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Evistence and tUniguacess of Stochastic Price Eouilibria in

Heterogenseous Markets.

SHURMATY o

In this paper we study oFios sguilibria in a markst where bthe
Bebiaviow of individual demanders 18 determined by neans of discrets
choice models. The good thaet i btraded in the sarket iz
hgberogqenecus. Demandsrs may also differ in thesir preterences. Tha
mumbier of demandses may exosscd the the number of units of the good
bhat is avallable in the market.

I the fFirst part of the papsr we glve a general ﬁﬁﬁcﬁimtimm oF L
mecdel  and deal wiith continuity and differentiability of the
(euwpacted marbet demand fupctions. We then study bhe Dehaviows of
aggregate demans when pricss eise without an uposr bound. It is also
shown bthat the cholog alitgrratives srs always gross substitubes in oa
wak sense of the term and that strong gross substitutability can be
guarantesd by ftwo additions: sssunptions. The swistence of & price
asquiliffriue is then proven wnder weak pgross substitutability and
continuity of the demand functions and unigueness under strong gross
substitutability and diftferentiability of the demand functions,. In
subssauent sections it g shown that a8 Rnecosssry ang suddicsient
condition for upiguensss 1z the non-existence of 2 market segment
with total demand for the goods in thet segment is insensitive for
changEs in prices. The paper is concluded wiith a comparison of the
rasults that have been reached by others and are reporlted in the
literature and a discussion of the interpretation of shoochastic price

el i ibria.
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i intraduction.

Throughout the oaper we oconsider a market where N diffsrent tvpes
e Ehver smans good (housing may be oa good examplel are avallable in

-

Fluwen (poeslibive) anounts 8 0 nmlie. . . Thess dixed amnounts have to

3]

be distributesd over & fixged number. b o of individual decision units
houwssholds) ., M different types of decision uﬁiﬁg will e
distinguisghed M 4 bl. These individus!l decisgion maksrs ares
initially distributed over the various states in a particular way ant
should be re-allocated. I is sassumed that individual decisiomn—-making
urmdts oo always have the possibility Lo withdraw $voam the marbet
(@.g. v maans of migration) ¢ this alternative will he denoted by
mears of an,.index 0. also , there may be actors who have just entered
thies mariiet 3 they are dealt with as bheimg intdialiy in gbate GO0 For
simolicity 1t will also be assumed that sasch individual decision-
making unilt can buy (rent) only one unit of the available supply.

The demanderse are assumed bo be wtility maximizers. In ssch period
they are confronted with M+l chaice altesrpatives , viz. moving to one
of the M possible states or withdraw from the market. The wkility
aszociated with chosing any of these alternatives can be represented
by means of a so-called conditional indirect abtility furction o f.@.
a funcition that gives the highest value of ubilitiy that can be
reached by the decisiaon maker concernsd , given that he has to choose
alternative n o nN=E0, 1,00, M. This dndicrect atiiity function has as
arguments A vector ® of suplanatory variabless and will be ditferant
for different tvpes of houssholds and for different inttizal statas,
The indirect utility of moving Lo cholog albernative n for a

novsehold of tvpe m that is cuwrrently i state n® will be dencoted as

[ S arid ig assumed to be the suwn of 2 deterministic part U 4
mn " - ; M ey
that is & function of x_ . and a stachagtic part & . H

o ' s = ~¥3

U . (e ) o= L . £ 3 + = . [
I W & mrs’ - r R -
(L R I Y R S T A
The inclusion of & stochastic componsnt in Bhe indicect obility
functions makss it impossible to detersineg the choelioes of the whility

maximizring decision unit with certainty. 1t is only meaningful to

spaeak about the peobabdl ity T o that alternative o owill be chosen
by & decision maker balonging to class m and owrrently occupying a

uriit of tvps nt of the good traded in bthe market. The choloe
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the indirect utiltities Umn’ e and therefore of all variables
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Total expected demand for cholog altermative no, Dn g, orr Ths

Basis of (4) bhe determined as 3

4 Y|
D = F AR N - €% . . ¥ wonw il } (5
.mne M7 e =T TN
m=i n'=0

TSI S

P

3]

Wit e hm%’ denctes the number of decision-making wunite of type m th
aire currently in state n®. This total sspscted demand is therefors &
function of all variables that influence the whtilities attached to
the various alternatives by the individual demandeErs . but also of
the compostion of the population of these demanders and of theire
initial distribution over the various states. Dince all cholce

probabilities add up to 1 owe have

in what follows we will treat the demand funetions Dm aw 14 bhay



represented & deterministico demand . alibhouaob they in fact give only
thg sxpected valus of a demand that i¢ stochsastic. Some justitication
o Ehis procedures s oglven Dy bthe fact that under geEneral

&1

sumptions the ratio of actual stochazmtic demand and the total
raminer of demanders tends o appecach ihte exoected value anb when
the total number of demanders b ls largese {(see Lenoczkyll¥83017.

The limited avallasbility of units of the M tvoes causes the

Following restrictions on the allocation o

I (73
(FE AP,
A Fivret reguiremsnt for & market sgullibriom would be the
satistaction of the constraints (7). & somswhat mors demanding
detfinition of souilibriurm will be used i sschbion 4.
For proofs of existence and unioueness of esouilibria it ds aseful

)

o o know under what conditions the demand functions U are continuous
Sirmoe b

ar differentiable in the variables

Hoarign e a iy these

fundtions are sums oFf choloce probability funchtions ﬁmn’an . this
invokes the ouestion wnder which conditions these functions are

continuous oF differentiables in thelr srguments. The following

propositions are proven in the appsndis.

E a

=
Ml g waaafl 5 NSl ..,y areg sontinuous in the variables

Froposition 1.1. The cholce preobability funchions nm

Hepndigennn iy i and anly A4 the wutilifty functions v

AT RS ]

mpy "oy
M=l eawaM oo BTAmLy LM, are continuous in thelr arguments <9
and the cumulative density functions H . (s Voa m=Llauaael o

mn® o med
mfEd, L, el oare continuously differentiable almost everywhara.

