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Resistivity due to low-symmetrical defects in metals

J. P. Dekker,* A. Lodder, and J. van Ek†

Faculteit Natuurkunde en Sterrenkunde, Vrije Universiteit, De Boelelaan 1081, 1081 HV Amsterdam, The Netherlands
~Received 14 November 1997!

The impurity resistivity, also known as the residual resistivity, is calculatedab initio using multiple-
scattering theory. The mean free path is calculated by solving the Boltzmann equation iteratively. The resis-
tivity due to low-symmetrical defects is calculated for the fcc host metals Al and Ag and the bcc transition
metal V. Commonly, 1/f noise is attributed to the motion of such defects in a diffusion process. The results for
single impurities compare well to calculations by other authors and to experimental values.
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I. INTRODUCTION

The theoretical explanation for electrical resistivity is w
known. Electrons move through a regular lattice of me
atoms without any resistance. As soon as irregularities
introduced into this metal, electrons are scattered, wh
gives rise to a finite resistivity. The temperature depende
of this quantity is mainly due to scattering of electrons
phonons. At zero temperature, when no phonons are pre
the resistivity is determined by defects only, such as impu
atoms. Then it is the only remaining contribution, and the
fore it is often called the residual resistivity. In this pap
resistivity due to impurity atoms embedded in the metal
tice is considered, the impurity resistivity, which has be
extensively studied experimentally.1

An interesting problem is the problem of resistan
noise.2 Over a large range of frequencies the spectral den
varies as 1/f . This can be explained, if these resistance fl
tuations arise from a kind of diffusion process. In most ca
the frequencies range from 1 to 1000 Hz, which corresp
to typical times between jumps. The noise is attributed t
defect, which can be of any kind, jumping back and forth.
simple example of such a defect is an impurity-vacancy p
of which we are able to calculate the resistivity for differe
orientations.

Many attempts have been made to calculate the impu
resistivity. The simplest methods consider an atom or a c
ter of atoms embedded in free space.3,4 More sophisticated
approaches useab initio methods like the Korringa-Kohn
Rostoker~KKR! theory5–7 to describe an impurity embedde
in a metal lattice. If this formalism is applied for two sp
directions, magnetic impurities and materials can also
treated.8 In most cases a substitutional or interstitial7,9 impu-
rity atom is considered. In this work we mainly concentra
on the resistivity due to defects, which play a role in sub
tutional electromigration, such as a vacancy, an impur
vacancy pair, and an atom on its way to a neighboring vac
lattice site. The symmetry of most of the considered defe
is reduced compared to a single impurity atom, which m
nifies the required computational effort.
570163-1829/98/57~20!/12719~8!/$15.00
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The theory, which is used to calculate the impurity res
tivity, is described in Sec. II. The theory makes use of t
calculation of the electron wave function described in R
10, which already requires a heavy computation of
Green’s-function matrix. In Sec. III, results are shown for t
host metal Al. The calculations for single 3d and 4sp impu-
rities in Al are compared with experimental and other the
retical values in Sec. III A. In Sec. III B, various calculation
are reported, which are interesting in view of the reliabil
measurements mentioned above. Vacancies and moving
atoms in Al are considered. Resistivity calculations for im
purities, a vacancy, several impurity-vacancy pairs, and
impurity at the saddle point in the fcc metal Ag are done
Sec. IV. Results from similar calculations for the bcc tran
tion metal V are reported in Sec. V. A summary is given
Sec. VI.

II. THEORY

First the general theory will be presented. After that, so
equations are given for the resistivity due to low
symmetrical defects. Finally, an expression for the gene
ized Friedel sum, used in the present paper, will be giv
The conductivity of a sample can be calculated perform
an integration over the Fermi surface,11

s i j 5
2e2

~2p!3\
E

FS

dSk

vk
vk

i Lk
j , ~1!

in which the velocityvk of an electron with quantum num
bersk[(nk) is extracted from the host electronic structur
A finite electron mean free pathLk is due to the presence o
defects or phonons, and can be calculated by solving
equation

Lk5tk
0Fvk1(

k8
Lk8Pk8kG . ~2!

This equation follows easily from the linearized Boltzma
equation. In this paper, scattering by a static defect is c
12 719 © 1998 The American Physical Society
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sidered. The defect can consist of a number of perturbed
atoms: an impurity and one or two vacancies. The proba
ity Pk8k for the transition through scattering from statek to
k8 determines the electron lifetimetk

0:

tk
0215(

k8
Pk8k . ~3!

