paper deals with the problem of minimizing a function that exhibits the special structure
of a (passibly nonlinear) sum of squares over a Riemannian differentiable manifold. Well-known
minimization algorithms to handle similar problems in the (standard) Euclidean case are the
methods of Gauss-Newton and Levenberg-Marquardt, which latter method may be regarded
as an eXtension of Gauss-Newton. Since any differentiable manifold can be covered by an atlas
of charts of local coordinates, an obvious approach towards this problem consists of applying
forementioned methods to all relevant charts individually.

Recently, it has been shown ([14, 31]) that the Gauss—Newton method proceeds virtually in-
dependent of the choice of local coordinates, which property makes it especially suited for
application to the problem studied here. The method of Levenberg-Marquardt in its present
form (cf. [7, 27)) is not coordinate free, however. This is unfortunate, becanse when restricting
to just one chart of local coordinates the Levenberg-Marquardt method often is superior to
Gauss—Newton, as it can handle situations where Gauss-Newton breaks down.

In this paper we resolve this situation by constructing a “Riemannian” version of the Levenberg-
Marquardt algorithm, i.e., a version acting on a Riemannian manifold in a coordinate indepen-
dent way. Our motivation for this research stems from the field of sysiem identification, and
therefore we have applied it to some test problems of that type. These are described in a
companion paper [29].

*This research was carried out as part of NWO research project 611-304-019.
t Address: Free University, Department of Economics and Econometrics, De Boelelaan 1105, 1081 HV Amsterdam,
The Netherlands. E-mail: ralf@®sara.nl.
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1 Introduction

In the literature one can find a wide variety of algorithms for the (local) minimization of a function
defined on Euclidean n~space R®. Depending on the nature of the function to be minimized, some
algorithms are better suited for finding a local mimirum quickly than others, but there does not
exist such a thing as a “best” algorithm, useful to all applications. Various issues play a role in the
choice of an optimization method. These include the size of the problem (the number of variables),
the nature of the function {quadratic, convex, etc.), the ease and cost of obtaining function values,
first and second order derivatives, etc. In practical implementations also the algorithmic complexity
plays a role, but we shall not go into that here.

In the present paper we are interested in the situation where the function to be minimized is a (pos-
sibly nonlinear) sum of squares, defined over a Riemannian manifold. If the domain is Euclidean,
which is the standard case, there exist algorithms exploiting the sum—of-squares structure of the
function. The most well-known such algorithmn is the Gauss-Newlon method, of which several vari-
ants exist. Its “standard” version {involving no step—size controlling parameter) exhibits superlinear
convergence under certain conditions, (cf., e.g., [7]). However, this method may fail to converge if
those conditions are violated. Then, introduction of a step—size controlling parameter {with various
possible strategies for operating it) provides a way out In most cases, but usually at the cost of much
slower convergence. Additional problems arise in situations where the Gauss-Newton approxima-
tion to the Hessian of the function is (almost) singular; these cannot be handled satisfactorily. (Cf.
[7, Ch. 10}.)

A second way out of these problems is provided by the so-called Levenberg~Marquardl algorithm,
that can be viewed as a method that generates search directions by interpolating between those of
the methods of Gauss-Newton and steepest descent. In {27] an especially robust implementation of
this algorithm was developed, making it of the trust-region type. This implementation is discussed
in detajl in Sect. 2, while related issues and modifications are considered in App. A. It is the purpose
of this paper to give a strongly numerically oriented treatment, involving many details, so that an
actual computer implementation can readily be developed.

Our motivation for studying the Levenberg-Marquardt algorithm stems from the field of system
tdentification. There we are dealing with the problem of estimating parameters in order to identify
a model from available measurement data. Most available estimation procedures are based on the
concept of trying to minimize an associated criterion function that expresses the misfit of a candidate
model, Commonly used criterion functions often fall into the class of prediction errer criteria (cf.,
e.g., [24], [32]). The most popular one consists of the sum of squares of the prediction errors that
emerge when applying the available measurement data to the candidate model with the objective
of one-step—ahead prediction of future outputs. One can get to this criterion in various ways, e.g.
via the principle of maximum likelihood.

In many of these situations, the parameter space actually corresponds to only a parf of the set of
candidate models that one has in mind. Indeed, it is a known fact that various model sets that
are commonly being used, e.g. the sets of linear multivariable models of a fixed finite order n, do
not form Euclidean spaces, but differentiable manifolds instead. In the multivariable case it has
been proved that one cannot restrict to just ene continuous canonical form as it ¢an never capture
all candidate models {¢f. [15]). One therefore has to consider several structures instead, and their
related (psendo—)canonical forms, which provide a set of overlapping parameter charts for the differ-
entiable manifold under consideration. Smooth differentiable manifolds can always be endowed with
a Riemannian metric (¢f., e.g., [5]), and for this particular application several choices are discussed
in [13, 30). Thus, this application has led us to the study of minimization algorithms for functions
that are defined on a Riemannian manifold, covered by a set of overlapping coordinate charts.
This area has turned out to be quite undeveloped. What seems to be common practice is to apply
existing algorithms (that were developed for the Euclidean case) within a number of local coordinate
charts (each describing only a pert of the manifold). Such an approach is conceptually unsatisfactory
in the sense that it generally introduces dependence of the resuiting iteration path on the coordinate
charts being used — even when applying the same minimization method to every chart (cf. [28]).
Additionally, this approach may also cause problems that are not inherent to the structure of the
function being minimized, but rather due to an inadequate choice of local coordinates.




Some work has been done, however. In, for instance, [11, 22, 23, 25}, one can find what we will
call “Riemannian” minimization algorithms, i.e. algorithms acting on a Riemannian manifold in a
coordinate independent way. In particular there exist Riemannian versions of the steepest descent
method, (quasi-)Newton methods and conjugate gradient methods. Initially, a basic obstacle for
developing such methods lies in the fact that for a function defined on a differentiable manifold its
Hessian is only defined in a coordinate independent way at critical points. In the case of Riemannian
manifolds, however, it turns out that one can use geodesics (being the counterpart of straight lines
in Euclidean space) as a basis for redefining the Hessian in a coordinate free way everywhere. (As a
matter of fact, one then resorts to the use of so—called normal coordinates.) We remark that recently,
the use of Riemannian geometry is being investigated within more areas in the field of optimization,
such as linear programming, ¢f., e.g., (18, 17].

Other related work of interest, more specific to the application we have in mind, is [12], where a
Riemanntan version of a recursive Gauss—Newton system identification procedure is studied. Also,
with respect to nonlinear least squares problems it has recently been shown that one can interpret
the Gauss—Newton algorithm as a Riemannian steepest descent minimization method with a certain
self-induced (local) Riemannian metric, see [14, 31]. These results provide another incentive for the
research of the present paper.

The main subject of this paper is the construction of a Riemannian version of the Levenberg-
Marquardt method, which will be treated in Sect. 3. It can be regarded as an extension of the
Gauss-Newton method (just as in the Euclidean case) and it gives a conceptually elegant basis for
the use of “scaling strategies” that can yield better results than the ones introduced in [27] (cf.
App. (). Additionally, it also supplies us with a geometrical interpretation for the shape of the
trust-regions.

In a companion paper, [29], this method is applied to a few simulated system identification prob-
lems, such as briefly sketched above. Efficient implementation of the Riemannian algorithms in these
cases, involving large amounts of data, asks for an alternative organization of certain calculations;
these are discussed in App. B.



2 The standard Levenberg—Marquardt algorithm

2.1 Problem statement

We are concerned with the following problem. Suppose we are given a criterion function ®(x),
which is a sum of squares of possibly nonlinear functions fi(z), i = 1,...,m. We are interested in
finding a (locally) minimizing argument for $(z), say z.. Let us introduce the following notation
and terminology. Let

o) = 3 f @I = 3 Y@ 21)
i=1

where f : R® — R™ denotes the residual mapping, with corresponding coordinate functions (the
residuals) f* : R® = R, (i = 1,...,m), and where || - || denotes the Euclidean norm (in R™). !
For reasons of convenience when comparing to Newton’s method we assume f to be at least {wice
continuously differentiable, though the Gauss-Newton and Levenberg-Marquardt algorithms can
be constructed equally well if f is only once continuously differentiable. The associated Jacobian
mapping is denoted by J : R® — R™*” and defined in each point z € R® as

U(z) - (=)

Ui(z) - Ul(z)

We adopt the notational convention that coordinates {and coordinate functions) are indexed by a
superscript, whereas quantities changing every iteration are indexed by a subscript &, denoting the
iteration number.

2.2 Outline of the Levenberg—Marquardt algorithm

As indicated in the introduction, to solve this nonlinear least squares problem numerically, one can
apply the method of Gauss-Newton (GN), cf., e.g., [7, 31], or make use of an exiension of this
method, known as the Levenberg-Marquardt (LM} algorithm. Below we describe a well-known
robust implementation of this method, as first described in [27]. In Figure 1 a flowdiagram of this
algorithm is given. We shall discuss each of its steps in more detail.

ALGORITHM (Levenberg—Marquardt)

STEP I

Initialize all variables. Set iteration counter k£ = 0.
STEP II

Increase k to &+ 1. Calculate a GN step (i.e., a LM step corresponding to A = 0).
STEP III

Test if the GN step lies inside the trust-region.
If not so, then apply “subalgorithm A” to determine an acceptable LM parameter Ay > 0 for
which the resulting step lies approximately on the trust-region boundary.

STEP IV
Calculate the performance py, defined as the ratio of actual to predicted reduction of the
criterion function value. This yields a measure of the validity of the linearization of the
residual mapping in the proposed direction.

In our applications of the Levenberg-Marquardt algorithm in [29] we shall mostly be dealing with situations
where m is much larger than n. In the present description, however, there will be ne such asswmption: the algorithm
applies equally well to the case where m < n. But in the latter case one must be aware that the Gauss-Newton
approximation to the Hessian of & at = will always be singular.
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Figure 1. Flowdiagram of the Levenberg-Marquardt algorithm, according to Moré’s trust-region
implementation.



STEP V
Test if convergence has occurred. For this one can use various numerical criteria, e.g. Moré’s
or Marquard¢’s,
If s0, proceed with step VIII, else continue with step VI

STEP VI
Update the trust-region size Ay, using pg.

STEP VII
Decide on the acceptance of the proposed LM step, according to the following rule.
If pp > 107 then accept the proposed step and proceed with step II (i.e., a new iteration).
If pr < 1074, the trust—region size will just have been decreased in step V1. Therefore, skip
step Il and proceed with step 111 to find a better value of A > 0.

STEP VIII
Calculate and display the final results. Stop the algorithm.

2.3 Detailed description of the steps in the LM algorithm

The original description of the above implementation of the LM algorithm is given in [27]. However,
we have found that in that paper there are several unclarified issues and inaccuracies. In order to
address and correct these we give a detailed account of all steps in the algorithm. This then also
provides us with the necessary background for quickly developing a Riemannian version of Moré’s
trust-region implementation (see Sect. 3). Moreover, it enables us to come up with new insights
concerning the various scaling strategies involved.

Ad step I — Initialization.
The initialization involves the choice of a starting poinf xg € R™ and an initial {rusi-region
of ellipsoidal shape, consisting of all points #¢ + p for which ||[Dpp|] € Ay where Dy is a
nonsingular n x n matrix and Ay a positive scalar. All of these must be user supplied, and
good choices will depend on the specific problem at hand.
Moré advises to choose Dy = diag(d}, ..., d}) with d}, = ||§£:(a:o)||, with the aim of improving
numerical scaling. Subsequently he proposes three different ways for updating Dy (see step
VII). An obvious alternative is provided by choosing Dy = [ for all k. This implies that one
accepts the scaling corresponding to the choice of basis that is implicit in the coordinates being
used. Other choices are conceivable; as a matter of fact we shall make a well-motivated third
proposal in our extension of the algorithm to Riemannian manifolds (cf. Sect. 3).
For fixed Dy the value of Ay determines the size of the initial trust-region. One can choose
Ag = 1, since an inadequate initial size of the trust-region will generally be adapted fairly
quickly. Notice that the trusi-region size influences the acceptance of a GN step and also the
determination of a LM step with A; > 0. Therefore, the choice of Ay has influence on the
iteration path.
Yet another quantity to be initialized is the flexibility facler o € (0,1). Moré proposes to
choose ¢ = (1.1, which we also have found to be satisfactory. The inferpretation of ¢ is as
follows. When calculating an LM step, which is in principle required to lead us to the boundary
of the trust-region, we express by our choice of o that we are going to accept also steps for
which [|Dipe|l is not exactly equal to A, but lies in the interval [(1 — o)A, (1 + 0)A].
Further, we must chcose some tolerance levels, X, and Fy,, that are of importance for
detecting convergence {see step V). Following [27] we set X1 = Fior = 1075,
Finally, we set iteration counter £ = 0 and calculate residual vector fi = f(xz) as well as its
corresponding Jacobian matrix J, = J{z;).

Ad step II — Gauss—Newton step.
At point 7 the residual mapping can be linearized, yielding

flze+p) = fe + Jep + O(|lpll*) (2.3)



Thus, minimization of ®(z; + p), being equivalent to minimization of || f(zx + p)i, can be
approximated locally around z; by the finear least squares problem of finding a minimizer of
Hfi + Jip|| (or equivalently of {{f; + Jip[[?). This approach is known as quasi-linearization.
Let us denote

Px(0) = arg min {|fe + Jeplf? (2.4)

As is well known, in case of J; having full column rank n, vector pg(0) is unique and identical
to the step calculated in the (undamped} GN method {cf., e.g., [7]}). In this case it is given by
pe(0) = —=(JT J)~1JT fi. However, in situations where J; does not have full columnn rank n
(as will always be the case for m < n) the GN method breaks down. Then matrix JT Ji is no
longer invertible.

