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Abstract

In this paper we incorporate the efficiency wage theory in a generzl
equilibrium model. In such a model wage rigidities resulting from the
behavicur of rational agents can be endogenized, while at the same time
general equilibrium effects can be taken into account. These wage
rigidities can give rise to either unemployment or overemployment. We
will pgive sufficient conditions for the euxistence of a quantity
constrained equilibrium in a general equilibrium model with production.

Furthermore, our model will be illustrated with a simple example.
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1. Intreduction

Unemployment is nowadays cne of the major issues of economics. Several
theories have been developed explaining not only the existence of
involuntary unemployment but also its form and persistence. By and
large, there exist two sets of micro-theories which explain unemployment
by explaining wage and price rigidities. On the one hand there are the
so-called implicit contract theories and on the other hand there are the
efficiency wage theories (see e.g. Stiglitz (1986)).

Wage and price rigidities have already been recognized by Keynesian
economists to account for unemployment, and this idea has Dbeen
formalized in so-called disequilibrium models (see Malinvaud (1977)).
One of the major drawbacks, however, of these disequilibrium models is
that the rigidities are simply assumed. On the other hand, the modern
micro-theories of unemployment are mostly of a partial equilibrium
nature,

The purpose of this paper is to incorporate the efficiency wage
theory in a general equilibrium model. In such a model price rigidities
resulting from the behaviour of rational agents can be endogenized,
while at the same time general equilibrium effects can be taken into
account. Furthermore, these price rigidities can give rise to rationing
on the corresponding markets resulting in quantity constrained
equilibria.

The existence of quantity constrained equilibria in exchange
economies with exogenous price rigidities has been proved by Benassy
(1975) and Dréze (1975). Dehez and Dréze (1984) have investigated
constrained equilibria in economies with production, again in the case
of exogenous price rigidities. We will give sufficient conditions for
the existence of a quantity constrained equilibrium in a general
equilibrium model with production where rationing can occur on both
sides of the market due to endogenous price rigidities.

This paper is organized as follows. Section 2 briefly discusses the
efficiency wage theory. In section 3 a general eguilibrium model is
presented of an economy with a constrained labour market resulting from
an endogenously arising wage rigidity. In section 4 the existence of an
equilibrium in the described economy is proved, while in sectien 5 a
simple example is given to illustrate the model. Finally, section 6

gives some concluding remarks.



2. Efficiency Wage Theory

The basic hypothesis of the efficiency wage theory is that labour
productivity is a function of the wage paid. Now, a rational profit
maximizing firm may in the presence of unemployment checose to keep the
wage above the market clearing, competitive level, because lowering the
wage would result in a more than proportionate decrease in productivity.

Up to now we referred to the wage not indicating whether we meant
the nominal or the real wage. In a general equilibrium model without
money there is no money illusion, i.e. only relative prices matter and
it seems logical that we assume the productivity to depend upen the real
wage. This means that not only the nominal wage enters the labour
productivity function, but also prices of other commodities in the
economy in the form of some price index,

The efficiency wage theory can be formalized as follows. Let
Qj(A(pE/P).Lj) be the production function of producer j, with p, the
nominal wage paid for one unit of labour Lj, P some price index and A
some function of the real wage, taking wvalues between zero and one,
indicating the labour productivity of one unit of labour. Now, producer
j maximizes his profits pj,Qj-pﬂ.Lj over p, and L] subject to his
production function, with Pj the price of one unit of the good preduced

by preducer j. So his first order conditions are:
pj‘(BQj/a(ALj)).Lj.A‘.I/P -l
and
py.(301/800L1)) . = py

By dividing the second equation by the first we get X/X' = p,/P.
Grafically this means that the producer chooses the wage at which the
ray from the origin through the corresponding point on the labour
productivity curve is tangent to this labour productivity curve (see
also figure 1). |

It must be noted, however, that this result is only valid when the
producer 1is not rationed in his demand for Jlabour, Although the
efficiency wage theory seeks to provide an explanation for unemployment

it cannot be ruled out beforehand that the resulting wage induces



.3 .

overemployment. If this is indeed the case the producer will no longer
set the real wage p,/P equal to x/A’'. Taking account of a quantity
constraint Lj = Lpax‘ the first order conditions of the producer now

become :
pj.(BQj/a(ALj)).Lj.A’.l/P - 1]
and
Py (303 /0AL1)) A = py + 4]
with pj the Lagrange multiplier of the constraint producer j faces.

