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There is a theory which states that if ever anybody discovers exactly what the Universe is 

for and why it is here, it will instantly disappear and be replaced by something even more 

bizarre and inexplicable. There is another theory which states that this has already 

happened.  

-Douglas Adams 
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Studying human motor behaviour; a challenging enterprise 

Understanding how humans plan and control movement is a major challenge because of 

the bewildering complexity of the musculoskeletal system. The large number of joints 

provides the human musculoskeletal system with numerous kinematic degrees of 

freedom. Because the goal of most movement tasks, like moving a hand from one place 

to another, is defined in terms of a much smaller number of kinematic degrees of 

freedom, it can be achieved via an infinite number of movements. Furthermore, the 

number of muscles acting across a joint generally exceeds the number of kinematic 

degrees of freedom of that joint. As a result, a given movement can be realized with an 

infinite number of muscle activation patterns. 

Even though a goal can be reached in an infinite number of ways, many studies on 

motor control have revealed consistent and stereotypical patterns of kinematics and 

muscle activation. Evidently, the Central Nervous System (CNS) is capable of adequately 

controlling the many degrees of freedom. In the study of motor control, two sub-tasks are 

commonly distinguished: that of planning the movement trajectory (also referred to as the 

‘inverse kinematics’ problem) and that of making the system follow the planned 

trajectory (also referred to as the ‘inverse dynamics’ problem). The primary concern of 

this thesis is with the latter sub-task, which will be referred to as ‘movement control’.  

The Equilibrium Point hypothesis 

Several theories exist about how humans control their movements. One of the most 

influential classes of movement control theories is the equilibrium point (EP) hypothesis. 

The idea of an EP can be explained best for a single joint. In general, the EP hypothesis 

postulates that the CNS sets desired equilibrium angles, i.e., positions of the joint at 

which the net moment of all muscles acting on the joint is zero. An EP is stable if a 

change in position (angle) results in a change in net moment that, in the absence of an 

external force, will drive the limb back towards the EP. By setting a new EP, the system 

is no longer in equilibrium and will consequently be driven towards the new EP; thus, 

movements can be controlled by changing the EP. In the literature, two formulations of 

the EP controllers figure prominently that differ in the assumption as to how the CNS sets 
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these EPs: the α-model (e.g., Bizzi and Abend, 1983; Hogan, 1984) and the λ-model 

(e.g., Feldman, 1986; Gribble et al., 1998), which will be discussed below. 

The α-model 

 The central idea behind the α-model is the following. By setting open-loop stimulation of 

muscles crossing a joint, the net moment-angle relationship (i.e., the sum of the moment-

angle relationships of all these muscles) can be manipulated. The α-model posits that for 

any joint angle the open-loop stimulations of the muscles crossing that joint can be 

chosen such that the net moment at that angle equals zero. In the absence of external 

forces, this angle is referred to as an EP. The α-model further assumes that by changing 

the open-loop stimulation, the slope of the net moment-angle relationship in the EP can 

be set independently from the zero-crossing of the relationship. The steepness of the 

slope of the net moment-angle relationship (termed joint stiffness) in the EP determines 

the magnitude of the change in net moment resulting from a given deviation from the EP. 

Thus, by means of stiffness control the CNS can influence the speed of the movement of 

the limb towards an EP.  

The λ-model 

The central idea behind the λ-model is that the CNS sets an EP by defining the activation 

threshold lengths (λ) of muscles (the R-command). This threshold can be thought of as a 

‘desired’ muscle length. The activation of each muscle is then determined by the 

difference between the desired muscle length and the actual muscle length detected with 

the help of muscle spindles. If a muscle is longer than its desired length it will be 

activated more and if the muscle is shorter than its desired length it will be activated less. 

The λs of all muscles crossing the joint can be set to the lengths of these muscles 

corresponding to a desired joint angle. This setting coincides with the R-command (e.g., 

Feldman et al., 1990; Feldman and Latash, 2005). In the absence of external forces, the 

muscle stimulation that results from the differences between λ and the actual muscle 

lengths will drive the limb towards this EP; the movement will end at this EP and once it 

does, stimulation will be zero. In addition, the λ-model assumes that the CNS can specify 

a co-contraction (C-)command. A C-command is a command that shifts the λs of all 

muscles crossing a joint to a shorter length (e.g., Feldman et al., 1990). This causes all 
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muscles to receive stimulation at the EP (hence the term co-contraction command) and 

gives rise to a greater change in net-moment for a given deviation from the EP that was 

set. Finally, the λ-model assumes that the activation of a muscle not only depends on the 

R- and C-command, but also on the speed of muscle lengthening detected by the muscle 

spindles (e.g., Feldman, 1986).  

Attractiveness of the EP hypothesis 

The EP hypothesis is an attractive control theory because it does not take out a loan on 

intelligence to solve the ‘inverse kinematics’ and ‘inverse dynamics’ problem. Under this 

hypothesis, muscle forces, or muscle activation patterns, are not determined within the 

CNS by means of inverse dynamics calculations, but emerge when EP shifts occur (e.g., 

Feldman et al., 1990; McIntyre and Bizzi, 1993; Gribble et al., 1998). As a result, the EP 

hypothesis posits that, in contrast to many other control theories (e.g., Miall et al., 1993; 

Schweighofer et al., 1998; Kawato, 1999; Mehta and Schaal, 2002; Todorov and Jordan, 

2002), the CNS does not need ‘knowledge’ about the dynamical properties of the 

musculoskeletal system. The movement simply emerges from an EP trajectory, i.e., a 

gradual shift of the EP from the start position to the end position of a movement. 

Furthermore, because posture and movement are controlled by the CNS using (shifts in) 

stable EPs, transient perturbations that cause deviations from the desired position or 

movement trajectory are automatically counteracted by the stabilizing properties of the 

musculoskeletal system and reflexive pathways. 

Is EP control feasible for the control of fast movements? 

Over the last years, several objections have been raised against the alleged computational 

attractiveness of the EP hypothesis, particularly when it comes to the control of fast 

movements. As stated before, according to the EP hypothesis, movements result from 

shifts in the EP, and the speed at which the system moves depends to a large extent on the 

stiffness resulting from both the musculoskeletal system and reflexive pathways. One of 

the objections raised is that when EP trajectories are used that are similar to the actual (or 

desired) movement trajectory, the stiffness is too low to account for the experimentally 

observed fast movements (e.g., Gomi and Kawato, 1996, 1997; Bellomo and Inbar, 1997; 

Popescu et al., 2003). Gomi and Kawato (1996, 1997) estimated EP trajectories that 
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would have given rise to the experimentally observed fast movements and decided that 

they first had to lead and then fall behind the actual movement trajectory. In a similar 

study, Latash and Gotlieb (1991) also concluded that so-called ‘N-shaped’ EP trajectories 

underlie fast movements. The calculation of complicated EP trajectories would require 

knowledge of the dynamics of the musculoskeletal system and would therefore obliterate 

the computational attractiveness of the EP hypothesis (e.g., Wolpert and Ghahramani, 

2000). Another objection raised against the EP hypothesis concerns the (independent) use 

of the C- and R-command. For example, Windhorst (1994, 1995) and Gottlieb (1998b) 

claimed that due to the complexity of the musculoskeletal system the C-command does 

not specify stiffness and, on top of that, influences the EP. It has been suggested that it 

might be possible to address this issue by redefining the C- and R-commands, which then 

brings along daunting computational problems (Gottlieb, 1998b).  

Proponents of the EP hypothesis have claimed that the complex shape of EP 

trajectories required for fast movements represents an artifact due to oversimplification of 

the mechanical properties of the musculoskeletal system (Gribble et al., 1998; Feldman 

and Latash, 2005). The study of Gomi and Kawato (1996) was argued to be defective 

(Gribble et al., 1998) in that the force-length-velocity relationship of muscles was grossly 

simplified, i.e., was represented by a moment that varied linearly with the difference 

between the actual and equilibrium joint angle and with joint velocity. Gribble et al. 

