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A dual process associated with the evolut
the state of a queueing network at its jumps

Richard J. Boucherie*

Abstract

For a product form queueing network, based on the potential interpretation of
the transition rates, a dual process, associated with the queueing network at
its jumps, is introduced. It is shown that this dual process can be chosen such
that it describes the evolution of the states observed by a customer in transit.
This gives a new interpretation and generalization of the arrival theorem. As
is shown by various examples, the dual process gives insight into the behaviour
of product form queueing networks.

Keywords: arrival theorem, dual process, Palm probabilities, product form,
queneing network

1 Introduction

Many authors have considered queueing networks that can he modeled as a continuous-
time Markov chain with product form equilibrium distribution due to a notion of local
balance (cf. [8], [9], [11], [13], [14]). In state 7, describing the number of customers in
the queues, a system dependent service rate for leaving queue 2, ﬂﬁ%ﬁl, 1s assumed.
Upon release customers are routed among the queues according to the routing func-

tion, p;; (7 — €;). If a solution {c;}Y, exists to the traffic equations
2Awpy(A — &) = 1pi(@ — )} = 0, (1.1)
J
expressing local balance, the equilibrium distribution is of product form:

x(7) = Bé(w) 1;[ Cet.

The physical model for a transition assumes that in a transition 7 — 7 — ¢; + ¢;
first a customer leaves queue i and subsequently this customer is routed to queue j.
Thus, the transition virtually passes through 7 — e; and consists of two parts: a
service part and a routing part. This decomposition between service and routing is
the basis of local balance as expressed in (1.1). In some cases, a queueing network
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can also be modeled considering vacancies at the queues, i.e. positions at the queues
- where no customers are present. If a customer leaves queue ¢ a vacancy is created
at queue ¢. In a transition @ — % ~ e; -+ e; first a vacancy is created at queue ¢ and
subsequently a vacancy is routed from queue j. Thus, in contrast to the customer
process first a unit is created at queue 7 and the transition 7@ — M +¢; —¢;, where M
describes the number of vacancies, virtually passes through 72+ ¢;. A second process
with transitions 7 — 7@ + e; — € that virtually pass through 7 + ¢; is the process
describing the evolution of states as observed by a customer in transit. To this
end, consider the evolution of the states of a queueing network. In a transition
T — T — ¢; + ¢; a customer leaves queue ¢. In transit, this customer observes state
7t —¢;. Then the customer is absorbed in queue j. Subsequently a customer may leave
queue k. In transit this customer observes state @ — e; + ¢; — ;. Thus a transition
T —e — T — e + ¢ — ¢ is induced in which first a unit is created at queue j.
The stochastic process describing transitions in which first a unit is created is called
the dual process. The transition rates for this dual process are obtained from the
transition rates of the primal process, the stochastic process describing the original
queueing network, based on a potential interpretation of the transition rates partly
due to [8], [14]. This approach leads to a generalization of the arrival theorem. In this
generalization the process describing the evolution of states observed by customers
in transit is given. Moreover, it is argued that a moving customer may influence the
equilibrium distribution of the queueing network. Thus, a moving customer will not
see the network as if the customer is not present, but this moving customer sees the
network that is influenced by its own presence. The equilibrium distribution observed
by a moving customer is shown to be the equilibrium distribution of the dual process.

In the examples, the symmetrical relation between the primal an the dual process
is shown to be similar to the relation between the primal and dual problem in linear
programming thus justifying the name dual process. Furthermore the relation be-
tween the transition rates for the primal process and the transition rates for the dual
process is discussed. Finally, some comments on batch servicing and routing queueing
networks are given. These networks are then used to explain the discrepancy between
the equilibrium distribution in a discrete-time and corresponding continuous-time for-
mulation of a queueing network.

This paper is organized as follows. In Section 2 the primal process is discussed.
Some well-known results are reformulated in the setting of this paper and the po-
tential interpretation of the transition rates is discussed. Section 3 presents the dual
process. The transition rates of the dual process are defined based on the potential
interpretation of the transition rates. Furthermore, a sufficient condition for the dual
equilibrium distribution to be of product form is given. In Section 4, for a general
class of primal processes, the dual routing function is given. Section 5 relates the tran-
sition rates and equilibrium distribution of the primal process to those of the dual
process. In this section the Palm probabilities associated with the jumps of the pri-
mal process are studied. It is shown that moving customers see the dual equilibrium
distribution thus generalizing the arrival theorem. Section 6 gives some examples
and general remarks on the relation between the primal and the dual process and



Section 7 concludes the paper.

2 Preliminaries

Consider a continuous-time queueing network consisting of IV queues, labeled 1,..., N.
Assume that the queneing network can be represented by a stable, regular, continuous-
time Markov chain X = {X(¢), t > 0} at state space S C NY = {m: @ =
(R1,...5mN), B € No = {0,1,2,...}, i = 1,..., N}, where n; denotes the number
of customers at queue 7, ¢ = 1,...,N. The transition rate from state @ € S to state
7' € § is denoted by ¢(%,7’). As the Markov chain X describes a queueing network,
it is natural to assume that transitions of X correspond to routing of customers, i.e.
it is natural to assume that, for 7,7’ € §

¢g(®,7') =0 unless @' =T —e;+ej, i,jEN, i #7, (2.1)

where A" = {0,..., N} if the queueing network is open and N = {1,...,N} if the
queueing network is closed, ¢;, ¢ = 1,..., N, denotes the i-th unit vector and ey = 0.
In a transition # — 7 — e; + ¢; first a customer leaves queue ¢ and subsequently this
customer is routed among the queues. In this transition the customer configuration
7 — ¢; remains unchanged. Therefore, the transition can be written as (W —¢;} +e; —
(% — e;) + ¢; and can thus be regarded as virtually passing through @ — ¢; € N{Y,
a so-called dual state. The set of dual states plays an important role in the dual
process, therefore this set is explicitly defined here.

Definition 2.1 (Dual state space) For a stochastic process X al state space S
with transition rates satisfying (2.1), the dual state space, 5%, is the set

S={meNIZ,jeN, i#j:Mtemte; €S, qm+e,f+e;) >0} (22)

With this definition, the transition rates for X can now be defined. In agreement
with the literature, assume that, for ¢ : $¢ — R*, ¢ : 5 — R*,p: §x 5§ — R*U{0},
Rt = (0,00), p;;(7 — ¢;) = p(W, 7 — €; + ¢;), 1,§ € N, the transition rates have the
form

¢m, T —e; +e) = %pﬁ(ﬁ -¢), i, H—e;+e €S, i,jEN. (2.3)
Remark 2.2 (Transition rates) In the general formulation given above, (2.3) does
not give rise to further restrictions on the transition rates. The form (2.3} is chosen in
agreement with the literature (cf. {2], [3], [5], [6], [11]) and expresses a decomposition
of the transition rates into a service part, ¥/¢, and a routing part, p;;. At this
moment, p;;(7@) is an arbitrary function such that p;(@) =0 for all @ € 5%, i € N.
Note that the argument, 7, of p;;(77) explicitly states that a transition Wi+e; — Ti+te;
occurs via the dual state 7. In the sequel, strong restrictions will be imposed on p;;
(¢f. Remark 2.4). The functions 1 and ¢ are not subject to any further restrictions. O



The following lemma provides a sufficient condition for X to have a product form

invariant measure, that is a non-negatwe solution, ® = (®(7), % € ), to the global
balance equations :
2 {e(@)e(m,7) - ¢(@)e(7, W)} =0, We S. (24)
W#T .

As transitions @ — B — ¢; + ¢; are allowed only, the global balance equations can be
written

Ze,:v {B(@)g(FT—e;+e;) - PF~ e +¢)e(T—e; +e;,)} =0, TES. (2.5)

lf a solution, ®, exists to the local balance equations

2 {2(@)q(7 T — i+ e5) ~ BT~ e; +¢;)q(R — e; +¢;,7)} =0, i €N, W€ 5,(26)
JEN

then @ is an invariant measure as can easily be seen by summing (2.6) over ¢. In
Lemma 2.3 below, local balance of this form is expressed by (2.9). However, local
balance can also be expressed as

E {@(n)q(n,n —e + e:) Q(n —e+ ej)?(n —¢ te;nn )} =0,j€ Na ne 5(27)
iEN

If a solution @ exists to (2.7), then @ is an invariant measure as can be seen by
summing (2.7) over j. Note that a solution to (2.6) does not necessarily correspond
to a solution to (2.7). In Section 3, (2.7) expresses local balance for the dual process,
whereas in this section {2.6) expresses local balance for the primal process. The result
of Lemma 2.3 is well-known. For example, for slightly different forms of the transition
rates this result is obtained [3], [5], [8], [9], [14], however, as terms appearing in the
proof of this lemma give a first glance at the dual process and the proof shows the
symmetry between X and the dual process introduced in Section 3, both Lemma 2.3
and its proof are given here explicitly.