So, A/A = (p£+pj)/P. Now, as ijO the optimal pEXP will be larger than
(or equal to) the optimal p,/P in the unconstrained case (see figure 1).
In other words, whenever the labour preductivity maximizing wage is that
low that the producer is rationed in his demand for labour he will
increase the real wage, relative to the optimal wage when no rationing
occurs, in his own interest. Note that this does not mean that the real
wage will be increased until the producer will no longer be rationed.
Whenever the supply of labour is larger than the demand, i.e. the
producers are not rationed in their demand for labour and all producers
face the same labour productivity function, pj =0 for all j and a
uniform wage is set. However, when there is overemployment the producers
will be rationed and in general the wages offered will differ from firm
to firm depending upon the degree of rationing. In this case it will be
necessary to make some additional assumptions with respect to the
preferences of the consumers in order to be able to assign the labour-
supply of a specific consumer to a specific producer and thus to
determine which consumer earns what wage. Possible assumptions to make
are that all consumers are identical or that there is a continuum of
consumers. For the sake of simplicity and of clarity of the exposition,
however, we will in the seguel assume that there is only one producer

and that the consumers are uniformly rationed,
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3. Model

Let wus consider a private ownership ecconomy with 1 producer, m
consumers, indexed by i=1,...,m, and Lk commodities, indexed by
h=1,...,k. Consumer i is characterized by a consumption set Xi C Rk+, a
utility function ui(xi) on Xi, a vector of initial endowments wi = Rk+
and a share ¥; C Ry in the profit made by the producer, where ;8 = L.
{The inner product of two vectors a and b, a,b € Rf, is denoted by
a.b = zifl aibi and (a £ Db) 1 {c £ d) means that a =b, ¢ < d and
(a-b).(c-d) = 0).

The following assumptions are made on consumption.

(A.1) Xi, i=1,...,m, is a closed, convex subset of Rk+, containing
{0}.
(a.2) ul(xl) is a strictly quasi-concave function, i=1l,...,m.

(4.3) ul(x}) satisfies local nonsatiation, i.e. for all xi e x!, for
all € » 0, there is a consumption bundle x € Xi N B(xi,e) such
that ui(xh) < ul(x), 1=1,...,m.

(A.4) w* >0, i=1,...,m.

The producer is characterized by a production pessibilities set
Y C Rk x R, with Rk the space of production vectors, where inputs are
measured negatively and outputs are measured positively, and R, the
space of wages, Note, that since the producer has one choice wvariable
more than the econsumers, i.e. the wage, the productien possibilities set
Y is of higher dimension than the consumption sets %! of the consumers.

The following assumptions are made on production.

(A.5) Y is a closed and strict convex subset of Rk % R+ and contains
{oy.

(A.6) The free disposal assumption holds, i.e. Y - (Rk+ x {0}) C Y.

(4.7} There is no free production, i.e. Y n (Rk+ x {0)) = {0},

Now, let us assume that the producer produces a single output Q, using
k-1 inputs (k>1), one of these Inputs being labour, denoted by L, the
other inputs being represented by a (k-2}-vector K. Now, with the
production function given by Q = Q(A(pE/P(p)).L,K) we have that Y =
((Q,K.L,pp) | Q= Q0(py/B(p)).L,K), Py eR,, LER, KeR? ). The

producer is price setter on the labour market, while all other markets
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are competitive. Note, that as inputs are measured negatively we have
that lLeR_ and KeRk'z-. The market price of the ocutput, of labour and the
vector of market prices of the other k-2 inputs are denoted respectively
by p0 € R,, py € R, and pI € Rk'2+ and let p-(po,pIT)T. let (1l,s8) be a
uniform rationing scheme, with l1| (1=0) the maximum labour input of the
producer and s (=0) the maximum labour supply of a consumer.

The producer maximizes his profic, pO.Q - py.L - pIT.K, subject to
his production function, which is given by Q = Q(A(py/P(p)).L,K), and
the quantity constraint L = 1, where p, is the wage paid for one unit of
labour and P(p) is a price index, which is homogeneous of degree cne in
P. A is some continuous function of the real wape pE/P(p) taking values
between zero and one, indicating the productivity of one unit of labour.