Froposition 1.2, 7

e choice probability functions o
i -

M=l weeanll y M7 NFleaws M yare differentiablie in the variabnles

#

a a

imey " -3
MEL e oww M 4 O m=lyu.e M, sre differentiable in thelr arguments

R i4 and only i+f the utility Ffunctions v

#  and the cumwlative demsity functions Ho, (
=1 mae jeiu}
=0, 1, ... are twice diffesrentiable almost svervwhere,

A TR =L DA

b

In discrete choice theory Lt ls usually assumed that the probability
density functions are norm&l oF (génﬁvalizeﬁ) extrems value., In these
casngs the conditions with respect to the cunulative density functions
meEntioned in the propositions are alwaves fulfilled. Also the

spesifications ptf the indirect wtility functions that are used in
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egmpirical work ususally fulfill the continuity and differentiabiliby

oy
reauiremnsnts’ .

2 Bome Prelimipasry Reesults.

Throughout the rest of the paper it will be assumsd that thers ars
orices assosiated with all types of the good that are available in
bhe market l.&. with cholce alternatives l.....0M. The orics = i one

of bhe seogumsnhs aﬁm% the indirect wbkilitiess b  and all other

" -
argumsnts of that vector are assumed to be constant 5 and can

theredfore bhe suppresssd. This implies that the wtiliity attached fLa
alternative 0 18 constant. Furthermors it will bhe assumed that the
indirect wbildies U | are noninoreasing in po owith o
" - I
lim 5 - {3 = i (8n
P, TRt an T

1 N I S T N I v AR |

. . . . Yy
ALl these assumptions seem Lo e guits natural .

The following opraliminary resuit is #gasily proven o

Iim 0 o= i3 (5
pnﬁm n

FE AP 1

Froof. The proposition is proven when it can be shown that

Tim T, = 0 Fer oall mel, e e M . MmO, L. s N ang m=l, s .. N Rlows
S S ' ' ; s ; : ;
ook at goguastion (5). When o -, LW - I 1 x T B U I = i e Ll ¥ )
£ ey e el

art

Bt Den. The probabkility density function hm . & was assumed to

Gt a
(R Tl
BHave zero mean and a finite variancs-covariancs matrix. This implies

Fl

that dindesd Lim =0 Fforr all the reguired m's , 1" 's8 and ns.

o
[ e mpe S -
r

H.E.D.

Fropasition &.1 savs that the demand for s particulsys alternative

iy

will become arbitrariiy closse to zero i+ the price associated with ik
Brecomes arkitrary largs, It will also be useful o know whalt happens
o bthe demand Dn when a1l prices Foymnnonfly @re imcresasing without an

uipper bhound, The answer is given by the following prooosition @
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Fropoelifion .2,

Tim = (103

4
[ =462 1

NELy . B

Fromd. It can acain be obssewved thabt the proposition ds brus when the
validity of itz analogon for the individusl choilce propositions Can
be shown. Consider again eguation (3. When all oricges rise wihilthout
an wupoer bound we can bhe surs bthat B ® st hecomes msore and more
rnegative o withoul lowesr Doundg. Silven o assumptions abowt the
prabakiility density funchion hﬁm,igmﬁ,} s this suffices Lo dram the

conclusion that 1im =0 Fope oall m=d,..00M ot YL .. HMoand

L E
£ - My -

Ny e . GaE.D.

This proposition essentially f2avs that when the orice of stayving in -
the market , no smatter what aliternative will be chossn . bhecomnss
infinitely large ., wlltimately evervbhosdy will decide to wibthdraw from
the market., E.g. when rents grow higher and hidigher in one partisular
region ultiﬁately avervhody prefers living at anothsr olace whers
rents are Lowsr.

E fmross Bubstitubabilityv.

I conventional demand theorv goods are called gross substitutes
wharn &n inoreaze in bthe peice of good n causes demand Dn to fall and
demand for all other goods Dmﬁ « NYTE N ho rige (sge e.q.

Varianf 197853 . The assumption of gross substitutability is wsed in
gensral sguilibrium theory to prove the unigueness of price
equiiibria . but iz gengrally regarded to e very restrictive. It 1s
theretore somgehat surperising that in the oresent contexrt {(where the
demand Funotions are based on discrets chiolce models) the demand
functions do always satisfy a slightly weakened version of gross
substitutability and that bwo weal assumplions guttice to guarantes
compiste gross substitutability. This will e shown in The mext two
prosositions.,

Froposition 3.1, The demand functions Dn L T L

non-decreasing in the prices Poe o MTE , =l .l N oand

non-LRcreasing An the own price o Morsover , DL is



&

non—decreasing in 213 prices _;:nm P 1 A L

]

L

Froot. A sufdficient condition +or this prooosition o be brus i
ite analogon holds for all choice probability funcitions ﬁmnsﬂqn
Consider eguation (3. Winen the pgrice =l risss the variables

APTEEE

will e ftrue for the choloe probability When anothesr prics

T o n
EE |

B, .. ises the variable wmﬁ,%ﬂﬂ,ﬂ inereassEs or remains the same .
it
whnile all obther variables W remain the same. Therefors the

choice probaiility increasss oF remainsg the same. It omay

r n
TR ]
therefore he concluded that a1l cholce probabilities P
M=lywauyfl 4 O7=D, 0 euaasl , NIy u M @areg non-increasing in the own

i Ce P, arnd mon-decreasing it all obther prices. It can in the sams

. oall decresase o remain The saemg. This imolies that the same

3 bthat

way e proven bthat the cholce probabilities 7 . &ra nop-decreasing

e -0
i &ll prices Pywesonbye The analogon of the propasition for the

choioe probabilitiss ﬁmn”ﬂn thug holdae. B.E.D.