Nevertheless, the approximating linear least squares problem above still admits a solution,
albeit no longer a unique one. In Moré’s approach a particular solution is calculated, ap-
plying QR-decomnposition with column pivoting to J;. Such 2 QR~decomposition can be
accomplished numerically stable, using Householder transformations. We proceed along the
following lines.

¢ Apply QR-decomposition with column pivoting to Ji, yielding matrices @z (m x m,
orthogonal), 7 (n X n, permutation and therefore also orthogonal), T (ri X r¢, upper
triangular, nonsingular), Si (r X (n — rz}) satisfying:

T, S
J;,:QI(O" 5)«3‘ (2.5)

where rp denotes the rank of Jy, and the zero matrix blocks are of appropriate size.

o Construct a generalized lefi-inverse J of Ji, of size n x m, as follows:
- ! 0
Je =m ( O o )Qk (2.6)

If rp = n then J; will be a true left-inverse of Ji. In any case will hold J,J. Ji = Ji
and JiJ; is symmetric. However, for square, rank—deficient J; one must be aware that
Jg isin general not equal to the Moore-Penrose pseudo-inverse J;* (cf. App. A).

¢ Calculate the GN step pz(0) via

Pi(0) = =J5 fi (2.7)

In case ry = n this is the standard GN step. Otherwise it still is a step minimizing the
approximating linear least squares criterion.

Lemma 2.1 Vector pp(0} oblained by the procedure ubove yields a minimizing argumeni of
Wep + fell.
Proof We have that

2

2="( :3 ng )“{P+Qkfk

(T Sk )aTp il + fewlf?

Mep+ fell? = |QT ( ;3‘ Sg )w{p+fk

Te S T 1,
(5 5 )m+(r)

where the second equality follows from the orthogonality of @i and the third equality is
Uz

motivated by the definition = Q¢ fi, with u; an rg—vector and v an (m — rg)—vector.

Now, it is clear that the second term of the remaining expression remains uninfluenced by the
choice of p. Furthermore, the choice p = 5;(0), as calculated above, reduces the first term of
the remaining expression to zero. Therefore, 5 (0) minimizes ||Jep + f2l]>- m



In case r; < n this minimizing vector §;(0) is nonunique. In App. A we show that the set of
all minimizing vectors is given by the affine space {x(0) + s& | s& € ker(Ji)}. There we also
show that among this set there is a unique element for which ||Dyp||? is minimal, which we
shall denote by p;(0). In view of subalgorithm A, discussed in the comments to step 11l and
more extensively in App. A, it is of importance to take p;(0) as the GN step.

Ad step III — Levenberg-Marquardt step with A; > 0.

We consider trust-regions of ellipsoidal shape, that are described at iteration k by the set
{z& + p|)|Dep]] < Ar}. It is our policy never to accept steps that lead us outside of a trust- y
region.
Because of the superlinear convergence property of the standard (undamped) GN method
under certain conditions, see for instance {7], it is in general advisable to exploit GN steps
when they are acceptable, i.e., when they lead to a sufficient decrease in the criterion value.
Thus, we start step 111 of the algorithm by testing whether the GN step pi(0) lies inside the
trust—region. If this is so, we set A; = 0. If not, we proceed as follows.
In this latter situation, the idea due to [21] is to minimize simultaneously the approximate
criterion {{Jxp + fx||? and the size of the incremenis |[p|[?, where || - ||. denotes some norm
on R” {not necessarily the Euclidean). In the present lmplement.atlon the purpose of matrix
Dy is to shape the trust-region, which can be viewed as adopting the norm {|p||. = ||Dxpl|.
Apart from choosing the norm || - {[. we have to balance both objectives, which is achieved
by introducing a Levenberg-Marquardt parameter A > 0 and restricting to the combined (i.e.
LM) criterion

[17p + fell* + M| Deplf? (2.8)

Clearly, in case A = (0 we are dealing with our original (approximate) criferion, whereas any
larger value of X restricts the size of the optimal step.

A minimizing vector p for the above criterion will be denoted by pp(}), in agreement with
our earlier notation pg(0). Due to the nonsingularity assumption on Dy this LM criterion will
have a unique minimizing solution for A > 0. The remaining question is of course how to
choose an appropriate value Az for A. In Moré’s trust-region approach the idea is to choose
At such that the resulting solution pi(A:) hies on the boundary of the trust-region. Thus, the
step pp is determined via constreined oplimization of the approximate criterion ||Jip + fil|*
over the trust-region, leaving for A; the interpretation of a Lagrange multiplier. For the sake
of keeping the computational effort to find A; small, Moré introduces a “flexibility parameter”
o with respect to the trust-region size. We then shall accept Ay if ||Dipp(Ai)|| lies in the
mterval [(1 — o)A, (1 + 0)Ag].

An appropriate value for A, is now found using an iterative scheme, originally due to [16]
and speeded up in [27]. We refer to this procedure as “subalgorithm A" and it is discussed
extensively in App. A. But here we first address the problem of calculating pi(A) for a given
positive value of A, thereby exploiting the results of the computations for the GN step.

Calculation of pi(}) for given A > 0.

First of all, notice that the problem of mintmizing the LM criterion (2.8) is equivalent to
the problem of minimizing the linear least squares criterion

"( \/:\1,}3:: )p+( {; )ﬁ 2

Therefore, in view of the comments to step II, we have that: (a) the problem can be
solved using QR-decomposition with column pivoting; (b} its solution is unique, due to
the nonsingularity of Dy and the fact that v/X is strictly positive so that full column rank
occurs; (¢) pe(A) = —(JT T + ADT D) VIT fi.

It turns out that it is possible to make use of the information earlier obtained in step II

(2.9)



while calculating the solution to the present problem. Indeed, it was shown in the proof of
Lemma 2.1 that minimizing ||J.p + fi)|? is equivalent to minimizing | ( T Sk }7ip+
ugl]2 + ||vx||?. Therefore we can just as well consider

2
T S 7 up

( \/XD;,‘JI’;, )wt'p-}. 0

Premultiplication of the last block-row in the first term by any n x n orthogonal matrix

does not change the criterion value. Moré chooses matrix #7 for this purpose, motivated

by the fact that his matrices [} are diagonal, in which case frg'Dkn is diagonal also.

Further, we can omit the second term because it is independent of p. So we arrive at the
following expression for the criterion to be minimized:

W T S¢ \.r ug

:‘ ( Dy )P
where Dg(z\) = \/X'Jfk Dk M.

It is important to notice that the sizes of the matrices and vectors in this final expression

Te S Vo, . Ui .

Di()) is of 5fze (n+re) X n and o Jisan
(n+ri)—vector, with v, € n. This implies a large reduction of required computer memory
space for data storage in case m is much larger than n, as compared to the more naieve

+ Jluel? (2.10)

2

(2.11)

are independent of m. Matrix (

approach where matrix ( \/:\_h}.) ) is dealt with explicitly.
)

The actual computations now proceed along the following lines.
e Calculate matrix Dg(A) = \/X':rk D7y,

¢ Using Givens transformations, which are erthogonal, construct an orthogonal (n +
7 ) X (n 4 r) matrix W(A) such that

T S _ r{ Ri(A)
( ) ) = W (W) ( 7 (2.12)
where Ri(}A) is an n X n nonsingular, upper triangular matrix.
wi(A) - up
¢ Define ( () ) = Wk(z\)( 0 )
» Calculate the LM step as

Pr(A) = =T R (M) T (A) (2.13)

Lemma 2.2 Vector pi()), calculated via the scheme above, minimizes the LM criterion

(2.8).

Proof We can write
(563 )t (] = [mor (%67 ) ()

S[R3 =[50 e ()
=N|Re(Nrip + we (P + ll2e NP - (214

2

Obviously, the choice p = pp(X) is the unique vector reducing the first term of the latter
expression to zero, whereas the second term is independent of p. m}



Subalgorithm A: determination of an acceptable A > 0.

In order to determine a value for A for which the LM step pp(A) lies sufficiently close to
the boundary of the trust-region ||Dip}l < Ag, we introduce a function ¢; : Ry — R,
defined by

di(a) = || Depr(a)]] ~ A (2.15)

It is clear that, for o > 0, pr(c) lies in the acceptable interval [(1 — ')A, (1 + O‘)Ak} if
and only if |¢r(a)| < cA.

In case ¢x(0) < 0, the GN step lies inside the trust-region so that subalgorithm A is
not needed. We can therefore restrict ourselves to the case ¢(0) > 0. In App. A we
prove that in general ¢ is a strictly monotonically decreasing convex function on R,
tending to —A; < 0 as & tends to infinity. This implies that there exists a unique value
o* for which ¢;(a”) = 0, i.e. pp (") lies on the boundary of the trust-region. Moreover,
we can apply the Newton—Raphson method to approximate this value of o with second
order rate of convergence. Due to the convexity of ¢ the Newton—Raphson iterate will
always yield a lower bound to the optimal value. As pointed out in [16] it is possible
to develop an alternative iterative scheme that is much more efficient than Newton—
Raphson. This scheme exploits the expected (approximate) structure of ¢r(-) and has
quadratic convergence properties too. However, it has to be safeguarded by the use of
upper and lower bounds on the iterates if it is to converge. Moré developed a modification
to Hebden’s original method so that it generally will find an acceptable value of o more
quickly. Actually, Moré claims that on the average less than two iterations are needed
in practice, something that agrees with our own experience. A proof of convergence of
subalgorithm A can be found in App. A.

SUBALGORITHM A (Hebden—Moré)
STEP A-I Initialization and first iteration.
Set subiteration counter £ = 0 and let ag = 0.
If rp = n, calculate (o) = || Depe(0}]]| — Ar and ¢1(0) (see step A-TIV).
Set lower bound by = _%’:%21 If 7 < n, set lower bound by = 0.

Calculate upper bound uby = HJ"D ) il . (See App. A for a validation.)

Set agq1 = max{10=3uby, /Tbr uby ) m otder to obtain an estimate in the open inter-
val (Ib,t,ﬂbt).
Set £ = 1. Calculate ¢x(ae) = | Dppr(ae)ll — Ar and ¢i{ay) (see step A-IV).
STEP A-II Test of convergence and adaptation of the bounds.
Test for convergence: if |¢i(ay)| < A, then stop this subalgorithm A.
Else, calculate a new lower bound using the Newton—Raphson scheme, i.e. set b, =
max(lby_1, a; ~ ::(351).
In case ¢i{a¢) < 0, adapt the upper bound via ub; = min(ubs_;,a¢). If not, leave
the upper bound unchanged, that is, set ub, = ub,.y.
STEP A-III Calculation of the next approximate.
To calculate a new iterate aey; the following formula is used.

drlae) + Ay («i’k(ﬂf:))
Ag ép (o)

If this procedure leads to a value of ars4; that is not inside the open interval (b, ub),
set aep1 = max(103uby, /Tby uby ).
Set £=£+1. _

STEP A-IV Determination of ¢;(a¢) and o} (o).
The calculation of ¢r{e,) follows from its definition: éy(e,} = || Depe{a)]] = 2w,
where pp(ay) should be calculated as discussed earlier.

(2.16)

X1 = ¢ —

10




Calculation of ¢} (a;) makes use of the following formula, established in App. A.

Rk(m)‘“T( T Dias(ae) )" (2.17)

Il ge (ae)l

¢ (ae) = —llge(ed)l

Here, ge(a¢) = Depe(od).

After calculation of ¢x(e¢) and ¢} (az), proceed with step A-11.
In this subalgorithm the choice of ayy1 inside the open interval (Ibe, ube) via ary1 =
max(10~3ube, /T, ub; ) is based on the heuristic that one wants an iterate that is biased
towards Ib,, whence the second argument. The first argument is present to protect against
exceedingly stall values of lb, in particular against the initial value by =
On leaving subalgorithm A, we set A, = oy. The LM step, vector p, is set to pp = pr(Age).

Ad step IV — Performance p;.
Computation of the performance p; is organized as follows. By definition we have that
(zx) — Blzr + pr)
®(xi) — )| + Jemeil?

Pr = (2.18)

which can be rewritten as

- ()’

pr = - (2.19)
(“kak“) + (m"D;:.,ﬂ)z
where f; ;. denotes f(zi + pi).

As pointed out in [27], the advantage of this last formula is that it prevents us from generating
unnecessary overflows when calculating p;. Since we are only interested in values of p; that
are nonnegative (see step VI), we can set p; = 0 in case ||fi 4[| > f:ll.

The interpretation of g, is obvious. If p; = 1 this means that the linearization applied to f(-)
is almost exactly valid for the step p; at zy. For larger values of p; it shows that the decrease
in ®(-) is even more than expected. In those cases the trust-region can be increased, showing
that we expect the linearization to be profitable in a larger area than was currently the case.
However, for smaller values of p (and especially negative ones) we see that the linearization
is not justified for the step p,. This implies that we should decrease the trust-region size.