The m consumers have initial endowments Q; € R, K; € Rk‘2+ and
Li € R, i=1,..,m and maximize their utility function ui(Qi,Kil,...,
Ki,k~2’Li'Li) subject to their budget constraints and the quantity
constraint L; < s, with Q; and Kij the demand by consumer i for the
output Q respectively input j, j=1,...,k-2, and L; the labour supply of

consumer i. The final assumption we make on production is the following.

(A.8) The production function Q(}(pE/P(p)).L,K) and the labour
productivity function A(pf/P(p)) are continuously differentiable

functions.

As the producer is a wage setter, the labour market does mnot
necessarily clear. The real wage follows from the profit maximization
problem of the producer. The real wage is determined by the eguation
(p£+p)/P(p) = A(pj/P(p))/l'(pf/P(p)) (see also section 2). Note, that
the nominal wage can be derived from the profit maximizing real wage for
given prices of the other commodities. In other words the profit
maximizing nominal wage is a function of all the other prices, i.e.
pp = Ppl(p). This relationship between nominal wage and other prices
induces general equilibrium effects the meodel can take account of. If
for example due to some tax reform, prices of other commodities in the
economy change, the nominal wage will as a consequence also change and

consequently the level of rationing on the labour market will change.



Pefinition 3.1

Sl apes ; . i%
An efficiency wage equilibrium is a set of consumption plans x =

(Qi*,Ki*,Li~Li*),i=l,...,m, & production plan y* = (Q*,K*,L*), a vector

of prices (po*,pl*,pf*), and a (uniform) rationing scheme (1*,5*) such

that:

i, i i \ %
*i'Li) = u~(x*} on X~ subject to p ‘Ki +
%* * * *
Py (Ls-Lp) + 27y = %70y + Ty 4 pp"Ly + 9;5.m(p") and
% % I%T ¥ %T *)T

L¥ = 8%, i=1,..om, with ™) = %%, 77,0, %), @ KL

. i% . ;
(i’ x1™ maximizes ul(Qi,Ki,L

(ii) (y*,pj*) maximizes profit (po*,pI*T,p£)T.y on Y subject to

Q = Q(A(p,/P(®™)).L,K) and LY 2 1%,
(iii) (240;" = Q¥ + 230 1 6% 2 0).
(iv)  (BiKe" - K, S TKg) L eI 2 0), b=l k-2,

* *
(V) -L" = EiLi . i .
(vi)y 1if for s=ome i: L-* = g then L* = 1* and if L* = 1* then Ly <s

i
for all i.

e
b

So at an efficiency wage eguilibrium consumers maximize their
utilitcy, the producer maximizes profits over inputs and wage, exXchange
is wvoluntarily, agents at the short side of the market realize their

plans and actually bought and seld amounts of goods are equal.

4. Existence of equilibrium

In this section we will prove the existence of an efficiency wage
equilibrium. Following Debreu (1959) we define the set of attainable
states A = {(xi),y,p£ | Eixi -y sSw, py = gﬂsuP, xt e.Xi, (y.pp) € Y}f
with x% = (Qq,Kyp.. .-, Ki g2 lisly)s ¥ o= @Ky, Ky p, L)y w = (350,
ZiKy, . , .
the projections of A respectively on X' and Y and let X% = F n X* and

=;L;) and stup some number larger than zero. Let %1 and Y be

Y=G6nY, with F and G compact convex sets containing respectively
Mo -
X* and Y in their interiors. Now, as the production function is

continuwously differentiable, 8Q/8(AL) has a maximum value on the compact

X

set ¥. We will call this maximum value gﬂma . For the existence proof

it will be necessary that Efmax = Efsup' It ¢an easily be seen that we

p:4

can always find a Eﬂsup such that the corresponding sza satisfies
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B£max < pzsup. The strict convexity of the production possibilities set
requires a strict concave production function and consequently
3%Q/3(AL)dp, = 8%Q/(3(AL))2.L.ar/3p, < 0, in other words 3Q/3(AL) must
be mon-increasing in p,. So for increasing p,*"?, p,™* will be non-

SUP  gince

increasing and for large encugh Qﬂsup we will find Bfmax = By
the demand and supply functions which follow from the utilicy.
maximization problems of the consumers respectively the profit
maximization problem of the producer are homogeneous of degree one in
the prices, we have one degree of freedom. We will use this degree of
freedom to normalize the prices of the output good of the producer and

of the k-2 inputs other than labour as to sum to one.