Lemma 2.3 X allows an tnveriant measure ® at S, given by
N
o(m)=¢m@ [, me S, (2.8)
k=1

if for all i € S the coefficients {c;}}; are @ non-negative (c; >0 for all 1) solution

of

Z,Er {ripi;(m—e;) —vp;i(T—e€)} =0, i €N, =1 (2.9)
i€



Proof Insertion of (2.3) and (2.8) into the global balance equations at S gives for
nes

> {8(@)e(m,7) — (@ )g(7',7)}

wAR
= 3 {?5(5) Il m b~ = e‘)Paj(ﬁ — &)
i jEN k=1 #(@)
N —
— $(T— e+ ;) [ ™ f(n ) {7 — e }
qs( J)kl.:..lj:[ k é(‘n—e;+ej)p’( )
= Y P(E~e) H w Y {api(® — &) — eipi(A — e:)} (2.10)
fEN k=1 JEN
= 0,
where 6;; = 1 if £ = j, 0 otherwise. The last equality is obtained from (2.9). o

Remark 2.4 (Blocking) At first glance, (2.9) does not give rise to major restric-
tions on the routing function p;;. However, note that p;(7i — e;) = p(R, 7 — e + ¢;)
and p: § x § — Rt U {0}. Therefore, (2.9) implicitly assumes that, for all j in the
summation, 7 — ¢; + ¢; € §. Moreover, the coefficients {¢;}{L, are state independent.
This restricts blocking to the followmg cases, where pi;(T) = Ay;bi;(7R). (i) Re-
versible blocking: the solution {c;}Y, to (2.9) satisfies ¢;Ai; = ¢;\ji, 4,7 € A and

b;;() = b;;(M) for all ™ € NJ¥ such that both M +¢; and 7a + ¢; € S, where S is an
arbitrary subset of NY. (ii) Indicator blocking: the solution {¢;}Y; to (2.9) satisfies
the traffic equations Tjcx {c,/\,‘, c;A;} =0, ¢ € N and b;; or S satisfies some very
special conditions such as S is coordinate convex, i.e. S = {7 € NJ'|T}, n; < M}
or b;; is such that the stop protocol is satisfied (cf. Example 6.3), i.e. 1f S={rne
Nf¥ln; < Njy, 7 = 1,...,N} and my = Ni then b;;(7%) = 0 for all i. Note that
these blocking conditions cover a fairly wide class of blocking examples and contain
practical blocking examples (cf. [11}). 0o

The following lemma considers the expected rate of transitions between a pair of
queues. A similar result is obtained in [14] for the case of an open Jackson network
and in [2] for the case of a reversible process with general transition rates. Here, a
non-reversible process is considered with transition rates more general than in [14j.
As in the previous lemma, both Lemma 2.5 and its proof contain terms appearing in
the dual process. In order to give a proper formulation of this expected value, define
gi:S— RtU{0},4,7 €N as

;@) = g(M, T —e; + ¢;), WE S.
Lemma 2.5 If & as given in (2.8) satisfies
E @(ﬁ') =B1l« oo,

Res

then under the distribution



(%) = B®(\), n € 5,
for any i,7 € N the ezpecied rate of transitions from queue i to queue § is given by
Eg; = B ) ¥(W)cipi;{m), (2.11)

mese

where U is defined as

U(77) = () 1’[ &, me 8O | (2.12)

Proof Direct computation of the expectation value gives for any ¢,5 € N

Eg; = ) q(R,7—e +¢)m(R)

nES
- S o cym [l
nes
= sttb”ﬁ eJH rip(T — €;)
(1=
= B_ZS:”W(m)c;p;s(m),

where, for 7,7 € N,
Si; = {m € Ng'|m + e, 7 + ¢; € S, pij() > 0}.
Note that, since ¢(T7 + ¢;,@ + ¢;) > 0 if and only if p;;(77) > 0

= |J Sy,

iJEN
which completes the proof. O

Remark 2.6 (Dual process) The function ¥ : $¢ — R*U{0}, as defined in (2.12),
appears both in the proof of Lemma 2.3 and in Lemma 2.5. The rlght-ha:nd side of
(2.11) gives rise to the following interpretation of ¥. If ¥ satisfies

S ¥(m) = [B“]_ < o0,
mest
then under the distribution z2 at S¢ defined by
(W) = BY¥(m), m € S,
the right-hand side of (2.11) can be written

Bd m%d cipi; () d(m)



(2.11) expresses the probability flow from queue ¢ to queue j and p;;(7%) is the prob-
ability that a customer routes from queue i to queue j through 7. #?¢ can thus be
interpreted as the probability that a transition passes through the dual state 7@ € $¢,
i.e. that a customer in transit observes state M € S9. This will be formalized in
Section 5.2. 0

The remaining part of this section gives some interpretations of the process X with
transition rates (2.3} and invariant measure (2.8). These interpretations will be used
when the dual process is introduced. The definition of the dual process in Section 3
is based on the potential interpretation of the transition rates (2.3).

Interpretation 2.7 (Potentials (cf. {8], [14])) In accordance with [8], [14], the
transition rates (2.3} can be interpreted as reflecting the potential difference between
states @ and @' = i—e; +¢;. To this end, define the global or configuration potentials
U representing the potential of configurations at S and V representing the potential
of configurations at $¢. Note that, in the configuration 7 € $¢ one customer is
released into the queueing network, which, in general, may influence the potential of
the configuration. The intensity at which a customer is released from queue ¢ in state
7o € S is a function of the potential difference of the configurations @ and @ — ¢;, i.e.
this intensity is a function of V(% — &) — U(%). Once a customer 1s released, the
routing of the customer is determined by the potentials of the queues and not by the
. potential difference of the configurations. To this end, define D;;(7%), the potential
difference between queue i and queue j in configuration . The potential difference
between states @ and 7 — ¢; -+ ¢; is then given by V(7 — ¢;) — U(R) — D;;(7 — ;).
Define

¢(@) = exp[-U(R)], m € 5,

¥(7m) = exp [~V ()], m € §7,

pi;() = exp [Dy;()], M€ 5%, i,j €N, (2.13)
then the transition rates have the form (2.3). Furthermore, ® can now be written

N
B(7) = exp [—U(ﬁ) -y Cknk] , BES,

k=1

where {; = —log¢;, 1 € N, can be regarded as local or site potentials. However, as
is stated in the literature (cf. [14]), this interpretation is valid only if X is reversible
since the site potentials must satisfy

~Ci + Dy(m) = ~(; + Dy(), me 54, i,j e N.

In Sections 3 and 4 this potential interpretation is used to construct the transition
rates for the dual process. o

Interpretation 2.8 (Probabalistic) The transition rates (2.3) can also be inter-
preted probabilistically. To this end, define for 7z € S¢, ¢, € N

7



- k273 =P_ij(7_n—)_ . - (T
pi5() i) pi(™) .J;NPU( )-

For @,7i —e; + ¢; € S, (2.3) can be written

Tien ¥(@—e)pi(T— &) (7 — e)p(T — €:)
¢(7) Tiew ¥(@ — e)pi(R — &)

As the total rate out of state @ is given by

g7, —ei+e;) = pis(T—e:).(2.14)

) Dy (T el o)
’_“ZﬁQ(ﬂaﬁI) "EM é(ﬁ) pu( s) ¢(ﬁ) N

the first term in (2.14) can be interpreted as the total state-dependent service rate in
state 7. The second term may now be interpreted as the probability that a customer
is released from queue ¢ and ;; is the state-dependent routing probability.

The form (2.3) for the transition rates has been introduced in the literature only
recently {cf. [2], [3], [5), [6]). The first three references use the form (2.3), whereas
the last reference uses the form

a7 7T —e+e)= wT- j}%(ﬁ - ei);‘%‘(ﬁ - &)

The discussion above shows that these forms are equivalent. A similar observation is
made in [3). O

3 The dual process

For the stochastic process at S with transition rates as given in (2.3), this section
defines a stochastic process at the dual state space §¢, as defined in Definition 2.1,
with invariant measure ¥, as defined in (2.12), such that the transition rates for
this process can immediately be obtained from the transition rates (2.3). To this
end, observe that a transition @ — % — e; + ¢; for X, called the primal process,
passes through the state @ — ¢; € §%. Consider two successive transitions, say @ —
T—e+e — T —e +e; —er+ e As depicted in the upper half of Figure 1, this
sequence of transitions passes through ©—e; and 7i—e;+¢; —e; and therefore induces
a transition from state 77 — ¢; € ¢ to state @ — ¢; + €; — ez € 59, a transition for the
dual process. The transition rates for the dual process (3.1) are defined by analogy
with the transition rates for the primal process {2.3). In a transifion # — % —e; + ¢;
for the primal process X, first the potential difference V(% — ¢;) — U(R) must be
overcome. Then, in state @ — ¢;, a customer is routed among the queues according to
the site potential difference D;;(7 —e;). A transition %@ — e; — 7 — ¢; + ¢; — & for the
dual process passes through @ — €; 4+ ¢;. In this transition, first the global potential
difference U(7 — e; + ¢;) ~ V(7 — €;) must be overcome, then, in state @ — ¢; + ¢;,
according to the site potential difference ng(ﬁ — ¢; + ¢;) the process reaches state
B — €; + ¢; — e;. From this construction, the transition rates for the dual process

8
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Figure 1. Sequence of states for the primal and the dual process (e = % — ¢;).

are given by (3.1) below. The symmetry between the primal process and the dual
process is symbolized in Figure 1. The lower half of this figure is a mirror-image of
the upper half. Upwards transitions in both the lower and upper half correspond
to the global potential difference and downwards transitions correspond to the site
potential difference.

Definition 3.1 (Dual process) For a stechastic process at S with transition rates
given in (2.8), the dual process is the process X¢ = {X%(t), t > 0} at $¢ with
transition rates ¢° given by

m d =t — 55 @i 3.7
_) ps;(m'!-ej) m! GS,m m+ej 8,, 313 GN (3.1)

otherwise,
where pf;(+e;) = p¥(M, M+e;~e), M€ 59, 4,5 € N and p? : $¢x 5% — RTU{0}.

Remark 3.2 (Transitions) In contrast to the primal process, a transition @ —
7™ + ¢; — ¢; for the dual process passes through state W + e;. This is explicitly
visualized in the notation by writing 77 + e; — ¢; instead of M — ¢; + ¢; which.is the
usual notation for the primal process.