Ad step V — Convergence detection.
There are several ways to test on numerical convergence. Marquardt’s test [26] consists of
checking whether for all { = 1,...,n we have that

I} < 107*(je} ) + 107%) (2.20)

If this is indeed the case, then this means that the absolute values of the increments with respect
to all coordinates are relatively small, compared to the absolute values of the corresponding
coordinates themselves, showing that further iterations are not likely to lead to substantial
changes in the approximations. Of course there is freedom of choice with respect to the factor
IO"“ The term 102 is added to protect agamst. situations where the optirmim has coordinates
i =0.

According to {3] this stopping criterion has worked well in practice, but tends to be somewhat
on the conservative side, allowing for more iterations than strictly necessary.

Another test for convergence is provided by Moré, and it is related to the trust-region approach
of this specific algorithm. It consists of checking whether one of two inequalities is satisfied.
These are

Ay £ Xeotll Dzl (2.21)
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and

7epell\ (| Depell 2
(uﬂn)*(“”*wm|)snd (2.22)

The first of these two reflects the desirable property that A; be relatively small (so that
the trust-region be small), compared to the norm of z;. This norm of z; is taken to be
llzxlls = [|Prz]], so that the components of z;. are weighted in a similar way as the components
of pi, when calculating a step. Of course, this expresses the fact that one wants the components
of possible future steps to be small, compared to the absolute values of the corresponding
components of z;.

The second reflects that the denominator of px be small, that is, the relative expected reduction
in the criterion value should be small. Of course, at a stationary point this quantity would
be zero. (One does not address the numerator of p because of its unreliability in case the
applied linearization is not valid.)

The choice of the tolerances X, and Fy, is up to the user. They should be such that, in
combination with the choice of Dy and Ay, the algorithm does not immediately stop after one
iteration, something that can happen when the initial trust-region is too small.

Our choice of stopping criterion is Moré’s. It has worked satisfactory in all of our experiments.

For a comparison between the performance of the criteria of Moré and Marquardt, see App.
C.

Ad step VI — Trust-region size updating.
The updating of the trust-region size, in particular of Ay, is based on the value of p3. As
explained under step IV, a value of p; approximately equal to 1, or larger, asks for an increase
of Ay, whereas a value close to 0, or less, demands a decrease. Therefore, assuming A; > 0,
Moré distinguishes between three situations.

Lo <3
The trust-region should be decreased. This is done by a factor that lies in between s
and % We denote this factor by gy, so that the updating formula becomes Ay, = g Ay
The exact value of u; is calculated in accordance with [8). The idea is to fit a quadratic
to the function 8;(.), defined at § € R by

5:(8) = ®(z1 + Opi) (2.23)

We require 8:(0), 8,(0) and 6:(1) to coincide with the corresponding values of the

quadratic fit. Then g is chosen as the unique minimizer of & (-). This is easily seen to

lead to the formuia .
27Tk

2
|- ()’
where 7, = £ T}E’,”" € [-1,0] is given by

_{Nepell\? 1Deel\?
“‘(uan)*(“ﬁuﬁu) (229)

Notice that v¢ is different from the denominator of g, since a factor 2 no longer appears
under the square-root sign.
In case these formulas do not lead to a value in the required interval we replace pux by
the closest endpoint. Obviously it is only necessary to perform calculations for || fi[[*> <
[ fie.4+ 117 < 20lfe ).

2 i<m<i.
In this case we still achieve substantial reduction in the actual criterion, albeit not as
much as predicted by the linearization of the residual function. Therefore we think an
increase of the trust-region size to be unjustified, whereas a decrease is still not necessary,
so that Ay is left unchanged: Az = Ay,

B = (2.24)
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The trust-region can be increased, since the linearization is apparently valid. This is
done by roughly a factor 2. We set Apyy = 2||Dipe|| = 24x.

We shall shed some light upon the situation where A; = 0. This means that the GN step
is accepted. But the GN method is known to have superlinear convergence properties under
certain circumstances, particularly when the linearization of the residual function is valid for
the corresponding steps. Therefore, we regard an accepted GN step as something special,
so that, if px > 1, we set Apyy = 2||Dipe|l. This strategy incorporates the possibility of
automatically decreasing A, as long as GN steps are accepted, so especially when GN is
converging. Notice that this is necessary for the algorithm to terminate if the problem has a
zero residual, in view of the first criterion of Moré for convergence.

In case p; < ;} we modify A in the same way as described above for Az > 0.

We conclude by remarking that of course the choice of the boundary values § and £ is in
principle up to the user, but they appear to work well. A similar statement applies to the
interval [{5, 3] for g, if o < 1. f

Ad step VII — Acceptance of a calculated step.
We have the policy of not adapting the shape of the trust—region, unless we have come to
another point zi4;. This point z;4, is found, after calculation of a step p, as

Tetl = Tk + Pi (2.26)

but we accept it only if pp > 1074, because then there is still some substantial improvement in
the criterion value. We use a strictly positive bound 10=% in order to avoid problems caused
by numerical round-off errors in case py == (.

In case pp < 1079, the trust-region size has just been decreased in the previous step VI, so
that new calculations may now turn out to be more successfui.

Adequate shaping of the trust-region is a subject in itself. As already mentioned in the
comments to step I, there are several possible strategies and the best strategy is most likely
to depend on the specific optimization problem at hand. Actually, Moré has compared three
different strategies ([27}) of which the following rule, the so—called adepiive rule, turned out
to be most successful. Here one puts

Dpy1 = diag(diy ..., dpyy),  with diy, = max(d}, | ) (2.27)

gf,’("'k+l)

However, this strategy is only justified heuristically, and particularly the fact that what Moré
calls the conilinuous strategy is inferior, makes the use of the present rule doubtful. This
continuous strategy is defined by putting

. v g a
Dgyq = dlag(-di-g-h---.dg“): with dy = ||3—£(3k+1) (2.28)

A third possible rule is called the initial strategy, where Dy, as specified in the comments to
step I, is lefi unchanged throughout the further algorithm.

These three scaling strategies share the property that they make the algorithm scaling invari-
ant, that is, if we transform to new coordinates by scaling in the old coordinate directions,
also the iteration paths will be scaled versions of each other.

However, we are the opinion that it is more safe, in some sense, to rely upon a fourth possible
scaling, implicit in the coordinates being used. This consists of applying a nenscaling strategy,
and choosing Dy = I for all k > 0. Of course, this requires from the user of the algorithm a
certain intuition about what are good and bad coordinates, but on the other hand we found
that application of this very strategy to the four test-problems treated in [27] (on which the
choice in favor of the “adaptive” strategy is founded) led to superior convergence behaviour!
This can be explained as follows, using a counter-argument against Moré's heuristic. The
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automatic scaling strategies {either “adaptive” or “continuous”) tend to put a heavy penalty
on those directions for which the function decreases rapidly. Thus, they not merely prevent
unreliably large steps in such directions, but they have a tendency to block the most profitable
ones. As a result, only small steps are taken. But there is no apparent need for such a strategy,
since the updating scheme for Ay is especially suited to handle such situations. In App. C we
present the results of cur own experiments, carried out with the four test-problems studied in
{27, supporting our point of view in the discussion above.

Another aspect of Moré’s scaling strategies is that restriction is made to diagonal matrices Dy,
which might be another cause of the “failed convergence” results in some of his experiments.
In Sect. 3 we discuss an alternative approach towards the choice of Dy that forms the basis of
our Riemaunnian version of the LM algorithm. There we translate the problem of determining
what is a suitable scaling to the problem of choosing an adequate Riemannian metric on the
manifold at hand. This will make the algorithm completely coordinate independent.

Ad step VIII — Final results.

Among the final results one could present, apart from the point x;, also the length of the
gradient and the value of Ay, as well as the number of iterations £ itself. Another thing in
which one might be interested is whether convergence took place via GN steps or if LM steps
were essential to reach the optimum.
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3 A Riemannian version of the Levenberg—Marquardt al-
gorithm

We shall now expose how the standard version of the LM algorithm, as described in the previous
section, can be modified to act on a Riemannian manifold in a parametrization independent way.
We start by introducing some notation appropriate for the new problem setting, mainly based on
(5]- : ,

Let M denote a {smooth) differentiable manifold of dimension n, with for each point p € M the
tangent space to M at p denoted by T,(M). Further, let R : To(M) x T,(M} — R denote a positive
2-form on M which defines a Riemannian metric. It is a key result in differential geometry that
each (smooth) differentiable manifold can be endowed with a Riemannian metric (cf..e.g., [5]).
Suppose (U, ¢) is a coordinate neighbourhood containing p, corresponding to local coordinates de-

noted by z!,...,z". (Thus, U is an open subset of M and ¢ is a homeomorphism of U to an open
subset of R". The local coordinates relate to the image space of ¢.) The 2-form R induces a norm
on T,(M) that can be represented in these local coordinates z = (z!,...,2")T by a positive definite
matrix R(z) such that for each tangent vector p € T,(M)

Il = 7 R(z)& (3.1)
where & = (2!,...,2")T denotes the vector of coefficients corresponding to p with respect to the
naturally induced basis {3Z| ,..., gox|,} for Tp(M), and [ - |lr denotes the norm on Tp(M)

induced by the Riemannian metric.
If (V,4) denotes an alternative neighbourhood containing p, with local coordinates denoted by

v, ..., ¥", we have similarly (with a slight abuse of notation) that
I8l = 37 R(v)y (3.2)
The matrix representations of R, in local coordinates « and y respectively, are related by
dz\T dx dy\T (dy
ro=(3) &2 (E). r@=(3) rw () 33)

all evaluated at the same point p € M. Now let @ be redefined as the function & : M — R given by
®(p) = 3£ ()|?, where f: M — R™ is redefined to be an at least twice continuously differentiable
mapping from M to R™. As before in Sect. 2, we call & the criterion function and f the residual
mapping. It is again our objective to minimize ®, but this time over M. (With the same abuse of
notation as already introduced above we shall write ®(z) and f(z) when using local coordinates z,
and ®(y) and f(y) when using local coordinates y.)

In local coordinates z, the Jacobian J(z) of the residual mapping f at z is given by

o L) - 3
Jz)=72(2) = | : : (3.4)
@) - )
Thus, we have that J(z) and J{y) are related by
dz _ dy
=10 (E). @ =sw(FE) (35)
In lecal coordinates x, the gradient of ®(z) is given by the row vector (by convention):
a®
Ve(z) = o-(2} = f(=Y I (2) (3.6)
Therefore V&(z) and V&(y) are related by
T dz\T T T dy\” T
Ve = () veE) Ve = (1) Ve (3.7)
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This shows that in general the gradient of a function & on M is not independent of the coordinates
being used. To obtain a parametrization free object one has to make use of the Riemannian metric
that is available. One then can define the so—called Riemannian gredient (cf. e.g., [1]), which is
coordinate free, as

Vr®(z) = V&(z)R(z)™! = f(2)T J(z)R(z)"! (3.8)

Indeed, one has

Tr®(y) = (:‘11%) Ve ®(z)T (3.9)

showing that the Riemannian gradient can be identified with a tangent vector to M, and therefore
is independent of the choice of coordinates. As a matter of fact, the Riemannian gradient occurs
as the mezimizing normalized tangent direction, where the normalization is in terms of the local
Riemannian metric.

If one has the intention of using a gradient-based algorithm for minimizing ® over M then, from a
conceptual point of view, it is desirable that the search directions that are generated are independent
of the local coordinates being used. It will then be possible to address the problem of minimizing
&® independent of the problem of choosing adequate local coordinates. As we have seen above, the
method of steepest descent is in general nof independent of the choice of local coordinates (¢f. {28]),
as opposed to its Riemannian version, and a similar statement holds true for Newton’s method and
related quasi-Newton strategies. 1t is worth noticing, however, that in the present case of nonlinear
least squares the GN method can be applied and that this method does generate parametrization
free search directions. See [14, 31] As a matter of fact, the search direction generated in local
cocrdinates z by the GN method is given by

s(z) = ~[J(2)7 I ()] I ()7 f(=) (3.10)

When switching to local coordinates y we see that s(x) and s(y) are related according to

s(y) = (g%) s(z) : (3.1

showing that we can identify this search direction with a tangent vector to M. (It is actually possible
to regard the GN method as a Riemannian steepest descent method, with the Riemannian metric
induced {locally) via the imbedding of the image space of residual vectors f(p) (p € M) in Euclidean
m-space. This induced Riemannian metric depends on the residual mapping only and is completely
independent of R. Cf. [14, 31).)
Since the LM method is based on the GN method and in certain sitnations even exploits the same
scarch direction, we can hope to be able to modify the standard LM method to a parametrization
free one. Using the interpretation of the LM method (without scaling} where it is considered to be an
interpolation between the GN method and the method of steepest descent, it is natural to attempt
to design a Riemannian version by requiring it to be an inlerpolation between the GN method and
the Riemennian sieepest descent method. This is achieved by choosing matrix I); in iteration k of
the algorithm such that

DI Dy = R{zi) (3.12)

We will presently discuss the interpretation and further consequences of this choice.

First of all, notice that there is still some freedom left in the above choice for I'y. Premultiplication
of D; by an arbitrary orthogonal matrix will not disturb the property required above. (Actually,
premultiplication of Dy, by elements of the group of orthogonal matrices precisely generates all valid
choices.) However, this freedom does nof imply that the method would be ill-defined. What really
is of importance for the algorithm is the value of DT Dy and that is well-defined. Indeed, if we take
a look at the LM criterion we see that the term {{Dpli? occurs, which can be written as p” D Dyp.
Therefore, on the contrary, the freedom left in the choice of D; does not make the algorithm ill-
defined but can be exploited for optimizing numerical properties.