For a low concentrationc of a certain kind of defect, the
transition probabilityPk8k for elastic scattering is given by

Pk8k52pcNuTk8ku2d~ek2ek8!. ~4!

The calculation of the transition matrixTk8k requires knowl-
edge of the electronic wave function of the alloy. This wa
function can be calculated using multiple-scattering theo
The formulation of this theory was given in Ref. 10. For t
sake of clarity, some quantities appearing in the theo
which are necessary in the evaluation of the impurity re
tivity, will be given here too.

The alloy wave-function coefficientscknL and host wave-
function coefficientscknL

h are related by a matrix equation

cknL5 (
n8L8

ALL8
nn8ckn8L8

h . ~5!

The matrix labeln refers to an atomic site, either at a ho
position Rj or at an alloy positionRp , andL[( l ,m) sum-

marizes the angular momentum labels. The matrixALL8
nn8 will

be defined below. The host wave-function coefficients
evaluated at the Fermi energyEF5k2, and can be written as

cknL
h 52

i lWnL
0 ~k!eik•Rn

Ak@2~]l0 /]ek!#
1/2

. ~6!

The vectorWnL
q (k) is defined by

i lWnL
q ~k!5(

L8
bLL8~k,Rn!i l 8VL

q~k!, ~7!

whereb(k,Rn) is a lattice sum,

b~k,Rn!5(
j 8

B~Rn j8!e
2 ik•Rn j8, ~8!

and i lVL
q and lq are an eigenvector and the correspond

eigenvalue of the KKR matrixM (k)5th212b(k,0). The
matrix B is defined with Gaunt coefficientsCLL8L9 and
spherical Hankel functionshL

1(r )5hl
1(kr )YL( r̂ ) as

BLL8~R!5 i l 2 l 821k(
L9

CLL8L9i
l 9hL

1~R!. ~9!

It has to be stressed that the lattice sum in Eq.~8! extends
over all host positions whenRn is not a host lattice position
When it is a host lattice positionRj , the corresponding term
is excluded. Theq50 label in Eq.~6! refers to the eigen-
value, which corresponds to a zero KKR matrix, and there
determines the electronic structure of the metal.

The matrixALL8
nn8 in Eq. ~5! is defined as10
st
il-

.

,
-

t

e

g

y

ALL8
nn85 (

n1L1

~12Gvoidt !21
LL1

nn1~12Gvoidth!
L1L8

n1n8 , ~10!

where the scattering matrices of the atomic host potentialtn
h

and the ones of the atomic alloy potentialstn are calculated
from their phase shifts,

tL
n52sin~hnl!e

ihnl. ~11!

The host phase shifts ndhpl
h for an alloy positionp are

defined to be zero, if the positionp does not coincide with a
host position. The alloy phase shifts for the host positioj
are defined to be zero if the position does not coincide w
an alloy position.

The formalism is made suitable to handle more gene
defects by making use of a void system as a reference sy
instead of the unperturbed host. The impurities and pertur
host atoms are replaced by free space in this reference
tem. The Green’s-function matrix of this reference system
calculated from the host Green’s-function matrix

Gvoid,nn85Gnn82(
j 1 j 2

Gn j1~ th211G! j 1 j 2

21 Gj 2n8. ~12!

The host Green’s-function matrix is calculated by an integ
tion over the Brillouin zone

Gnn85
1

VBZ
E

BZ
d3k@b~k,Rnn8!1b~k,Rn!M 21~k!

3bT~2k,Rn8!#e
ik•Rnn8. ~13!

As derived in Refs. 7 and 12,Tk8k can be written within
multiple-scattering theory as

Tk8k5(
nL

ck8nL
h * TL

ncknL , ~14!

whereTL
n is defined as

TL
n52

1

k
sin~hnl2hnl

h !ei ~hnl2hnl
h

!. ~15!

We define an auxiliary quantityQknL as

QknL5
i 2 l

Ak
TL

ncknL . ~16!