In Definition 3.1, the dual routlng function p; is not related to the primal routing
function p;;. The relation between p,: and p;; depends on the mterpreta.tlon of the
dual process as is shown in Section 4. A few remarks on pf; can be made here.
Firstly, note that P.; is not required to be a proba.blhty dJst.nbutlon Secondly, the
dual routing function, in general, does not satisfy p%;(%) = 0. This can easily be seen
by observing Figure 1. If for the primal process a customer routes from queue i to
queue j and next a customer routes from queue j to queue [, i.e. k = j in Figure 1,
then for the dual process a transition ™ — 7% occurs. Therefore, ¢*(T2,7) > 0 and
thus p;;(7) > 0. o



Similar to Lemma 2.3, a sufficient condition for X4 to possess a product form invariant
measure can now be given. The proof of this result is a direct analog {o the proof of
Lemma 2.3 and shows the symmetry between the primal and dual process.
Lemma 3.3 X? allows an invariant measure ¥ at S¢, given by
N .
w(m) = p(m) [] dp*, me Y, (3.2

k=1
if for all ™ € 8¢ the coefficients {d;}I, are a positive (d; > 0 for all i) solution of
> {ip“f‘j(ﬁi+ €;) — -l—pf,-(ﬁ+ e,-)} =0, i€N, v=1 (3.3)
ien \ Vi Yi

Proof Insertion of (3.1) and (3.2) into the global balance equations at 5S¢ gives for
m € 5

¥ {em)em,m) - w(m)e (7, m))

mEm

N . ,
= Y {1,{;(%;") k[[l dy* Mﬂfj(ﬁ +¢;)

LjeN %(m)
N
e AT 0 o s+bni—bri P + ;)
bt — ) L Ot
N

= Tamre) 16 T ebm o) - Jrbm+ )

JEN k=1 EN
= 0,

where the last equality is obtained from (3.3}, ‘ O

Remark 3.4 (Coefficients {d;};) The dual routing function pf; is not explicitly
related to the primal routing function. Therefore, the coefficients {d }¥, for the dual
process ate not related to the coefficients {¢;}1, for the primal process. In Section 4,
p%; will be chosen such that d; = ¢;, i =1,...,N or d; —%,z—-l .,N. In the
first case the dual process is said to descnbe customers and in the second case the

dual process describes vacancies or holes. - A

Similar to Lemma 2.5, the expected rate of fransition from queue ¢ to queue 7 can
now be computed for the dual process. To this end, define ¢; : $¢ — R* U {0},
i,jEN, as

qu(ﬁ) = qd(ﬁ,ﬁ+ e;—¢€), ME S,

Again, the symmetry between the dual process and the primal process is illustrated
by Lemma 3.5.

Lemma 3.5 If ¥ as given in (3.2) satisfies

10
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> ¥(m) = [BY| ™ < oo,

mesd
then under the distribution
r%(m) = B*¥(m), m € ¢,
Joranyi,j €N, i#j,
EQQ = Bd ZS: ¢(n)d pq(n)'l : (34)
RES™
where S~ is defined as .
S—={meNJ|H,jeN, itj:T—e,n—e; €8 ¢*(F—e;,T—¢) >0} (3.5)
Proof Direct computation of the expectation value gives for any ¢, € A

E¢; = Y ¢*(mW+e; — e)n’(M)
mes

-3 ‘“’”ie’* AT &) b (71 + ) Bé(7m )Hd'"*

mesd ( )

Bd E (}S(m + CJ) H dm*+6k’ _ptj(m + e.?)

mesd

= BY (), 3 —pi; (@),
meSd

il

 where, for i,5 € N, 1 # 5,
St ={me Ny |7 —e,7—e; € 8% pi(m) > 0}
Note that
- = U Sd
ijeN
which completes the proof. 0

Remark 3.6 (Backward dualizing method) The set $-, defined in (3.5), is the
set of intermediate states for the transitions of the dual process. From the definition
of the dual process, ¢*(% — ¢;, % — ¢;) is defined only if @ € S. Therefore, S~ C S. In -
general, 5~ is a strict subset of S, however, when the queueing network is open and
unbounded, it may be the case that §~ = S.

The forward dualizing method is used to construct the dual process X¢ from the
primal process X. The state space 5S¢ of the dual process consists of the intermediate
states of the transitions of X and the transition rates for X¢ are obtained via the
potential interpretation. It is possible to define a backward dualizing method in vari-
ous ways. The most direct method is the following first backward dualizing method.

11



The backward dual process of X? is the process at S~ with transition rates given
by (2.3). In this case, the backward dual process X% is not identical to the primal
process unless S~ = S. However, without any knowledge of the primal process X,
the backward dual process can be constructed from X?. This backward dualizing
method is discussed in Example 6.3. A different backward dualizing method is the
following second backward dualizing method. A major drawback of this method is that
it requires specific knowledge of the primal process. However, as is shown below, in
this case the backward dual process is identical to the primal process, i.e. X% = X.
For a state 7l € §9, consider all states 7 + ¢;, ¢ € N, such that i+ ¢; € S. The
backward dual process X9 is the process with state space S given by

§% = {me NY|3m € S% i € N such that 7@ = i + ¢; € 5},

and transition rates at 5% given in (2.3). From the definition of the dual state space
it is immediately clear that $% = § and therefore that X% = X unless S contains
singletons (7 € S is called a singleton if for all @ € S: ¢(7,®)=¢(@,7)=0). O

4 The dual routing function

The dual process, with transition rates (3.1), is related to the primal process, with
transition rates (2.3), through the functions ¥ and ¢ only. The dual routing function
p‘,—‘j is not related to the primal routing function p;; in the definition of the dual process.
Therefore, Section 3 defines a collection of dual processes for a collection of primal
processes. In this section, based on the potential interpretation of the fransition
rates, the dual routing function pf; is related to the primal routing function p;; for a
specific choice of this primal routing function. In Example 4.1 and Example 4.2, a
state of the dual process is chosen to represent a customer configuration, whereas in
Example 4.3 and Example 4.4, a state of the dual process represents the configuration
of vacancies or holes.
Throughout this section, assume that for all 77 € ¢

p;j(ﬁ) = p,-jl(?ﬁ-I- ¢, m+e € S).
Furthermore, when the queueing network is open assume that, for M < oo, M; €

No, i=1,...,N,

. N
S={meN|3 <M n2>M, i=1,...,N},

=1

with dual state space given by

N
S={me N[> n<M-1,n2M,i=1,... N}

i=1

Ifqd(ﬁ,?ﬁ‘)>0forall'rﬁ,"n’a"=ﬁi+ej—egesd, i,§ €N, then

12



N
i =S\{ﬁ€N§|an=Mand n; = M; for some i € {1,...,N}}. (4.1)

f==1

H M = oo then §— = § = 5%. However, as will be shown below, for the dual process
to satisfy the dual traffic equations (3.3) at the boundary of $% in most examples,
it must be assumed that ¢?(m, ') = 0. Thus, in most cases, S~ C §. When the
queueing network is closed assume that, for M < oo, M; € Ny, : =1,...,N,

N
5= {ﬁeNé\(!Zn‘-=.M, n2M,i=1,...,N},

=1

in which case the dual state space is given by

N
Sd={ﬁ€Né\r|Eﬂg=M-—1, n.-ZM.—, i=1,...,N}.

=1
If ¢*(m, ™) > 0 for all W, ' € $9, 4,5 € N then
5~ = S\ {7 € Sln; = M; for some i € {1,...,N}} C S. (4.2)

Assume that a positive solution {¢;}}L, exists to the traffic equations. In the open
network case they read

N

S {vipi; — i} =0, i=1,...,N, %=1, (4.3)
i=0

and in the closed network case
N
O {vipi —wps} =0, i=1,...,N. (44)
=1

Then, from Lemma 2.3, X allows an invariant measure ® at § given by

N
o(7) = ¢(7) [[ ck*, m € S.

k=1
Under these assumptions, the transition rates for the dual process will be given for
four different cases. In all of these cases, due to a refinement of the site potential
difference, the site potential difference D for the dunal process is related to the site
potential difference D;; for the primal process. This relation is then used to express
p:-f,- as function of p;;. To this end, recall (2.13) and the definition {; = —logg;,
t=1,...,N, as given in Interpretation 2.7.

13
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Figure 2. Similar transitions for the primal and the dual process (i =7 — ;).

4.1 Similar transitions

This example compares a transition @ — T—e; — T —e; +¢; for the primal process to
a transition @ — M+ ¢; — M + ¢; — ¢; for the dual process, as depicted in Figure 2,
where in both cases a unit is transferred from queue i to queue j. Assume the
following transition mechanism for the primal process. Firstly, a customer is released
from queue ¢ according {o the global potential difference, but this customer remains
in the vicinity of queue i. The global state is changed into %@ — ¢;, representing the
customer configuration of the customers remaining at the queues, with one customer
released into the queueing network. Secondly, the customer is released from the
vicinity of queue 7 and routed to queue j according to the site potential difference
D;;(7 — ¢;). From the transition mechanism above, it is natural for the dual states
to represent customer configurations. A state for the dual process represents the
customer configuration at the queues of the network, but with one customer that is
not attached to a specific queue, i.e. a customer in transit from one queue to another.
This gives the following transition mechanism for the dual process. Firstly, according
to the global potential difference, the free moving customer is captured in the vicinity
of queue j. Secondly, according to the site potential difference Df;(72+¢;) a customer
is released from queue ;1 and the customer near queue j actually enters the queue. In
the new state, 7@ + ¢; — ¢;, one customer is moving freely among the quenes. Note
that, for both the primal and the dual process, a customer is routed from queue ¢ to
queue j. However, for the primal process a customer must overcome the site potential
(; for leaving the vicinity of queune ¢ to become a free moving customer that can be
routed to queue j, whereas for the dual process a customer must overcome the site
potential —(; for entering queue § and thus allowing a customer to be released from
queue i. Therefore, the following relation for the site potential difference for the
primal and dual process can be deduced:

DL( +¢;) = ~G — (;+ Di;(m), i,j EN. (4.5)

14



For the routing function this implies
p(R) = cicjpi;, WES™, L, EN. (4.6)

If the primal process is reversible, i.e. the solution {¢;}¥ , to the traffic equations (4.3),
(4.4) satisfies

CPi; = CPjis 4, €N,

then for the dual routing function defined in (4.6), where S~ is given in (4.1), (4.2},
the coefficients {¢;}Y, solve (3.3). Therefore, Lemma 3.3 implies that the dual process
allows an invariant measure ¥ at §¢ given by

N
¥(m) = (@) [] &+, me S°. (4.7)
k=1
However, if the primal process is non-reversible, for the dual process to possess a
positive solution to (3.3) the dual routing function (4.6} must be modified to

— icipii ne > M, k=1,...,N, ,J EN
ps‘j(n)={ 0" otherwise. » (49)

0 otherwise.