(1998) also argued that the formulation of Latash and Gottlieb (1991) was defective in 

that the moment is linearly related to joint angle, but not at all to velocity. Arguing in 

favor of EP models, Gribble et al. (1998) showed that if a more realistic musculoskeletal 

model was used, the λ-model was capable of controlling fast movements using simple 

constant-rate EP shifts. Adversaries of the EP hypothesis justifiably countered by arguing 

that although the model presented by Gribble et al. (1998) looked biologically plausible, 

it was not adequately validated (Nakano et al., 1999). 

All in all, it is currently unclear whether EP control can account for fast 

movements, let alone whether it can generate the appropriate control signals without 

losing the computational attractiveness of the EP hypothesis. The purpose of this thesis is 

to explore whether EP control of fast arm movements is possible. For this purpose, a 

musculoskeletal model of the arm will be presented first that represents the salient static 



Chapter 1 
 

 12 

and dynamic properties of a human arm. With this model it will be attempted to 

reproduce the experimentally observed movements when controlled by several types of 

EP controllers reported in the literature using constant speed EP trajectories. 

 

Contents of this thesis  

The force-length-stimulation relationship and stiffness of individual muscles 

The stiffness provided by the musculoskeletal system plays an important role in EP 

control as it is one of the major determinants of the maximal attainable speeds at which a 

limb moves from one EP to another. Therefore, it is crucial that when a musculoskeletal 

model is used in the context of EP control, the stiffness of the incorporated muscle 

models resembles the stiffness provided by real muscles. The stiffness of the contractile 

element (CE) of a muscle is commonly attributed to the myofilamentary overlap function. 

Yet, another source of CE stiffness is implied in the length-dependency of the relation 

between the muscle stimulation and the muscle’s isometric force. In short, when a muscle 

is stimulated, Ca2+ is released from the sarcoplasmatic reticulum into the interfilamentary 

space. Then, Ca2+ binds to troponin molecules allowing the formation of cross-bridges. It 

has been reported for various muscle types that a muscle becomes more sensitive to Ca2+ 

at higher CE length (Endo, 1972, 1973; Stephenson and Williams, 1982; McDonald et al., 

1997; Patel et al., 1997; Konhilas et al, 2002). This length dependent Ca2+ sensitivity 

(LDCS) causes the CE length at which the largest isometric force is produced to shift to a 

value that is larger than expected on the basis of the myofilamentary overlap function 

(e.g., Balnave and Allen, 1996; Roszek et al., 1994). In other words, when a muscle is 

stretched to a new constant length, isometric muscle force not only changes as a result of 

changes in myofilamentary overlap but also increases as a result of LDCS. In mechanical 

terms, LDCS thus adds to the stiffness of a muscle, although, to our knowledge, no study 

reported in the literature addressed the magnitude of its contribution. In most 

musculoskeletal models the activation of a muscle is driven only by the stimulation of the 

muscle, ignoring LDCS. In 1981, Hatze proposed a model that describes the process of 

muscle activation in which active state at a given Ca2+ concentration depends on muscle 

fibre length. However, this model was not directly based on experiments describing 
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LDCS and thus first needs to be validated with regard to its capability to describe LDCS. 

Therefore, Chapter 2 starts out by investigating how well Hatze’s model reproduces the 

experimentally observed relation between [Ca2+] and normalized isometric force of 

skinned mammalian muscles. Then, using this model, the stimulation dependent shift in 

optimum length of intact muscles will be predicted and compared to experimental data 

presented in the literature. Finally, the stiffness resulting from LDCS will be estimated. 

Open-loop control of posture and joint stiffness 

One formulation of EP control (the α-model) presupposes that the musculoskeletal 

system allows for the open-loop setting of stable equilibria and the control of joint 

stiffness by means of co-contraction. Although it is obvious that people can maintain 

postures at different levels of co-contraction, there is currently no conclusive evidence 

that they can do so open-loop. In animal experiments, the existence of stable EPs has 

indeed been confirmed. For example, microstimulation of the grey matter of the spinal 

chord in the frog elicited force fields defining stable EPs of the legs (Giszter et al., 1993), 

but could not produce EPs over the total range of motion. Furthermore, in a study in 

which specific parts of the cortex of primates were stimulated for a duration of 500 ms, 

coordinated arm movements were observed that ended at a constant position in space, 

irrespective of the initial position of the limb (Graziano et al., 2002). Furthermore, a 

mapping from stimulation site at the cortex to equilibrium hand position in space 

appeared to exist (Graziano et al., 2002). However, the neural system was intact, 

rendering it impossible to assess whether the observed equilibrium positions resulted 

solely from the intrinsic muscle properties.  

To establish direct experimental evidence for the open-loop control of position 

and stiffness in humans, a method is required that discriminates between the intrinsic and 

reflexive contributions to the mechanical behaviour of the system. Unfortunately, a 

validated method to achieve this is currently not available. As an alternative, it is 

proposed to use a model to answer the question whether the musculoskeletal system 

allows for the open-loop control of position and stiffness. This approach is based on the 

rationale that the existence of open-loop EPs and the contribution of intrinsic muscle 

properties to joint stiffness are determined by the static moment-angle-stimulation 
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relationships of the muscles involved, which are well established in the literature. In 

Chapter 3, values for all parameters that influence the static moment-angle-stimulation 

relationship of the muscles crossing the elbow joint will be carefully extracted from the 

literature. Subsequently, the model will be evaluated for the presence of stable open-loop 

EPs, and the relation between open-loop muscle stimulation and low-frequency joint 

stiffness will be studied. 

Is EP control feasible for fast goal-directed single-joint arm movements? 

As discussed before, critics of EP models have claimed that EP controllers cannot 

account for movements as fast as those observed experimentally (e.g., Schweighofer et 

al., 1998). To improve the performance of EP controllers, proponents of EP control have 

proposed two extensions. First, a co-contraction command was added to increase 

stiffness, resulting in a faster movement towards the desired EP (e.g., Gribble et al., 

1998). However, Gottlieb (1998b) argued that this co-contraction command would only 

be straightforward to implement if all the muscles in the effector system had identical 

invariant moment-angle characteristics, which is not the case. Therefore, it remains to be 

shown that an adequate co-contraction command can be easily generated when realistic 

muscle models are used. Second, velocity feedback was added to improve the damping 

characteristics of the system (e.g., Feldman, 1986), and it has been advocated to include a 

contraction velocity reference signal and feed back the difference between reference and 

actual contraction velocity (McIntyre and Bizzi, 1993; de Lussanet et al., 2002) rather 

than the actual velocity. Unfortunately, EP controllers incorporating the extensions 

mentioned above have been tested using musculoskeletal models in which the force-

length-velocity relation, tendon compliance, and interaction between tendon and 

contractile element were not adequately represented. Therefore, it remains an open 

question whether EP controllers are capable of making a realistic musculoskeletal model 

produce fast movements that resemble those observed in real life. Interestingly, during 

voluntary limb movements humans typically show 6-12 Hz variations in angular velocity 

(Vallbo and Wessberg, 1993; Conway et al., 1997; Doeringer and Hogan, 1998; Kakuda 

et al., 1999; Evans and Baker, 2003; Conway et al., 2004). Wessberg and Vallbo (1996) 

provided evidence that reflex responses are too weak to account for the observed 

intermittent modulation of motor output, while other recent studies have found evidence 
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that the motor cortex plays an important role in the observed intermittency (Gross et al., 

2002; Conway et al., 2004; Pollok et al., 2005). In the context of EP control, these 

findings suggest that the contribution of feedback to the muscle stimulation is continuous, 

whereas the open-loop contribution is intermittent. This leads to the question to what 

extent this intermittency affects the EP control of fast movements. Both questions will be 

addressed in Chapter 4. Kinematic data and EMG of subjects will be recorded during 

maximally fast elbow flexion and extension movements over various distances. 