Now the sum overk8 in Eq. ~2! can be rewritten as a
Fermi-surface integral and a set of equations in terms
WnL

0 (k) and QknL can be derived straightforwardly. Th
equation forLk becomes

Lk5tk
0Fvk1c (

nn8LL8
QknLQkn8L8

* ILL8
nn8 G , ~17!

whereI is a Fermi-surface integral withLk as a factor in the
integrand

ILL8
nn85

2p

VBZ
E

FS
dSk

WnL
0 ~k!* LkWn8L8

0
~k!

u¹kl
0~k!u

e2 ik•Rnn8.

~18!
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57 12 721RESISTIVITY DUE TO LOW-SYMMETRICAL DEFECTS . . .
Equation~17! can be solved iteratively. In the calculation
t0, we can make use of the optical theorem, which states
the sum overk8 in Eq. ~3! can be connected to the diagon
element of the transition matrix

tk
021522c Im Tkk . ~19!

The comparison of the two expressions fortk
0 , Eqs.~3! and

~19!, can serve as a test for the accuracy of the Fermi-sur
integrals. For a more complete description of the theory
host and alloy wave functions, the reader is referred to R
10. Here we just add that an initialL has to be inserted in
Eq. ~18!, e.g.,Lk5tk

0vk or the Ziman approximation.11 This
leads to a new set ofLk according to Eq.~17!. With this new
set the integrals in Eq.~18! can be recalculated. This proce
dure is repeated until the set obtained equals the inserted

Now we give the current density-field relation for a me
containing low-symmetrical defects. In such a metal the
sistivity is anisotropic, i.e., it depends on the direction of t
current. Thus the relation between the electric field and
current density for, e.g., an impurity-vacancy pair in the
structure is given by

j5
1

ri Ei1
1

r'
E'1

1

rz
Ez , ~20!

whereEi lies along the jump direction of the migrating atom
and bothE' and Ez are in perpendicular directions. Th
different directions are shown in Fig. 1. For an impurit
vacancy pair in the bcc structure there are two inequiva
directions, which are displayed in Fig. 2, and therefore
current density can be written as

FIG. 1. Definition of the electric-field directions in the fcc stru
ture.

FIG. 2. Definition of the electric-field directions in the bcc stru
ture. The directions perpendicular toEi are equivalent.
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j5
1

r i
Ei1

1

r'

E' . ~21!

Equations~20! and ~21! describe the current density in
sample, containing only one kind of defect, with one partic
lar orientation. In a real sample the orientations of a def
are distributed randomly. Such a distribution results in a s
lar resistivity, which is given by

r fcc
215

1

3S 1

r i
1

1

r'

1
1

rz
D ~22!

for an fcc metal, and by

rbcc
215

1

3S 1

r i
1

2

r'
D ~23!

for a bcc metal.
Finally, in order to check the requirement of charge ne

trality for the potentials to be used, we need an express
for the generalized Friedel sum. We will show that it is po
sible to derive such an expression, using the formalism p
sented above. According to Lodder and Braspenning13 the
electron density of states of a systemn(E) can be written
with respect to an arbitrary reference system as

n~E!5nref~E!1
2

p
Im

d

dE
Tr ln T~E!, ~24!

whereT(E) is thet matrix of the system, with respect to th
reference system. Conventionally the unperturbed host
served as a reference system for a dilute alloy. For a gen
defect the void system serves as the natural reference sys
In that case thet matrix of the system can be written as

T~E!5t~12Gvoidt !21. ~25!

The integrated density of statesN(EF)5*EFn(E)dE up to
the Fermi energy counts the total number of electrons
commodated in the system. The difference in the numbe
electrons between the alloy and the host,ZF , is found by
subtractingNhost(EF)

ZF5N~EF!2Nhost~EF!

5
2

p
arg dett2

2

p
arg det~12Gvoidt !

2
2

p
arg detth1

2

p
arg det~12Gvoidth!, ~26!

which is the generalized Friedel sum. In the case of sph
cally symmetric scatterers this general expression simpli
to

ZF5
2

p (
pl

~2l 11!h l
p2

2

p
Ncluster

h (
l

~2l 11!h l
h

2
2

p
arg det~12Gvoidt !1

2

p
arg det~12Gvoidth!,

~27!

in which Ncluster
h is the number of host atoms in the vo

region.
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This expression is more general than expressions use
the past,14 which only applied to simple substitutional an
interstitial alloys for which no intermediate void referen
system was needed. We will show that Eq.~27! reduces to
well-established expressions applicable to those simple
tems. In order to do this, it is useful to extend the sum in E
~12! to interstitial sites. This can be done by defining ho
scattering matrices for those positions ast I

h50. By that the
elements of the matrix (th211G)215th(11Gth)21 are
equal to zero, when one of the two or both indices refer to
interstitial site. The resulting matrix equationGvoid5G
2G(th211G)21G contains only matrices of the same dime
sion, and Eq.~12! can be rewritten as

G5~12Gvoidth!21Gvoid. ~28!