When the primal process represents a closed queueing network (4.8) is identical
to {4.6) and S~ is given in (4.2), however, when the primal process represents an
open queueing network (4.8) corresponds to (4.6) with S~ as given in (4.1) replaced
by

N
ST =meN|1> <M n>M,k=1,...,N}. (4.9)

i=1
For p; as given in (4.8) the coefficients {c;}}L, solve (3.3) and the dual process allows
an invariant measure ¥ as given in (4.7) above. Note that (4.7) is in agreement with
the interpretation of the states of the dual process given above since (4.7) expresses
the potential of the customer configuration 77.

The modification (4.8) of the dual routing function pf; as given in (4.6) for a
non-reversible primal process is not in conflict witk the derivation of (4.6) since the
potential interpretation of the transition rates is valid if the process is reversible only.
The blocking protocol introduced in (4.8) is the protocol dual to the stop protocol for
primal processes (cf. Remark 2.4) and will be discussed in Example 6.3.

An interesting observation for routing functions related through (4.6), i.e. for a
reversible primal process, is stated in the following lemma, where the probability flow
from queue i to queue j for the primal and the dual process is compared. As both
the primal and the dual process describe the evolution of customer configurations in
a queueing network, it seems natural to assume that the probability flow between
queues for the primal process and the dual process must match. In many examples,
however, this may not be the case.

Lemma 4.1 If S~ = S5 and ({.6) holds, then

15



E?:i = EQij: %,j EN$

if and only if
N N
2@ [ = 3 @) ] i+,
RES k=1 wiesd k=1

i.e. B = B? for the appropriate definition of the normalizing constants for the primal
and the dual process.

Proof If (4.6) holds, then comparison of (2.11) and (3.4) gives
Eqi.‘i = qu;s %,j € N

if and only if

B 'Y W(meps(m) = B Y 8(m)ph(m)
Fresd RES- 7

with B and B? as defined in Lemma 2.5 and Lemma 3.2, respectively. o

4.2 Similar subtransitions

In the previous example, a transition 7@ ~— -+ ¢;—e; for the dual process is compared
to a transition & — W ~ ¢; 4 e; for the primal process. Although this seems to be a
natural way to obtain the routing function for the dual process, the subtransitions
corresponding to D;; and Df& do not match. In fact, in the previous example, the
subtransitions & —e; — T —e¢; +¢; and M+e; — M+ €; —¢; are compared. As can be
seen from Figure 3, the subtransition corresponding to fi+¢; — M+e¢;—e; for the dual
process is the subtransition 7@ — e; +¢; — % — 2e; +¢; for the primal process. However,
this subtransition cannot occur as a consequence of a site potential difference for
the primal process, since upwards subtransitions correspond to a global potential
difference. Therefore, the subtransition #i+e; — TM-+¢; —¢; as a part of the transition
M — T+ e; — T+ ¢; — ¢ for the dual process is compared to the subtransition
7i—2e;+e; — fi—e;+e; as a part of the transition T—2¢;+2¢; — T—2¢;+€; — n—e;+e;
for the primal process. Similar to Example 4.1, in the primal process a customer must
overcome the site potential {; for leaving the vicinity of queue j, whereas in the dual
process a customers must overcome the site potential —(; for entering queue j. This
implies for the site potential differences, that

Di(mi+ e;) = =2(; + D(m — 2+ ¢5), 4,5 €N,
which results in the following relation for the routing functions:
p5(R) = cipsi, TES™, L,j EN. (4.10)

If the primal process is reversible (4.10) is equivalent to (4.6), however, if the primal
process is non-reversible the modified version of (4.10)
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Figure 3. Similar subtransitions for the primal and the dual process (@ = % — ¢;).
p‘.!-(ﬁ')z Cfpj; ifng>Mp, k=1,...,N, i,7EN

v 0 otherwise.

cannot be identified to (4.8). Therefore, in my opinion, the derivation of both (4.8)
and (4.11) via reversible processes is justified. Similar to the previous example, {¢;},
solves (3.3), thus ¥ as given in (4.7) is an invariant measure for the dual process.

(4.11)

4.3 Similar transitions; reversed potential

As a direct consequence of the transition mechanism for the primal process, the
previous examples assume that a state for the dual process represents a customer
configuration. However, a state for the dual process may also be interpreted as
representing the configuration of vacancies. To this end, reconsider the tramsition
mechanism for the primal process as described in Example 4.1 and Figure 2. In a
transition @ — T — ¢; — T — ¢; + ¢; first a customer leaves queue ¢, or equivalently a
vacancy is created at queue ¢. For the dual process, in a transition @ — M +¢; —
7 4 ¢; — ¢; first a unit is created at queue j. Therefore, it seems natural to identify
a unit in the dual process with a vacancy or hole in the primal process. As the site
potential of a vacancy must be the reversed of the site potential of a customer, in
the site potential interpretation the identification of a unit for the dual process to
a vacancy corresponds to an additional site potential (; instead of the —(; in the
derivation of (4.5) in Example 4.1. If, when routing, a unit for the dual process
behaves similar to a unit for the primal process, the site potential relation {4.5) must
be replaced by

Di(m +¢;) = =G+ {; + Dy(m), i,j € N.
For the routing function this implies

pi(®) = %pe,', neES,i,jEN.
3
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Similar to Example 4.1 for a non-reversible primal process the dual routing function
must be modified to

Pd(ﬁ)—{ P ne>My, k=1, N, i,jeN
i) = ¢
! 0 otherwise.

By insertion of the dual routing function p, into (33),d; = L, i =1,...,N, is
a solution to (3.3). Therefore, Lemma 3.3 lmphes that the dm:'I process allows an
invariant measure ¥ at S¢ given by

V() = ¢(m)1‘[( )m ,mest BTRT)

k=1

4.4 Similar subtransitions; reversed potential

By analogy with Example 4.2, the subtransitions depicted in Figure 3 may be com-
pared in the case described in Example 4.3. If the primal process is reversible, this
implies for the dual routing function

p(@) =psi, RES™, (4.13)
where §~ is defined in {4.1), (4.2). If the primal process is non-reversible, S as
specified above must, in the open network case, be modified to (4. 9) For pf; thus
defined the dual process allows an invariant measure ¥ at S given in (4.12). Note
that (4.12) is in agreement with the interpretation of the states of the dual process
since {4.12) expresses the potential of a vacancy configuration 7.

The relation between the primal routing function and the dual routing func-
tion (4.13) may also be interpreted directly as follows. If a customer routes from
queue j to queue ¢ in the primal process then an additional vacancy is created at
queue j and a vacancy is deleted at queue i, i.e. a vacancy routes from queue ¢ to
queue j. Therefore, the dual routing function must be related to the primal routing
function as given in (4.13).

A natura] analog of Lemma 4.1 is the following lemma where the probability fiow
for a reversible primal process is related to the probability flow for the dual process.
It seems natural to assume that the probability flow for customers in the primal
process and the probability flow for vacancies in the dual process must match, i.e. to
assume that quj = Fg¢;;. In many examples, however, this may not be the case.

Lemma 4.2 If S~ =5 and ({.18) holds, then
qug = EjSa sz € Na

if and only if
SumiTar= = wml ()™
nes k=1 mesd

i.e. B = B® for the appropriate definition of the normalizing constants for the primal
and the dual process.

Proof Similar to the proof of Lemma 4.1. O
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5 Relation between primal and dual process

For the primal process introduced in Section 2, a collection of dual processes is in-
troduced in Section 3. Based on a refinement of the potential interpretation of the
transition rates given in Interpretation 2.7, Section 4 gives some examples of dual
processes with transition rates completely determined by the transition rates of the
primal process. Although the dual process iz completely determined by the primal
process, in general, the primal process and corresponding dual process do not describe
the same physical system (queueing network). The following definition of primal and
dual processes may therefore be considered.

A primal process is a process for which a transition @ — T —e; + ¢; passes
through % — ¢;, i.e. first a unit is deleted at queue ¢ and then a unit is
created at queue j.

A dual process is a process for which a transition 7% — 7 — e; + e; passes
through @ + ¢;, i.e. first a unit is created at queue j and then a unit is
deleted at queue 1.

A dual process corresponding to a given primal process is a dual process
with transition rates completely determined by the primal process and a
primal process corresponding to a given dual process is a primal process
with transition rates completely determined by the dual process.

The dual processes given in Section 4 are examples of dual processes corresponding
to the primal process given in Section 2. In practical cases, it may be desirable
for the dual process corresponding to a given primal process to describe the same
physical system. The problem of probability flow between queues being identical is
considered in Lemmata 4.1 and 4.2. For a dual process to correspond to a primal
process the most obvious condition, however, is that the probability flow between
states is identical. This problem is considered in Section 5.1 below.

Remark 2.6 mentions that the equilibrium distribution of the dual process repre-
sents the probability that a transition for the primal process passes through a dual
state. This will be formalized in Section 5.2, where the Palm probabilities associated
with the jumps of the primal process are studied. Finally, the results of Section 5.1
and Section 5.2 are combined in the last part of Section 5.2, where a theorem similar
to the arrival theorem is proven.

Throughout this section, assume that the primal process X is stationary and
irreducible with unique stationary distribution # at S. Furthermore, assume that
a positive solution {;}L, to {2.9) exists, where 3 en pi;(7) = 1, for all 2 € W,
m e S

5.1 Equal probability flow

For a dual process to correspond to a primal process, the most obvious condition on
the transition rates of the dual process is that the probability flow between states
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of the dual process is induced by the probability flow between states of the primal
process. To this end, reconsider Figure 1. If the dual process possesses an equilibrium
distribution 7%, then the probability flow from state ¥ to state 7t + ¢; — e; for the
dual process is given by

7(7) g% (77, T + €; — ex).