We define the set T = {qesk'z, reR,, pyER, | 0= xr =< zgﬁmax,
0=pys= gfmax},'with sk-2 the (k-2)-dimensional unit simplex given by
Sk'2 = {q € Rk-1+ | Z; 94 = 1}, On T we define the functions p(q.r,gj),

1{q,r,p,) and s(q,r,p,) by:

pi(q;r,pf) - q4 for i-1,...,k-1
By for i=k,
-max [0, min{l,2-x/p,y}]. (ZL:+1) if py > O
l(q,r,gz) = /e 1 ) f
0 if pp =0
min{l,r/p,}.(ZL;+1) ifp, >
s(g,r,py) = d t D

Note that when r = p, then 1(q,r,py) = -(ZL;+l), when r = p, then

s(q,r,pp) = (ZLy+1) and r = 2p, implies 1(q,r,py) = 0 (see also figure

2). Furthermore, po(q,r,gf) = py(g.x,pp) and pI(q,r,pf) = (po(q,r,pp),
EE-RECE N -1 AN

Let the function z : Sk'2

X R, xR, _~ RET1 e given by:
>1Q; - Q- %30y

SixM(q,1,pp)-¥(q,T,Rp) W 23Ky - K- 24Ky
z(q,r,pp) = =
Pp(q.T,Bp) - By R R

. Pf(qsraﬂg) N R£ J
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with xi(q,r,gg) = {argmax ui(xi)[ xiexi,
po(qusgf)Qi + pI(Q»rsHE)oxi + Pk(q’rrp‘f) (Li'Li) = Po(q;r;ﬁf)gi +
pl(q!rlﬂf)gi + Pk(q:r:BB)Ll + 6i'ﬂ(q’r!2£)r Ll = s(quagj)}

and (y(q,r,py),py(q,xr,py)) = {argmax (po(q.r,nf),(pI(q.r,gﬂ))T,pf).yl
(y,pp)€Y,L = 1(q,1,p4)}.

Now, p(q,r,gf), s(q,r,gf) and 1(q,r,g£) are continuous in (q,r,gf). From
the continuity of l(q,r,gj) it follows that the correspondence on T
defined by {(y,pﬂ)eY | l=1(q,r,pp)} is continuous on T. So, since Y is

strictly convex, (y(q,r,gf),p2(q,r,g£)) iz a continuous functien on T.
Furthermore, ={(q,r,py)~ (PO(Q=r»Eg),(pI(q,r,af))T,pf(q,r,BE))Twy(q,r,gg)
is a continuous function. Finally, as the budget correspondences of the
consumers are continuous in p, 7 and s (see Dréze (1975)) and p(q,r,gf),
ﬂ(q,r,gg) and s(q,r,gf) are continuous on T, the budget correspondences
are also continuous on T and consequently, using the strict quasi-
concavity of ui(xi), we can derive that xi(q,r,gf) is a continuous
function on T. Now, z(q,r,gﬁ) is a continuous function on T, by the

continuity of xi(q,r,gfj, v(q.r,pp) and py(q,r,Ry).

Lemms &.1

P’g(Q;r,P.f) = Efmax

Proof

In section 2 we have seen that the producer sets a wage p£°pt with
a/Ax* = py°PY if he is not ratiomed. From the first order conditions of
the maximization problem of the producer we have that pBOPt must satisfy
the equation pEOPt = p.8Q/8(AL).A., So, as p=l and Xzl we have that
p£Opt = dQ/a(AL) = Bfmax_ If the producer is rationed the wage set must
satisfy the equation p.8Q/8(AL).X = Pg + 4, with u the Lagrange
multiplier of the constraint L = 1(q,r,pp). But then also pEOPt < Rﬂmax

as p = 0,

It can easily be seen that the following theorem holds.