Note that this equation can be derived directly from Eq.~12!
in the case of a substitutional alloy, where only lattice si
are occupied. In the case of an interstitial impurity the m
trices are enlarged due to the presence of the inters
atom.

The addition of a nonscattering atom does not affect
host charge. This can be seen from Eq.~27!, and is trivial
from a physical point of view. The matrices of the third a
fourth term can be multiplied, leading to

~12Gvoidth!21~12Gvoidt !512~12Gvoidth!21Gvoid~ t2th!

512G~ t2th!. ~29!

Hence the Friedel sum is given by

ZF5
2

p (
pl

~2l 11!~h l
p2h l

h,p!2
2

p
arg det@12G~ t2th!#,

~30!

which has been applied in the past to substitutional15 and
interstitial16 alloys.

III. IMPURITY RESISTIVITIES IN AL

A. 3d and 4sp impurities in Al

In this section a single 3d or 4sp impurity is considered
embedded in unperturbed Al host. This means that
charge transfer to the surrounding host atoms as well as
tice distortion are neglected. Furthermore, an impurity at
has an assumed electronic configuration, which in rea
may depend on its metallic environment. From Fig. 3,
which the calculated impurity resistivities are shown, it
clear that this configuration is very important. The fille
circles refer to calculations in which the impurity atom h
one 4s electron. The values indicated by filled squares
obtained for impurity atoms with two 4s electrons. The im-
purity resisitivity of atoms having two 4s electrons decrease
with increasing atomic number, while it shows a maximu
for Mn, when only one 4s electron is present. The exper
mental values,1 indicated in the figure by asterisks, also sho
such a maximum, but the values are underestimated by
calculations.

The potentials used in the calculations just described
not lead to a charge neutral system, which is unphysical.
neutrality can be restored by adding a surface charge to
atomic spheres.17 This procedure is called the shifting proc
in

s-
.
t

n

s
-
al

e

e
t-

y

e

he

o
e

he

dure, because it corresponds to a shift of the atomic poten
by a constant energy. The charge of the system is calcul
using the generalized Friedel sum expression given in S
II. This procedure has been applied to transition-metal im
rities with the 3dn4s1 electronic configuration, and to the C
(4s2) and 4sp impurities. The impurity resistivities, ob
tained with these potentials, are given by open circles in F
3. The addition of charge leads to an increase of the resis
ity in all cases, except for Sc, Ge, and As. The agreem
with the experimental values becomes much better. For
4sp impurities, and for the transition-metal impurities wit
more than six 3d electrons, the agreement is very good.

The addition of surface charge is a crude attempt to sim
late the effect of charge relaxation in the alloy. Still, in th
case of the 3d impurities Fe, Co, and Ni, it enhances th
accuracy of the resistivity significantly. Unfortunately, this
not the case for the other 3d impurities. Apparently, the sur
face charge does not simulate all effects of charge relaxa
in the right way. Therefore it would be very interesting
repeat the calculations for Sc, Ti, V, Cr, and Mn with se
consistently calculated potentials. The method of calculat
of the resistivity is not affected by the use of such potentia

The resistivities of these impurities in Al were alread
calculated in Refs. 3 and 18, and recently in Ref. 4. Scho¨pke
and Mrosan18 used the spherical band approximation, whi
means that the Fermi surface is approximated by a sph
They found resistivities, which were approximately equal
the ones following from the well-known free-electron fo
mula of Friedel,19 which only contains the scattering pha
shifts. Just as the other authors mentioned they found
underestimation of the resistivities, which was attributed
the anisotropy of the Fermi surface. Papanikolaou, Stefan
and Papastaikoudis4 tried to incorporate these anisotropy e
fects in a tricky way and found values for the 3d impurities,
which were too large. In our calculation this anisotropy
fully and consistently taken into account, but still the imp
rity resistivities are underestimated.