For the primal process, this probability flow is induced by the probability flow from
state 7% + ¢; to state 7 + e¢; — ex + e;. Thus, the probability flow from state 7 to
state 7 + e; — e, in the primal process is given by .

%w(ﬁi-i— &)g(M+e;,M+e)g(M+e;,M+e; —ex+€).
+,]€

As the global part of the transition rates for the dual process is determined in the
definition, (3.1), the dual routing function pf; must be determined such that these
flows match.

Theorem 5.1 The dual routing function is for i, i+ e; —¢; € $%, 1,5 € N given
by

_B_'J’(’n_z)d)(ﬁ'l‘ €y — e") N (2@_) Mmy+by; &
B ¢(-ﬁi + 8,‘)2 kel di E

if 3r,8 € N such that p,;(7) > 0, p(F+e; —e;) >0
0 otherwise,

Pl (Fite;) = (5.1)

whered; >0, i=1,...,N, and
_ N
0< B = X o [] & < o, (5.2)
mesd k=1

+f and only if the dual process is an irreducible Markov chain with unique equilibrium
distribution ©¢ at S¢ given by

xé(m) = Béy(m) T] 4, m e 5, (53)
k=1

and the probability flow from state T € §¢ to state M+ ¢; — €, € S¢ is the same for

both the dual process and the primal process for all W € 8¢, j,k € N, i.e.

() (T, M+e;—er) = Y n(M+e)g(it+e, Tite)q(T+e;, M+e;—ep+er).(54)
fleN _

Proof For 7,7 € 5S¢ there exist i, ¢y, jo, /1 such that W+ ¢;,, 7+ ¢; , 78 + ¢, 7 +

e, € S and such that ¢(7 + €, + €;,) > 0, ¢(7@ + ¢j,,@ +¢€;,) > 0. As X is

irreducible, there exists a sequence of states %o, ®1,M2,-..,Rk~2, Bk-1,% € & such

that Q(ﬁ;,'ﬁﬂ.l) > 0, = 0, ey k— 1, and g = ﬁ+ego, m= ﬁi+e.~,, Ak = ﬁl—"'l- €ina
Ty =T +e;. Define; = i,y — (Mo — %)%, i =1,...,k—1, where T+ denotes the
vector T with all non-positive entries replaced by zero. Then; € §¢, t = 1,...,k—1.
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From (5.1), p(+¢;) > 0foralli,j € N, m, 7R+ ej—€ € Sd. This implies for the
sequence 7, ..., iy € 5% that q‘(m.,m.+1) >0,i=1,...,k—1. Since @ =7,
and 7' = ¥z, this implies that X? is irreducible. Insertlon of (5.1) into (3.3) gives
that {d }Y, is a positive solution of (3.3). Therefore, from Lemma 3.3 and (5.2),
x¢ as given in (5.3) is the umque equilibrium distribution of the dual process. From
Lernma 2.3, (%) = B¢(R) 1'[,,=_1 c3*. Insertion of #, #¢ and the transition rates ¢, ¢°
into (5.4), umnedla.tely gives in the non-trivial case (i.e. p&(% + ¢;) > 0) for the
right-hand side of (5.4)

. w( @+ e)g(F+ e, T + €)g(F + &5, + €5 — e + €1)

ileN

3), : N m o _ mMte; —e _
CAWD 5 BT tpmpy(m LTIt ;- e
HieN k=1

2ien pu()=1 m* V(i + e; — ex)
- Z CPij (m)B‘l,b(ﬁ‘T) ’:‘I;_I; ¢(m o+ 33)

@2 By(m) H matbu; P + €5 — e4)

¢(7 + ¢;)
and for the left-hand side of (5.4)
7 ()¢ (7, 7 + :3J — ex)
= BY(m) kI-I dp* ———1= z(;)e’)?fj(ﬁ + €5)
=1
N
1) - YA+ e —e) Ty et
=" B di* 3
Mm)kll T dmte) kl_-,I, ( )

which immediately establishes (5.4).
To prove the reversed statement, firstly note that (5.3) implies (5.2). Secondly,
if for M, + ¢; — ex € 5% it is not the case that Ir,s € N such that p;(W) > 0
and pg, (77 + ¢; — ex) > 0 then the right-hand side of (5.4) equals zero. Thus, since
7d() > 0, ¥, d > 0 it must be the case that pkj(m+e,) = 0. Thirdly, ifsuchr,s € A
do exist then insertion of 7, 7¢, ¢ as given in (2.3) and ¢ as given in (3.1) into (5.4)
gives, similarly to the deriva.tlon of (5.4) above, that the dual routing function has
the form given in (5.1). m]

If the dual routing function has the form (5.1}, then the transition rates of the dual
process have the form

B yp(M+e;—e) m'l-% .
BE g(m+ej) E( ) &

A similar observation is made in [2] for the case of a reversible process with d; = ¢;,

where it is stated that (7, M+e;—e;) % is dual to ¢(7, i—e;+e€;) x ﬂ‘%}‘iﬂ.
From the viewpoint of equal probability flow, it seems more logical to give as a

definition for the dual transition rates

(M, + e — &) =
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¢(T(%:f ;)ei)f’é’:-("’“ ;)- (5.5)

However, in Section 3 the dual process is introduced via the potential interpretation
of the transition rates. In this case, it is more natural to give the form (3.1) for the
transition rates for the dual process as this form explicitly states that a dual transition
from state 7 to state M +¢; —e; passes through state 77 ¢;. This makes the relation
between the primal process and the dual process a symmetrical relation as can be
seen when comparing Lemma 2.3 to Lemma 3.3 and Lemma 2.5 to Lemma 3.5. Then,
the form (5.5) appears as a consequence of the specific assumption (5.4) guaranteeing
equal probability flow between states. Note that a theorem similar to Theorem 5.1
above in which the primal routing function is related to the dual routing function for
a given form of the dual routing function can easily be formulated.

¢'(m, W+ e; — &) =

5.2 Palm probabilities

Each type of transition ® — %' (R # ') for X can be associated with a subset H
of § x 5\ diag(S x S). For example, a transition in which a customer moves from
queue { to queue j corresponds to

Hy= |J {(@+e,m+e), ite,ite €85}, 4,5€N, (5.6)

mesd

Let Ny be the process counting the H-transitions of X. Assume that (5.2) holds for
di=c¢, i=1,...,N, then for all HC § x 5\ diag(S x 5)

0< Y =(R)NYmER)< oo
(niweH

and the Palm probability Py associated with Ny can be defined. The Palm proba-
bility of the event C given that an H-transition occurs is given by {cf. {1])

aec ()R, )
Cwayen 7w, T)
For example, the probability that the unmoved customers are in state 7@ when a

customer moves from queue ¢ to queue j is given by P;;(7) = Py, ,({+ e;,m +¢;}).
Direct computation gives the following theorem.

CCH

Py(C) =

Theorem 5.2 (Palm probabilities)
1. The probability that the unmoved customers are in state M € 5% when a cus-
tomer moves from queue i to queue j, 1,7 € N is given by

Y (m)pi;(m)

. meS ijeN. 5.7
Lmess ¥(M)p;; () i hJ (6.7

Pii(m) =

2. The probability that the unmoved customers are in state i € 5 when a cus-
tomer leaves queue i or enlers queue i, 1 € N, is given by
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v(m)
Yriess ¥()’

For convenience, the ezterior is regarded as queue 0, and

Pi(m) = mesSd, ieN. (5.8)

N
V(i) = Y(m) H .

Proof The proof of the statements of the Theorem consists of speafymg the appro-
priate sets H and C C H.

1. H represents the transitions in which a customer moves from queue z' to queue 7,
i.e. H = H;; as given in (5.6) and C represents the transition M -+ e; — W+ ¢,
ie. C = Cy(m) = {(M+ e;,, @+ e;}}. This gives

7(M + €;)q(T + e;, M + ¢;)
Crmess T(T + €)q(W + e;, M + ¢;)

Bip(m) Ihes ¢ *cipis (7%)
Tmese BO() [T, cp*eipi;(7)

¥ ()pi; ()
Lmest ¥V(M)pi; ()

2. If H represents the transitions in which a customer leaves queue ¢ and C rep-
resents the transitions in which a customer leaves queue 7 in state 71 + ¢;, then
H = Ujenx Hij; and C = U;ep Cij(7@). This immediately gives Pi(7). If H
represents the transitions in which a customer enters queue ¢ and C repre-
sents the transitions in which a customer enters queue ¢ to state 7 + ¢;, then
H = Ujen Hji and C = U;ep Cji(R). This immediately gives

Pj(m) =

pm) = —uenT@re)e(te;M+e)
' TN Lmese 7(M + €;)q(T + 5,7 + €:)

() [Ty &5 Tsen €ip5:(R)

Trmese ) [Tims & * Tien ¢ipsil )

@9 _ VW) Zen aipis(T)

Timese V() Tjen ¢ipii ()
¥ ()

z‘ﬁesd 'I'(ﬁ) ) O

Intuitively, there seems to be a discrepancy between (5.7) and (5.8) as (5.7) and (5.8)
should be such that }=;cy Fij(77) = P;(7). However, F;;(77) expresses the probability
that the unmoved customers are in state @ when a customer moves from queue ¢ to
queue j and not the probability that the unmoved customers are in state 7 when
a customer moves from quene ¢ to queue j given that a customer leaves queue :.
Therefore, there is no discrepancy. For completeness, the following theorem considers
the probabilities mentioned above.
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Theorem 5.3 (Palm probabilities) The probability that the unmoved customers
are in state @ € S and ¢ transition from queue i to queue §, 1,7 € N, occurs when
a customer leaves queue 1, 1 € N, is given by

¥ (m)pi; ()
Zmese lI!(an) ’
and the probability that the unmoved customers are in state 7 € 5% and a transition

from queue i to queue j, i,7 € N, occurs when a customer enters queue j, j €N, s
given by

P, — j) = mest, i,jEN,

¥(m) % pis() =
Tmese ¥(W)

Proof f H represents the transitions in which a customer leaves queue ¢ and C
represents the transition from state 7 + ¢; to state 7 + e; then H = (J;e4 Hi; and
C = C;;(m). This immediately gives P;(7,?¢ — j}. If H represents the transitions in
which a customer enters queue j and C represents the transition from state 7% + ¢;
to state 7@ + ¢; then H = {f;exr H;; and C = Cj;(M). This gives

€84 i,jEN.