We will refer to the propsrby of proposition 2.5 a8 weak gross
substitubakility. It is eaay to see (from eguation (31 that the

stronger definition mentioned above (to be referred bto a5 strong

gross substitutabilidty) reguires a2l1 indirect wubility functions to bhe

strichtly decresasing in o, But it alsg regquirss a positive
. . . . . . . . A3
propability of choosing sach altsrnabtive at all possibles orices .
This can b guarantsed by assuming that the probability density
=3
function 18 positive almost everywhers .

Froposition 3 ne demand functions En L T S 1t

incresgsing i the pricss S FUAN . MR, ... .M and

s
decraasing in the own prios ﬁn whern for &t lesast ong m oanag n' $o
whiech B, is positive the functions U .. BUE SBROreasing In

e e’ -
The ﬁriceﬁ‘mﬁﬂ, ard when the simultansous probability density
function hmn’(ﬁmn”) ig positive aloost sverviwhers. Furthermors
D(:3 is increasing in all prices plgn,u,gﬁ.

Frood. We will prove this groposition o a somswhat mors formal way

than was used o show The vality of Lthe preceding ones. Consider

eeiiation (3 and assume that & price mmys o TTER, ANCreanss. ]

Fresuliting change in the cholce probability o, o for the omoand n?

AT
Lhat Fulfill the condiftions mentioned in bthe proposition can bs

detarml ned & 2
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A = ‘ wouow b " aw ] iy L ; O &, aasx
. f J ; J Mt —me 1
B I v 14 . LA .
M’ -
o s {11

whiere 4 is the negative ochangs in the wvalus of W gt Bhah ooouwrs

as & result of a changs in e The supression on the

Pt

right~hand-side of (11} 18 olsarly nonnegative. Sinoce hf Llg L) s

T i
aEsumsed o b oozitive almost esveryvuhesrse we oan be sure bthat it is
posid bive,
Blow assumse thatb = increazas. We then +ind for the change in the
chodcs probBabidity o, For Lhe m oand n' that ful$iill thes
min -
conditions sentionsgd in the proposition g

i . + 4 W+ A
o mr Y el 1

== | ] vor e (8,000 de vu.
- wmn T -an i
-l wl

mi " -l

Arr .
" -

in = (43
“mon dhmﬁdzn (12

where A ls the pozmitive ohangs that occwrs in all Umr“ - hecakse ot
L

the increazs in M We man be sure that thie supression on the

~y

right-hard-side of (12) iz negabtive since the probebility density
funchtion is positive alsost evervehere.
It can be desonstrated in an analogous way that for the m and nf

that full+ill the conditions of the proposition om0 inuresasss when

any of the nrices ﬁi,wnugmm INCrORSES.

Baw lonk &t the detinition of agoragate demand , given in eguabtion

{5 4 whaers instesad of thne vectors iﬁ cne shold read Drioes pn, Me

krow $rom propesition 2.3 bhat (for o0 > 13 ﬁn L moneincreasing in
its cwn pricos B and non-decreasing d0 all other oricss since all
choloe probabilities o B bhis oroperty. We can theraedore be
sure That Dn will he decres

sirng in o dts own price and incrsasiog in
11 other orices as scon as this is the case for the cholos
probabilities Wmn’ﬂn tor one particular moand n'. This is what we
Ffrave Just proven.

I the same wavy DQ will e increasing in all orices miq.n,gpw as
goon a8 the choice probabilities Nmn"ﬁﬂ are o for ong particular m
and . This was also proven.

It may therefore be concluded that the proposibtion is walid, G.E.D.
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Wlen the demand functions Dn are dittegrentiable ws nave

I
I a8n_ . 7dnm_ o= O {1753
- N

R £ AR

zincse thse choice probabilities Hmnwn’ have Lo add up o 1L o 4or all om
artg n. Becasuse of the weak gross sabhestitubability this impliss that
the o pricse effect &Dﬁf@gm Will be negative as soon as one ofF bthe
cross effects &Dﬁ,f?ﬁ s AN ls positive.

Strong gross substitatability of agoresgate Gemand functions hased
on logit models for individual choice behaviouwr was used by
Srasl 19821 ard by Anas ang Choll%8s1. It ssems not to have Deen

raslized thus +ar however that weak gross substitutability s an

almost matural characteristic of agorsgate demand funchiorns bDased on
ciaorete cholos nodels.
The weak gross substitutabiliity sases the prood of the esistence of

& oprdos egquilibriuvm , &8 will become olsar in the next ssction.

4 Feige Eguilibrium.

A price sauilibrivm will now be dedined as follows s

Detinition. A price esgquilibriom is a set of nonnesgative prices

¥ *. e s . - 1 "
{plﬁ.nn,mN} . ®uch that Dn % &ﬂ Tor all n=l,....M and Dnmhm whien

The remarkable fact ., that will be proven below , ig that a grioe

@auilibrium sxists in Bhe markelt described above under the rather

e
A

weal assumpbions listed at the beginning of seotion wihiv the oniy

additianal reacuirement that the saggregasts demsod functions sre

coih L raous.,

4.1, When the demand funobions ﬁn g T, . ., , are

Frop

continuouws , thasre exdxists & orige souilibrium 0 the maribet

mescribed above.

FProot. Me wse a simple price saoidstment mechanism. Saoposs that all

}oowhier

prilices are initially egual fto 0. Letl ﬁﬁ imdﬁﬂ!ﬁt) soual & (A0
I wmucosds ﬁﬁ ard sousl o O obtherwise. Decause of Lthe weak ross

gsubstitutability (propomition 3.0 we can De suwre that vor those
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Food

goodds for o which demand inidia

remalin grester Than or agual o supnply a8 The price agiusiment
oroocess runs. 1T is thereftors olear That & price equilibrium has bheen
reached whean The progess terminatas. From the properiles of the
demand functions that were sstabklished In section 2 (proposition 20381
Wer rar e sure that the process stops since SH is mosiftive tor all
M5le o.M &0 demand for all alitermnatives 1 fto MY beconss srbhitrary
small when its price risss wilthout an unpesrs bound. Thersdores & price
gouilibrium exdists. H.E.D.