FIG. 3. Impurity resistivity of 3d and 4sp atoms in Al. For the
3d metals, constructed potentials are used with either one~filled
circles! or two ~filled squares! 4s electrons. Results obtained for th
4s24pn atoms are also indicated by filled squares. Open circ
correspond to resistivity values obtained with shifted potentials
Ca(4s2), the 3dn4s1 transition-metal atoms, and the 4p atoms.
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B. A migrating Al atom

According to our calculation the resistivity of a vacan
in Al is 0.57mV cm/at. %. We used host phase shifts for
surrounding Al atoms. In first order the resistivity is the su
of the resistivities of the separate scatterers. Therefore,
likely that the vacancy resistivity is underestimated. In t
present case account of the scattering by the first shell
larges the resistivity only slightly, to 0.60mV cm/at. %. Our
value contradicts with earlier calculations of Van Ek a
Lodder7 who found 0.93mV cm/at. %.

The vacancy resistivity is also extracted from simul
neous measurements of the resistivity and the expansio
both the total volume and the lattice constant in an
sample.20 In this way a value of 3.0mV cm/at. % is found,
which is much larger than the value we found. This cou
have several reasons. One of the reasons can be tha
electronic structure of the vacancy defect is not calcula
self-consistently. From Sec. III A, indeed, a strong dep
dence on the electronic structure was observed. Another
son may be that the volume expansion is not entirely du
the absorption of vacancies, or that the enlargement of
resistivity is not merely due to the presence of vacancies

During a jump the resistivity changes from the initi
value, via the value at the saddle point, back to the ini
value. The saddle-point value also depends on the direc
of the jump with respect to the direction of the current. In t
calculation a single saddle-point atom is taken into acco
so scattering by the two small moon-shaped vacancies
to the atom is neglected. This procedure leads to a resist
which is smaller than the one of the vacancy for all dire
tions of the current, namelyr i50.55 mV cm/at. % andr'

andrz both have the value of 0.36mV cm/at. %. The resis-
tivities for the different directions are defined by Eq.~20!. It
is expected that the small vacancies contribute consider
to the resistivity, leading to a value, which is larger than
vacancy resistivity.

Calculations for a pair of vacancies show that the re
tivity, averaged over all current directions, is equal to t
resistivity of two single vacancies. Perhaps a larger cluste
perturbed host atoms or self-consistently calculated ph
shifts could alter this conclusion. The symmetry of a pair
the same as the symmetry of an atom at the saddle p
Therefore, Eq.~20! holds. The parallel resistivityr i turns out
to be 0.94mV cm/at. %, which is considerably smaller tha
the resistivity in the other two directions (r'51.24

FIG. 4. Vacancy pair with two different orientations with re
spect to the current. The geometrical cross section is smaller w
the vacancy pair is aligned with the current.
l
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mV cm/at. % and rz51.31 mV cm/at. %). The much
smaller resistivity of a pair of vacancies aligned along t
current is easily explained intuitively with the help of Fig.
Assuming a monotonic relation between the geometrical
scattering cross sections, the scattering cross section is o
ously larger when the pair of vacancies is aligned perp
dicular to the current. However, from the results f
impurity-vacancy pairs, to be presented below, it follows th
this intuitive, classical explanation does no justice to t
quantum-mechanical character of the scattering process.
croscopically, one has to consider the scattering probab
due to a pair of potentialsv and w, lying at a distanceR,
which, of course, is not simply equal to the sum of the in
vidual probabilities. Even in lowest order in the potenti
this probabilityPk8k , calculated in the free-electron mode
so using plane waves, is proportional to

Pk8k;vk8k
2

1wk8k
2

12vk8kwk8kcos@~k82k!.R#, ~31!

in which vk8k54p*r 2dr j 0(uk82kur )v(r ) is a real quantity
for a spherical potential in free space. For a pair of vac
cies,v5w. It is clear that the cosine term does not have
definite sign, and that the contribution will be different fo
different alignments ofR. Our results for the pair of vacan
cies imply that the average contribution of this term is po
tive for R perpendicular to the current, and negative f
alignment along the current. For large values ofR this term
will average out, and the individual probabilities just add.