Pi(m,i — j) =

n(f + eidg(% + i, T + €;)
EiEN' EﬁeS’-‘ “(?ﬁ’ + e;)q(‘rﬁ + ¢, R + e,-)
W(m) TILL, ok cipis(77)
Lmess () ngc;:nk Tien €ipi; ()
29 Y(@)ep;(7)
zﬁesd W(ﬁi)c,- ' (]

Pf(ﬁai “'*J)

The Palm probability Py (7@) is the probability that when an H-transition occurs
a customer sees the other customers in state 7@ € S¢. For example, P,;(77) is the
probability that a customer in transit from queuce ¢ to queue j sees the non-moving
customers in state 7 € S¢. The state observed by a customer in transit is a dual state
representing the customer configuration at the queues with one customer in transit.
The global potential of the state observed by a customer in transit may be influenced
by this customer. Therefore, the distribution seen by a customer in transit does not
necessarily correspond to the equilibrium distribution of the queueing network with
this customer removed. From Theorem 5.2 above, in some cases Py(i) = #%(i#1), it €
59, the equilibrium distribution of the dual process. This distribution is independent
of the customer in transit. In those cases, arrivals see time averages (ASTA) as
expressed by (5.8) and moving customers (units) see time averages (MUSTA) as
expressed by (5.7). This is formalized in the following variant of the arrival theorem.

Theorem 5.4 (Arrival Theorem) Consider o stationary Markov chain X with
transition rates (2.8) such that @ positive solution {c;}¥, to (2.9) ezists. The dis-
tribution observed by a customer arriving al a queue or depariing from a queue is
given by 7¢ as given in (5.8) withd; = ¢;, t =1,...,N. If, fori,j € N, p;;(W) is
independent of M then the disiribution observed by a customer in transit from queue:
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to queue j is given by 7% as specified above. Moreover, if moving customers (arriv-
ing at a queue, departing from a queue or in transil between queues) observe 79, the
evolution of the states observed by the moving customers is given by the dual process
X?¢ with transition rates

By +e;— e,-)’_
B 4(mte) O

if 3r,s € N such that p,;(i8) > 0, pi,(+ ;5 — e.) >0,
0 otherwise,

¢ (1, Titej—e;) =

Proof From Theorem 5.2, =% is the distribution observed by a moving customer in
the cases specified in the theorem. The transition rates of the process describing the
evolution of the states observed by the customers in transit must be such that the
probability flow from state @ € §¢ to state @' € S¢ is completely determined by
the probability flow for X. As the equilibrium distribution of the process describ-
ing the evolution of the states observed by the customers in tranSIt is given by #¢,
Theorem 5.1 gives the last statement of the theorem. O

Remark 5.5 (Markov chain; dual process) Note that, by definition, the dual
process is a Markov chain. As is shown in Theorem 5.4, the evolution of states as
observed by a moving customer can be described by the dual process. However,
as can immediately be seen by observing a sequence of transitions # — & — ¢; —
R—eg+e —-T—ete—e — T—e+e; — e+ e, as depicted in Figure I,
the transition probability from state @ — ¢; to state 7 — ¢; + e; — ¢; must depend on
7 as the routing probability p,;(7 — e;) for the first part of the transition sequence
depends on 7. Therefore, for the primal process, the evolution of states as observed
by a moving customer is not a Markov chain. Thus, the dual process is a Markov
chain constructed such that it describes the evolution of the states as observed by a
moving customer. o

Remark 5.6 (Literature) The arrival theorem is discussed by various authors (cf.
[8], [13] and the references therein). Recently, for queueing networks with transition
rates similar to (2.3), the arrival theorem is discussed in [6] for batch routing networks
with transition rates discussed in Remark 2.8 and in {9) MUSTA is defined and proven.
However, all authors assume 3 = ¢ when considering the arrival theorem, also when
this is not necessary in the proof (cf. [6]). The motivation for this specific choice,
% = ¢, is that the distribution seen by a moving customer must be identical to the
equilibrium distribution of the queueing network with one customer removed. In
my opinion, as I discussed in the preamble of Theorem 5.4, this assumption is not
necessary. This is a direct consequence of the potential interpretation of the primal
and dual process. A moving customer may influence the configuration potential of
the state it observes. This influence is taken into account in . If ¢ = ¢, 2 moving
customer does not influence the configuration potential of the state it observes. In
this case, the first part of Theorem 5.4 reduces to the well-known version of the arrival
theorem. To the best of my knowledge, the second part of Theorem 5.4 is new, in that
the process describing the evolution of the states observed by the moving customers is
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not described in the literature. The appearance of this process is a direct consequence
of the introduction of the dual process in Section 3. D

6 Examples and general remarks

This section gives some theoretical examples and some general remarks on the relation
between the primal and the dual process. Firstly, in Example 6.1, the symmetrical
relation between the primal and the dual process as discussed in Section 3, where
Lemmata 2.3 and 2.5 are compared to Lemmata 3.3 and 3.5, is shown to be related
to the relation between the primal and dual problem in linear programming. This
justifies the name dual process given to the process introduced in Definition 3.1. Sec-
ondly, in Example 6.2, in the special case where the routing is state independent,
it is shown that the traffic equations are a consequence of the transition rates and
product form equilibrium distribution. Thirdly, in Examples 6.3 - 6.6, the transi-
tion rates and state spaces for the primal and dual process are discussed. Fourth,
in Section 6.7, some comments on batch servicing and batch routing networks are
given. These comments are used in Section 6.8 to explain the discrepancy between
continuouns-time and discrete-time results. Finally, Section 6.9 discusses customer-
vacancy duality as reported in the literature.

6.1 Complementary slackness relations

This section gives a motivation for the name dual process for the process introduced
in Definition 3.1. To this end, reconsider Definition 2.1 and Lemma 2.3. In the
definition of the dual state space specific knowledge of the transition rates of the
primal process is used (7 € S only if 3,7 € N such that ¢(7 + ¢;, 7 + ¢;) > 0).
This knowledge is not strictly necessary, it merely makes the introduction of the dual
process more elegant. Therefore, the dual state space may be replaced by 5* defined
as

S*={me N|3,j e N :W+e,m+e; €5}

Moreover, the assumption $(7) > 0 is not necessary. % may be replaced by ¥ :
S* — Rt U {0}. Furthermore, p;; may be defined as p;; : S* — R* U {0} (also see
Remark 2.4). With these relaxed assumptions, Lemma 2.3 must be replaced by the
following lemma.

Lemma 6.1 X allows an invariant measure ® at S, given by
N
d(7) = ¢(7) H G, mES,
k=1

if for all 7t € S the coefficients {c;}]L, are e non-negative {c; > 0 for all i} solution
of
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ZN{%P;:'(E —&)— P~ &)} =0, i€N, n=1, (6.1)
je

Jor all @ — e; € S* such that Y(7 — ;) > 0.

The proof of Lemma 6.1 is identical to the proof of Lemma 2.3. The motivation for
the last equality in the proof of Lemma 2.3 is changed. This equality is obtained
since for fixed @ € S, A can be divided into M, = {i € N|$(7m — ¢) > 0} and
No = {i € N|p(T —¢;) = 0}. At N, (6.1) holds and thus the last equality in the
proof of Lemma 2.3 is obtained.

For b, the zero-vector, € defined as [¢]; = ¢;, P(7T) defined as [P(R));; = pi;(F—e:),
U(7) defined as [T(R)}; = (7 — &) [1h., 5*~%%, 1,5 € N, (2.10) can be written

¥(@)- (5-cP(@) =0, (6.2)

where - denotes inner product. (6.2) is valid since either [T(R)); = 0 or [(b—¢P(%))}; =
0. Therefore, (6.2) resembles a complementary slackness relation from linear program-
ming (cf. [10}}, where ¥(R) is the optimal solution of a dual problem and €P(%) < bis
the feasibility condition for the primal problem. Therefore, the process with invariant
measure () [T, ci** is called a dual process.

The relaxation of the assumptions stated in Section 2 to the form stated above
creates a }ot of difficulties when introducing the dual process. Although it is possi-
ble to use the relaxed assumptions, I have chosen to include all the assumptions of
Section 2 on the transition rates, i.e. on $%, v, ¢ and p;; thus making the theory and
the introduction of the dual process very transparent.

6.2 Traffic equations

In general, the reversed statement of Lemma 2.3, ie. if ¢ as given in (2.8) is an
invariant measure at S then the coefficients {¢;}¥; are a positive solution to (2.9), is
not true. However, if the routing function does not depend on the state, i.e. if

pi;(7) = py;, 1,5 EN, T € §°, (6.3)

then, from Lemma 2.5, the expected equilibrium rate from queue ¢ to queue j is given
by
B ..

quj = E?Cipij) 1, € N‘
Clearly, in equilibrium, the probability flow for departures from gueue ¢ must equal
the probability flow for arrivals to queue ¢, i.e.

ZEQ,'J': quj"’ ieN.