Ay atlbractive foaturs of the oroodf given above i3 that it suguasshs
a way to compute the grice souilibeium 3 stard with éil prices egual
i3 zero and imar&%ae the prices of thoss choice alternatives for

£
. . l‘.Z)) - . - . B -
which there is sxcess demard . This sispls aporoach is possibls

becavse of- the weak gross substitutability of the demand functions.

5 Uniguesness of Price Eguilibrium.

It oie wusedul to know whether & price sguiliibvrium is wrvlous o 1. e,
whether there is only one such eguilibriuvm. When one helisves that
markets function i such a way that prices sguilibrate supply and
demand , unioueness implies that the market sogdilibrium ts fully
determinats in the sense that tThere can only be one set of prices

that corrgspongd Lo goulliberium.

]

In the present section & sufficient condition {for the uniguensss of

asis
'.

+ the global

)

a price eguiliberium will be derivaq on the D
univalence theoren of Gale and Mikaidoll985%3, This theoresm states
that a function i (globallyy ones-to-ong {4 the materix of jts
tiret-arder partial derivabives is {(positive or nsgabies)
gquasi—daefinite. The use of this mathematical tool mebkes it necssosary
le

Lo assume differentiability of Lhe demand functions Dﬁ: e will aleo

assume strong gross substitoubability dn the agaregatse , 1.8, we

regulre aDrI@mﬂ, Lo e negative for o' =0 a0 positive otherelse,
1

differentiable and the cholce alternatives are strong gross
substitutes . there sxists & unigas price eouiliberium i the

markel describhed above,
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Froot. The edxistence follows from prooosition 4.1, To orove

. . SR . . . . L
wrrigueness we dedfine U o be the set of indices with oositive

. . -3 . % . L . ,
gquilibrium prices o . Moreover 1t B be the smatrie with 2lemsnts
} . o

i} R " o .
&Dniﬁpn“ for nen” 82, The matrix . has a dominant diagonal (see

TTow

Mobenziel 19591 f.2. 1

= " _: bt *l
1&%;@;:)“; N fﬁ,gﬂ_}c?d)ﬂ,!dpn! {14

it

The vairidity of this dneguality 18 guarantesd by the stroang gross

p - i L . LAY . . . .
zsubstitutaipility {see sguation{(idl; « Uiagonal dominance implies

i

. E . Sl . . e ewmm e
that the matbrix Dp i guasi-definits (zee again Moekenzsiel95Y] or
note 1% of chapter 2. Huasi-definitensss ioplies global univalence
v the Gale-MNikaido theorem (zes Gale and MikaidollP531 or

Mikaldoli%agdl ., chapter 7). fAnd this means that if there exists a set

™,

of prices {pi | nﬁﬁ*x for wich Dﬁ gguals ﬁm . It odm oundguese. This
@reEures Wi guenese of the seit of positive egullibrium prices o glven
the +act that the ch@r srices are eoaual Lo zseo. When all prices are
positive In eguilibrium , this alaseo completes the oroot. When some
prices are 2ero bhowever we 20111 have to show bhe unigueness of  the

fgn,uypia}" To show this

conslider the possibility that thers edists another price sguilibrium

I R " . . s . . .
1p13.»,gpm,}» Inn this alternabive equilibrioum st least oane of thes

. ok E ; . e ; ) Ty
proces oo on £ 87 hag to be positive. S50 at least one price P as

complete seht of sauilibrium prices {p

fhd3

. . . S . ) - . i T N .
to e largers than Py Mow 1t all prices =, witioh Bxoeed o, decrease

L

Yatul

T m:u Pecause of the strong ogross substitutability the tobtsl dem
fror the alterratives whose orloss remads unchanged durdiog this
operation and +or thozse thalt have no price assooiated wiith them
decressss , while the total denand for the goods whose orices have

decreased inocreases. Then let the prices that sresmained unchanged thus

far (1§ any) incrasse to p_. It follows from She gross
substitutalility that during this second process the total demand for
Tihe alternatives whoze price initially decreased , increasss again.
Thise means that for the sst of new prices total demand for theses
alternatives s higher than in egquilibriuvm. Hotbt the new prices are

"
S

*
ae gt ode We have thersefors reached a

the egquillbriuam orices {QT o



contradioction ang must concluds that the price equilibriam i

complately unious. G.E.D.

It may be noted here that i case all prices asre nositive alb
eoui libdrius the assumotion of strong gross sobstitutipility can be
Felanad to one of negativeness of the "own® partial derivatives

SDﬁfapn. Unigueness of the prics squilibrium can atill'he
demonstrated in This aaﬁegj.

Froposition .1 gives a suwfficient condition for unigueness. 1T
wowl d be useful to have sufficient conditions for non-unigueness to
evist as well. This issue will be discussed in the nexst sction.

-

& Mon-Unigueness oF Frice FEguilibeium.

One obvious possibility for non-unicgus prios sguilibria to sxist
arisss when the demand is nobt sensitive for changes in one orice .
By ﬁn" » An & particual ar rangs . glven the valuess of all other
prices ., il.e. when 6ﬁm/apn,mﬁ for o amll nxﬁﬂx,uﬁw &N Boms

-2 I YL

Froposition 4, 1. Non-undigue price eguiliberia may ooouwr when the

denand Functions ﬁﬁ n Bl a e N are difderentiable 1+ Lthers

: . 1 2 o1 =
exists an interval P_,= Ip”, + p7 .3 4 (pl.#07,) for price . oand
= . Dt‘l' " ln. ] 1n, b . & ﬁn.
values e for ail obther prices ., such that &Dp,fﬁgnﬂ=@ WhEnsyer

p_.E5 F_, and pn=ﬁn o oall obther o nsloa. . N L nsnt .