Subsequently, several types of EP controllers will be implemented and used to control the 

musculoskeletal model developed in Chapter 3 in an attempt to reproduce the 

experimental data. 
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Summary 
It is well documented that muscle fibres become more sensitive for [Ca2+] with increasing 

sarcomere length. In mechanical terms this length-dependent [Ca2+] sensitivity (LDCS) 

adds to the stiffness of muscle fibres, because muscle force, normalized for the force–

length relationship at maximal stimulation, increases with contractile element (CE) 

length. Although LDCS is well-documented in the physiological literature, it is ignored in 

most motor control studies. The aim of the present study was to investigate the 

importance of LDCS as a contributor to the stiffness of a muscle. Comparison of 

experimental data with predictions derived from the model of activation dynamics 

proposed by Hatze (Myocybernetic Control Models of Skeletal Muscle, University of 

South Africa, Pretoria, 1981, pp. 31–42) indicated that this model captures the main 

characteristics of LDCS well. It was shown that LDCS accounts for the experimentally 

observed shifts in optimum length at sub-maximal stimulation levels. Furthermore, it was 

shown that in conditions with low-to-medium muscle stimulation, the contribution of 

LDCS to the total amount of stiffness provided by the muscle is substantial. It was 

concluded that LDCS is an important muscle property and should be taken into account 

in studies concerning motor control. 

 

Introduction 

Muscle force–length and force–velocity characteristics, as well as series and parallel 

elastic component force–length characteristics, have been recognized as stabilizing 

muscular properties that facilitate control (e.g., Van Soest and Bobbert, 1993; Brown and 

Loeb, 2000; Milner, 2002). Consequently, these characteristics are an integral part of 

models of the musculoskeletal system used to study the coordination of complex 

movement tasks (e.g., Bobbert and Van Ingen Schenau, 1990; Van Soest and Bobbert, 

1993; Zajac, 1993; Neptune and Hull, 1998; Van den Bogert et al., 1998; Pandy, 2001). 

In such models, contraction dynamics is driven by active state (i.e., the relative amount of 

Ca2+ bound to troponin; Ebashi and Endo, 1968). Active state, in turn, is typically 

modelled as the output of a dynamical system with muscle stimulation as its only input 

(Winters and Stark, 1988; He and Levine, 1991). Thus, in these models of activation 
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dynamics, the well-known length-dependence of active state due to the length-dependent 

[Ca2+] sensitivity (LDCS) of the contractile element is not taken into account. LDCS 

causes an increase in isometric force normalized for actin–myosin overlap at higher 

sarcomere length, and has been reported in various muscle types (e.g., Endo, 1972, 1973; 

Stephenson and Williams, 1982; McDonald et al., 1997; Patel et al., 1997; Konhilas et 

al., 2002). From a mechanical point of view, LDCS contributes to the low-frequency 

stiffness of the muscle, which is defined as the change in steady-state muscle force per 

unit change in steady-state muscle length (at constant muscle stimulation). For brevity, in 

this study we shall refer to this LDCS-induced low-frequency stiffness, essentially a 

partial derivative, as LDCS stiffness. In the field of cardiovascular physiology, LDCS 

stiffness has been identified as an explanation for the Frank-Starling mechanism, which 

states that the force of contraction of the cardiac muscle is proportional to the end-

diastolic volume, and thus to sarcomere length (e.g., Lakatta and Jewell, 1977; Hofmann 

and Fuchs, 1988; Irving et al., 2000; Konhilas et al., 2002). Regarding skeletal muscle 

function, LDCS has been related to the experimentally observed shifts in optimum length 

at sub-maximal stimulation (e.g., Roszek et al., 1994; Balnave and Allen, 1996). 

To our knowledge, Hatze (1981) has been the only author of a mathematical 

model of activation dynamics in which the length of the contractile element plays a role. 

This model was not directly based on studies describing LDCS, but on experimental data 

of muscle–tendon complexes (Jewell and Wilkie, 1960; Bahler et al., 1967; Rack and 

Westbury, 1967). Surprisingly, the stiffness that results from the length dependence in the 

activation dynamics was never discussed. The aim of the present study was to investigate 

the importance of LDCS for muscle stiffness. First, we compared Hatze's (1981) model 

predictions to representative experimentally obtained relations between [Ca2+] and 

normalized isometric force of skinned mammalian muscle fibres. Second, we compared 

model predictions of shifts in optimum length at sub-maximal stimulation of intact 

muscles with data presented in literature. Third, the model was used to estimate the 

LDCS-induced stiffness of the contractile element. 
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Methods 

Hatze (1981) modelled the activation dynamics, i.e., the relation between muscle 

stimulation (STIM) and active state (q), in two steps. A first-order dynamical system 

relates the relative free Ca2+ concentration (γrel) to muscle stimulation (see Eq. 1); 

subsequently, an algebraic relation describes how active state q depends on (γrel) and (via 

ρ) on the relative CE length (lCE_rel; Eqs. 2 and 3): 

( )rel relm STIMγ γ= ⋅ − ,       (1) 

3
0

3

( )
1 ( )

rel

rel

qq ρ γ
ρ γ

+ ⋅
=

+ ⋅
,        (2) 

with m and q0 constants (see Table 2.1) and ρ a function of lCE_rel: 

 _
_

( 1)
( ) CE rel

CE rel

kc l
k l

ρ η −
= ⋅

−
,       (3) 

where η, k and c are constants (see Table 2.1). The original equations of Hatze were 

slightly simplified for clarity and rearranged in order to relate STIM to (γrel) (rather than 

γ), thereby facilitating the comparison between model and experiments. For the 

reproduction of experimental data, [Ca2+] was related to (γrel) by 

2+ 10pCa log( )relb γ= − ⋅        (4) 

with b a scaling parameter equalling the steady state value of γ at maximal stimulation. A 

value of 0.8·10−5 and 1.6·10−5 was used for Figs. 2.1a and b, respectively.  

 Table 2.1 Parameter values of the activation dynamics 
m c η  q0 k  

11.25 1.373·10-4 52700 .005 2.90 

Parameter values used in this study for the activation dynamics model as described by Hatze (1981). 
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In order to evaluate the model of activation dynamics (Eqs. 1, 2 and 3), its steady-

state behaviour was compared with data of relative tension–pCa relations from rabbit 

fast-twitch psoas muscle fibres (McDonald et al., 1997) and rat fast-twitch EDL muscle 

fibres (Stephenson and Wendt, 1984). These data are representative for LDCS observed 

in fast-twitch skinned muscle fibres reported in recent literature (e.g., Patel et al., 1997; 

Konhilas et al., 2002). 

The model of Hatze (1981) was also used to predict the experimentally observed 

shifts in optimum length of the medial head of the gastrocnemius (GM) with stimulation 

frequency (Roszek et al., 1994). Model predictions were made on the basis of a rat 

sarcomere force–length relationship constructed according to Walker and Schrodt (1974) 

and corrected for differences between frog and rat in filament lengths (Gordon et al., 

1966, see also Bobbert et al., 1990). Numbers of sarcomeres in series in rat GM (Roszek 

et al., 1994) were used to obtain fibre length from sarcomere length. A linear STIM-

stimulation frequency relation was chosen such that the calculated maximal force levels 

at sub-maximal stimulation matched the data within 1 N: STIM = 0.0055·frequency. 