JEN JEN
As the expected equilibrium rate from queue z to queue j must be a non-negative
number, with this specific choice for the routing function, the reversed statement of
Lemma 2.3 is proven. If the process is reversible, assumption (6.3) is not necessary. In

this case, for a general routing function p;;(77), the reversed statement of Lemma 2.3
can be proven (cf. [2]).
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6.3 Blocking examples

This example shows that the dual state space depends on the blocking protocol.
To this end, consider an open two station queueing network with finite capacity
constraints on the number of customers in the queues and in the system. If M;, M,
customers are allowed at queue 1, 2, respectively and M < M; + M, customers are
allowed in the system, the state space S for this process is given by

S = {fi € N}{n, £ My, ny < My, ny +ny < M}

If all transitions @ — 7 —¢; +¢; within § are allowed, the dual state space 59 is given
by

§¢={m e Nilmy < My, mo < My, my +my < M —1}.

Dualizing back using the first backward dualizing method as described in Remark 3.6
gives under the assumption that all transitions 7@ — ¥ +¢; —¢; within $¢ are allowed

5 =8,

as can easily be seen from the definition (3.5) of S-.

Assume that the primal routing function p;;(77) is state independent, i.e. p;(f7) =
pi; for all @ € 5% Then, unless X is reversible, X does not posses a product form
equilibrium distribution. For a product form equilibrium distribution to exist, a spe-
cial blocking protocol must be used for blocking certain transitions near the boundary
of S. To this end, consider the stop protocol, also referred to as communication block-
ing (cf. [11]). In the stop protocol, if one queue reaches its limit all other queunes
are stopped and customers are not allowed to enter the queueing network. Graphi-
cally, this protocol can easily be explained. To this end, consider the primal traffic
equations (2.9): .

> {wpi; () — vipsi(M)} = 0, i € N, (6.4)
N

For each i € M, 71 € 89, (6.4) states that the flow for transitions in which a customer
leaves queue ¢ (3°; c;p;;) balances with the flow for transitions in which a customer
enters queue ¢ (¥; ¢;p;i). For fixed 7 this is visualized in Figure 4, where for i € N
these flows are depicted. As p;;(7) = p(7 + &, 7 + ¢;) is independent of 77, for all
7 flows are balanced in exactly the same way. But if m,i+e; € S,M+e; € 5, i.e.
if my = M,, transitions 7 & T + ey, T + €; « M + e, are prohibited. Therefore,
for the flow balance not to be disturbed, also the transitions 72 «> ™ + ¢; must be
blocked. A similar argument holds if m; = M;. The blocking protocol prohibiting
the transitions 7 «» M 4 ¢; if my = M; and @ & T + eg if m; = M, is called the
stop protocol. If the stop protocol is used the dual state space $¢ is given by

Si={meNm <M -1, m<M-1,m+m<M-1}.
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= flow into 7@ = flow into M + ¢; = flow into TR + &,

Figure 4. Balance of flows; primal process.

1N L

j=0 j=1 j=12
flow out of @ flowout of m—e; flow out of # — ¢
= flow into 7@ = flowinto®R—¢e; = flow Into @ — e,

Figure 5. Balance of flows; dual process.

Similar to the a.ssumption on the prima.l routing function, assume that the dual
routing function is state independent, i.e. p;(%) = p§; for all # € S~. Then, for
the dual process to posses a product form equilibrium dlstnbutlon, transitions near
the boundary of $¢ have to be blocked. By contrast with the primal process, where
transitions near the upper boundary of 5 have to be blocked, for the dual process to
allow a product form equilibrium distribution transitions near the lower boundary of
S? must be blocked. To realize this, reconsider the dual traffic equations (3.3):

> {7 —pi(7) - —p,.(n)} =0, jEN.

€N

In Figure 5, for fixed 7, the balanced flows are depicted. As pf(%) is independent
of 7, for all @ flows are balanced in exactly the same way. Therefore, if 7,77 — ¢; €
8¢, —e; € 89, i.e. if ny = 0, transitions & & fi—e;, T —e; & 7 —e; are prohibited.
Therefore, for the flow balance not to be disturbed, the transitions % + 7 — ¢; must
be blocked. A similar argument shows that if n; = 0 transitions @ < 7 — e; must
be blocked. The protocol stopping arrivals to and departures from the non-starved
queues if a queue is starved is called the dual stop protocol Under the dual stop
protocol, dualizing back according to the first backward dualizing method gives

S;={meMI0<m <M -1,0<n, <M1, ny+n, < M}
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Clearly, S¢ € §% and S; C 8§~. Thus, the dual state space depends on the specific
blocking protocol.

6.4 Alternative transition rates; intermediate states

In many practical examples, the form of the transitions {(e.g. @ — M — ¢, + ¢;) and
the equilibrium distribution are observed only. In these cases the transition rates
must be determined from these observations. This example gives two alternatives for
these rates. Moreover, this example gives an alternative justification of Example 4.1.

Consider a dual process at state space S¢. Then a transition 7@ — 7+ ¢; — ¢; for
this process passes through 7 -+ e; and the transition rates ¢? have the form

qd(ﬁ’ﬁi.!. ej - et) - f@irj%)gl)_pfy (—-+ ej)' (65)

In practical situations, however, the intermediate state, M -+ e;, is not observed.
Therefore, a transition iz — 7 +¢; — ¢; for a process at 5% could pass through m —¢;
resulting in transition rates

qd(?n_,i_n_ — & + Cj) = Lzl_(fn:—jei)pﬁ(m— e;), (66)

where ¢ : §* — R*, p;; : $* — R U {0} and |
S*={ReNV[F,jeEN, i#]:Tt+eTite €8% ¢*(T+e,T+e) >0}

Assume that the process at S¢ allows an equilibrium distribution 7¢ given by
N
xé(m) = BYp(m) [] o+, me S,
k=1

then the routing function pf; or p;; must be determined such that #¢ satisfies the
global balance equations (2. 4) at 59, As the routing functions reflect the site potential
difference and state 7 -+ e; contains one customer extra at both queue 3 and queue 2
when compared to @ — ¢;, it is not unnatural to assume

P + e5) = cicipi; (7 — €3).

Then, if the routing is state independent {e.g. p;;(T — ¢;) = p;;1{7n — ¢; € $*)}, from
Example 4.1, {¢;}, is a solution to (2.9) if and only if it is a solution to (3.3).

This example shows that, unless specific information on the transition rates is
available (e.g. speeds, blocking), {6.5) and (6.6} are indistinguishable descriptions of
the process at $9.
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6.5 Alternative transition rates; traffic equations

Based on the intermediate states, the previous example gives a theoretical argument
for the identification of a primal and a dual process. However, a more practical
observation may be the basis of this identification. To this end, consider a process X
at state space S = {m € NJ'| =¥, n; = M)} with transition rates

(7,7~ e; + €j) = pipi;y 1, EN. (6.7)

Furthermore, assume a positive solution {¢;}, is known to

> _{vimpii — i} =0, j EN.
ieN

Consider the dual formulatior for X with dual routing function
P:‘lj = piPij, 4,J EN

and ¢ = 1, ¢ = 1. Since (6.7) is independent of the intermediate state 7@ — ¢; or
7 + ej, the transition rates in the dual formulation are given by (6.7) also. From
Lemma 3.3, X allows an invariant measure

(7)) = ﬁ (i)m , WE S.

k=1 Ck

6.6 Self dual process

A primal process is called self dual if a dual process corresponding to this primal
process exists such that the primal process and the dual process are statistically
indistinguishable.

Consider a primal process at state space S with transition rates (2.3) and equi-
librium distribution #. Then for the dual process at state space S? defined in (2.2)
with transition rates (3.1) and equilibrium distribution #¢, the process is self dual if
and only if

() $¢=85,
(i) ¢(ma+e —e)=¢g@a—e+e), n,—¢e+e €S,
(iii) =¥(m) ==(m), AES.

Note that the intermediate states for a dual transition and a primal transition are
not the same. However, as these dual states are not observed during a transition this
is not a problem.

As an illustration consider the following simple example. Consider an open queue-
ing network consisting of IV single server queues. The service rate at queue ¢ is y;.
Upon release from queue ¢ a customer is routed to queue j according to the routing
probability p;;. Assume that a positive solution {c;}, exists to

Yibi; = Vibjis 1, €N, Y = po-
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This queueing network can be modeled as a primal process at state space § = N
with transition rates ¢(%,% — e; + €;) = pipi;, where g is the rate of the Poisson
arrival process to the queueing network. For ¢ = 1, ¢ = 1 and primal routing
function p;; = p;pi; the transition rates have the form (2.3). As {&}/, is a positive
solution to (2.9), for g; > ¢;, ¢ = 1,..., N, the primal process possesses an equilibrium
distribution 7 given by

*(@) = Bijl (#ﬁ) " (6.8)

The dual state space for this primal process is $¢ = S. Consider the dual process
with transition rates (3.1) with dual routing function

pgj=pij? tJ EN.

Then {‘:—:}f\;l is a positive solution to (3.3). Thus the dual process allows an invariant
measure 7¢ given in (6.8) and the process is self dual. |

A few remarks on self duality are to be made. Firstly, note that, in general, for
(i) and (iii} to be valid, it need not be the case that (ii) is satisfied. Moreover, (ii)
will, in general, not be satisfied. Secondly, from the above example, it seems to be
the case that the transition rates for the dual process depend on the specific choice
for ¢, ¥ and p;;. This is not the case. To this end, consider the obvious choice for
these functions:

N 1 ng

¢(7) = (@) = ]| (‘) » Dij = Pij-
k=1 B

In this case, for the process to be self duai, the dual routing function has to be defined

as

P(R) = pipipij, WE S, (6.9)

6.7 Batch servicing and routing

This paper introduces the notion of duality for stochastic processes in the setting of
queueing networks in which single changes are allowed only. This notion of duality
can immediately be generalized to queueing networks in which batch service and
routing is allowed, however, the analysis will become more complex. Therefore, in
this paper I have chosen to introduce the notion of duality for stochastic processes
describing single changes queueing networks only. This section gives some remarks on
the generalization of the setting in the present paper to queueing networks allowing
batch servicing and batch routing also. To this end, consider the batch service batch
routing queueing network as defined in [3). For § = (¢,...,gn) the number of
customers leaving the queues and §' = (g1, .. .,g)) the number of customers entering
the queues in a transition, for %,% =% — g+ § € S the transition rates are (cf. 2],

(3], 5, 16])
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q ﬁ,ﬁ—§+§‘ = """"__'.""'""P 9.9 !H

( )= ¥ eta7im-9),

Assume a positive solution {¢;}Y; exists to
S{Mrazim -t amf=o (610
7 Uk *

From {3}, the process allows an invariant measure @ given by

O(7) = ¢(@) [[ }*, R € S.
k

The dual state space 5S¢ can immediately be generalized to batch servicing and routing
queueing networks. Also, the dual process can be defined similar to Definition 3.1.
The transition rates for the dual process are

- ¢( g) d e ot
g) = o Fat
Furthermore, if a positive solution {d;}X, exists to
1 gi d 1 -1
> 110 (—) p'(3,7:m+7) -1 (?}I) @, 5m+7) =0, (611
k

7 r \ Tk

qd(ﬁ,ﬁ-}-?_ 1m+g)

the dual process allows an invariant measure ¥ given by

N
V() = (m) [] di*, ms € §°
k=1

Thus, for batch servicing and routing queueing networks the dual process can be
defined. Furthermore, the results of Section 5 can immediately be generalized.