Second, notice that the fact that R defines a Riemannian metric on M implies that R{z) is always
positive definite. This guarantees the existence of D), satisfying the requirement. We can for instance
take a Choleski factor of R(z).
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Third, we not only have the interpretation of the LM method as an interpolation between the
GN method and the method of steepest descent, but we can also regard the aliernative point of
view, where we consider it a frusi-region algorithm. We now have that the trust-region is not
merely shaped on the basis of a heuristic with respect to expected numerical properties, but instead
relaled to the Riemannian metlric defined by B on M. Indeed, the “trust-region” ||D;,z|| < Ay
now indicates that we shall accept only search directions related to tangent vectors z which have
Riemannian norm at most Ag. This has the following consequences.

1. Suppose at point r; we are dealing with a trust-region that is shaped by R(z;}, with its size
determined by Ai. If we want to change to coordinates y, then we need not adapt the value
of Ap, because it is related to a “geometric” object: just changing & to y and R(z) to R(y)
suffices.

2. In the GN method the induced Riemannian metric is independent of the Riemannian metric

given by R on M. In the LM method the latter does play a role. It provides us with a means
of expressing local numerical properties by adequately choosing a 2—form R. This way one can
imitate the situations in [27] occurring for the “initial” and “continuous” scaling strategies by
choosing an appropriate Riemannian metric on M = R"™. Of course, the “unscaled” algorithm
can alsc be obtained this way, which merely comes down to accepting the standpoint that
all coordinates are already properly scaled and that a change in each of them is of equal
importance.
Furthermore, Moré’s arguments against the “continuous” scaling strategy now seem to be not
really to the point: the gradient of a function already balances the sensitivity of it with respect
to changes in each coordinate individually, so that a “discontinuous™ scaling strategy, where
the sensitivity of the function with respect to the coordinates at old iterates keeps on playing
a role at the current point, is not properly based. As a matter of fact, one can consider his
discouraging results using the “continuous” strategy as an argument against the use of the
other scaling strategies as well. In this light it is perhaps of interest that application of the
standard LM method without further scaling to the same four test-problems as reported in
[27) has led to considerably faster convergence in all difficult situations. (See App. C).

3. One can regard each step in the LM algorithm as following from a consirained optimization
procedure: the approximating {quasi-linearized) criterion is optimized over the trust-region.
This same interpretation holds true for its Riemannian version if we use normal coordinates.
Then the trust-region, which is currently defined on the tangent space to the manifold at z;,
defines a neighbourhood on the manifold.

So far we have only touched upon one aspect that is necessary for constructing a parametrization
free algorithm, namely that the generated search direction should be related to the geometric object
of a tangent vector (and therefore is parametrization free). However, in practice one will be working
with coordinates from a certain coordinate chart and it is usual to take a step from the current
iterate in the proposed direction with respect to these coordinates. This introduces a second source
of parameter dependence. But there is a standard way to overcome it.

For this purpose one has to introduce the notion of geodesics, which play a similar role on a Rie-
mannian manifold as straight lines do in Euclidean space. In particular, the shortest path that is
entirely in the manifold M connecting two points p and ¢ constitutes a geodesic. (For a definition
and further discussion, see [5].} The fact that M is a Riemannian manifold plays a crucial role in
the existence of geodesics: one needs to have a notion of length, which is provided by the 2-form R.
It is a standard result in difterential geometry that in case of a Riemannian manifold M, one can
construct around each p € M an open coordinate neighbourhood with coordinates that are related
to the geodesics through p. More precisely, we have that: (a) we can associate with each geodesic
through p a unique unit tangent vector in 7p{M) and conversely with each unit tangent vector in
Tp(M) a unique geodesic through p; (b} we can construct an open neighbourhood of p such that
for each ¢ in it there exists a unique geodesic connecting p and ¢. Thus, one can assign coordinates
to each g in the neighbourhood of p by specifying a tangent vector from T,(M): then its direction
(i.e., after normalization to unit length) is associated with the geodesic connecting p and q and

17




its {Riemannian) length corresponds to the distance between p and ¢. Such coordinates are called
normal coordinales.

Then the standard way of removing this second source of parameter dependence consists of pre-
scribing that the step to be taken in the proposed search direction should be taken with respect to
the normal coordinates around #;. That is, one must take a step along the geodesic related to the
search direction, of appropriate length as measured by the Riemannian metric. One can find this
approach for instance in [11, 22, 23, 25]. (As a matter of fact, the approach using geodesics and
normal coordinates admits also the construction of coordinate free versions of (quasi—)Newton and
conjugate gradient methods. One then defines the Hessian of a function on a Riemannian manifold
at a point p as the Hessian that occurs for normal coordinates.)

To conclude this section we remark that an exact itnplementation of a coordinate free version of any
minimization algorithm on a Riemannian manifold is in general hard to obtain. This is due to the
necessity of following geodesics, which can be characterized as solutions to a system of coupled non-
linear second—order differential equations, specified by the so—called Christoffel symbols. Therefore,
in practice the computationally most efficient way of minimizing a nonlinear least squares criterion
with the Riemannian version of the LM method as presented above, is probably to take steps, as
usual, with respect to the current coordinates being used and to switch to a better conditioned
coordinate chart when necessary. This asks for a coordinate chart selection strategy, which might
very well be problem dependent. We shall confine ourselves to this approach in the application and
experiments discussed in the companion paper [29].
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4 Summary and Conclusions

In this paper we have studied the problem of minimizing a criterion function that is a possibly
nonlinear sum of squares, defined on a Riemannian manifold M. In Sect. 2 we have discussed in detail
an existing robust implementation (due to [27]) of the Levenberg-Marquardt algorithm (an extension
of the weli-known Gauss—Newton method) which is especially suited for solving such problems in the
Euclidean case. We have pointed out some weak points and inaccuracies, in particular the heuristic
scaling strategies and a sometimes incorrect calculation of a Gauss—-Newton step in degenerate cases.
These are analyzed and resolved in App. A and C.

In App. B we have proposed alternative ways of organizing the calculations involved in the LM
algorithm such ihat only a limited amount of computer memory space for data storage is required.
Theoretical results relating the behaviour (viz. the iteration paths) of these modified methods to
that of the standard version are presented. These alternative calculations are particularly useful for
large data fitting problems, where the number of datapoints m exceeds the number of parameters
n by several orders of magnitude. Such applications are studied in the companion paper [29].

In Sect. 3 the LM algorithm has been modified to a so—called Riemannian version, acting on a
Riemannian manifold in a coordinate independent way. This substantially enlarges its area of
applicability and constitutes the main result of this paper. Moreover, the approach allows for
a natural choice with respect to the shape of the trust-regions, thus by-passing the problem of
finding adequate scaling strategies.
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Appendix A : Subalgorithm A

In this appendix we consider “subalgorithm A” for the determination of an acceptable value for the
LM parameter Ay, The algorithm is based on an iterative scheme originally due to [16] but modified
in [27]. The scheme involves a protection mechanism to prevent approximants to lie outside an
interval containing the optimal value; the sequence of successive intervals is decreasing in length
and we shall prove second order convergence of the approximants to the optimal value.

First of all we have to prove righi-continuily at zere of function ¢, : Ry — R, defined by di{a) =
i Depr(0))] = A, with, for o > 0, px(a) defined as the unique minimizing vector for criterion cq(p),
and, for o = 0, p(0) defined as the unique vector minimizing ||Dyp||° among the set of vectors
minimizing criterion co(p). Here, for a 2> 0, ca(p) is defined as

calp) = |k + fell® + oliDipll® (A1)

It will be assumed that D, is invertible, A; > 0 and that J; is not identically zero (in which case
the situation would be trivial).

Next, we shall prove that ¢, is a sirictly monotenically decreasing lunction of a that converges to
—A; for o tending to infinity. Moreover, we will show that ¢ is convez on R,

Then, in case ¢:(0) > 0, this will imply that there exists a ¥nique value a* > 0 for which ¢x(a*) =0
and we will show that subalgorithm A converges quadraticelly to it.

The proof of right—continuity of ¢ at zero is added here explicitly because of the fact that in {27] a
GN step is calculated that leads to a value of ¢;{0) for which right—continuity does not necessarily
occur. As a result, in case of a rank-deficient matrix J; there generally will exist vectors f for
which, in Moré’s original scheme, subalgorithm A will be activated but will never terminate, because
of the fact that ¢; does not have a zero. By the analysis presented here we show how to avoid such
a situation.

To start with, consider the situation for o = 0. Now e4(p) = co(p) = [|Jep + fil|®-
Apply QR-decomposition with column pivoting to Ji, as explained in Sect. 2 in the comments to
step II of the algorithm, so that we obtain

T S
Jk?-Q{( 5 5 )wf (A.2)

where ¢y is an m x m orthogonal matrix, 7; is » X n permutation matrix (hence also orthogonal),
St is an r; x (n — r;) matrix, T} is an r; x r¢ nonsingular, upper triangular matrix and the zero
matrix blocks are of appropriate size, with r), denoting the rank of J;. This can be achieved with
Householder transformations in a numerically stable way.

u .
Define ( v: ) = Qi fi, with u; an rp—vector and v, an (n — ri}-vector. Then

T. S T S 2
oP) = lp + Al = I( 00 )””’”“ “( ) 0 )"{pmm -
T S U 2
= |( 5 c; )“gpﬂ'( v: )| =1 Te Sk )nlp+uel + Yol (A3)

Obviously, the last term ||vg|* remains uninfluenced by the choice of p. Choosing p = 7 (0) =
-1

Tk ( TE) ] ux, as calculated in [27], we find that ( T Sk } T 52 (0) + ux = 0. This shows that

P(0} is a minimizing vector for cy(p).
To find the set of all minimizing vectors p, we write p = p(0) + 8, and consider the equation

(Tx St )mi (Pal0) + &) +ux =0 (A4)

This is equivalent to

Te S )nls, =0 = T 5 sy =0
k o 0O k
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Qr ( 'g S(:; ) mea=0 < hs=0 < s €ker()i) (45)

It shows that the set of all vectors p minimizing co(p) is equal to the affine space {Hp(0) + sz |81 €
ker(J3)}.
As stated before, we define p,(0) to be the unique element in this set for which ||Dyp||? is minimal.

- h .
It can be calculated as follows. Define A = »] p and partition A as h: with h; an rg—vector

and hy an (n — r3)-vector. Then ( Tx Si )nip+ tp = 0 <= Tihy + Siho + v = 0. We can
choose hg freely; it then determines by according to

hy = —T{l(skhz + u;) (Aﬁ)

As a result we find that

2
|1D.pl* =

(A7)

. ;
Dymy ( kI * ) hy + Dipe(0)

I
Accordingly, it can be solved in a standard way, yielding a unique solution for hs. From this
_p=1 =1
minimizing vector ha we then can calculate vector pr{0) = = ( :3‘ T"I Sl ) ( ;:: )
Taking py (0} to be an alternative particular solution to the problem of minimizing co(p), we can
rewrite the set of all minimizing vectors p as {px(0) + s | sx € ker(Ji)}.

This is a linear least squares problem in which matrix Dy ( ) has full column rank.

We now introduce some more notation. By ¢ we denote vector Dip and accordingly we let g (o) =
Dipr(a) for all @ > 0. Also, we define Ji = JiD;'. Thus the problem of minimizing c,(p) is
equivalent to the problem of minimizing £.(g) where

Eala) = lTeg + £ill® + allg)l® (A.8)

Moreover, for @ = 0 the extrs requirement that }|D:p||? be minimal among the set of minimizing
solutions translates to the requirement that ||g}{2 be minimal.
The set of minimizing solutions to é(g) is given by

{gx(0) + tx | tx € ker(J2)} (A.9)
Now, g4{0) can be viewed as the orthogonal projection of zero onto this affine space.
Lemma A.1 Lel g€ R®, J &€ R™*", Then the following two statements are equivalent.
1. 0 = arg mingeyer(s) llg +2))°.
2. Vteker(J): g7t =0.

Proof (1. =+ 2.) By contradiction.

Suppose 0 = arg min,cxen s llg + tIi%, then for all ¢ € ker(J): ||gif* < [|g + ¢}

Suppose there exists £ € ker(J) for which ¢7¢ # 0. Then obviously ¥ # 0. Consider { defined as
f= —((gT1)/||{||*)i. Since ker(J) is a linear space we have that f € ker(J).

Then g + )|* = figli* — Lﬁ-ﬂ%: < |lgl|®. This is in contradiction with the minimality of t = 0 over
ker(J).

(2. = 1.) Assume V¢ € ker(J): ¢Tt = 0. Consider for ¢ € ker(J): |lg +t}i* = llg]|* + 2¢Tt + YJ¢]* =
g® + |t > |lg}f?, with equality if and only if ||¢|]* = 0, i.e. if £ = 0. This shows minimality at
t=0. @]

Application of this lemma to the present situation, so with g;(0) assuming the role of ¢ and J; the
role of J, yields the fact that g;(0) is the unique point among the set of vectors ¢ that minimize é;(g)
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for which ¢T¢ = 0, ¥t € ker(f;,) In other words, ¢;(0) is the single point of intersection of the affine
space of vectors ¢ minimizing £(g) with the linear space ker(Ji)*, the orthogonal complement of
ker(J;,), or equivalently, we have that the intersection of the linear space ker(Jg)' with the set of
points ¢ in R™ for which &(g) = |lux||® consists of the single point ¢x(0).