IV. 5 SP IMPURITIES IN AG

The experimentally obtained resistivities of the 5sp im-
purities in Ag ~Ref. 1! have already been used in Ref. 10
the analysis of their wind valence. In this section the imp
rity resistivities will be calculated for a single impurity, a
impurity next to a vacancy, and an impurity at the sad
point during a diffusion jump. In most of the calculations th
perturbation of the surrounding host atoms is not taken i
account. In Fig. 5, it is seen that the calculations, indica
by filled circles, and the measurements, indicated by as
isks, show the same trend. However, the measured value
larger. Only the value of 1.18mV cm/at. % for the 4d10

en

FIG. 5. Calculated and measured resistivities of 5sp impurities
in Ag.



of

o
es
ur
ed
. A

ls
d
e
he
e
rg

lf
p
e

ge
iu
ad

n
2
e

th
re

of
a

nd
er

a

lie
in
ity
ec

sis-
als

or
re-
e

al
le
on

tom
all
e not
res-

en
eri-
he
lue

en

.

12 724 57J. P. DEKKER, A. LODDER, AND J. van EK
impurity Pd is an overestimation. A much lower value
0.02mV cm/at. % is found, when a 4d95s1 electronic con-
figuration is used for the Pd atom. The experimental value
0.44 mV cm/at. % lies between the two theoretical valu
which suggests that the electronic configuration is a mixt
of both. The calculated resistivities are only slightly affect
by taking into account a shell of perturbed host atoms
maximum increase of 0.04mV cm/at. % is found for In.

The shifting procedure to achieve charge neutrality is a
applied in this case. The missing charge had to be adde
the impurity. The resulting values are indicated by op
circles in Fig. 5. Just as in the case of impurities in Al, t
resistivities are enlarged. However, the agreement with
periment does not improve in this case, because the enla
ment is too strong.

Similar calculations were performed in Ref. 6 using se
consistent single-site potentials. These results are com
rable to ours, but they agree somewhat better with the
perimental values. This could be the result of the lar
muffin-tin radius that the authors used. Our muffin-tin rad
is bounded, because of the decreased space at the s
point. Nevertheless our values are reasonable.

The resistivities for 5sp impurity-vacancy pairs are give
in Fig. 6. The resistivity for a single vacancy is 0.8
mV cm/at. %, which is the value for Ag in the figure. Th
resistivity of an impurity-vacancy pair, being aligned wi
the current,r i , is larger than the resistivity, when they a
aligned perpendicular to the current,r' and rz . This is in
contradiction to the intuitive explanation for the resistivity
a vacancy pair in Al in the different directions in terms of
geometrical cross section, which is given in Sec. III B a
illustrated in Fig. 4. However, this behavior can be und
stood from the simple expression~31!. The impurity poten-
tial w is certainly attractive, which corresponds to an over
negative sign, and a vacancy potentialv is repulsive. So, on
the average, the cosine term in Eq.~31! has the opposite sign
compared with the scattering by two vacancies. This imp
a conversion of the behavior, in agreement with or find
for the impurity-vacancy pair. Notice also that the resistiv
of an impurity-vacancy pair, averaged over all current dir

FIG. 6. Calculated resistivities of pairs of a 5sp impurity and a
vacancy in Ag. The resistivities of the single impurities are giv
for comparison.
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tions, raverage, does not equal the sum of the separate re
tivities of vacancy and impurity. The latter sum rather equ
r i .

In Fig. 7 the impurity resistivities at the saddle point f
the different current directions are compared with the cor
sponding resistivities for the impurity-vacancy pair. Th
saddle-point resistivity roughly follows the one at the initi
position. Againr i is the largest, but for an atom at the sadd
point the cross section is not expected to depend strongly
the direction, because the current ‘‘sees’’ one scattering a
from all directions. Just as in the case of Al, the two sm
moon-shaped vacancies around the saddle-point atom ar
taken into account, which is expected to lead to an unde
timation of the resistivity.