Thecrem 4,2
Zizlpi(q,r,pg>-zi(q,r,pf) = (pplq,r,py) - pp.L
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Theorem 4.3

Under Assumptions (A.1l) to (A.8) there exists an efficiency wage

equilibrium.
Proof

. : Lok-2 max max k-2 max
Define the function £:§ x {0,2p, ] = [0,pp ] 8 x {0,2p, ]
x [0,p,"%%) by:
fh(q!r:gf) = (qh+max[0’zh(q’rrnz)])/(1+E‘l]'{;l max[O,Zj (q,r,Bg)])

h=1,...,k-1

£1.(q,r,pp) = max[O,min(2g£max,I+zk(q,r,g£))]

fli1{q.r.pp) = max{O,min(gﬂmax,p£+zk+1(q,r,pf))]

Mow, according to Brouwer’'s thecorem f has a fixed point (q*T,r*,gfh).

% * : * *
So, f(q T,r*,ag ) = (¢"T.x 'Ry 3T
At (q*T,r*,QE*) we have:

. & % *
(1) (@ rpy) =y
Now, either gf* = 0, Qf* = Eﬁmax or Rf* = Eg* +
* % %
zk+1(q P L :Ef )‘ )
In the latter case we have that zk+1(qk,r*,g£x) = 0 straight
away.
* * IR S
If p;, =~ 0 then py +z,,9(q ,r ,py ) = 0 and consequently
* % %
zk+1(q*,r*,g£*) = 0. On the other hand zk+1(q TRy ) =
R “ * * % %
ppla ¥ ,gfh) - py =z 0. 80, zp1(q,r ,py ) =0,
: : O
max max . fo + 2,108, T0,).

* & * ® % %
So, zk+1(q T ,Dy ) = 0. On the other hand, zk+1(q T Ry )
max < 0 .

Finally, if QE* =Dy then p,y
% k% * * % %
= Ppl(q .Y ,pp ) - By =7Ppqa,r ,Ryp) - By
* % % .
S0, zp41(a ,r ,pp ) = 0.

(i) (¢ ", e = 1

Now, either r* = 0, r* = 22£max

% * * ®
or r =1 + zk(q JY By Y.
In the Jlatter case we have again straight away that

* %
Zk(q » T ’EB*) - 0,
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If r* = 0 we must have that r* + zk(q*,r*,gf*) = 0. But then
also zk(q*,r*,p£*) = 0. But on the other hand, r* =0
implies s(q*,r*,gz*) = 0. So, Li =0 and consequently,
zk(q*,r*,gj*) = -L =2 0, But then we must have zk(q*,r*,gﬂ*)
=0,

If r* - QBEmax then ZQfmax s'r* + zk(q*,r*,gf*). So,
zk(q*,r*,gf*) 2 0. On the other hand, l(q*,f*,pﬂ*) = 0 and
consequently L = 0 and zk(q*,r*,gf*) = 0.

Sa, zk(q*,r*,gf*) = 0 must hold.

s * k% *
(iii) fh(q % - 3% } = a4y - h=1,...,k-1
Now, zh(q*,r*,g£*) = 0 holds for h=1,...,k-1.
Suppose, zh(q*,r*,gf*) > 0 for some h, h=1,...,k-1. Then

Ejmax[O,zj(q*,r*,gﬂ*)] > 0. But then zh(q*,r*,pz*) > ¢ for

all h=l,....k-1 with g =p(q*,r",p;") > 0. But as

w

¥ * * ok *
zk+l(q ,r*,p£ } =0 and consequently pf(q T .0y o= By

this camnet be the case, as according te theorem 4.2

CIE S LI I * kR *
2151 ps(q,r By )‘i}(q T ,Rp ) = (py(q ,¥r ,py )-py J).L ,
* % * * % ‘-
=0 and z,(q ,r ,py ) =0 and p" = (py ,..., P )T e sk-2,

So z,(¢%,r*,p,%) = 0 for all h must hold.