Furthermore, the partial derivative of q with respect to lCE_rel, which reflects 

LDCS stiffness, was calculated. In the Appendix, it is outlined how this partial derivative 

can be transformed into the contribution of LDCS to joint rotational stiffness. 

 

Results 

Fig. 2.1 presents data of relative tension–pCa2+ relations from rabbit fast-twitch psoas 

(Fig. 2.1A) muscle fibres at a sarcomere length of 2.25 μm and 1.85 μm (McDonald et 

al., 1997) and rat fast-twitch EDL (Fig. 2.1B) muscle fibres at 2.5 μm and 3.0 μm. 

Comparison to the relative tension–pCa2+ relation predicted by Hatze's (1981) model 

shows that the model's prediction corresponds closely to the experimental data. We 

conclude that Hatze's model (1981) captures the common features of the LDCS quite 

well. 
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Fig. 2.1. Comparison between measurements (solid lines) of sarcomere length-dependent [Ca2+] sensitivity 

in (A) rabbit m. psoas (McDonald et al., 1997, reprinted with permission from the English Journal of 

Physiology), in (B) rat EDL (Stephenson and Wendt, 1984, reprinted with permission from the Journal of 

Muscle Research and Cell Motility) and the model (dashed lines) of Hatze (1981) at same relative length (a 

value of 2.27 and 2.40 mm (Burkholder and Lieber, 2001) for lCE_opt was used, respectively). Force (P) of 

the skinned fibres were expressed relative to the maximum Ca2+-activated force (P0). 

Table 2.2 presents the experimentally observed shift in optimum muscle length 

(ΔlMA_opt) of a rat medial head of the gastrocnemius at different stimulation frequencies 

(Roszek et al., 1994), as well as the ΔlMA_opt predicted on the basis of Hatze's model. The 

predicted shift in optimum length is in the same order of magnitude as that observed 

experimentally, although predictions become less accurate at low stimulation frequencies.  

Table 2.2. Shifts in optimum length at sub-maximal stimulation  
ΔlMA_opt [mm] 

Frequency [Hz] STIM 
Roszek et al., 1994 predicted 

100 0.55 0 0 
50 0.28 0.3 0.4 
40 0.22 0.7 0.9 
30 0.17 1.6 1.8 
15 0.08 2.8 3.9 

Experimentally observed (Roszek et al., 1994) and calculated shifts in optimum muscle length (ΔlMA_opt) at 
different levels of stimulation. 
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The force-normalized low-frequency stiffness predicted by Hatze's model is 

presented as a function of γrel in Fig. 2.2. From this figure it is clear that LDCS stiffness is 

nearly absent for very low and high Ca2+concentrations, and peaks around γrel = 0.2.  

Discussion 

Although Hatze's (1981) model of activation dynamics captures LDCS observed in 

skinned fibres well (Fig. 2.1), it is not immediately clear to what extent this result can be 

generalized to intact muscles. First, it is still a matter of debate whether the properties of 

skinned fibres reflect those of intact fibres. It has often been suggested that interfilament 

lattice spacing is a major factor in explaining LDCS (e.g., McDonald et al., 1997; Fuchs 

and Smith, 2001; see also Konhilas et al., 2002), so this is a first caveat. In this context, it 

is reassuring that chemical skinning does not seem to affect this lattice spacing (e.g., 

Rome, 1968; Irving et al., 2000). Second, although at least partially motivated by 

experimental results on intact muscles (Rack and Westbury, 1967), Hatze developed his 

model for single muscle fibres whereas in the present study the model was used to 

estimate the effect of LDCS for a complete muscle, essentially modelled as one giant 

motor unit. In reality, muscles obviously do not behave as a single motor unit. According 

to the principles of motor unit recruitment (Henneman and Mendell, 1981) and firing rate 

modulation (Monster and Chan, 1977) it is to be expected that at low-to-moderate 

stimulation levels the small motor units are already saturated with Ca2+ and will not 

display LDCS (see Fig. 2.2). However, the large motor units, which are contributing most 

to the force of the whole muscle, will be firing at sub-maximal rates, have sub-maximal 

Ca2+ concentration, and are therefore likely to display LDCS. Thus, a sub-maximally 

Fig. 2.2. Relation between ∂q/∂lCE_rel, the 
derivative of active state with respect to the 
relative length of the contractile element, and (γrel) 
the relative free [Ca2+], at three CE lengths. 
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stimulated whole muscle is likely to also show a peak in LDCS stiffness, although the 

peak might not be as distinct as the one shown in Fig. 2.2. 

Having addressed these two caveats with respect to generalization, the question 

becomes whether there is any indication for a contribution of LDCS to the stiffness of 

intact muscle fibres and muscles. Low-frequency stiffness of the contractile element is 

the change in steady-state force per unit change in steady-state contractile element length, 

at a given constant, stimulation level. Obviously, one cannot perform an experiment in 

which the force only changes because of LDCS. However, indirect evidence for LDCS-

stiffness is provided by experimentally observed shifts in optimum length with variations 

in stimulation level. The relation between steady-state length and steady-state force at a 

given stimulation level can be obtained by integrating low-frequency stiffness over 

contractile element length. Thus, if LDCS affects the low-frequency stiffness of the 

contractile element at sub-maximal stimulation level (Fig. 2.2), it must also affect the 

relation between length and isometric force. Shifts in optimum length have indeed been 

observed in intact fibres (Balnave and Allen, 1996; Zuurbier et al., 1998) and whole 

muscles (Roszek et al., 1994; Hansen et al., 2003), and have indeed been mainly 

attributed to LDCS by these authors. In our view, this strongly supports the idea that 

LDCS plays a role in whole muscles. 

Table 2.2 shows that the experimentally observed shifts in muscle optimum length 

of rat medial head of gastrocnemius (Roszek et al., 1994) are in agreement with 

predictions on the shift in optimum length using Hatze's model of activation dynamics. It 

should be realized that the experimentally observed shifts are also affected by changes in 

pennation angle and length of series elastic elements. Changes in pennation angle will be 

very small around optimum length and will have a negligible effect on the shift in 

optimum length. To minimize the effect of series elastic compliance, Roszek et al. (1994) 

cut off the tendon, but the aponeurosis was left intact. Changes in aponeurosis length, 

therefore, do influence the shift in optimum length, since at lower force levels the 

aponeurosis is less stretched. It is to be expected that the correspondence between the 

measured and predicted shifts in optimum length is even better than that presented in 

Table 2.2. 
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If we accept that LDCS occurs in intact muscles, the next question becomes how 

much stiffness it contributes. The normalized stiffness resulting from LDCS was 

calculated and plotted in Fig. 2.2. LDCS stiffness was absent for low and high 

stimulation, which can also be concluded from Fig. 2.1. Although absent for very low and 

very high stimulation, normalized LDCS stiffness is substantial for a large range of 

moderate stimulations (0.05–0.5). To estimate the order of magnitude of the contribution 

of LDCS stiffness to low-frequency joint stiffness, let us calculate for example the ankle 

joint stiffness caused by LDCS of the human soleus muscle (FMAX_isom = 3000 N, lCE_opt = 

0.055, lCE_rel = 1, STIM = 0.15 and moment arm = 0.046 m). Using the approach outlined 

in the Appendix, it is found that the contribution of LDCS of the soleus to low-frequency 

ankle joint stiffness may be as large as 125 Nm·rad−1, which is as much as 30% of the 

total intrinsic (i.e., without reflex components) low-frequency ankle stiffness estimated 

on basis of experiments (Mirbagheri et al., 2000). 