Pt . Potae fiest bthat the fact {hat &Dn,fémn,xﬁ impliss that

fig ] !@pnmﬂ Tor all n'=0, ..., (this follows from the wealk gross

substitatanility and eguation (133, Choose pn,E Pﬂ, and let PR

for all obther n=l,....M . Determine the associsted values for the
total demands Dm frEily 0w a MY, Bet Sn eotial ho ﬁn For all n=l, ..M.

Blope  1at S change by a small amount dpn, s BF omuch a way that
pn9+£p%, ramalng within Fn,n Tharr the valuss of the demands ﬁn

1
(=0, ... .M do not change,. We have therefors shown the ssistence of

ren-uwnl gue orloe ol libriwm. GLEGD.

fAosecond , less obhviows , possibility for non-uaniguensss Lo ooour

aurdomes when & certain market segment functioms indepandently af the



]

e M

rest of the market {(at least for certain valuess of the grices) . 1.,

s BN B ErFC ﬁﬁﬂfﬁmt,wﬂ for all nt &l where C denotes the set of
[l |
states which belong to the market sesoment. In this case changess of

pricose associated with the states belionging to the market prices do
ornly influsncs allocation of the demand withic bthat segment.

it i useful fto introducse some additional notation at this point.
The arices B, o pEl can be incoroorated in & weactos that may be
denoted by Ep The number of elgments of this vector is egual bto the

mwmbisr of elasmesnbts of the subset U, &8 set of such vectors EF wWill s
dencted as PC‘ ’

Froposition &.4d. Non-unigue price sguilibria may ocowr when the

demand functions Dﬁ x =0, ..M are differentiable 14+ there

griats a subszet O of alternatives for which EnﬁF&angpﬁ?mQ for
1 +

all n'e G and 6ﬁnfapn,,xﬂ for &1l n* ¢ O on oa set PE of prices B

wWhich has & nonsnpiy interior and for some fidsd values Qn o
ng ©

Froont., Bet all grices B saual o F for those nfl. Now consider

the submarkelt consisting of the alternatives n€ L. On this submarket

total demasnd Eﬁﬁfmn hasg & Fixsd valus 0 . indepsndent of tThe prices
B mE 8. as long as btheseg remain withisn dthe setb PP” Chigose val ues
for bhess prices P e O, from the interior of Pcu Degtarmine the

aszoclated demands ﬁﬁu First asswune that all Dn“g are positive. Then
choose Bmm " tor o all mel and & price eguwilibrivg will be sstabrlished.
BMow lnorsase one posltive pr;ae Poss o ptte 0o, by oa small finite
aimoan ﬁmnﬂ, o LT osueh & wavy that the new vector of prices remains
wWwithin the sst Pgn
mom-unil gqueness of the egudlibriuam prices has been established. When

When tihe dEmﬂﬁﬁ_Dﬂ doss not changs the

it decreaseses , demand for angther tvpe of dewelling n” in' < O mast
have increased. Mow start the algorithm vweed in the praogfd of
piropeeition 4.1 with the mew prices as starting point. Thsn a ngw
vechor of egquilibrium pricss will be sstablished with all new prices
greater than mf @epual to thoss at the starting point and zomne

graatar. When this new vector falls puteside the set PQ the proceduwres

can e repested with & smallar value of ﬁpn untdil & new wvector of
s . . . . \ . T
gl tibrium prices 18 reached thalt iz an element of Fﬁ "

Plext , assums bhat some demands Bn , NE T, are zero for the level

of prices chosen. Detine 07 o bhe the sat of states for which demand



1A

ig pogitive. Let T mﬁn for ne 0Y and ohoose arbitrary positive valuss
ﬁm for ne C, nE . Set the prices P g 07, esgqual to zero. Then

we have fownd a price eguilibriam. Now let one of the positive prices

By o meE 8F . incregse by oa small amount &nn and wss the same
oracedurse as in the case when all demands ﬂn « TE D owmere gositive and
take care that at the new sguilibrioam prices the demands for the
altsrnatives whose prices were set to rero do not exceed thelr supniy
vzl ums.

Finally . let one of the prices P for which demand was 1nitially
eual to Fero increase by a small amount. I+ the demand for this
alternmative remalins egual to Isro we have again found non-uanl Queness.,
Since this demand canm only deoresase oF remaln the same a8 a
conseguence of the rise in the price associated with it this has to
bhe the case. |

This demonstrates Lthe non-unioguensss of the price egullibrium,

oL D

The situation considesred in bthe last proposition is that of a
segmented market. Whan the suoply o this markst ssgment 48 sgual Lo
the total demand on this segment and this demand e constarnt for oall
possible price vectors such & market segmeant , when oconsidered on its
tham , i® called a balanced market {(gee ArashiTHE2Y , Erikessonl il 84
and SmithDivasl) .,

fm ls olear from bthe last two propositions o the viglation of the
assumption of stromng gross substitubability on oan open st of orice
vachors may result i non-unioguensses. Chasarly somebthing more than
weEak gross substitutability is needed for unigueness . although
SLOng oross Eubgtituﬁabiiity may e Loo muech.

On bhe basis of the resulis reached above ons may mondecture that a
penessary and sudfiolent conditioan for s wniowe orioe eoullileriam
wher tha demand fanctiomes arg diffsregntiable is the non—-existencs of
g subhsset O of all states and & set sebt P of pricess pn e PRED , with a

[
sty intertor . wWith XﬁEC ﬁDﬁ!@pn?mﬂ for all n" 2. This covers
the case of proposihion 4.1 as well as that of &.2.

Tt should be noted that the cmndifimnﬁ stated iIn Lhese propositiors
show the possibility of non-uandgqueness . but that this doss not imply
that mop-uaniguensss will oooue in practice. In fact this may
somel imes be less probable given the wvalues of the supply volumes En

i a given situsbion.
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7o Maoessary and Dufficient Condition +or Unlqueness.