V. TRANSITION-METAL IMPURITIES IN V

The measured resistivities of the 3d impurities Ti and Cr,1

and the calculated ones of Sc, Ti, Cr, and Mn in V, are giv
in Fig. 8. The calculated values are lower than the exp
mental values, although the value for Cr lies fairly close. T
Mn resistivity is much larger than the other ones. The va
measured for the 5d impurity Ta of 1.5mV cm/at. % is very

FIG. 7. Calculated resistivities in Ag of 5sp impurities, located
next to a vacancy~initial position! and at the saddle-point position

FIG. 8. Calculated and measured resistivities of 3d impurities in
Vanadium.
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close to the calculated value of 1.3mV cm/at. %.
The calculated resistivity of a vacancy in V is larger th

of any of the 3d impurities, namely, 4.94mV cm/at. %. This
results in resistivities of impurity-vacancy pairs, varyin
from 5 to 9mV cm/at. %, as can be seen from Fig. 9. T
large value for the Mn impurity is also seen in the 3d series
in the left panel of the figure, but the effect is not as p
nounced as in the case of a single impurity. The resistiv
turns out to be fairly isotropic, i.e.,r i'r' in Eq. ~21!.

It is seen that the resistivity of a 4d impurity next to a
vacancy tends to be larger than that of a 3d impurity and
smaller than that of a 5d impurity. The resistivity for the 3d
impurities is the lowest for V, while for the 4d impurities it
is lowest for Mo, which has an additional valence electr
For the 5d impurities the resistivity of the impurity-vacanc
pair decreases monotonically with the atomic number.

The resistivities for impurities at the saddle point are d
picted in Fig. 10. They show a larger anisotropy. Exceptio
are Cr, Mo, and W. Apart from the high value of Cr, th

FIG. 9. Calculated resistivities of 3d, 4d, and 5d impurities,
located next to a vacancy in V.

FIG. 10. Calculated resistivities of 3d, 4d, and 5d impurities,
located at the saddle-point position in V.
-
y

.

-
s

resistivity seems to decrease monotonically in all three
ries. The low value for Mn is striking in view of the high
values for the single impurity and the impurity-vacancy pa
The saddle-point resistivities are larger than the initial po
values. The small vacancies on either side of the atom co
even enhance this effect.

VI. SUMMARY

In this paper a multiple-scattering method has been
scribed for the calculation of the impurity resistivity.
makes use of the calculated wave function coefficients,
troduced in Ref. 10. The linearized Boltzmann equation c
be solved iteratively. One iteration step involves the calcu
tion of a Fermi-surface integral. The integrand is the prod
of the vector mean free path, which depends on the cry
momentum, and two host wave-function coefficients. In
present formulation, the method is suitable to handle com
cated defects such as an atom during a diffusion jump. It
been used to calculate the resistivity due to impurities,
cancies and pair defects in Al, Ag, and V.

The resistivities of 3d and 4sp impurities in Al have been
calculated, basically in order to see if the calculations ma
sense. This series of impurities was investigated before
several authors,18,3,4 and experimental values are available1

Their calculated resistivities turned out to depend strongly
the atomic electronic configuration, which is used to co
struct the crystal potential of the alloy. This is especia
important for transition-metal impurities, where, e.g., the e
ergies of 3d and 4s levels are almost equal. In this series
is seen that the resistivity decreases with atomic num
when the impurity has two 4s electrons. The shape of th
experimentally observed peak is reproduced, when the im
rity carries one 4s electron.

Another consequence of the construction of the potenti
the lack of charge neutrality, can be repaired by adding s
face charge to the atomic sphere of the impurity. This p
cedure enlarges most calculated values, and improves
agreement with experiments. Especially for transition-me
atoms with manyd electrons, and for 4sp impurities, the
agreement becomes very good. Apparently the calcula
takes the essential features of the scattering process into
count. The strong dependence on the electronic configura
as well as on the addition of surface charge make it inter
ing to use self-consistent potentials in our calculation.

A vacancy plays an important role in the diffusion pr
cess. Its calculated resistivity in Al of 0.6mV cm/at. % is
much smaller than the experimentally obtained value o
mV cm/at. %. The resistivity of a host Al atom, halfwa
along its jump path to a neighboring vacant site, depends
the direction of the electrical current, and it is different fro
its value for the atom at its initial position. Both the directio
and position dependence give rise to fluctuations in the
sistivity on a time scale of 10213 s. The value of 0.41
mV cm/at. %, which is the average over all current dire
tions, is smaller than the value at the initial position, t
latter being equal to the resistivity of a vacancy. In this c
culation the two small moon-shaped vacancies next to
jumping atom are not taken into account, and it is expecta
that they will enlarge the resistivity. The resistivity of a pa
of vacancies depends on the direction of the current. If
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pair is aligned with the current, the resistivity is smalle
This can be attributed to a smaller cross section for suc
configuration. If the resistivity is averaged over all curre
directions, it equals the resistivity of two single ones.