In the context of equilibrium point control, it has been suggested that co-

contraction of antagonistic muscles increases (joint) stiffness (e.g., Bizzi et al., 1992; 

Bullock and Contreras-Vidal, 1993). This suggestion builds on the idea that contractile 

element stiffness increases monotonically with stimulation level. However, in the present 

study it was shown that stiffness of the contractile element depends to a large extent on 

LDCS, and moreover, that the relationship between LDCS stiffness and stimulation is not 

monotonic: LDCS stiffness peaks at sub-maximal stimulation levels (see Fig. 2.2). 

Therefore it is quite possible that total stiffness also maximizes at a sub-maximal level of 

co-contraction. This is an issue for future research. 

In conclusion, Hatze's (1981) model of activation dynamics captures recent data 

concerning LDCS well. It was shown that LDCS accounts for the experimentally 

observed shifts in optimum length at sub-maximal stimulation levels and that it 

contributes substantially to the low-frequency stiffness of a muscle. It is therefore 

strongly recommended that length dependent [Ca2+] sensitivity be incorporated in 

modelling studies dealing with motor control issues. 
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Appendix 

In this Appendix we outline how the contribution of LDCS to low-frequency joint 

stiffness may be estimated, starting from dq / dlCE_rel, the partial derivative of active state 

with respect to the relative length of the contractile element, as obtained from Hatze’s 

equations of activation dynamics (see Eqs. 2 and 3). First, dq / dlCE_rel is multiplied with 

isometric force, which is a function of lCE_rel (Fisom(lCE_rel)), and divided by optimum 

contractile element length (lCE_opt) 

_

_ _

( )isom CE relM

CE CE rel CE opt

F lF q
l l l
∂ ∂

= ⋅
∂ ∂

       (5) 

Because the contractile element and tendon are in series, the amount of LDCS-

induced stiffness passed on to the skeleton depends on the tendon stiffness. However, 

because the tendon stiffness is normally much larger than LDCS stiffness, the total 

amount of stiffness passed on to the skeleton is mainly determined by the amount of 

LDCS stiffness itself. Since ( )M d F arm dϕ ϕ ϕ=∫ ∫  and CEdl arm dϕ= , LDCS induced 

low-frequency joint stiffness (δMLDCS / δφ) can be approximated by  

2LDCS M

CE

M F arm
lϕ

∂ ∂
= ⋅

∂ ∂
        (6) 

where arm represents the moment arm of the muscle.  
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Summary 

According to the equilibrium point theory, the control of posture and movement involves 

the setting of equilibrium joint positions (EP) and the independent modulation of 

stiffness. One model of EP control, the α-model, posits that stable EPs and stiffness are 

set open-loop, i.e., without the aid of feedback. The purpose of the present study was to 

explore for the elbow joint the range over which stable EPs can be set open-loop and to 

investigate the effect of co-contraction on intrinsic low-frequency elbow joint stiffness 

(Kilf). For this purpose, a model of the arm and fore arm was constructed, equipped with 

Hill-type muscles. At a constant neural input, the isometric force of the contractile 

element of the muscles depended on both the myofilamentary overlap and the effect of 

sarcomere length on the sensitivity of myofilaments to [Ca2+] (LDCS). The 

musculoskeletal model, for which the parameters were chosen carefully on basis of 

physiological literature, captured the salient isometric properties of the muscles spanning 

the elbow joint. It was found that stable open-loop EPs could be achieved over the whole 

range of motion of the elbow joint and that Kilf , which ranged from 18 to 42 Nm⋅rad-1, 

could be independently controlled. In the model, LDCS contributed substantially to Kilf 

(up to 25 Nm⋅rad-1) and caused Kilf to peak at a sub-maximal level of co-contraction. 
 

Glossary 

Kilf Intrinsic low-frequency joint stiffness FMAX Maximum isometric force  

MEF Mono-articular elbow flexor Fisom_n FCE / FMAX 

BE Bi-articular elbow extensor lMTC Muscle-tendon complex length 

STIM Muscle stimulation lCE CE length 

q Active state lCE_opt CE optimum length 

φe Elbow angle lCE_rel lCE / lCE_opt  

φs Shoulder angle lPE PE length 

CE Contractile element lPE_0 PE slack length 

SE Series elastic element lSE SE length 

PE Parallel elastic element lSE_0 SE slack length 

FCE Force delivered by CE    
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Introduction 

Several theories have been proposed about how humans control movements. One of the 

most influential theories is the equilibrium point (EP) theory. The EP theory postulates 

that, because of the ‘spring-like’ behaviour of the (neuro-)musculoskeletal system, EPs 

are defined and that movements are made by shifting the EPs, with EPs being joint angles 

at which the net muscle moment equals zero. This theory is attractive from a 

computational point of view, because it does not rely on extensive computation to 

calculate the moment-time history required to move a system to a desired position. It is 

generally accepted that the spring-like behaviour emerges from both intrinsic properties 

of muscles and reflexive pathways. 

 Intrinsic muscle properties are the essential component in a version of the EP 

hypothesis known as the α-model (e.g., Bizzi and Abend, 1983; Hogan, 1984). The 

central idea behind the α-model is that, due to the force-length properties of the muscles 

spanning a joint, a desired EP can be set by setting appropriate open-loop stimulation 

levels of these muscles. Obviously, this type of EP control is only feasible if stable EPs 

can be specified open-loop over the full range of motion of the joint to be controlled. In 

addition, it is desirable that at any EP, intrinsic stiffness (i.e., the stiffness provided by the 

muscles without neural feedback) can be adjusted to task requirements by means of co-

contraction.  

In animal experiments, the existence of stable EPs has indeed been confirmed. For 

example, it was shown by Giszter et al. (1993) that microstimulation of specific locations 

in the grey matter of the spinal cord of deafferented frogs elicited force fields that defined 

stable EPs of the frog's leg. It was suggested in that study that even though the number of 

force fields found was very small, equilibrium at any desired position would be 

achievable by combining these force fields. Similarly, Graziano et al. (2002) were able to 

set stable hand positions of monkeys by microstimulation of their primary motor and 

premotor cortex; constant stimulation of a specific part of the cortex led to movements 

that halted at a certain position, irrespective of the initial position of the limb. Again, 

there seemed to be a mapping from stimulation site at the cortex to equilibrium hand 

position in space. Tehovnik (1995) found similar results for orbital eye position with 
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microstimulation in the dorsomedial frontal cortex of monkeys. However, because the 

system was neurophysiologically intact in the latter two studies, it was impossible to 

assess whether the observed equilibrium positions were due solely to the intrinsic muscle 

properties. Thus, while it has been shown in deafferented frogs that open-loop stimulation 

may define EPs, it is currently unclear to what extent this is also true in primates, and 

over what range of motion it holds.  

Separation of intrinsic and reflexive contributions to the mechanical behaviour of 

the controlled system is relevant from a control theoretical perspective, as both 

contributions have their advantages and disadvantages. The intrinsic contribution has the 

advantage of generating an immediate (zero-lag) response to perturbation, but prolonged 

modulation of the associated stiffness through co-contraction is energetically unattractive. 

This disadvantage does not apply to the reflexive contribution. However, time delays in 

the feedback loop set limits on the feedback gains at which the controlled system is 

stable, and thus on the reflexive contribution to the mechanical behaviour of the 

controlled system. 

Experimentally it is not trivial to determine the intrinsic and reflexive 

contributions to the total low-frequency joint stiffness (Kilf), defined here as the change in 

steady-state muscle moment per unit change in steady-state joint angle, at constant 

muscle stimulation. For example, attempts to determine the (total) low-frequency joint 

stiffness using experiments in which subjects were asked to resist perturbations have 

resulted in values for elbow stiffness that range from 14 Nm⋅rad-1 (Bennet et al., 1992) to 

126 Nm⋅rad-1 (Lacquaniti et al., 1982). Furthermore, separation of the reflexive and 

intrinsic contributions to the total low-frequency joint stiffness requires advanced system 

identification methods (e.g., Kearney et al., 1997; Van der Helm, 2002); it is currently 

unclear to what extent the results of these methods depend on the assumptions made. 

