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Abstract.

The purpose of this note is to give an elementary proof of the result that the
complementary waiting-time distribution function in the GI/G/l queue is the sum
of two exponential functions when the service time has a Coxian-2 distribution.
Apart from its didactic interest the result is quite useful in the analysis of

more complex queuveing systems.



1. Introduction.

An important model is the GI/G/1 queue in which the service time has a

Coxian-2 distribution. That is, the service time S can be represented as

8, ) with probability 1-b

S = { (L)
Sl+ 32 with probability b

where 5, and §, are independently expomentially distributed random variables
with respective means 1/p,and 1/p,, cf£. Cox [1]. The Laplace tramnsform of a
Coxian-2 density is the ratio of a polynomial of degree at most one to a
polynomial of degree two. The latter property defines the class of K,-
distributions, cf. Cohen [2]. In fact, every K,-density is equivalent to a
Coxian-2 density. Denoting by Wq(.) the probsbility distribution of the
walting time of a customer in the stationary situation and assuming service in
order of arriwval ic follows from general results in Cohen [2], p 324, that for

Coxian-2 service

2 -
1-W(t)y =Y ae ™"  for all 20 (2)
q i=0 1

where O < n; < min(p,,u4,) < 5, are the roots of the equation

2o Gt py)R iy ity (l-b).ulx),{ e *aa(r) =0 (3)

and the constants a; are given by

a.= Mo (N -ty ) (89 -1y ) a.= (M -485 ) (9 =112 ) (4)

1 s (ny-m) 2 Batz (12 -11)
Here A(t) denotes the probability distribution function of the interarriwval
time, Denoting by p the quotient of the mean service time and the mean
interarrival time, the condition p<l is required in order to guarantee that
lim | P(W, <x} = Wq(x) exists and 1s a proper probability distribution where
W, is the delay in queue of the n-th arrival. For the special case of exponential
service we actually have 1 - Wq(x) = ae”"* where n is the solution of the

equation

@ - -
X - gt By J e XtdA(t) =0 and a = Et:ﬂ
5 .

The usefulness of the tractable analytical solution (2) is not restricted

to C,-service., This solution can also be used to calculate simple and accurate



approximations for the general CGI/G/l queue by using extrapolation with respect
to the squared coefficient of variation of the service time, c¢f. Tijms [3].

The result (2) was obtained in Cohen {2] in a much more general framework by
rather deep arguments using complex function analysis. In view of the practical
importance of the result (2), it seems of some Interest to give an elementary
proof that can be used in introductory courses on queueing models, The elementary
proof is based on the observation that a Coxian-2 distributed service time can
be represented as a random sum of exponentially distributed service phases with
the same means. This observation allows us to use a simple embedded Markov-
chain analysis. In section 2 it is shown that the waiting-time distribution for
the GI1/G/1 model can be obtained by analyzing a special batch-arrival GI* /M/1

model., The embedded Markov-chain analysis is given in section 3.

2. The analysis for the waiting-time distribution,

To give an elementary dérivation of the waiting-time distribution we need the
following well-known result. Suppose that X,, X,, .. are independent random
wariables with a common exponential distributionm with mean 1/ and that the
random variable N has a geometric distribution P{N=k} = p(l-p)k'1 for k =

1, 2, .... If the random variable N is independent of the sequence {X )} then
the random sum E“_lXi is exponentially distributed with mean 1/(pg).

Consider now the C,-distributed service time 3 as in (1). Depending on
whether g,>p, or u,>u, we represent S, or S; as a geometrically distributed
sum of independent exponentials where the parameters p and u of this
representation are p=u,/u,, u=g, respectively p=u,/u, and pu=g,. For the case
WeZp, it can be said that a customer represents a batch of independent service

phases where the batch-size distribution {g } is given by

{ 1-b for k=1
- (5)
%k bp(1-p)¥ 2 for k = 2, 3,

with p=p,/u4, . Here the service time of each phase is exponentially distributed
having mean 1/u with pg=u; . For the case of u,>u, we get the same representation
(5) provided we replace b by 1-(1-b)p and take p=u, /u, and p=u,. In other words
the GI/C,/1 queue can be studied as a special GI* /M/1 queue with batch-size
distribution (5). Irrespective of the special form of g, , we can define the

following embedded Markov chain
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X, = the number of uncompleted exponential service phases present in

the system just prior to the arrival epoch of the n-th customer.

Since p<l the Markov chain (X, : wl,2,..} is positive-recurrent. Moreover the
chain is aperiodic. Let us denote its one-step tramsition probabilities by p,;
and its n-step transition probabilities by pign’. Then from Markov-chain
theory we know that the limiting distribution

7, = lim P(X,=]) = lim p,}{™’, ij=0,1,

n—+e n=%°

exists and is independent of the initial state 1. Moreover, (m;} is the unique

nonnegative solution of the system of linear equations

L xpis >3 =01, .. (6)
i=0

together with the normalization equation Zﬂj’aux.i - 1.

3T ij
The limiting distribution {m;} leads directly to the waiting-time distribution
of a customer arriving in the stationary situation. Since the phases are
independent exponentials with a common mean 1/u and because of the memoryless
property of the exponential distribution the conditional delay in queue of a
customer finding upon arrival j phases in front of him has an Erlang-j
distribution. Hence

V(o) =S m 2T e ) for all t=0 7

q i=1 k=0

In the next section it will be shown that for certain constants @, 8, r, and r,
1j+ szj for j = 0, L,
Then, together with (7) we get

n.= ar
J

1. W (e) = 20 ot (Tt Bra oo (Lorp)ue (8)
q T1 T2

At the end of section 3 we will see that (8) and (2) coincide.
3. Embedded Markov-chain analysis.
In this section.we will first prove that there exist numbers r;, r,, a and 8

such that xy = arlj+ﬁrzj for j=0,1,.. satisfies simultaneously the system of

linear equations (6) and the normalization equation. Subsequently we will show



that this solution coincides with the steady-state distribution (=,}.