In the present subsection we will prove the correctinegss of the
conjecture mentionsd at the end of the previous section 4, wiz. bthab
Lhe sdistencs of a sel of stabtes bhat function sz an independent
mairket segment for sone set of orices s a necessary and sutficient
condition fFor the possibility of noneuniouensss and therefore that
the nomexistence of such & sel s necessary and sudficient for
WL QUSBMEESs .

FPropogition 7.1. When the demsnd functions areg differantiable
thers @xists a unigue price eguilibrium in bthe sodel described
above i+ and only iF there dogs not exist a ﬁwm@mmty asubsaet T of
states such that £ .. D FEn =0 o for o all nt e Doonoa sebt B oof

REST T e e
el Rl 1 B nell , which nas & nome-saphy intesior o when a1l other

prices have some +Tiged val uess Py o g T,

Froet,. Existence of a price sguilibriues follows from proposition 4.3,
b thﬁfﬁ¥mre concentrate our attention on the dnicuBnNess. |

The proposition sayvs that non—unicusness can occur i+ and only 34
thers exists a set T of states and a sst PD of assoclated prices as
described above , togethsr with fiszed valuss of the orices for other
states . such that anC EDﬁfﬁpn,mﬂ for alli n' 8 0. We will prove this
gguivalent version of the groposition.

(1) Bufficiency. I+ there ediste a set T with the reguirsd
progerbties & pon-unigus sguilibrium is possible by proposition &.2.

{ii? Necessity. Duppose there are LTwo vectors of sguilibrioam oricss

¥ " , \ o ¥
goand gL We assume , without loss of gererality o Lhal o has at

Teast one of ite slements greater than bthe corresoonding slamsnt of

"k o . . , ) o m
Bo. We now detine threes gelts of states. A state n iz arn =laement of LI

¥ 3 . R .
whier mﬁ R T T Dm o are slepsnt of Lo when both prices are egual to
1 N
, . R g . S . .
@ach obher ; and an element of O, when mn e Csecis Dn“ Fiw oall prices

Uy
al their sgullibrium level g”n Mow decresase the prices for the ztates

nECl i the duiresction of ﬁia e oa result of this operation totsl

I3
1.

demarc bcianﬂml

imcreases. Then lst the prics P mﬁﬂj drop fuether to the other

)ﬁ Will inoresse or remain bhie same. DSunposes b

L . - ok . . - .
gouilibrium levels ﬁn and let the prices S nel, increase to the



A , ) g .
obher eguilibrioe levels I s
BF will not decresse o Dl way
<

sure that DC will e highse st
1

Furtbser .
o . . s 3
e equilibrive prices po than i was

cornbradichion

HE

. . . N .
at the egullibrium prices p . This
Nowsver ., Since DP was o« oat the gouilibrium p

1

. 4 . . . .
(DP(Q }«bﬁ s exoluaded for all n
1

soual to 2
f ne

the fact

'}J

Farsy

remaing egual

Borp r0.1 We must therefors conglude

m&&jmﬁ(“m} for all prices Po s

such that all this

functions as

set of prices PC . We have thus found

1
indesendent market segment (1.8,

the mrices associabed with its

-

other prices arge +Fixed at the v

0

MO 0 &

the seh FP Maz a mnon--sophy interior.

“1

Wiz thus have to concluads that

the mxistencs ‘wilth the

properties mentiongd in the proposition

NEC@ESHRY siufficient

Tt Follows

Tor the poSsibiliby of non-unigueness.

non-edlstence gf such & seh s

Uk gusness. W, E.D

g Lomparizgon with obther FResulbs.

that the

TBCREsAryY gufficient for

Firat ong who studied the

rasbiPHE2] has probably basen the

exigtencs of price egquilibria in

markaets where thareg ars

fimite numbar OF

actors who all have o choose among

disggrate

and take their decisions on the basis

i oase more specifically bthe swltinomial

introduced the methodology of concentrating ths attention on the

deterministic version of the mogsl

numbee of market participants is

valid only when the

win of this

syshemn was nansd a stochastic marbet

e 1 b d wim because of

showld bhe

thie relation of the model with random abild

clear howevar that the eguilibriuwm whose acighbengs 18 proven

T

ralation

conpletaly deterministic and that

with the stochastic model needs

dizcussion {ses bhe



meotion). The term stochashic markst eguilibriuas has Desooss sors or

less common in the literaturs to denobte mearket olwaring situstions in
moeels wheros demand s determninsd on the baslis of disorets choice

modate and supply s Fixed.

Ariasl 1982 conesldered the situstion 1n which bhe ﬁmtal numbier of

duwellingg is svactly sgual to that of the actors participating in the

market amd whare thers i no exit or entry of part1c1mantbu & omarbet
For which these conditions are fulfilled is called & balanced market.
aEo& cmnéegu@nca of the assuspition of balancedness the price
@sruilinriam L8 mobt undepss,. The wvalue of one oprice (say pl}'Caﬁ e
fFiwed in advance.

The asssumption of .a halanced market is not a very realistic ons,
Congider e.g9. the housing market. When the prices of dwellings bhecoms
vary high o the formation of new houwseholds may bhe postponed 3 when
They ars vary Low & Larogse number of new households may e Forhamed.
Aleo migration may bDe expected to be intluernced to some extent by the
prices of dewsgllings in the reglion wnder consideration. This will
gagecially be the case when commuting to and from other regions is
possiisle.