From a modelling perspective, the existence of open-loop EPs and the 

contribution of intrinsic muscle properties to Kilf at any joint depend on the static 

moment-angle-stimulation relationships of the muscles spanning that joint. As the 

parameters determining this relationship are well-documented, we propose to take these 

as a starting point for a model-based exploration of open loop control of EPs and Kilf. To 
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be more precise, the moment-angle-stimulation relation depends on the following 

relationships: the relationship between the force of the contractile element (FCE), CE 

length (lCE) and muscle stimulation (STIM), and the relationship between the length of 

muscle-tendon complexes (lMTC) and joint angles. The latter relationship can be readily 

obtained in cadaver studies using the tendon displacement method (Grieve et al., 1978). 

The dependence of isometric FCE on lCE is commonly attributed to the overlap of actin 

and myosin combined with the effect of sarcomere length on the sensitivity of 

myofilaments to [Ca2+]. This length dependent [Ca2+] sensitivity (LDCS) causes the 

optimum muscle length to depend on stimulation (e.g., Roszek et al., 1994; Balnave and 

Allen, 1996; Zuurbier et al., 1998; Hansen et al., 2003) and adds to the intrinsic low-

frequency stiffness of a muscle (Kistemaker et al., 2005).  

The purpose of the present study was to explore for a representative joint the 

range of motion over which stable EPs can be set open-loop and to investigate the effect 

of co-contraction on Kilf. Because many experiments concerning stiffness involve the 

elbow joint, and because arm muscle parameters are well-documented, a model of the 

upper arm and forearm was constructed. The model incorporated Hill-type muscle 

models and a formulation of LDCS (Hatze, 1981). 

 

Methods 

The model of the arm consisted of three rigid segments, interconnected by two hinges 

representing the glenohumeral and elbow joint, and was constrained to move in the 

horizontal plane (see Fig. 3.1). Segment parameter values were taken from Winter 

(1990). The muscles actuating the arm were lumped to end up with a mono-articular 

elbow flexor MEF (m. brachioradialis, m. brachialis, m. pronator teres, m. extensor 

carpi radialis), a mono-articular elbow extensor MEE (m. triceps brachii caput laterale, 

m. triceps brachii caput mediale, m. anconeus, m. extensor carpi ulnaris), a bi-articular 

elbow flexor BF (m. biceps brachii caput longum and caput breve) and a bi-articular 

elbow extensor BE (m. triceps brachii caput longum).  
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The modelled Hill-type muscles consisted of a contractile element (CE), a series 

elastic element (SE) and a parallel elastic element (PE), as shown schematically in Figure 

3.2. The relation between STIM and active state ( q ), the relative amount of Ca2+ bound 

to troponin (Ebashi and Endo, 1968), was modelled following Hatze (1981) and has been 

described in detail elsewhere (Kistemaker et al., 2005). SE and PE were modelled as 

springs with quadratic force-extension relationships. The isometric force delivered by CE 

depended on lCE and q, and was described by a parabola determined by optimum lCE 

(lCE_opt), maximum isometric force (FMAX), and a factor (width) specifying the zero 

crossings of the isometric force relative to lCE_opt. A more detailed description of the 

muscle model is provided in the Appendix. 

 

 

 

 

 

 

Fig. 3.1. Schematic drawing of the 
musculoskeletal model of the arm. The model 
consisted of three rigid segments interconnected 
by two hinges representing glenohumeral and 
elbow joint, actuated by four Hill-type muscles. φe 
= elbow angle and φs = shoulder angle. The model 
was constrained to move in the horizontal plane 
only. 

Fig. 3.2. Schematic representation of the Hill-
type muscle model used in this study. See 
Appendix and Glossary for abbreviations. 
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The muscle parameters, FMAX , tendon slack-length (lSE_0), lCE_opt and moment 

arms of the four lumped muscles were obtained from Murray et al. (1995, 2000) and 

Nijhof and Kouwenhoven (2000). The contribution of the individual muscle parameters 

to the parameters of the lumped muscles depended on the relative contribution of the 

muscle to the total joint moment. Moment arms (arm) were related to joint angle on the 

basis of the relationship between the length of the muscle-tendon complex (lMTC) and 

joint angle (Murray et al., 1995; Nijhof and Kouwenhoven, 2000), measured using the 

tendon displacement method (Grieve et al., 1978). The muscle parameter width (see 

Appendix) was chosen such that the isometric elbow moment-angle relationship at 

maximal stimulation was in accordance with that observed experimentally (Singh and 

Karpovitch, 1968; Kulig et al., 1984; Van Zuylen et al., 1988; An et al., 1989; Chang et 

al., 1999). Other non-specific muscle parameters were obtained from Van Soest and 

Bobbert (1993). All parameter values are presented in Table 3.1.  

Table 3.1 Muscle parameters. For abbreviations see Glossary.  

The following parameters were equal for all muscles modelled: m = 11.30, c = 1.37e-4, η = 5.27e4, q0 = 
5.00e-3, k = 2.90 and width = 0.66. 

To minimize the number of independent model inputs and to have a 

straightforward and meaningful definition of co-contraction, the stimulation levels of the 

mono- and bi-articular elbow extensors (STIMe) were set to be equal, and so were the 

stimulation levels of mono- and bi-articular elbow flexors (STIMf). Co-contraction was 

defined as the amount of “shared” stimulation in STIMe and STIMf (Bullock and 

Contreras-Vidal, 1993). For any of the modelled muscles and for any combination of 

STIM, shoulder angle (φs) and elbow angle (φe), a value for lCE can be calculated that 

results in an isometric situation, i.e., a situation in which the force of SE is equal to the 

sum of the forces of CE and PE (see Fig. 3.2 and Appendix). This was done for all 

muscles with STIM ranging from 0-1 in steps of 0.01, φe ranging from 0 to 5
6π  rad in 

Muscle FMAX 
[N]

 

lCE_opt 
[m] 

lSE_0 
[m] 

lPE_0 
[m] 

a0 
[m] 

a1e 
[m] 

a1s 
[m] 

a2e 
[m] 

MEF 1420 0.092 0.172 0.129 0.286 -0.014 0 -3.96e-3 

MEE 1550 0.093 0.187 0.130 0.236 0.025 0 -2.16e-3 

BF 414 0.137 0.204 0.192 0.333 -0.016 -0.030 -5.73e-3 

BE 603 0.127 0.217 0.178 0.299 0.030 0.030 -3.18e-3 
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steps of 0.01 rad and φs ranging from 0 to 1
2π  rad in steps of 1

12π  rad. For any 

combination of φs and φe, all combinations of STIMe and STIMf were identified that 

yielded an open-loop EP, i.e., an EP achieved without the aid of feedback. For each EP 

found, the slope of the net isometric moment-angle relationship in the EP was estimated. 

To be consistent with the literature Kilf was defined as minus the value of this slope. In 

other words, a positive value of Kilf means that the EP is stable. Unstable EPs (i.e., EPs 

with negative Kilf) were discarded. 

 

Results  

Figure 3.3A shows the maximal isometric moment-angle relationships of all modelled 

muscles at maximal stimulation in the range of elbow angles from 0- 5
6π  rad. The 

optimum angle for the moment-angle relationship of all flexors combined was set to be 

consistent with that found in measurements on human subjects (see Table 3.2). The same 

was done for the optimum angle of the moment-angle relationship of all extensors 

combined, but because this relationship is not well documented in the literature, 

estimation of the optimum angle may have been imprecise.  

 
Table 3.2. Elbow angles at which the peak occurred in the isometric moment-angle relationship for elbow 
extension ( _opt extϕ ) and elbow flexion ( _opt flexϕ ). 