We next address the situation for @ > 0. We can rewrite Cq(g) as

wo=|( & )os ()]

For a > 0 matrix ( V}Ici: I ) is nonsingular, so that q.(a) yields a unique solution that can be

(A.10)

expressed as . -
a(a) = —(JT i + o)1 JIT i (A.11)

These solutions have the special property that for all o > 0 they are elements of the linear space
ker(Ji ). To prove this, notice the following lemma.

Lemma A.2 For all matrices M and N and velues of o for which the following expressions are
well-defined we have thal
N(MN 4+al)"' =(NM +al)"'N . (A.12)

Proof Consider matrix NMN + a/N and assume that both inverses in this lemma exist. Apply
postmultiplication by (M N + «)~! and premultiplication by (N M + «I)~!. Notice that one can
write NMN + aN both as N(MN + of) and (NM + af)N. The lemma then readily follows. O

Fort € 'ker(f;,) consider the product gi{a)”t. This can be written as

qr(e)t = ~fF F(JT e + a)~4 (A.13)
Now, apply Lemma A.2 with N = J; and M = ff Then
ge(a)Tt = = fT (e JT + ad)" Tt =0 (A.14)

because, by assumption, t € ker(J;) so that Jit = 0. This shows that indeed gp(a) € ker(Ji)?L.

Another property of the vectors gg{a), a > 0, is that they are bounded in length by “qk(O)H To

prove this, notice that by definition ¢,(0) mimmizes &o(g} = iJeg + fill> and gi(e) minimizes
Ealg) = g + fil® + allgli?, so that

Weqe(0) + fill® < I1Tegi(o) + fil? (A.15)
whence

1k qe(0) + £ [I* + elgr (@)ii? < Il kgi(e@)+ fill® + allgr(a)® < NTeqe(0)+ fell® + alla(O)|* (A.16)
Therefore
aflgr(@))]* < alge ()] (A.17)
or equivalently
llge(e)]” < Nl (0)if? (A.18)

proving the statement.
In a similar fashion we can prove the fact that lima)g.€0(gx(a)) = o(qx(0)). For this we must notice
that

&olg(0)) = 12 (0) + fill® < Wear(a) + fill® <

< [ITegr(@) + fill? + allex(@)]]® £ Waar(0) + fill* + allex (0)]]? (A.19)
For a | 0 we see that the last expression converges to the first one, &(gi(0)), because a||q:(0)||
converges to 0. Therefore, also the second expression &o(qe(a)) = ||Jigr{a) + fi]|? converges to

¢o(g:(0)). Summarizing, we have established the following facts.
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1. & : R® — R i5 a continuous function, by its very definition.

ker(J3)* is a linear subspace of R™, also by definition.

For o > 0 the corresponding points q(a) are elements of ker(Jz)*.

For a > 0 the points g:(a) are bounded in length, since we have proven ||gx(a))]® < Nge(0)(°.

The limit limg o &o{gr(e)) exists and is equal to éo{gx(0)).

o o s o

The intersection of ker(J}* with the set of points ¢ in R” for which &g{q) = @(ge(0)) consists
of the single point g.(0).

Now consider the following lemma.

Lemma A.3 lLet f : R® — R be continuous and L C R™ ¢ linear subspace.

Let {g:}ien be a sequence of poinis in L whick are bounded in length, and for which lim;_ o f(g:)
erisis and is equal {o, say, d € R.

Suppose that the intersection of L with the set {q € R | f(g) = d} consists of a single point g*.
Then lim;_, o, ¢; exists and is equal to ¢~.

Proof By assumption we have that {g;}ien is bounded, so there exists M € R* such that for all
i€EN: |l —g*f < M.

Define K = LN {g € R"|{l¢ - ¢*|| € M}.

Notice that any linear subspace of R™ is closed so that L is closed. Notice also that the set
{g € R*|]lg — ¢*|| £ M} is closed and bounded in R"® and therefore compact. Thus, K is also
compact,

~ Define ¢ : R® — R by ¢{q) = |f(g) — d|>. Becaunse f is continuous, ¢ is continuous too. Moreover,
q* is the unique point in K for which g(¢”) = 0. For all other points ¢ in /{ we have g(g) > 0.

Let 6 > 0 be given. Define Ns = KN {q € R"]|lg — ¢}l < 8}.

Then N; is open in K, so that its complement with respect to K, denoted by K — Ny, is closed
and therefore compact. So, if K — Nj is nonempty, there exists g5 . = ming _y, g(¢) > 0, which is
actually assumed for some element of K — Ns. The fact that g5, > 0 follows from the observation
that ¢* is the unique point in K with g(g™) = 0 and that for all other points ¢ in K we have g{g¢) > 0,
but ¢* ¢ K — Njs since ¢* € Nj by construction.

By assumptiion we have that lim;_, f{¢:} = d exists, so that lim;_ ., g(g;) = 0. Thus, 3 € N
such that ¥i > I;: g(g;) < g%, As a consequence, Vi > Is: ¢; € Nj.

By letting & decrease to zero we obtain that lim;— . g: = ¢°. a

We can apply this lemma to the situation at hand. Indeed, the six items above that summarize the
results found so far make clear that the assumptions for Lemma A.3 are fulfilled if we identify L
with ker(Jp)t, f with &, d with &(g:(0)), ¢° with ¢;{0) and if we take ¢; = gi(cr;) where {a;}ien
is a sequence of positive numbers with limy oy = 0

Thus, we find that limejo ge(a) = gr(0). Because of nonsingularity of Dy this implies that also
limg o pr(a) = pr(0). This means that we have proven the following proposition.

Proposition A.4 For « > 0, let pr{a) be defined as the unique vecior in R" minimizing c,(p) =
(/6P + fell* + o||Dxpl||®, where Di is nonsingular.

For a = 0 define p(0) as the unique veclor in the set of vectors minimizing co(p) = [[Jip + fill*
that minimizes || Dip||®.

Then lim, o pi(a) = pr(0).

As a corollary we find that all vectors p € pi(0) + ker(Ji} unequal to pi(0) will have || Drp|| >
|12%2:(0)]] = limayo {|Depr(e)ll, so that in particular the use of p(0) for a GN step in case of a
rank-deficient J (as in [27]) will in general lead to the loss of right—continuity at zero of ¢x(a).
Right—continuity at zere of ¢, is obtained only when using pp(0), as constructed above. Clearly,
when following Moré's description one might encounter a situation where |[D;pe(0}] is too large
(ie., leads us outside the trust-region), but where {|Dypi(0)|| is small enough (i.e., still inside
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the trust-region). In such a case there will not exist a value a* for which ¢;(a") = 0, because
UDepi(e)ll = llge{a)]] < figr(0}]] for all & > 0. In such a situation subalgorithm A as described in
{27] breaks down. The use of pp(0) instead of $.(0) prevents this. {Of course it requires an extra
amount of computation, but it is good to remember that this is only necessary in a situation where
Pp < n.)

Next we shall prove some further properties of ¢;(-), in case px(0) is used as described above.

Proposition A.5 Suppose ¢ : Ry — R is deﬁﬁed by drla) = ||ge(@)]| — Ay (where Ay > 0}, with
qe{a) as described before. Suppose that q:(0) # 0.
Then ¢y is stricily monolonically decreasing and convez, with limy— o dr(a) = —Ag.

Proof

a. The assumption ¢x(0) # 0 is equivalent to gi{a) # 0 for each value of & > 0, and also to
JT fi # 0. This follows from the fact that g(a) = 0 for some a > 0 implies that -—(J;{Jk +
al)~ 1J""_f;c = 0 so that JTfk 0. Therefore, qi(a) = 0 for eny a > 0. But we already
have shown that lima g ge{a) = q2(0). Thus, also g,(0} would be zero, which contradicts our
assumption. The fact that [jgz(a)]| < [lgr(O}i provides us with the converse implication.
Thus, for use in the rest of this proof we can assume that g(a) # 0 and [|q:(a}i| # 0.

b. We shall prove that lima_.o ¢x(a) = —Ay.
Denote the eigenvalues of matrix JTJ;; by pi, (i = 1,...,n). Since f{fk is positive semi—
definite by construction we have that all eigenvalues are real and nonnegative. Denote the
smallest eigenvalue by gmin and the largest by pmax. Notice that for « > 0 the eigenvalues of
(T +al)~1 are given by ==, (i=1,...,n)
According to Rayleigh’s prlncnple we have for all vectors u € R™ that

——lull ST e +ad) Ml < ;Tm'ﬂ.l"ﬁ”"” (A.20)

Taking u = -—fffg we find

1

m“llJ i fell € flge ()| £ - ———— ”Jk £l (A.21)

For &« — oo both bounds tend to zero, so that limy—oo qu(a}u = 0. Thus, lim,_. ¢x{e) =
Ay,

¢. For a > 0}, notice that ¢; is infinitely often continuously differentiable. We will now calculate
the derivative of ¢; at o, denoted by ¢i{a).

v = & { (@ o) } = & { [TA0Th+an0Es) ) =

= _JEhUT ey 200 fu
= Mool — - <0 (A.22)

Here we make use of the fact that, for all n € Z and for all matrices 4 of size n x n, the
following relation holds at points where the derivative exists:

-&% {{A+eD)") = n{4d + al}*! (A.23)
We also use the fact that (J"E'fk + al)~? is positive definite by construction. Thus, the

numerator of the fraction above would be zero if and only if J?fk = {. But in part a. we have

shown that j{fk = 0 cannot occur. There we also found that the denominator is unequal to
Zero,

24



d. We will now show that the second derivative function of #;, denoted by ¢, is strictly positive.
This then establishes convexity of ¢;.
Indeed, straightforward differentiation of the expression already obtained for ¢} (a}, wihile
noticing that the denominator in that expression equals ¢i(a) + Ay, yields

8(@) = 5 (40} = s BT RGT R+ 0D T he - )] (20

Multiplication by the positive factor ||ge{a)]® yields the expression

ST T IT Ty + o)~ 4T LT H(IT i + o) 20T fil+
~UTTlIT T + oD)=3JT FllfT T (T T + aD)=3 T fi] (A.25)

Using gi(a) = —(JT J¢ + al)~1JT fi we can write this as:

g ()T (JT Ji + o)~ 2qi(a)]fg ()T i ()] + _
~[ge ()T (IT T + ad) " qe(@)lland )T (JT Je + o) qe(e)] (A.26)

Notice that the Cauchy-Schwarz inequality gives us for any pair of vectors (a,b) that aTh <
VaTabTh, so that aTa 576 — a%baTh > 0, whence 3aTab7b—aTbaTh > 0 in case both ¢ and
b are nonzero. Using @ = (JTJi + al) tqx(a) and b = gi(a) we obtain ¢(a) > 0. Observe
that according to part a. both a and b are indeed nonzero. This completes the proof of the
proposition. m]

Remark 1. From the discussion in part a. of the proof we see that g.(0) = 0 if and only if fffk =0,
i.e. if we are in a stationary point of ®. Notice that subalgorithm A is only invoked for ¢:(0) > 0,
which implies |jg: (0} > Ar > 0. Therefore, we will only meet situations where ¢; is indeed strictly
monotonically decreasing and strictly convex on R,.

Remark 2. 'The numerator of the expression cbtained for ¢} (a) can be rewritten as
(@) (JTJ + al) 1 gi(a) (A.27)

Here we can write (J7Ji + af)~! as Du(JTJy + DT D)"1DZ. Now (JTJi + aDT D) can be
seen to be equivalent to 7 Ri(a)T R (a)n] in the light of the decompositions obtained in step I1
and step III of the algorithm (see Sect. 2). This shows that we can rewrite the expression for the
numerator of ¢,{a) as

gie(@)T Dime(Ri ()T Re(a))~ ] DY qu(er) =
= qi(a)T Deme Re(0) ' Rifa) T2l DY (o) = {A.28)
= fiRe(a) T D qi(a)|?

This shows the correctness of the formula presented in Sect. 2 for the calculation of ¢} ().

As a corollary of Prop. A.5 we have that in case ¢;(0) > 0 there exists a unique o > 0 for which
$r(0*) = 0. Convexity of ¢, implies that the Newton-Raphson method applied to ¢; will always
yield iterates giving a lower bound for o*. That is, for all & > 0 we have that

_ { $rla) .
o (“_é‘},(a)) < o (A.29)

This explains the updating rule for the lower bound for o*.
The updating rule for the upper bound of a” is clear: if ¢z(ar) < 0 then we must have &« > a*. Thus,
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the only thing to be proven for this bound is the correctness of the rule by which it is initialized,
namely

iT
uby = L2e Sell | (A.30)
Ay

Considering step b. in the proof above, we see that for all o > 0

1 1
llge ()l < mllﬁf&ll < ST Al (A.31)

Recalling that ¢p(a) = [lgr(a)]l = A, we get for a = uby that ¢x{a) £ 0, so that uby provides an
upper bound on o*. .

