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Abelian Monopoles inSUsss2ddd Lattice Gauge Theory as Physical Objects
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By numerical calculations we show that the Abelian monopole currents are locally correlated
with the density of the SUs2d lattice action. This fact is established for the maximal Abelian
projection. Thus, in the maximal Abelian projection, the monopoles are physical objects; they
carry the SUs2d action. Calculations on the asymmetric lattice show that the correlation between
monopole currents and the density of the SUs2d lattice action also exists in the deconfinement phase of
gluodynamics. [S0031-9007(97)04864-3]
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The monopoles in the maximal Abelian projection
(MaA projection) of SUs2d lattice gluodynamics [1]
seem to be responsible for the formation of the flu
tube between the test quark-antiquark pair. The SUs2d
string tension is well described by the contribution o
the Abelian monopole currents [2–4] which satisfy th
London equation for a superconductor [5]. The stud
of monopole creation operators shows that the Abelia
monopoles are condensed [6–8] in the confinement pha
of gluodynamics.

On the other hand, the Abelian monopoles arise in t
continuum theory [9] from the singular gauge transforma
tion, and it is not clear whether these monopoles are “rea
objects. A physical object is something which carrier
action, and in the present publication we only study th
question of if there are any correlations between Abelia
monopole currents and SUs2d action. In Ref. [10] it has
found that the total action of SUs2d fields is correlated
with the total length of the monopole currents, so the
exists a global correlation. Below, we discuss the loc
correlations between the action density and the monop
currents.

Correlators of monopole currents and density ofSUs2d
action—The simplest quantity which reflects the correla
tion of the local action density and the monopole curre
is the relative excess of SUs2d action density in the region
near the monopole current. It can be defined as follow
Consider the average actionSm on the plaquettes closest
to the monopole currentjmsxd. Then the relative excess
of the action is

h ­
Sm 2 S

S
, (1)

where S is the standard expectation value of the lattic
section,S ­ ks1 2

1
2 Tr UPdl. Sm is defined as follows:

Sm ­

ø
1
6

X
P[≠Cnsxd

µ
1 2

1
2 Tr UP

∂¿
, (2)

where the average is implied over all cubesCnsxd dual
to the magnetic monopole currentsjnsxd, the summation
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is over the plaquettesP which are the faces of the cube
Cnsxd, and UP is the plaquette matrix. For the static
monopole we havej0sxd fi 0, jisxd ­ 0, i ­ 1, 2, 3, and
only the magnetic part of SUs2d action density contributes
to Sm. The correlation of the monopole currents and th
electric part of the action (which comes from more distan
plaquettes) will be studied in another publication.

At large values ofb, the quantityh is equal to the
normalized correlator of the dual action density and th
monopole current:

C ­
k 1

2 Trf jmsxdF̃mnsxdg2l

k j2
msxdl k 1

2 Tr F2
absxdl

2 1 . (3)

Here the lattice regularization is implied, in particular,

k 1
2 Tr F2

absxdl ­ ks1 2
1
2 Tr UPdl ,

k 1
2 Trf jmsxdF̃mnsxdg2l ­

*
4X

m­1

j2
msxd

"
1
6

X
P[≠Cmsxd

3 s1 2
1
2 Tr UPd

#+
.

The notations are the same as in Eq. (2). In the Ma
projection at sufficiently large values ofb, the probability
of jmsxd ­ 62 is small. From the definitions (1)–(3), it
follows that, if jmsxd ­ 0, 61, then h ­ C. Numerical
calculations show thath ­ C with the accuracy of 5%
for b . 1.5 on lattices of sizes104 and123 3 4.

Numerical results—We calculate the quantitiesh and
C on the symmetric104 lattice and on123 3 4 lattice
which corresponds to finite temperature. In both cases
occurs that, in the MaA projection, we haveh fi 0 and
C fi 0 for all values ofb. We also consider the Abelian
projection which corresponds to the diagonalization of th
plaquette matrices in the 12 plane (theF12 gauge) and
the diagonalization of the Polyakov line (the Polyako
gauge).