Put for abbreviation

k-
n

L
oM LD an ey, n=~0,1,

(= ]

Then, we have obviously

2

Psy =£_(§_i)+ ggki+£_j for j =1, 2, ..; i =0, 1, .. (9)

Here (j-i)" = max(0, j-i) and g,=0. Note that the formulae (9) only apply

for j=0 and that p;,= 1 - z;?o Piy- With (9) we can write the equations in
(6) as

x, = x ) k. . forj=1,2, .. (10)
j igo k| 2-(,1;1)"' 82 i+f-] J

Now define for any solution {%;] of (10)

qj - 1§o Xigj‘i’ for 3 =0, 1, .. (11)

If we take x;=n; for all j=0, g; represents the probability that j uncompleted
phases are present in the system just after the arrival of a customer. Using

that g, = (l—p)gk_1 for k=3 (see (3)) we fimd

. iz
4= 8%y 1* B%y ot (1-p)i§0 X585y 4" (l-p)xj_2g1 . §=2, 3,

and so we obtain the recursion relation
q; = (l-p)qj_l + (l-b)xj_1 +(b+p-l)xj_2, for j =2, 3, ... (12>

Now we rewrite (11) in a more convenient form by changing the order of

summation. By summing over the diagonals n = 1+ we get

] It
Xy = > o) xign_ikn_j, for j =1, 2, ... (13)

nej i=0
Next by inserting (11) in (13) and using the recursion {(12) we find

1]
x. = (l-p)x + (1-b x .k .+ (btp-1 X k ., 3 =2,3, .. (14
5= (g g+ )ngj netkngt G 2ok gk g (14)
. In fact the equations (1l4) are equivalent to the equations (13) in which the

equation corresponding to j=1 is omitted. Denote by A(s) = f:e'StdA(t)

- the Laplace-Stieltjes transform of the interarrival-time distribution function



A(t). Then, by substitution, we find that the system of equations (l4) allows

solutions of the form x; = 73 (j = 0, 1, ..) if r satisfies the equation
22 (1-p)z ~
(d-b)z + bep-1 ~ 2k1-2)). 15

In the sequel we assume that both b4p-1=0 and b=0. If either condition is not
satisfied the GI/C,/1 queue reduces to the well-studied GI/M/1 queue in which
case (15) has z unique solution >0 in the interwval (-1, 1). Using the condition

p<l it 1is a matter of routine analysis to show that (15) has two real roots r,<r,

in the open interval (-1, 1) if b+p-1»0. In case b+p-1>0 we have 7,<0 ,while r,>0

in case b+p-1<0. In both cases r,>l-p. Once we know that (1l4) allows solutions
-xy=r;d and x;=r,J it is immediate that any linear combination x,=ar i+gr,3
(j=0,1,..) is also a solution of the system (14).

We now conjecture Nj=aflj+ﬁfzj, j=0,1,.., with @ and 8 still to be
specified. To prove this conjecture we must determine ¢ and B such that
Xdﬂuflj+ﬂfzd, j=0,1,.., is a solution of system (6). Because the equations
(6) with j=2,3,.. are equivalent with (14) and xj—aflj+3f23 is a solution
of (14), we have that the proposed soclution satisfies the equations (6) for
j=2,3,.. irrespective of the values of a and 8. S0 we still have to prove that
there exist an o and a g such that xj=arlj+ﬂfzj is also a solution of both

the remaining equation of system (6)

@
%1 ’igu'xipil (18)

and the normalization equation z;,uxd = 1.
We do this by substituting the solutional form x;=ar,d+8r,J into these
equations. With respect to (16) this leads after some algebra (using (13) with

j=1) to the following equation

- ad(p(l-7,))  BA(p(l-r;)) | | o B8
ATy ATy PP gl Y el A(pp)[ T+l T Tp+p-1 ]} (17)

Now we use the fact that r, and r, satisfy (15), so we can replace A(p(l-r,)),

(i=1,2) by the left side of (15). After some simplifications this gives

N o ﬁ
ar,+ ﬂfz = ar+ ﬁrz- pr(Pﬂ)[ f1+p-1 + f2+p-1 ]
So we find, e/(7,+p-1) + B8/(r,4p-1) = 0. Further, substitution of the proposed
solution in the normalizing equation }x, = 1 gives, o/(l-7;) + B/(1l-7,) = 1.

From these two linear equations in « and g8 we find
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o (-1 (1-75)(1-p-74) 8 = (-79)A-7,)(1-p-75)
P(r2-71) p(ry-73) )

Taking these values for a and 8 the solution x;=er 487,39, j=0,1,..,

(18)

satisfies all the balance equations in (6) together with the normalizatioen
equation 2xj=l. So it remains to show that x;=m; for all j=0. For completeness
we include the proof of this. The series_zxj converges absolutely because
both |r,| and |r,| are less than one. Thus, using that for the ergodic Markov
chain =; = limn*mpign), we find by iterating the balance equations (6) that

L= M E:-oxipign)
the bounded convergence theorem. This gives x;=cm; for all jz0 with c=}x;.

, for all nzl. Next, letting n+», we get x, = ), x,7,, using

But from the earlier analysis we know that Zx3=1, and so x;=m; for all j.
Finally, we show that formulae (2) and (8) coincide. First we remark that the
transformation p(l-z)=x in (15) leads te (3). This gives u(l-r,)=9, and
p(l-r5)=n;. So, also using (18), we can express (8) in 5, and 5, and after

some algebra this expression turms out to be equal to (2).
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