In fact, this upper bound will be strict, provided ¢;(0) # 0, that is JT fi # 0 (see part a.). Indeed,
the inequality mentioned above will become an equality if and only if JT fi is a vector in the
eigenspace of (ffjk +al)~! corresponding to eigenvalue , with pmin = 0. Therefore we have
that

1
Hmin b
(T de+al) Vil fi = %fffk (A.32)
so that upon premultiplication by (JT Ji + o) it follows that
b, or s - 1 2p =
T fe= UL+ al)Ji fo = IR TE fe + T 1 (A.33)

Hence J?fkfg'fk = (), from which we deduce by premultiplication by f;"fk that Hfgfffk“? = 0,
whence JJT fi = 0. Now premultiplication by ST does the job. It yields ui{f»ll’ = 0, whence
fffg = (. This shows that equality will occur if and only if ¢,(0) = 0, which is excluded by
assumption.

We shall now consider convergence of subalgorithm A and point out some relationships to the
Newton-Raphson procedure for finding a zero of a convex, monotonically decreasing function.
The updating scheme for a¢ in subalgorithm A is given by

dr{ag) + Ay (@5&(01))
Ag ARG

This scheme can be motivated as follows. The idea is to approximate ¢i(a) locally around o, by
some function ¢ (e} of the form

Qpyy = Qg — (A34)

- _ Ci: _
Be(o) = 72— - A, (4.35)

where ¢; and d} are constants that are chosen such that
Bi(ae) = drlae),  Filae) = dilac) (A.36)

Notice that, just like ¢4, function &k is monotonically decreasing and convex for o > —di, provided
cg > 0. Moreover, limg_ o, ¢2{a}) = —A) = limg_ o ¢{a). In the Newton-Raphson procedure
the idea is to approximate ¢i(a) Jocally around a; by the line tangent to ¢ at oy. In view of
the properties of ¢; mentioned above, we expect ¢; to yield a better approximation to ¢, than is
provided by the tangent line.

Some easy calculations show that ¢; and dg are given by

_(dalae) + A4)?
A CT) I

_ dulag) + By
ACH

cp = dr = —ay (A3T)
We see that indeed c; > 0.

The zero of ¢; is given by azyy = £ ~ di. This precisely leads to the updating formula for o,
given above.
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Local quadratic convergence to a* of this scheme is easily proven by Taylor series expansions of ¢y
and ¢} around a; = a* <+ h, with h € 1. We have

dr(ae) = dr{a”) + hof(a®) + -w (a*)+ O(h®) = hei(a*) + = h%s {a*)+O(h%)  (A.38)

because ¢p{a”) = 0, and

o) = d(a”) + hoi(a”) + O(h?) (A.39)

Thus, '
Mﬂfﬁ)"'_f-'**. =1 +.};21El + lhml'(_“'.l + O(h®) (A.40)
g =h~ a2 e + 0(h®) (A.41)

This shows that
dpr = ag—h+ lh?2+{—7 R | O(RS) =
= o+ 3 [$He - 25 4 00n%) (A.42)

Therefore, local quadratic convergence occurs.

We conclude this appendix by presenting a rationale for the approximation of ¢ix(a) by a function
#%(a} of the particular form above, based on an expression for ¢x(e) in terms of the singular values
of Ji. The derivation is slightly different from that in [27), but based on the same ideas. We shall
also prove that Hebden’s algorithm has indeed faster local convergence properties than the standard
Newton-Raphson method.

Consider qi(a) = ~(JTJ; + oI)~1JT fi. In view of Lemma A.2 we can write this alternatively as
-—i,’;"(fkig‘ 4 aI)~! fi.. Therefore

llgx(eW? = ST (JudT + a) PR IT (G dT +al)™ e (A.43)

Notice that jkjE is a real, square, symmetric matrix that is positive semi-definite and therefore it
can be decomposed (via a singular value decomposition, cf., e.g., [33, p.142,293]} as

JeJT = PeArPT (A.44)

where P, is orthogonal and A, is diagonal, containing the eigenvalues of JiJT, which are all real
nonnegative, in decreasing order. Let £, = diag(c, ..., o) with o} > 0 such that Ay = Z}. Then
o), denotes the ith singular value of Jy. (For i > min(n, m) we have oi = 0.) Also, define vector g,
with components gi, as gx = PT fi. Then

Hee ()P = T (Pt PT + al) ' Pebe PT(PeAe PT 4 al) 1 i =
= fEP&(Ak 4 GI)_IPEP;;A;;PEP;;(A& + af)_lpgfk =
= gf (Ax + o) VAr{Ap + o) gy = {(A.45)

— Tm (o )2[3& )»
= Liz1 (o} Prar
This shows that

, 112 |
¢pla) = [Z(::) (ik; } - A (A.46)

providing the rationale for the choice of qu(a).

When comparing to the Newton—Raphson procedure, given by the alternative updating formula

Gepr = e~ (gﬁ%) (A.47)
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we see that in subalgorithm A a factor J‘J‘ia—;:uk—*» = 14 O(h) is added, which does not affect the
quadratic convergence property. Actually, one should notice that in the Newton—Raphson scheme,
as a result of the linear approximation to a convex function, the resulting approximant &gy always
provides a lower bound for o*. However, we see that &y} > &¢y; when starting from the same
initial approximant o = &;. This shows that the approximant a¢y; for o™ will be larger than
‘the lower bound resuiting from the Newton—Raphson procedure and therefore closer to a® in case
o1 < o, whereas in the oppos;te case (g1 > o) the upper bound on «* is likely to be adapted
to a value that. is close to a"

In fact, for small h, we can prove that opyq resu'ltmg from Hebden’s algorithm will lie in between
&4 (resulting from the Newton-Raphson scheme) and a*. This then proves that subalgorithm A
is more efficient than Newton~Raphson.

To show that this statement holds true, we have to reconsider the Taylor series expansions of ¢, (o)
and ¢;(a) around a; = a* + &, and compare the second-order terms for both schemes. One easily
finds that in the Newton—Raphson case

1 2 QS”( 0‘-)
2" #i(a")
whereas for Hebden’s algorithm we already had that
(ACHIIPYACY)
AT
Since ¢L{a"} < 0 and ¢{(a*) > 0 it is clear that the second-order term in the Newton-Raphson
case is negative, and because Ay > 0 it is also clear that the second-order term in Hebden’s scheme
is larger than the second-order Newton—-Raphson term. To get more precise results, it is easiest to

start by considering the formula for ¢; (o) in terms of the singular values of Ji.
From the fact that a* constitutes a zero for ¢i(«), we have that

1/2
(";;)2(9;:)2
[Z (G +af (A.50)
Therefore, we can express the second order term in the Hebden scheme as
132 o"';%or‘)l ,(a } . 3,2 m o {e})(a))? m o _(e3g)? \ 7!
2h [{b* ) 2 ] h [(Zt’:l ((,;)2_'_0.)«) (zi:l ((,;‘):+a-)a) +
E llﬂggizﬁ m !"')2{9’22 _1.
(21.-1 ({e1)3+a" ]s) (2;‘:1 ((,;)2_'_“.)2) ] (A51)
This follows from the fact that

¢r: ﬂ.) - m (al )l{ga }2 ’ m (o,l )2(_93)2 -1
oty = 3 (Zf=1 (ol) +a-)*) ( i=t r(—aI)Té?) +

Gepr=a” + 5 +O(h%) (A.48)

a1 =a" + ¢ hz [ + O(h%) (A.49)

R 2 o 327 gt )2 =1
+ (S0 () (T doirt) e
and )
(@@’ Y (¢ (D)’
(Z( O' +q¥ ) (; 0’ k) +O."')2) (A53)
hecause .
- (G (Sh R Y
A ES (Z ((a'k)2 + a*)? ) (g (L) _,_];.)2) (A.54)
and

o107 =8 (S JEE) (0, o)™

({e} )P +a® ) I ({o; )2 +a")?

m P )2 142 (o }2( ); -3/2
- (Z:‘:l (’(:,‘fT%.)Tf) (E?;l (T-jﬁhf) (A.55)
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Therefore, by taking vectors ¢ and b as
Ulg] algl
{(a*[)’-!-a‘)’ (e, )2 +a*)
a= : b= : {A.56)

™ m mom
2

application of the Cauchy-Schwarz inequality aTa bTh — (a¥ b)? > 0 immediately gives that

$ile®) ,¢ile7)
i) "2 A ]50 (A.57)

(Notice that this constitutes an alternative proof of the fact that ¢(a) > 0 for all @ > 0.) Equality
occurs if and only if vector a is a multiple of &, that is, if and only if for all indices i for which o}gi
is nonzero, the singular value o is the same. This automatically includes the scalar case (m = 1),
which should be, because ¢; then indeed has the structure assumed for @k, so that a perfect fit
occurs.

We now have shown that, for A small enough, the approximate resulting from the Hebden scheme
will be in between the Newton-Raphson approximate and the optimal value a*. It follows that, in
our application, subalgorithm A is more efficient than Newton-Raphson.
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Appendix B: Calculations with reduced memory storage
capacity

In [29] we discuss an application of the Riemannian LM algorithm where in general the number m
of residuals is very large compared to the number n of parameters. This can cause serious problems
on the level of required computer memory space for data storage. Indeed, for the experiments in
[29] where n = 16 and m = 4000 we need to store vector fi, of size 4000, and matrix Ji, of size
4000 by 16. (Notice that in that example p = 2, i.e., there are only 2 outputs associated with every
datapoint; it is the amount of available observations that makes the size of the matrices and vectors
so large, and not the complexity of the model to be estimated.) Moreover, we need to apply QR-
decomposition to matrix Ji, leading to an orthogonal mairix @y of size 4000 by 4000. Fortunately,
it turns out to be unnecessary to calculate this extremely large matrix explicitly, because what is
needed really is vector Qyfi (which by the way is ancther vector of size 4000). What should be
immediately clear from this example is that a naleve approach concerning the organization of the
calculations will not do. A more sophisticated approach is desirable an in some sense even necessary.
This appendix is devoted to the problem of obtaining the desired quantities in the LM algorithin
with a reduced amount of required memory space for storage of variables. We shall discuss two
approaches. The first one involves a recursive strategy with respect to calculation of the QR-
decomposition of J; and of vector Q; fi, where the recursion is applied with respect to the m rows
of Ji. The second concerns the problem of obtaining all desired information from the knowledge of
GN matrix Ty = JE'J;,- and gradient g = JE fr instead of from J; and f;. Its motivation, apart
from the fact that the sizes of I’y and ¢i are independent of m, stems also from the observation
(see [29]) that in our application it is possible to obtain those with reduced computer memory space
Tequirements.

B.1 Recursive calculation of the QR—-decomposition of J,

Close inspection of what is really needed in the calculation scheme to obtain the GN or LM step,
shows that it is essential to obtain matrices Ty, S; and 7, and also vector u; that consists of the
first r. components of vector Q. f.. Matrices T and S; represent the nonzero part of QpJem. It
is not essential that matrices Q; and 7; are identical to those obtained in the original algorithim,
but we must have that the properties of 7, being a permutation, @, being orthogonal and T} being
nonsingular, upper triangular, still hold. At least, this is the case if we want to stay close to the
further calculations performed in Moré’s implementation of the algorithm.

The present subsection shall be devoted to obtaining a scheme for calculating a QR-decomposition
(with column pivoting) of Ji, that uses a recursion on the rows of J;.. The advantage of such a schemne
lies in the fact that the essential quantities mentioned above all have sizes that are independent of
m, so that also the required amount of computer memory space will be independent of m. We
propose the following scheme.

Suppose J is an m X n matrix, which can be QR-decomposed as

J:QT-(g (S))WT (B.1)

with @ an m x m orthogonal matrix, T an r X r upper triangular, nonsingular matrix and 7 an
n x n permutation matrix, where » denotes the rank of J. The zero blocks are supposed to be of
appropriate size.

Let J be defined as the matrix obtained by adding an extra row 2T to J, that is,

i=( %) (B2)

Then obviously the following relation holds.

(317 (%

S
01 0 aT (B.3)
T

T
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(Notice that the premultiplying matrix is still orthogonal.) This makes clear that we have to find
an orthogonal matrix @ of size (m + 1) x (m + 1} and a postmultiplying permutation # such that

o( 2,8 )-(53)

where T is still upper triangular and nonsingular, of size # x ¥, with # denoting the rank of J.
Now, this problem is not too difficult to solve: we ¢an do exactly the same as in the original algorithm
when matrix ( T S ) is augmented by an extra block row containing VADym: (see Sect. 2,
the comments to step III), that is, we can premultiply by (orthogonal} Givens transformations in
order to obtain the required form. As a matter of fact, there is no need for a postmultiplying-
permutation matrix (which is not so surprising, since one can always apply QR—-decomposition also
without column pivoting). But notice that in case one does apply an extra column permutation,
the structure of the augmented matrix (which is already almost in triangular form) gets distorted,
so that the number of required Givens transformations can increase considerably. (In the present
situation we only need n of them.) _

After having obtained Q (and possibly 7) we can calculate the new over—all matrices  and 7 as

Q:Q(%’ [1)), = rF (B.5)

Next we proceed with matrices T and S, after adding a next row, in a similar fashion.

Remark that we can keep the amount of required memory space for storage of variables limited,
because we know that the rank of the augmented matrices can never exceed n. Furthermore, the
zero block row is of no interest for the calculations and can be deleted, provided we introduce some
bookkeeping. This should involve especially the calculation of u. Indeed, if J; is obtained by adding
rows, then in a similar way f; is obtained by adding more and more elements. Premultiplication by
the orthogonal matrix that is obtained in a step of the recursive procedure sketched above should
also be applied to vector fi. After that operation the orthogonal matrix is no longer needed and
can be deleted, leaving memory space for the orthogonal matrix to be obtained in the next step.