Reference opt extϕ _  opt flexϕ _  

An et al. (1989) - 0.5π  

Chang et al. (1999) - 0.5π  

Kulig et al. (1984) ± 0.47π  0.5π  

Singh and Karpovitch (1968) ± 0.5π  0.5π  

Van Zuylen et al. (1988) - 0.56π * 

This study  0.44π  0.53π  

* compensated for difference in angle definition.  
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Fig. 3.3. Isometric moment-angle relations. (A) STIM = [1 1], (B) STIM = [.17 .22], (C) STIM = [.17 .22] 
without LDCS, (D) STIM = [.25 .55]. Dashed and dash-dotted lines are the isometric moment-angle 
relations of the individual muscles. Arrows indicate optimum angle for each muscle separately. Solid line is 
resultant net moment. In this particular case the shoulder angle was fixed at 1

4π  rad. 

Figure 3.4 shows the stable EPs obtained, at three different shoulder angles. 

Stable EPs were found for all elbow angles in the physiological range of motion (0- 5
6π  

rad), at all shoulder angles investigated (0- 1
2π  rad). For each STIM leading to a stable 

EP, it was confirmed by numerical simulations that regardless of the initial state of the 

system, the system moved towards the calculated EP and came to rest there. For all elbow 

angles considered, EPs could be realized with different combinations of STIMe and 

STIMf , and thus at different levels of co-contraction. In Figure 3.4B, this is graphically 

shown as the intersection of the EP landscape with a horizontal plane: all the stimulation 

pairs on the intersecting curve lead to an EP at the same angle. As indicated by Figure 

3.4, results for different shoulder angles were qualitatively the same. For the sake of 

conciseness, in the remainder of this paper we shall present only results for the condition 

in which the shoulder angle was fixed at 1
4π rad. 
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Fig. 3.4. Stable open-loop EPs as a function of muscle stimulation (STIM). STIMs leading to an EP at an 
elbow angle (φe) outside the range 0- 5

6π rad were omitted. Panels A, B and C show EPs at a shoulder angle 
(φs) of 1

4π rad, 2
6 π rad and 1

6π rad, respectively. As illustrated in panel B, the intersection of the EP 
landscape with the horizontal STIM-plane represents all the combinations of STIM of the extensors and 
STIM of the flexors that yield an EP at the same elbow angle. 

In order to assess the contribution of LDCS to the static characteristics of the 

system, the model was also evaluated for stable EPs in the absence of LDCS (see 

Appendix) and it was found that for many elbow angles, especially in the range between 

0 and 2.3 rad, no EP could be obtained. Figures 3.3B and 3.3C illustrate the effect of the 

removal of LDCS. For a fixed STIM  ([0.17 0.22]) leading to a stable EP at an angle of 
1
2π rad, isometric moments as a function of elbow angle were calculated and plotted in 

Figure 3.3B. A stable EP occurs at an angle where the net moment crosses zero with a 

negative slope (indicating stabilizing stiffness). In Figure 3.3C, isometric moment-angle 



Open-loop Control of Equilibrium Position and Joint Stiffness 
 

 37

relationships were plotted with the same STIM ([0.17 0.22]), but without LDCS. Because 

lumping of the muscle stimulations might in principle reduce the range of angles over 

which stable EPs could be obtained, the model without LDCS was also evaluated for the 

existence of EPs when the muscle stimulations were not lumped, but controlled 

separately for each of the modelled muscles. In that case, the number of EPs increased, 

but none were found in the range of elbow angles between 0-1.8 rad. 

From the model with LDCS, Kilf was calculated for each STIM leading to an EP in 

the elbow angle range from 0- 5
6π rad (for the condition in which the shoulder angle was 

fixed at 1
4π rad) (Fig. 3.5). The calculated Kilf values were well within the (wide) range 

of values reported in literature for static conditions (Lacquaniti et al., 1982; Mussa-Ivaldi 

et al., 1985; MacKay et al., 1986; Flash, 1987; Bennet et al., 1992). Higher Kilf values 

were found when the combination of four individual muscle STIMs was optimized rather 

than the combination of two lumped STIMs. For example, at an elbow angle of 1
2π rad, 

maximal Kilf was calculated to be about 19 Nm·rad-1 when muscle stimulation was 

lumped and about 23 Nm·rad-1 when the combination of individual muscle stimulations 

was optimized. To estimate the contribution of LDCS to Kilf, elbow joint stiffness due to 

LDCS was calculated using Hatze’s (1981) model of activation dynamics (see Appendix 

and Kistemaker et al., 2005). The results indicated that this contribution was substantial; 

for some joint angles about 25 Nm·rad-1 of the low-frequency CE stiffness could be 

attributed to LDCS. 

Figure 3.6 shows the Kilf for EPs ranging from 0 to 5
6π rad as a function of co-

contraction level. Each line in the graph connects stimulations leading to an EP at one 

particular elbow angle (i.e., all the stimulations on the intersection curve of the EP 

landscape with a horizontal plane at a given elbow angle; see for example Fig. 3.4B). As 

can be seen in Figure 3.6, Kilf does not always increase when co-contraction is increased; 

Kilf first increases with co-contraction to reach a peak value at a sub-maximal co-

contraction level, and then drops when co-contraction is further increased. This non-

monotonous relation between co-contraction and Kilf is caused by LDCS. LDCS adds 

significantly to Kilf, but the LDCS induced stiffness is absent for both high and low 
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Fig. 3.6. Open-loop low-frequency stiffness 
(Kilf) as a function of co-contraction level, 
which was defined as: min([STIMe STIMf]). 
Each line connects stimulations leading to a 
stable EP at the same angle (i.e., all the 
stimulations on the intersection of the EP 
landscape with a horizontal plane, see Fig. 
3.4B). the shoulder angle was fixed at 1

4π  
rad. 

muscle stimulations, causing the total intrinsic stiffness to peak at a sub-maximal 

stimulation level (Kistemaker et al., 2005). 

 

 

 

 

 

 

 

 

 

 
Fig. 3.5. Low-frequency stiffness (Kilf) of the elbow joint as a function of STIM for all calculated stable 
EPs; in this particular case the shoulder angle was fixed at 1

4π  rad (see Figure 3.4A). 
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Discussion 

The purpose of the present study was to investigate for the elbow joint whether the 

musculoskeletal system allows for setting stable EPs open-loop and to investigate the 

relationship between intrinsic low-frequency joint stiffness (Kilf) and the level of co-

contraction of elbow flexors and extensors. We attempted to extract from the literature 

the best estimate of each of the different variables influencing the static moment-angle-

stimulation relationship of the muscles spanning the elbow joint. In a previous study it 

was shown that Hatze’s (1981) model of activation dynamics provides a good description 

of the effect of sarcomere length on the sensitivity of myofilaments to [Ca2+] (LDCS) and 

the shift in optimum lCE with (sub-maximal) muscle stimulation level (Kistemaker et al., 

2005). In the present study, this model was combined with the optimum lengths of the 

muscles crossing the elbow joint, the maximal isometric forces, the moment arm-angle 

relationships and the angles at which the muscles are at optimum length as reported in the 

literature, to end up with isometric moment-angle relationships of the model that were 

similar to those reported by Singh and Karpovitch, 1968; Kulig et al., 1984; Van Zuylen 

et al., 1988; An et al., 1989; Chang et al., 1999. 