T

*
Finally, it can easily be seen that a vector (q* T ,gf*), for which

zh(q*T,r*,gﬂ*} = 0 for h=1,...,k-1, zk(q*T,r*,gf*) = zk+1(q*T,r*,p£*) =
0 holds, induces an efficiency wage equilibrium. Firstly, using a
standard argument (see Debreu (1959)) one shows that conditions (i) and
(ii} of definition 3.1 are actually satisfied. Furthermore, it Iis
straightforward that conditions (iii), (iv) and (v) are satisfied.
Finally, from the definitions of l(qT,r,gﬁ) and s(qT,r,gj) it is
immediately clear that also condition (vi) is satisfied, as for all i we
have Ly = L;. So, -L¥ = 5;L," = Z,L; < 5;L; + 1 or L > -(ZL; + 1) and
Ly = Ly < Z;L; + 1. In other words, whenever Li* - s(q*T,r*,gf*), it
*

must be the case that r* < By but then 1(q*T,r ,QE*) = -(EiLi + 1) and

consequently L > l(q*T,r*,p£*) and if L' = 1(q*T,r*,Q£*}, it must be

the case that r* > Dy, but then s(q*T,r*,gf*) = ZiLi + 1 and

consequently Li* < s(q*T,r*,gﬁ*).
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5. An Example

In this section we will give a simple example to illustrate our model.
The construction of the existence proof given in section 4 allows for a
direct application of a simpliecial (fixed point) algorithm which
cperates in sk-2 x R2+ (for a detailed description of such an algorithm
see Hofkes (1990)) to actually compute an equilibrium of the described
economy. It must be noted that, although the assumption of convexity of
the production possibilities set (A.5) implicitly gives restrictions on
A, in practise a labour productivity function of the form as given in
figure 1, i.e. of the form A - {1/(1+exp((-p£/P(p))/c+a)) -
1/(l+exp(a))}.f{(l+exp(a})/exp{a)} can be wused , since the algorithm
always finds an equilibrium in the convex part of X, i.e. for a value of
py larger than or equal to the value of p, given by A/X' = p,.

Let us assume that we have an economy with one preducer and two
consumers. The producer has a Cobb Douglas production function given by
Q = kYA LM2 512 Gieh A = (1/(1+exp(-py/ct3))-1/(Lrexp(3))).

{ (1+exp(3))/exp(3)}, sc¢ P(p} is taken to be identical to 1. The
consumers have a  Cobb Douglas utility  function given Dby
" = Q1/3-K1/3-(L ) L)1/3.

Now, equilibria have been computed for various wvalues of ¢ and
various initial endowments of the consumers ({see table 1). It appears
that for a low value of ¢ (¢=0.05) the producer is rationed in his
demand foxr labour {(u>0) and the wage offered is indeed larger than the
optimal wage in case he would not be rationed ( i.e. the wage given by
A/At = py, 1.e. py = 0.21, see also figure 3). For higher values of ¢
{(e.g. ¢ = 0.5) the producer is not rationed and the labour productivity
maximizing wage given by A/X' = p, is set (see figure 4). Now, the
consumers are rationed in their supply of labour and unemployment
oceurs,

Note, that for low values of ¢ the labour productivity is larger
for a given value of p,y than for higher values of c. The parameter ¢ can
be seen as an indicator of working conditions. When ¢ is small, working
conditions are good and low wages induce a high labour productivity.
When ¢ is large, working conditions are not so good and wages have to be

higher to induce a high labour productivity.
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Table 1, equilibrium prices

Q [ By | by 1 Q | By [ Ly [ By | 8| ¢ P Pp | Py | *#

3 5 8 4 3 & 10.7530.25( 0.05{ 0.53| 0.47( 0.23] 0.05

3 5 8 4 31 8 10.7330.25] 0.5 | 0.53( 0.47| 2.13} ©

3 5 8 4 3 8 10.7510.25] 1 0.53] 0.47| 4.26} O

25 17 | 12 | 20 | 10 ; 12 |0.7510.25| 0.1 | ©0.37| 0.63| 0.57] 0.98

25 17 12 20 [ 10 | 12 }10.7510.25[] 0.5 [ 0.37| 0.63| 2.13] 0O

6. Concluding Remarks

In this paper we have incorporated the efficiency wage theory in a
general equilibrium framework. In our model a wage rigidity arises
endogenously from the profit maximizing behaviour of the producer by
incorporating a labour preoductivity function in the production function.

The existence of a gquantity constrained equilibrium is proved and a
simple example is given. This example illustrates that the model mnot
only covers the case of unemployment, i.e. the case where consumers are

rationed in their supply of labour, but also the case of overemployment.
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Figure 1, the labour productjvity function
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Figure 2. the ratiouning schemes
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Figure 3. the labour productivit ion; ¢ = 0.05
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