B.2 Calculations from the knowledge of Ty, = JI J; and g, = J] fi

In {29] we discuss an application to the field of system identification, where 'y and g; can be
obtained with a reduced amount of required memory space, independent of m. We shall presently
indicate how these quantities can be used as an alternative startingpoint for the calculations in the
LM algorithm, instead of the quantities J; and f.

In the notation of App. A, the calculations in iteration ¥ of the LM algorithm are motivated by
minimization of criterion ex{p} = ||Jxp + fx||* + Al|Dxp||*. We can rewrite this expression as

ex(p) = pTIL Tev + 207 I{ fi + £ fie + A0T DY Dip (B.6)
Therefore, minimization of ¢x(p) is equivalent to minimization of
p Tep + 207 gi + ApT D} Dip (B.7)

Thus, the problem of minimizing ¢,(p) is still well-defined if I'; and g; are available instead of J;
and fi. It is our purpose, however, to solve the latter problem in a way that is as closely related as
possible to the LM algorithm of [27], in order to be able to take advantage of that approach. In the
sequel we show how this goal can be achieved.

We have the following alternative algorithm for the calculation of px(A)} from I’y and g, that should
be compared with the algorithms given in the comments to steps II and III in Sect. 2.

Alternative calculation of pi(})

* Determine 'y and g;.
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* Apply Choleski decomposition to T'y. This gives a factor Gy (upper triangular, with possibly
zeros on its main diagonal) such that T = GT G,

* Apply QR-decomposition with column pivoting to G&. This yields a permutation matrix
g, an upper triangular, nonsingular r¢ X r; matrix Ty, an 13 X (7 — r) matrix S and an
orthogonal n x n matrix @, such that

G=Gf (B 3 (B2)

where r; denotes the rank of Gy, which is equal to the rank of 'y and also to the rank of Ji
(accounting for the omission of a tilde).

Calculate )
w=(TT O )iim (B.9)

* Use 4, as uy, #p as 7 and ( Tr S yas ( T Sp ) in all further calculations, that is:

define .
-1

rO=n ("5 ) (8.10)

to be the GN solution to the minimization problem (with A = 0), and next apply further
calculations for obtaining pp{A) as described in the comments to Seci. 2, step I11.

We have the following lemmas that are useful for proving the validity of the scheme above and
pointing out some further relationships between the two alternatives.

Lemma B.1 Let A and B be r x n malrices of full row rank r(< n), such that ATA= BTB. Then
there exists a (unique) orthogonal matriz @ of size r x » such that A = QB.

Proof Matrix A has full rank r, so we can select r independent columns from A, or equivalently
independent rows from AT. The i-th row of AT A is formed as the product of the i~th row of AT
with matrix A. Thus we see that the row space of A7 A (the space spanned by its rows) is identical
to the row space of A.

Similarly, we see that the row space of BT B is identical to the row space of B. Because, by
assumption, ATA = BT B we find that A and B have the same row space. This means that the
rows of A can be expressed as a linear combination of the rows of B (and vice versa).

Therefore, there exisis a (nonsingular) r x r matrix ) such that A = @B. (As a matter of fact we
also see that @) is unique.)

Now the identity AT A = BT B leads us to B QTQB = BT B, which can be written as BT (QTQ —
B = O, the zero n x n matrix.

From B we can select r independent columns. Putting them in an # x + matrix C we see that the
product CT(QTQ — IC forms a submatrix of BT(QTQ — 1B and therefore equals zero as well.
But C is invertible (and C7 also) so that we find Q7Q — I = O.

This shows that QTQ = I, whence Q is orthogonal. m]

A special case of Lemma B.1 occurs for r = n, i.e. when we have square matrices 4 and B of fuli
rank.

For matrices that are not of full rank we have the following result, for which its proof shows that
we no longer have uniqueness of (.

Lemma B.2 Let A and B be m x n matrices of rank v, such that ATA = BTB. Then there exists
an orthogonal mairiz QQ of size m x m such thal A= QB.

Proof We first make use of the well-known fact that one can apply QR-decomposition to matrix
A, yielding an m x m orthogonal matrix Q4 and an m x n matrix R, of the following structure:

R, = ( T %4 ) (B.11)
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where T4 is # x r, upper triangular, nonsingular and S, is r x (n — 7).
Similarly, one can apply QR-decomposition to B, yielding matrices @p, Rg, Tp and Sg.
We have

(Ta Sa)T(Ta Sa)=ATA=B"B=(Ts Sz ) (Ts $p) (B.12)

Application of Lemma B.1to ( T4 Sa4 )and ( T3 S5 ) Ehen yields the existence of a (unique)
orthogonal matrix Q of size r x rsuch that { T4 Sa ) =Q( Tg Sp ). Thus, R4 and Ry are
related, for instance, by

Ra= ( g © )RB (B.13)

{Notice that instead of block I one can put any orthogonal matrix of the appropriate size. This
shows the nonunigueness mentioned earlier.} We find

{fQ O 2 0
A=QARA=QA(8 I)RB:Q“‘(g _,)QgB (B.14)
Defining @ by )
: 0
e=a. (3 7)as (B.15)
we finally see that A = QB, where @ is m x m orthogonal. )

We now can prove the following result, which is essential for the correctness of the alternative
algorithm.

Lemma B.3 Let Jp be an m x n matriz of rank ry. Define 'y = JEJ;,, of sizen x n. Let K be
any matriz such that KEI\’;: = .

Apply QR-decomposilion with column pivoting to Ky, yielding an approprialely sized orthogonal
mairiz Q;::, an n X n permutation mairiz 7 and an appropriately sized mairiz R, with the struclure

Ry = ( :2‘ 'Sg ), where Ty is ri X ry, upper triangular and invertible, with ry denoting the rank

of Ki (equal to the rank of Ji ), such thal holds K = Q{}?kﬁ'{. )
Then there ezists an m x m orthogonal matriz Qi such that J; = QT Ry#l, where Ry is defined as
T Sk

themxnmatnz( o o

) (so with the zero blocks in Ry adapted to the appropriate size).

Proof We can write o
Ty = K] Ky = #.RI Ry 7] (B.16)
so that .
# Tefe = RT Ry (B.17)

Notice that, by definition of B, we also have
#1Ti#e = R Ry (B.18)

Introduce m x n matrix L;, to be defined as L, = Ji7,. Then L; and R; are of the same size,
with L{Lk = R{R;,. Application of Lemma B.2 then yields the existence of an m x m orthogonal
matrix Q such that Rg = QpLs.
This leads to

Je = L7l = QT Rua] (B.19)

which proves the proposition. |

Theorem B.4 The aliernalive algorithm for calculating pi(A) 1s correct.
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Proof From Lemma B.3 we see that application of the alternative algorithm leads to matrices Tj,
S: and #; that might have occurred in the original version also, when QR-decomposing J; with
column pivoting. Since the column selection strategy is of no importance for the validity of the
further calculations (it is only the structure of the achieved decomposition that matters), there is
no incorrectness in using these matrices instead of their counterparts without tilde.

Further inspection of the ongmal calculations shows that what is further needed to obtain P (0)
{and in at later stage pp(})), is vector i, conswt.mg of the first r, components of Qy fi (in the
notation of Lemma B.3).

Now, notice that we have the gradient g, at our disposal. We can write

9 = JL fi = T RTQu S (B.20)

so that iy is obtained as
=(%7 0)fn=(%" 0)( % 9)an=(1 0)ar @

This shows that #; as calculated in the alternative algorithm represents the first r;, components
of Qi fr and is indeed playing the role of uy in the original calculations. Hence, the alternative
algorithm is correct. 0

The importance of the above theorem, showing that we can perform the required calculations for
the LM algorithm with a reduced amount of computer memory capacity for data storage that is
independent of the value of m has already been discussed before. However, one still may argue that
the alternative procedure given above might have numerical properties that are inferior to those of
the original one. Apart from the numerical round-off stemming from the explicit calculation of T'y
that might affect the final results, we shall show that there is in general good reason to expect the
alternative algorithm to yield results similar to those of the original one. The point we will make
in Theorem B.6 is that the quantities ﬁ, Sk, 71 and @ are in fact identical to their counterparts
without tilde, provided the selection strategy applied when performing QR-decomposition with col-
umn pivoting is based on the principle of selecting the column of which the remaining part that is
of interest has the largest norm, and moreover an additional sign convention procedure is applied.
This strategy (apart from the sign convention procedure) is a very common one and actually we
have been using it in the experiments of [29]. (It enables one pretty easily to determine the rank of
a matrix in the presence of numerical noise by setting a level for deciding on significant difference
from zero.} Before stating the actual theorem we shall discuss the algorithm for QR-decomposition
with column pivoting based on this strategy in some more detail.

The procedure can be sketched as follows. In the first iteration, select the column with the largest
norm of the matrix to be operated on. Interchange this column with the first one by postmulti-
plication with a suitable permutation matrix. Next, premultiplicate with a suitable Householder
transformation (as in standard QR-decomposition) to obtain a first column that is a multiple of
the first unit column vector e;. In subsequent iterations we proceed in a similar way, now leaving
the rows and columns that have already been handled out of it. Each postrnultiplying permutation
matrix is now formed as a 2 by 2 block matrix with the (1,1)-block equal to I, the (1,2)-block and
(2,1)-block equal to zero and the (2,2)-block containing the actual permutation (all of appropriate
size). Each premultiplying orthogonal matrix has a similar structure, with the (2,2)-block contain-
ing the actual Householder transformation. {Notice that each 2 by 2 block matrix in such a case is
itself still a Householder transformation matrix.) When selecting a column in a new iteration we
only calculate the norms of the lower parts of the columns that are still of interest, and compare
these. As soon as the last column has been handled we stop. If we encounter a situation where
the largest norm {of the remaining parts of the columns) is less than a certain specified tolerance
value (e.g. 10-1%), we set all remaining matrix elements to zero. All postmultiplying permutations
then build the overall permutation matrix , and all premultiplying Householder transformation
matrices build the overall orthogonal matrix . The matrix itself has been transformed into the
upper triangular factor R.
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Lemma B.5 Let J be an m x n matriz and K be a p X n mairiz such that JTJ = KTK. Then
if we apply QR~decomposilion with column pivoling to J and K respeclively, based on the column
selection strategy described above, we find (in the seme notation as before) that J = QT RxT and
K =QTR#T, where # = w, T = DT and S = DS, with D a diagonal matriz with all elements on
ils main dingonal from the set {—1,1}.

Proof By induction. To start with, notice that the squared values of the lengths of the columns
of J appear on the main diagonal of J7 J in the same order. Because J7J = KT K we see that the
selection procedure, when applying (QR-decomposition with column pivoting to J and K, leads in
both cases to the same initial permutation matrix by which is postimnltiplied. Denoting the first
post- and premultiplying matrices with a subscript 1, we have that after the first iteration of the
QR-algorithm we are left with

T = =T
-{ 1 ¥ A = 1 W _
QJr = ( 0 I ) and KT = ( 0 K, ) (B.22)
where m; = #,, and with 2; and #; denocting nonzero scalars (provided J and K are nonzero

matrices),
Since J7J = KTK and 7, = 71, whereas Q, and @, are orthogonal, we see that

(@JIm) QI = (G KT)T Qi (B.23)
Hence \ , . o
1 141 _{ z £ 7]

( nin I+ uyl ) B ( #15h KTK+ ngf ) (B.24)

Define dy, the first diagonal element of D, as ,/x;. From the matrix identity above we have that
dy € {-1,1}, since =7 = #%. As a result we also have that §; = dyy;. Therefore y37 = H 7,
whence JTJ; = KT K;.

In the next iteration of the QR-algorithm we proceed with J; and X in a similar way. The obtained
elements 2, &1, y and §; remain unaffected. Thus, we can conclude (since the squared values of
the lengths of the remaining parts of the columns, i.e. of the columms of J; and K respectively,
appear on the main diagonal of J;r.h =K ;‘PK 1), that 7o = #o.

By induction we obviously find that # = #. Moreover, from the way d; is obtained we see, by
induction, that D = diag{d,, ..., d,} will satisly the required properties, while T = DT and § = DS.
The latter conclusion can alternatively be obtained from the result that = = # in the following way.
If # = # we have from JTJ = KTK that

(g;)(TS)=(§:)(T ) (B.25)

Therefore TTT = TTT. By Lemma B.1 we see that there exists an orthogonal matrix D such
that T = DT. But T is invertible and upper triangular, so its inverse is also upper triangular.
Consequently, D = TT-! is upper triangular. Hence, also the inverse of D is upper triangular.
But since D is orthogonal we know that D~! = DT, which must be lower triangular. So D must
be diagonal. Orthogonality of the diagonal matrix [} then implies that all its elements are from
{-1,1}, since D* = 1.

Next, we use that 778 = 775 = TT DT §, whence § = DS. This completes the proof. D

The next theorem then easily follows.