In Fig. 1 we show the dependence of the quantityh

on b for a 104 lattice for the MaA projection and for the
© 1997 The American Physical Society
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FIG. 1. The relative excess of the magnetic action dens
near the monopole currenth for the 104 lattice. Circles
correspond to MaA projection, and squares correspond
Polyakov gauge.

Polyakov gauge. It turns out that the data for theF12

projection coincide within statistical errors with the dat
for the Polyakov gauge, and we do not show these.
Fig. 2 we plot the same data, this time, for the123 3 4
lattice. It is seen that the quantityh is much smaller
for the Polyakov gauge than that for the MaA projection
the deconfinement phase transition atb ø 2.3 does not
have much influence on the behavior ofh. Thus, the
monopole currents in the MaA projection are surround
by plaquettes which carry the values of SUs2d action
larger than the value of the average action.

To obtain these results we consider 24 statistica
independent configurations of SUs2d gauge fields forb #

2.0, 48 configurations for2.25 # b # 2.35, and 120
configurations forb $ 2.4. To fix the MaA projection
we have used the correlation algorithm [11]. The numb
of the gauge fixing iterations is determined by the criterio
given in Ref. [12]: The iterations are stopped when th

FIG. 2. The same as in Fig. 1, but for the asymmetric lattic
123 3 4.
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matrix of the gauge transformationVsxd becomes close
to the unit matrix, maxxh1 2

1
2 Tr Vsxdj # 1025. It has

been checked that more accurate gauge fixing does
change our results.

The correlation of the currents and the action dens
can be explicitly visualized. In Fig. 3 we show the
“time” slice of a 104 lattice. The monopole currents are
represented by lines (or by large dots, if the current
perpendicular to the time slice). The monopole curren
are obtained in the MaA projection from the gaug
field configurations generated byb ­ 2.4. The density
of the small dots is proportional toSsxdusssSsxd 2 Scddd;
the action density is defined as usual,Ssxd ­

P
mn f1 2

1
2 Tr Umnsxdg. In Fig. 3 we haveSc ­ 0.75kSsxdl. For
this value of the thresholdSc, the correlation has been
found to be most conspicuous. [The fluctuations
Ssxd are of the order0.3kSsxdl. For the threshold
Sc , sss0.5kSsxdlddd, the small dots superimpose on eac
other in Fig. 3; for Sc . sss0.85kSsxdlddd, the density of
the small dots is small and the correlations are uncle
Actually, Fig. 3 is just an illustration; the existence o
the correlations of the currents and the action dens
is obvious sinceh . 0 (see Figs. 1 and 2).] In Fig. 3,
one can see some currents which are not surrounded
small dots. This indicates that near these currents we h
Ssxd # Sc. Moreover, there are some regions with a hig
density of action which are not related to the monopo
currents. Inspecting several gauge field configuration
we have found that, in most cases, these regions
related to closed monopole currents in the neighbori
time slice. Atb ­ 2.4, approximately 30% of the regions
with high action density are not explicitly related to th
monopole currents.

Thus we have found that, in the MaA projection, th
Abelianmonopole currents and the regions with an exce

FIG. 3. Three-dimensional slice of the four-dimensional104

lattice. The lines and the big dots mark the monopole curren
and the density of the small dots is proportional to SUs2d action
density.
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of the non-Abelianaction density are spatially correlate
We conclude that the monopoles in the MaA projecti
carry action and thus constitute physical objects. It do
not mean that these have to propagate in the Minkov
space; a chain of instantons can produce a similar eff
an enhancement of the action density along a line
Euclidean space. It is important to understand wha
the general class of configurations of SUs2d fields which
generate monopole currents. Some specific exam
are known, in particular, the instantons [13–17] a
the Bogomolnyi-Prasad-Sommerfeld monopoles (perio
instantons) [18]. This question can be reformulated
another way: Are there any continuum physical obje
which correspond to Abelian monopoles obtained in t
MaA projection?
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