Motwithstanding thie lack of realism  the balancedness assumnphion
ig maintained in ftwa other contribulions to the litersture on
atochastio market eguilibria o viz. Eribtssonll98é6] and Imithi 190271,
Eribassonl19846] studies the clasg of generalized extbreme valus models
but doss not consider price pguilibria o Dot sguilibria in ferong of

e, In nis model all individuals

e values of the syvebtematic wubili

attach the samg svstemesnio ubid

1.;

ity walwe to all aliernatives.
Ritferences baetween indivioduals srs differencss in bhe simultaneows
propability densifty functicons of the random terme. The assumpiion of
godal values for thes systematic whilitiess tor all individual actors
should be constdered ez unerealistic., Eribksson resches sdistencs
reaulhs a8 wall as a necesssey and subficient condition for

wrd gueness of the eoud libvrium walues of the svetemalic ubtilitles wp
o oadditions of the same scalss value, This condition shtates .
logsely speaking , that the bal anced market should not bave a market
seqment L, a&s in proposition &.38 , that functions independently for
mmg st oF prices.

SmithL1I788] corziders thse class of balamced mae-bkets in gersral  and

the case whisreg individusl choloes see modeled by discrete choice

model e ag one possibility. For this special case he restricts his

atterntion to specifications of the systematic wtility functions that



areg scala- o branslation-invariant  which means that sultipliication

ef mll prices with the same positive scalasye resp. agdodition of the

same scalar o all orices does not influsnce bthe valuss of the

. -t ... In his model the systematic parts of
g e Tt en T ;

the wtilitiss attachsd to gsach alternative may be functions of all

. 1
prices .

diftferences L

Mrias and Dhobli®as) deopoed the as%u%pﬁimn of bBalancednesss , and
preoverd sxistencs and wniogusness of eouilibrium in a model where exid
is possible and where the probabilistico choloce functions are given by
the logit model . Thelr orood of unbdoueness ases the GaleMNikaido
theorem. Propoasition 2.1 above i closely analogous o thedr
mrigusness resualt.

The necessary amgd sufficient condgition +or uniguesness stated in
proposition 7.0 has nob been not smentioned i the literature for
mogel s as gensral as the ones studied in the present paper. T is
Mowever closely related o the necessary and sufficisnt condition

Erikessonli¥asl develooed for 2 much mors restricied tyvpe of market.

P o Interpestation of bthe nrice eouilibelum,

Therse are fabt least) Ltwo possible interpretations of Lthe price
eguillibria discussed in the previous section. They can be concsidered
as the oubtcome of a market process. They can also bs interprsted as
the optimal walues (o some senss)? for the gowvernment to set the
prices.

The tormer interpretaticon of price souwilibrisa iz common in bhe
geomomic Literatuwre , a2lthough nobt withowh difficulties. The guestian
wf who changes the oriceg when they do not eguilibrate the markeh |,
trms out to e difficult to anmswer in & way bthalt s consistsnt with
price—tabking behaviow of participants. Notwithstanding bthat . it may
be said Lthat the main reason for sconomlists to study the sxistesnce
andg obther oroperities of price soguilibria 18 the ides that markets do
function tn reality in 2uch a way that demand may approximately egual
B Y.

Markat cleasring in the stochastic version of the model regquires in
principls different prices for different pericds (given the same
irdtial distribution of the actors over the various states) , as a
rasult of differences in the reslizstions of the random termns. When

the same aoriginal situation of the market could be realized more bthan
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onme ., the marked clesafring prices will nevertheless mos

rd
fal
.4
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o
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o
F
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somawhat differsgnt . aithoush lass so when the number of market
participante 18 large.

The second intsrorestation of price eouilibria is less comaon in

firyd

T

coremlios . bub o is msntionesd repeatedly in bthe literature

P

&
shorhastio price eguilibria. Anasli7E2] tries to mobtivats bthe soncaent

e

v showing tnat abt the stochastic price soullibrium the probability

of markst olesaring is maximaliljg Erikssonlli9881 shows that at the
stoghastic price soutlibrium the expescted valug of the unsatisdied
gdemand i3 minimal. Clesrly the ddes behind thess statements is {hat
there are good reasons for 3 goveromental agencoy that controls the
housing market fo set the pricss at theilr stochastic eguilibrium
wialues,

Meverthesless the possibility evists that when this rule is adopted
the market — in _the words of Erikssoniif8sl - fails to clear

12

miseralily’ . Thig would force the government Lo use sons
gsicond-raurd -allocation procedures , which are considered brisefly in
Arasl 19821, Morepwsr , when the random teros in bhe wtilities
attached to the various alternatives are serially corrslated this
price-setting ruls may glve Fiste Lo persistent excess~demands and o
eycess supplise in some segments of the market.

The diftfergsncse bestween the two interpretations say also be
illustrated by again considering the possibility of observing the
same sl tuation of the merket more than onge. Mow the sape prices
wouleh be set , but the demands for the various altermnatives would
ditfer +trom pericd to period.

It shouwld be clear however that . in case there is Ppg serial
correlation in the randos terns the differencess betwessn bthe two
interpretations disappear when the numiber of market participants

e omes L arge.



1%

Motes.

17E.o. when all . are assumed o bhe indepsndent and
1 =

& :
s -t
igdentically extrensg value distributed bthe loegit model .

T, = mupild YL L exp il L) results.
it -0 Mt A [ mr -t

2)Ber the many applications of the logit model , s.ge in
Domenoioh and MoFaddenll2741 and Anasli%E30.

EZrZometimes 1T may bhe useful however Lo have smore than one
price as an argument of the vtility function. E.g. when the
model refers to a housing markst whesrs dwellings are
owrer-aooupied the difference between the orice of the old

-

dwelling . Pre o and that of the new one | pﬁ « may be Laken
as an argumeni of the uvtility function U_ | a

mr 7 -
4itoneider g.0. the case in which the utiliity of choice
alternative n has to exceesd s treshold value bheforse it will
ever bhe chosen., [+ the wbtiltiv of this choice alternahtive is
Below that treshold valog dte probability of heing chosen ds
insensgitive to (small) changes in priges which contradicbs
abrong gross substitutability.
SrAalmost everywhere is a technicoal bterm mganing
"pverywhere , possibly except on a sebt of measurs zsco’.
A3 The algorithm starts with a1l prices sgual to zero and
increasss bthe prices of the choice aliternatives for whioh
therg iz excess demand. Une should be careful however not fo
increass prices so mach that the excess demand twhns into
ENTESE Suppnlv.