Theorem B.6 When applying the alternative algorithm for calculating px()), the quantities Ty, S,
Ti end @, are identical to their counierparis without {ilde, provided the selection strategy epplied
when performing QR-decomposition with column pivoling is as described above, i.e. based on the
principle of selecting the column of which the remaining part of interest has the largest norm, with
the modification that we also apply a sign convention procedure, making sure that the diagonal
elements of T, and Ty are all positive,

35



Proof This is an immediate consequence of Lemma B.5, since we have that J7J, =T, = KT K} and
we apply QR-decomposition with column pivoting to either J; or K. The extra sign convention
consists of choosing matrix D (in Lemma B.5) appropriately, that is, by requiring the diagonal
elements of T and 7% to be positive. w]

Remark In the first case that has been studied in this appendix, where a recursion was applied to
the rows of J; using Givens rotations, we shall in general noi obtain the same matrices T and 5 as
for the original algorithm. ’

In order to complete the discussion about these approaches for calculating the LM steps, using a
reduced amount of memory space for the storage of variables, we must also pay attention to the
following. In the LM algorithm implementation of [27] there is also a step where the trust-region
size is adapted, based on the experienced validity of the linearization around the current iterate.
For that, use is made of the quaniities |jJipx||* and )| f&]|%, in particular in ihe definitions of pz and
v and in the convergence criterion (see Sect. 2, the comments to step IV, V and VI). Notice that
%”fk'llz denotes the current criterion value, which can be computed recursively in our application as
well (being the sum of squares}. Also |}/ px||? can be computed without explicit knowledge of J,
since it is identical to pIJEJkpk = pfl'kpk, where T} is available. Therefore, steps IV, V and VI do
not requite the explicit knowledge of J. and f; either, making the above approaches applicable.
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Appendix C: Analysis of Moré’s scaling strategies

In Sect. 2, in the comments to step VII of the LM algorithm, we have claimed that the scaling
strategies proposed in [27] are unsatisfactory and not properly based. The purpose of this appendix
is to motivate this claim by presenting the results of experiments carried out with the same four
test—problemns as studied in [27]. The second objective of this appendix is to investigate and compare
the performance of the stopping criteria of Moré and Marquardt (see Sect. 2, step V).

The test—problems under consideration are the following.

1. Fletcher and Powell [10], n = 3 and m = §.
The residual mapping f is described by

FHzt, 22, 2%) = 10[23 — 108(=?, 2%)),

Flet, 2, 2%) = W[V + [ - 1],

fa(xa'zz‘ 1:3) = 1:8,

with
sal g7y | FFOTCtan & if 21 > 0,
(@ =% = Larctan { & L ifal <0
e o)+ e <l

The starting point is
ze = (~1,0,0).

There exists a global minimum at (1,0,0) with residual norm 0. There is a discontimiity along
the plane ! = 0, which must be crossed in order to get to the optimum.

2. Kowalik and Osborne [19], n =4 and m = 11.
Hete f is given by

_ xl([ui]z + I2ui)
(@) + 220 + 29)

fi@, 2% 2% ey = ¢
where

(u',...,utt) = (4,2,1, 5,.25,.167,.125, .1, .0823, 0714, .0625),

(¥l,...,u*") = (.1957,.1947,.1735, 1600, .0844, .0627, .0456, .0342, .0323, .0235, .0246).

The starting point is
2o = (.25,.39, 415, .39).

A global minimum occurs at (1928, .1938,.1246,.1370) with corresponding residual norm
1.76188 - 10~2. (In [27) the value 1.7536 - 10~2 for the optimal residual norm is given,
which is equal to the value specified in [19]. There the optimum is said to be located at
(.1928,.1916, .1234, .1362). These small differences are probably caused by numerical round-
off contained by the printed data in [19].) This is a data fitting problem with small residual
norm., There exist infima at infinity for which some parameters are drifting away and others
retnain bounded.

3. Bard [2}, n =3 and m = 15.
In this case f is given by
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il 2 8y i |l u?
e ahe) =y [3 +(zzv‘+33w‘)]

where u', ' and w’ are defined as

w=i v =16—i v =min(e ),
and 3’ is given by _

(¥, ..., v™%) = (.14,.18,.22, .25, .29, .32, .35, .39, .37, .58,.73, .96, 1.34,2.10,4.39)
The starting point is

2o =(1,1,1).

This is again a data fitting problem for which infima at infinity exist. Its global minimam
occurs at (.0824,1.1330,2.3437) and leads to a residual norm 9.063596.

. Brown and Dennis [6], n =4 and m = 20.

For this problem f is given by
Fi(et, 22, 2%, %) = (2 + 2% = exp(*))? + (2% + 2¥sin(t') — cos(#'))?, (i=1,...,20)

where ' = (.2)i.
The starting point is

zo = (25,5,~5,1).

The global minimum occurs at (—11.5944, 13.2036, —.4034, .2368) with residual norm 292.9543.
There are no other local minima. This is a problem with a large residuai.

We have carried out experiments with these test—problems, starting from three different starting
points: #g, 10z¢ and 100z,. We investigated four different scaling strategies, being

1.

No Scaling. Here we choose D = [ at each iteration, irrespective of the value of z;,

2. Initial Scaling. We choose Dy = Dy, with Dy chosen as explained in Sect. 2, steps [ and VII.
3.
4

Adaptive Scaling. See Sect. 2, step VII.

. Continuous Scaling. See also Sect. 2, steps I and VII. Dy is chosen at 2 like Dg is chosen at

xp for strategy 2.

Furthermore we have compared the effect of the stopping criteria of Moré and Marquardt on the
number of iterations required to reach an optimum. The results of the experiments are given
in Tables 1-4. In a number of situations FC is specified, indicating *“failed convergence.” The
experiments were carried out using the MATLAB environment, so that certain automatic warnings
in case of bad conditioning of matrices or division by zero were issued. In principle, all experiments
were started with Ag (the initial trust-region size parameter) set to 1. In contrast with Figure 1 of
Sect. 2 we have counted an iteration also in case the step was not accepted (i.e. p < 10™*). This in
order to make a fair comparison with the results of [27].

Test—problem 1.

! In the last iteration a “division by zero” warning was issued by MATLAB. After 17 itera-
tions we had a residual norm 2.0134 - 105 at (1, —1.265 - 10'%,0). This coincides with the
result after 16 iterations (see the result obtained for Marquardt’s stopping criterion), so that
apparently no step was accepted in the 17-th iteration.

2 In the last iteration a “division by zero” warning was issued by MATLAB. After 26 iterations
we had a residual norm 8.9754 - 1017 at (1,5.6394 - 10-8%,0).

3 FC indicated because convergence was very slow. (Several thousands of iterations required.)
Typical gradient-like behaviour takes place: zigzagging of some variables and slow, smooth
convergence of other ones. Obviously, the problem is now badly scaled.
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starting | scaling Moré’s stopping criteria | Margquardt’s stopping criterium | Moré’s
point | strategy | # iterations | residual norm | # iterations | residual norm | results
To 1 15 2.7878 . 10~ 13 4.3160 - 10~ —
Zo 2 15 0 14 1.7919 - 10~ 12
To 3 15 1.2261 . 10~°° 14 8.4338 - 1071 11
Zg 4 18 0 16 2.0134 - 10=1° 12
10z¢ 1 | 19 0 18 6.0804 - 10-1° —
10z 2} 27 1.1419 - 10~ 26 6.4282 - 10~ % 34
10z¢ 3 i 23 3.6540 .10 2 2.5022 - 10~ 20
10z 4 ]] 26 ' 0 25 4.4882-10-2° 14
100z 1 T 27 7 0 25 8.9754. 101" —
100zq 2 I FC* — ¥C*° — FC
100z 3 I 101 0 100 8.5246 - 10~° 19
100xzq 4 ] 227 0 226 1.9686 - 10~2° 176
Table 1. Results for testi—problem 1.
starting | scaling Moré’s stopping criteria Marquardt’s stopping criterium | Moré’s
point | strategy [ # iterations | residual norm | # iterations | residual norm | results
To 1 23 1.7619 - 107 25 17619 - 107 —
e 2 10 1.7619-10~° 13 1.7619 - 10~* 19 4
Zo 3 10 1.7619 - 10~° 13 1.7619 - 10~* 18 ¢
T 4 10 1.7619 - 10~° 13 1.7619 - 102 18 4
10y i 33 1.7619 - 10~ 2 35 1.7619 - 10~ 2 —
102y 2 44 1.7619- 10~ 46 1.7619 - 10~ 81
104 3 42 1.7619 - 10~ 44 1.7619 - 10™° 79
10xq 4 53 1.7619 -10~* 56 1.7619 - 10~ 63
100zq T 29 1.7619 - 102 101 1.7619 - 10~ —
100z¢ 2 113 1.7619 - 10~ 115 1.7619 - 10~ 365 ¢
100xzq 3 111 1.7619 - 10~* 113 1.7619 - 10~ 348 ¢
100zq 4 FC?® 4.2317 . 10~* FC* 4.2317 - 10~° FC*

Table 2. Results for test-problem 2.

Test—problem 2,
4 Moré states that in all these cases convergence to an infimum at infinity took place.

5 In these cases “division by zero” occurred after 106 iterations. The residual norm reported
corresponds to the estimate then; this is (11.6, 1.066-10%,5.335-10%,2.169-10%). A logarithmic
plot of the estimates shows that z?, z® and 2% are drifting to infinity at almost the same rate.
Convergence to an infimum at infinity seems to take place, but notably a different one as
specified in [27).
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starting { scaling Moré’s stopping criteria Marquardt’s stopping criterium | Moré’s
point | strategy || # iterations [ residual norm | # iterations | residual norm | results
— —— e = _._..._:2__..._...
To 1 5 0.0636 - 10~ 2 5 9.0636 - 10 —
Tq 2 7 9.0636 - 10—+ 6 2.0636 - 10~ 8
zy 3 7 9.0636 - 10~ 6 9.0636 - 10~* 8
20 4 8 9.0636 - 107~ 1 6 ] 9.0636- 10-% 8
[ 10zg | 1 [ 14 | 9.0636-10° [ 14 | 0.0636-10-2 | —
10zq 2 f 48 7 417477 48 1 4.17477 37 °
102q 3 | 48 ° 417477 48 ® 4.17477 3T°
102y 4 u 7% 417477 7° 4,17477 FC°
100z, | 1 73 ] 9.0636 10 23 | 9.0636.- 10 —
100zq 2 19 10 4.17477 19 1% 4.17477 14 °
100z 3 19 H 417477 19 M 4.17477 14 °
10024 4 FC !¢ — FC ? — FC°
Table 3. Results for test—-problem 3.
starting | scaling || Moré’s stopping criteria Marquardt’s stopping criterium | Moré’s
point | strategy || # iterations | _residual norm § # iterations residual norm | results
Zg T %7 [ 2929543 | 31 292.9543 —
zg 2 424 292.9543 382 ¢ 202.9546 268
p 3 424 292.9543 382 % 292.9546 268
Ty 4 FC* - FC® - FC
10z, 1 35 292.9543 41 292.9543" —
10z 2 441 292.9543 | 1089 ° 292.9543 423
10z, 3 288 '° 292.9543 60 *° 202.9543 57
10z¢ 4 FC 1° — FC 1 — FC
100z, 1 37 202.0543 43 292.9543 —
100zq 2 1108 292.9543 750 17 202.9543 FC
100z, 3 169 ** 292.9543 91 M7 292.9543 229
100z, 4 FC ¢ — FC 2 37 — FC

Table 4. Results for test—problem 4,

Test-problem 3.

® Moré states that in all these cases convergence to an infimum at infinity took place.

? MATLAB issued “division by zero” and “matrix singular to working precision” warnings
since iteration 42. Convergence to infinity, as specified in [27], took place. We notice that
z! converges to }-—‘;’% = 0.84066667, and the other coordinates to infinity. The fact that the
number of iterations is equal for both stopping criteria is a consequence of the way MATLAB
proceeds after the warnings being issued. Stopping occurred because the norm of the proposed
step p was of order 10-3,

8 As under 7, now with warnings since iteration 43.

Y As under 7, now with warnings since iteration 13.

10 As under 7, again with warnings since iteration 13.

U Convergence as under 7 took place. Warnings were issued only during iteration 5. In these
cases the estimate of z! after 7 iterations was very close to the specified asymptotic value.

12 Numerical inaccuracies detected since iteration 4. (Condition numbers of order 10-1%) A

crash occurred after 8 iterations.
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Test—problem 4.

13 FC indicated because convergence was extremely slow (thousands of iterations required).
In these situations the scaling is very bad.

14 Notice that convergence was detected with less accuracy than in all other cases.

18 The initial value for Ag was taken to be 100. For the standard choice Ag = 1 termination
after 1 iteration occurred. Compare with the remarks to step V in Sect. 2.

16 The initial value for Ay was 1. For A, = 100 only 60 iterations were needed.

17 The initial value for Ag was taken to'be 10000. For the choices Ay = 1 and Ag = 100
termination after 1 iteration occurred. Compare with the remarks to step V in Sect. 2.

18 The initial value for Ay was 1. For Ag = 10000 only 84 iterations were needed.

From these experiments we draw the following conclusions.

1. The scaling strategies of [27] are unsatisfactory. Nonscaling generally has led to superior
convergence in all difficult situations. Of course one cannot state that nonscaling is optimal,
because the “initial scaling” strategy can be considered as corresponding to nonscaling in
a situation where one started with other coordinates. But apparently the proposed scaling
strategies did not exhibit good behaviour.

2. There is little difference between the numbers of iterations required for Moré’s stopping cri-
teria and those required for Marquardt’s criterium. Moré’s criteria are more conveniently
interpreted, but Marquardt’s has the advantage of being applicable to other optimization
routines as well, making a comparison between different methods easier.

3. The matter of choosing an initial value for A, deserves more attention, as it turns out to play
an important role in some experiments with test-problem 4.
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