The calculated resistivities due to the 5sp impurities in
Ag show a similar dependence on atomic number as the
perimental values.21 Just as for impurities in Al, the resistiv
ities are underestimated. However, after achieving cha
neutrality by adding a surface charge to the impurity, th
become too large. The resistivity due to an impurity-vacan
pair is smaller than the sum of the impurity and vacan
resistivities. When the pair is aligned with the current, t
resistivity is largest and approximately equals that sum. T
fact that the resistivity is largest in that direction is in co
tradiction with the smaller geometrical cross section. An i
purity halfway along its jump path has a larger resistiv
than the impurity-vacancy pair in spite of the neglected sm
vacancies.

The calculated resistivities of the impurities Cr and Ta
the bcc transition metal V agree fairly well with experimen
t.
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rge
y

cy
cy
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while the resistivity of Ti is underestimated. The values for
d impurity-vacancy pair and an impurity halfway along it
jump path are larger than the ones for a single impurity.

In conclusion, it has been shown that the resistivity due
low-symmetrical defects can be calculated accurately. T
calculated impurity resistivities compare reasonably w
with the available experimental material. They may even i
prove when self-consistent potentials for the alloy are use

ACKNOWLEDGMENTS

This work was sponsored by the National Computing F
cilities Foundation~NCF! for the use of supercomputer fa
cilities, with financial support from the Nederlandse Organ
satie voor Wetenschappelijk Onderzoek~Netherlands
Organization for Scientific Research, NWO!. The authors
wish to acknowledge the contribution of P. J. Harte to
well-designed computer program for the calculation of t
impurity resistivity.
*Present address: Max-Planck-Institut fu¨r Metallforschung, Seestr.
92, D-70174 Stuttgart, Germany.

†Present address: Seagate Technology, 7801 Computer Ave
South, Bloomington, MN 55435.
1J. Bass, inMetals: Electronic Transport Phenomena, edited by

K.-H. Hellwege and J. L. Olsen, Landolt-Bo¨rnstein, New Series,
Group III, Vol. 15, Pt. a~Springer-Verlag, Berlin, 1982!.

2P. Dutta and P. M. Horn, Rev. Mod. Phys.53, 497 ~1981!.
3P. M. Boerrigter, A. Lodder, and J. Molenaar, Phys. Status Sol

B 119, K91 ~1983!.
4N. Papanikolaou, N. Stefanou, and C. Papastaikoudis, Phys. R

B 49, 16 117~1994!.
5I. Mertig, E. Mrosan, and P. Ziesche, inMultiple Scattering

Theory of Point Defects in Metals: Electronic Properties, edited
by W. Ebeling, W. Meling, A. Uhlmann, and B. Wilhelmi
~Teubner, Leipzig, 1987!.

6T. Vojta, I. Mertig, and R. Zeller, Phys. Rev. B46, 15 761
~1992!.

7J. van Ek and A. Lodder, J. Phys.: Condens. Matter3, 7363
~1991!.

8I. Mertig, R. Zeller, and P. H. Dederichs, Phys. Rev. B47, 16 178
~1993!.
nue

idi

ev.

9J. van Ek and A. Lodder, J. Alloys Compd.185, 207 ~1992!.
10J. P. Dekker, A. Lodder, and J. van Ek, Phys. Rev. B56, 12 167

~1997!.
11J. M. Ziman, inPrinciples of the Theory of Solids, edited by J. M.

Ziman ~Cambridge University Press, Cambridge, 1972!.
12A. Lodder and J. P. Dekker, inProceedings of the First Interna-

tional Alloy Conference, Athens, 1996, edited by A. Gonis, A.
Meike, and P. E. A. Turchi~Plenum, New York, 1997!, pp.
467–477.

13A. Lodder and P. J. Braspenning, Phys. Rev. B49, 10 215~1994!.
14For a review, see A. Lodder and J. P. Dekker, Phys. Rev. B49,

10 206~1994!.
15J. Molenaar, A. Lodder, and P. T. Coleridge, J. Phys. F13, 839

~1983!.
16P. M. Oppeneer and A. Lodder, J. Phys. F17, 1901~1987!.
17R. H. Lasseter and P. Soven, Phys. Rev. B8, 2476~1973!.
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