6.8 Discrete-time queucing networks

[12] considers a discrete-time queveing network with early errivals, i.e. arrivals occur
just after the beginning of a time slot, while departures take place just before the
end of a time slot. The state of the network is the number of customers present at
the queues at the beginning of a time slot. Thus, for &, = (x;,...,zn} the number
of customer present at the beg'mmng of a time slot n, @, = (a3,...,ay) the number
of customers arriving at the queues in time slot n, dnyq = (d,...,dn) the number
of customers departing form the queues in time slot n, the state a.t the beginning of
time slot n + 1 is given by

Tnt1 = Fn + 8p — dpt1.
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As arrivals occur before departures, the transition ¥, — .1 passes through 7, +a,.
In [12] this observation is explicitly used since the probability that departures dn4;
occur depends on F, + @,. Thus, the process in [12] is a dual process in the setting
of the present paper. The primal process corresponding to this dual process is the
following. Let ¥, denote the intermediate state of the queneing network in time slot n,
i.e. the state of the queueing network between arrivals and departures in time slot n.
For this process departures occur before arrivals. The evolution of this process is
given by

'gn-I-’.l = ?ﬂ - Eﬂ-!-l + ziﬂ.-[-:l‘

Thus the primal process corresponds to late arrivals.

As this paper considers continuous-time single changes queueing networks only,
the discrete-time queueing network with batch arrivals described here cannot be mod-
eled. However, as is argued in Section 6.7 above, the notion of duality can immediately
be generalized to a continuous-time model with batch service and batch routing. As
the notion of duality introduced in this paper seerms to be able to explain the difference
between the results obtained in a continuous-time setting and the results obtained
in a discrete-time setting, it is illustrative to consider the discrete-time model here
in more detail. To this end, consider the transition probabilities given in [12]. The
probability of servicing customers dyn4; in time slot n is given by

P{d i [5., 3} = 1‘[ “‘ + a')a,(a:,- +a)ag(@i + 6 — 1) -+~ (s — ds 4 1).

i=1

Customers served at queue i are independently routed to queue j according to the
routing probability p;;. The probability that customers @, arrive into the network in
time slot n is given by

A“'

Pla,} = H

:—1

In (3] this model is discussed. It is shown that this discrete-time model corresponds
to a continuous-time model with transition rates (2.3) with

N 1 n; 1

$(7) = II H (k)

=1 c‘(n") k=1

!‘b(ﬁ) H H at(k)

i=1 k=1

and independent routing of customers. Thus, the equilibrium distribution for the
primal process is given by
n;

x(7) = H H G

=1 C‘(n, k=1 a‘(k)
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where ¢; is a positive solution to the traffic equations, This distribution is obtained
in {3}, [5]). The dual equilibrium distribution reads

d-ﬁ d
=(m =5 HI_[ e

as is given in [12], where the process is observed at the end of time slots. Note that
the dual routing function has to be chosen very carefully to obtain the correct form
for the dual equilibrium distribution (cf. Section 4). A similar observation is made
in [6], where the dual states are called base states. There the equilibrium distribution
on base states is obtained. However, [6] does not introduce a process on these base
states.

6.9 Customer-vacancy duality

Consider a closed queneing network consisting of single server queues only. The server
at queue ¢ works at rate g;, 1 = 1,..., N, and the number of customers at queue s is
not to exceed a given capacity constraint M;, ¢ = 1,..., N. The state space of the
primal process describing this queueing network when M customers are present in
the network is given by

N
Suu=TeN I =M n <M, i=1,... N},

=l -
where M = (M, ..., My). The transition rates for the primal process are
¢(7, 7 — &; + €;) = pifij, MW — e +¢; € Sypapy 4,5 €N,

where p;; is the routing probability. Assume a positive solution {¢;}¥, exists to the
{raflic equations

N
> by —cips} =0, i€ N.
=1
Similar to Example 6.6, define the primal routing function p;; as
pij() = pipi;1(7 + €, + ¢ € Sg. ),

then for M < min;ep M;, from Lemma 2.3, the primal process allows an equilibrium
distribution 7 at S37,, given by

N Ck Rk
=(®) =B]] (—) , T € Sgpre
k=1 \H#
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If M > min;epy M; the equilibrium distribution cannot immediately be obtained in
cosed form. However, for M > T/L, M; — minjenx M; the equilibrium distribution
can be obtained by considering the vacancies at the queues. To this end, note that
when n; customers are present at queue i, m; = M; — n; vacancies are present at
queue ¢. Furthermore, when a customer routes from queue i to queue 7 a vacancy
is routed from queue j to queue i. Moreover, in a transition @ — % — ¢; + ¢; first
a customer leaves queue ¢ and is subsequently routed to queue j. This corresponds
to the creation of a vacancy at queue ¢ and subsequently the removal of a vacancy
at queue j. Thus the queueing network can be described using vacancies instead
of customers and the process describing the evolution of the states in the vacancy
description is a dual process. The state space of this dual process is

N N
Sym={meN | mi=> M- M, mi <M, i=1,..,N}
=1 i=1
and the transition rates are
qd(ﬁ,m‘-i- e; — &) = pipsi, MM +ej~e € 'S%.M? i, EN.
For the dual process to posses an equilibrium distribution #? based on the dual
traffic equations the dual stop protocol must be used (cf. Example 6.3). However, as
is argued in Example 6.5, the intermediate state for a {ransition @ — W+ e; — ¢; i3
not observed. Thus this transition can be considered as passing through ™o —¢;. In
this primal description blocking will not occur. Then, if {d;}, solves

2 {dipipsii — dipipis} = 0, i €N, (6.12)
JEN
the vacancy process possesses an equilibrium distribution 7¢ given by
N
() = B [[ di**, m € Sgp (6.13)
k=1

From (6.13) the equilibrium distribution for customers can immediately be obtained
by inserting n; = M; —m;, ¢ =1,...,N. This gives

_ BN l)nk _ S
7(7) = kl;'[l(dk > B € Sy

In the special case that the queueing network is a cyclic network a method considering
vacancies at the queues is used in [4]. If the queueing network is cyclic,

1. 1
d,-:-——,$=2,...,N, d1=_'}
Hi-1 KN

is a solution to (6.12) and the equilibrium distribution = is given by
N
x(m) = B ] 42, 7 € Ssran
k=1

as obtained in [4]. This example generalizes the approach used in [4] to non cyclic
queueing networks, however, this example is not a straightforward application of the
dual process presented in this paper. Note that the dual process presented here gives
a justification for the dual routing function presented in Example 4.4.
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7 Conclusion

For a product form queueing network with general transition rates described in Sec-
tion 2, in Section 3 a dual process is introduced, based on the potential interpretation
of the transition rates. In contrast to the primal process where in a transition first a
unit leaves a queue and is subsequently routed among the queues, in the dual process
first a unit enters a queue and subsequently a unit is released from a queue in the
network. It is shown that the dual process is closely related to the process describing
the queueing network when one customer is routed among the queues thus describing
the queueing network as observed by a customer in transit. This is formalized in Sec-
tion 5 where the Palm probabilities associated with the jumps of the primal process
are studied. As a direct consequence of the introduction of the dual process, in the
arrival theorem, the equilibrium distribution of the state as observed by a moving
customer is not necessarily equal to the equilibrium distribution of the state of the
queueing network with this customer removed. Furthermore, the arrival theorem is
generalized to also include the process describing the evolution of the state observed
by a moving customer. The relation between primal and dual! process is discussed.
Firstly, it is shown that the symmetrical relation between the primal and dual process
as discussed in Section 2 and 3 is similar to the relation between the primal and dual
problem in linear programming. Secondly, blocking of transitions is discussed. It is
shown that the dual process depends on the specific blocking protocol for the primal
process. Thirdly, the transitions are discussed. In these examples transition rates for
the primal and dual process are constructed such that the primal and dual process
describe a queueing network at the same state space with equal transition rates in
the primal and dual description. Fourth, batch service and routing is discussed. It
is shown that the approach of this paper can easily be generalized tc batch service
and routing queueing networks with a product form equilibrium distribution. As
an application a discrete-time queuneing network is discussed. For this network the
discrepancy between the equilibrium distribution obtained in a discrete-time formu-
lation and the equilibrium distribution obtained in a continuous-time formulation is
discussed.

The approach taken in this paper is restricted to stochastic processes allowing
single changes only, i.e. to stochastic processes modelling queueing networks in which
one customer is allowed to change queues in a transition only. The assumptions can
be relaxed (cf. Sections 6.1, 6.7), but the analysis will become very untransparent.
Therefore, the present setting (a continuous-time product form queueing network
with single changes) is chosen to introduce the dual process and to highlight the
relationship between the primal and.dual processes.
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