731t should be noted that O ¢ G# arng that &ﬂﬁfagm o,

B:This +olliows $from bthe fact that svery mabtris with a

guasl —dominant diagonal and its diagonal terms non-zero has a
dominant diagonal . Ses Mokenzieb 19591,

FrThis is possible by bthe continuity of the aggrsgate demand
funchions.

iy This covers the case mentioned im pote 3 . while
incorporation of the price diffsrencs gﬁma .oAs AN aroumsnt

of bhe utiltiy funchtion guarantess transiation invariance.
TiiHe shows thig to be the case when there 1s only one olass
af actors. When there are more olasses he olaims Lo have
getablished that this is no longer the case:. Howevear

i kegon 17041 points oot that this claim 1s Talse. This
leaves the issup open Forr the casge of mors than one class of
actors,

1SV Eriksennl 198481 pe 553,
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Appendis. Tontirnuity and Differentianility of the Agogregats Demand

Eauabtions. -

I this appendiy propositions 1.1 and 1.2 will be proven. We will do
this by showing that the propositions hold for the choloe probability

Functions o7 , Dince the agoregats desmand functions are sums of

TR s S
these choios probability funchtions the prood for the aggregate demand

Funchiaons foliows at once.

The cumul ative density function Hmm,ing,) st ored i thie
[} it 11}

propositions 1.1, and 1.2 is defingd as fallows 3

R g
mm - mr -l
H e Y= | auwwwne | o ,ie ) de . o aa.
me ' = mn : mryT e " -,
il — 3
veweHE_ . (&)
m "
el R S T T L o'
The cholce praobabilities T ® e SE0 e written as
0 o
T N T o o T 0 T S | R .
mre’ -t _i de om0’ mr " - PUmn T -l e Umn T LT
P Yos B =
Fmn T - rno - (A=
M=l e vagll 4 Mam*=0,1,.c.. M

whare The variables W T are detined in the ftext. Eguation (AZ

e egquivalent to (3}, He will dencote the bramspose of the vector

e . S & oW, gaem =W J oas W L.

firi" sl " Tmr T an=1t Tt e T e LT T imier - = Zmne

When the indirect wtility funchions urﬁ,qr are continuous in bheie

Hi M1
arguments Ry ® Lhe variables W o will e conbinuous in B s ard
e The change that ogcours in Tt an S8 & consegquence of & change 1n
pre of the explanatory variables Hoaag wWwill be denoted ss Ar - arcd
can be detsrmingd as bheing squal hto @
£ &F
ar T B e £ JE T S . " S B
M =0 &= o [ hadllin —mn
it ] M- -
a
- w3 dds (A
mry* -y e -

E a
T -0
 EC AR & B S TP s i A

where dwmﬁ, denotes the change in W that oooues a8 8 ConsSecusnos
b the change in x L, ,... 16 18 now easy o see That the continuity of

the variables w o, .. and of the partial derivative 8H . /&8s
I mry* gl

b



TLLEF AT

coantimiity of T m® i all wvariables R R This
5 iy
proves that continuity of the ingdirect gtilititiess and continuous

dit+erentiability of the dens

Eeed

by function s suddicient for
continuity of the choice probabilities. It 18 sasy Lo sse that bhoese

conditionsg are 8l#o pscessary by considering wihat would happesn whan

H

@i ther bthe variables w_ Lo o the partial derivative oMW, 73
LTI = S mr i

were not differentizsble. This proves proposition 1.1,
Im oeder to prove groposition .2 we first obssrve that 1% is

L

gufficiaent to prove differentiability of the choloes probailitiess in

the indirect wtiltities W since we have , by the chain ruls s

mry " ot

B, Fdw .. = L8 Aéa oo Foa DU e n S L L) AN
mry - nt T mr’ et i s ot i

M=l wawwaslT o DT =0, 00 0wwald
and The wndirect abilities are , by assumpition , diftferemtiable in
their argumants.

Mow conslder the congequences of & small change 1n one of tThe
indirect utiltiess U ae o n MY n. The veohor A, Then has as its
mr’ eyt =

arguments only zerco’s ., swcept ftor the o’ " —ith position , whers the

elemgnl equals —Ad . g om
(TR

The ratio of the change in o that pocours as a conseguencs of

e -t

Lhe chanpge in umn’ ? car be determined as being sgual to @
R

drr o, AAd o o= LD g W A )
HIUE mrEs gt & . mrs —mec i

mn’(ﬁmn"} A7 aUmn“an” s dsmﬁ’ﬂﬁ (ad4)

M=)y wwwall + MaR" =0, 0, uew el
with ﬂﬁmn’ as discussed above. Taking the limit for
right hand side of (Ad) hecomes equal to @

N SR o o1
R ’

L] (51:
- I 5 o ade

- LT
£ S . ST T eI o
e T TR T Sy R w .

T
£

When thic integral scists 14 43 sgual o 3ﬁn£&UTﬁ, ot e ko , by
EEH =

assumption , that the second arder partial derivative in AD suists

gveryahere amd s continuows. SBince it is the sgcond-order derivative

of 2 well-behaved we can also bhe swe that the integral (G exists,
Qin:e ey

. Ay is egqual to -4 . S Fay
imr - min " ~4 [ 1] HEEN I imnrn - -4

brer e that this partial derivative will also @ . e have

L. BIE CARD

theretore shown that diftferentiability of the indirect ubility



oy

e et

functions and twice ditferentiability of the density functionm

guarantess differentiability of the agoaregats demand functions.
By considering what would happen when ons (or both? of these

conditions are not fulftilled it is sasy to ses thet they are also

oy

nEcessary. This complstes the proof of proposition 1.3,
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