For the so-called α-model, (e.g., Bizzi and Abend, 1983; Hogan, 1984) stable 

open-loop EPs are the foundation for the control of posture and movement. When stable 

EPs can be set at any joint angle within the physiological range of motion, a movement to 

any desired position can be generated by changing the STIM-combination from that 

corresponding to the current EP to that corresponding to the desired EP. Exploration with 

the musculoskeletal model used in this study suggested that at any angle in the 

physiological range of motion, stable EPs could be set. Furthermore, stable EPs could be 

realized at different levels of co-contraction and hence with different values for Kilf. Kilf 

obtained at different co-contraction levels depended on elbow angle (see Figure 3.6); it 

ranged from about 18 Nm·rad-1 near full extension to 43 Nm·rad-1 at about 5
6π  rad. It 

should be noted that the intrinsic low-frequency joint stiffness estimated in this study is 

lower than the total low-frequency joint stiffness for two reasons. Most importantly 

because no feedback was incorporated in the model, but also because lumping of muscle 

stimulation negatively affected the stiffness values predicted (see Results). 
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Indeed, the Kilf values derived in this study were in the lower region of the wide 

range of total joint stiffness values (14-126 Nm⋅rad-1) reported in the literature (e.g., 

Bennet et al., 1992; Lacquaniti et al., 1993; Gomi and Osu, 1998). The large variation of 

stiffness values supports the claim of Latash and Zatsiorsky (1993) that neither the 

definition nor the experimental determination of stiffness is without problems. More in 

particular, Gomi et al. (Gomi and Kawato, 1997; Gomi and Osu, 1998) suggested that the 

large variation in reported stiffness values is related to differences in experimental set-up 

and instructions. As one example, in the study of Lacquaniti et al. (1982), in which 

stiffness values up to 126 Nm⋅rad-1 were reported, subjects were instructed to maximally 

resist a deterministic perturbation. Because subjects knew beforehand that a perturbation 

was going to occur, it is quite likely that they modified the supra-spinal input to the 

muscles, which may explain why the ‘stiffness’ reported was twice the maximal stiffness 

value reported in other studies (e.g., Gomi and Osu, 1998; Popescu et al., 2003). As 

another example, stiffness is typically estimated by fitting a second-order model to the 

response to quasi-random perturbations. However, Latash and Zatsiorsky (1993) argued 

that the stiffness estimated depends on the frequency content of the perturbations: very 

fast perturbations provide an estimate of the stiffness of series elastic elements which is 

higher than the low-frequency stiffness of the muscle-tendon complex. This implies that, 

even though it has been shown that second order models can approximate the response to 

small perturbations quite well (e.g., Agarwal and Gottlieb, 1977; Hunter and Kearney, 

1982; Winters and Stark, 1988), the stiffness identified using fast perturbations may well 

be higher than the low-frequency stiffness as defined in this study. All in all, the intrinsic 

low-frequency stiffness estimated in the present study makes a substantial contribution to 

the total stiffness as experimentally derived. 

In the present study we found that a substantial part of Kilf can be attributed to 

LDCS. Moreover, the contribution of LDCS to Kilf turned out to be essential for the 

model to have stable open-loop EPs over the whole physiological range of motion; after 

LDCS had been removed from the muscle model, there was a large part of the range of 

motion of the elbow for which no stable EPs could be obtained. The influence of LDCS 

for force generation can be best explained at the level of a single muscle. As mentioned 

briefly in the introduction, LDCS causes an increase in [Ca2+] sensitivity at higher CE 
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length (Endo, 1972, 1973; Stephenson and Williams, 1982; McDonald et al., 1997; Patel 

et al., 1997; Konhilas, 2002), so that the CE length at which the largest isometric force is 

produced shifts to a value that is larger than lCE_opt (e.g., Roszek et al., 1994; Balnave and 

Allen, 1996). Thus, if a muscle is stretched to a new constant length, isometric muscle 

force not only changes as a result of changes in myofilamentary overlap but also changes 

(i.e., increases) as a result of LDCS. This means that, from a mechanical point of view, 

LDCS adds to the low-frequency stiffness of a muscle as defined in this study. It has been 

shown that LDCS peaks at sub-maximal stimulation levels (Endo, 1972, 1973; 

Stephenson and Williams, 1982; McDonald et al., 1997; Patel et al., 1997; Konhilas, 

2002), which we have previously interpreted as an indication that LDCS-induced 

stiffness peaks at intermediate stimulation levels (Kistemaker et al., 2005). At the level of 

the joint, LDCS caused a shift in optimum joint angle for maximal isometric moment (see 

Fig. 3.3) and caused Kilf to relate non-monotonically to co-contraction. For most elbow 

angles Kilf peaked at a sub-maximal co-contraction level (see Fig. 3.6) of about 0.15. 

Note that, due to the highly non-linear relation between stimulation and active state in the 

activation dynamics model used (see Appendix), the isometric force of a muscle at a 

stimulation level of 0.15 is about 60% of maximal isometric force. It seems that LDCS 

allows us to realize a given level of stiffness at a lower force level and thus at lower 

metabolic cost. To exemplify the non-monotonic relationship between Kilf and level of 

co-contraction, moment-angle relations were plotted for a co-contraction level that 

maximized Kilf (Fig. 3.3B), as well as for a higher co-contraction level (Fig. 3.3D), both 

setting the EP at 1
2π rad. Although the level of co-contraction and the associated 

individual muscle moments were higher in Fig. 3.3D compared to Fig. 3.2b, Kilf was 

smaller, as indicated by the less steep slope of the net moment-angle relationship in the 

EP.  

The suggestion that Kilf peaks at a sub-maximal level of co-contraction runs 

counter to the generally accepted notion that stiffness increases with co-contraction. Yet, 

this suggestion follows logically when LDCS, a well-documented physiological muscle 

property, is combined with the commonly used Hill-type muscle model. In our view, it 

would be interesting to test the suggestion experimentally. This would require an 

experiment and a method to tease apart the intrinsic and reflexive contributions to the 
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total low-frequency joint stiffness. As to the experiment, it would seem straightforward to 

conduct an experiment in which stiffness and co-contraction level are not only measured 

when a subject is asked to maximally resist perturbations, but also when the subject is 

asked to maximally co-contract. If in the latter case both co-contraction and Kilf are 

higher, it will falsify the suggestion made above. To our knowledge, such experiments 

have not been conducted so far. The relation between co-contraction and stiffness is 

typically measured during experiments in which a subject is asked to maintain a position 

while confronted with environmental instabilities (e.g., Osu and Gomi, 1999; Milner, 

2002). In such a set-up, however, it is unlikely that subjects, when asked to resist these 

perturbations, will raise their co-contraction level beyond the level that maximizes 

stiffness. As to the teasing apart of intrinsic and reflexive contributions to the total low-

frequency joint stiffness, one method that has been used is to subtract intrinsic stiffness 

estimated with a muscle model from the measured stiffness (Shadmehr and Arbib, 1992). 

Obviously, such an approach would not be applicable to test our suggestion, because it is 

the intrinsic stiffness that needs to be estimated. Other methods reported in the literature 

build on system identification techniques (e.g., Kearney et al., 1997; Zhang and Rymer 

1997; Van der Helm et al., 2002). In view of the intricacies of experimental 

determination of stiffness (Latash and Zatsiorsky, 1993), it should be firmly established 

that the identification method to be used in the context of the envisaged experiment 

allows for unbiased estimation of the intrinsic low-frequency stiffness. 

If the model-based prediction that stable open-loop EPs exist over the full 

physiological range of elbow joint motion is accepted, the most crucial assumption 

underlying the α-model is satisfied. In a follow-up study we will investigate whether a 

controller based on the α-model, in combination with the musculoskeletal model as 

presented in this study, can generate fast point-to-point movements with realistic 

kinematic features.  

 

Appendix 

The modelled Hill-type muscle consists of CE , SE  and PE , as shown schematically in 

Figure 3.2 (see Glossary for the relevant abbreviations). STIM  is related to active state 
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(q; defined as the relative amount of Ca2+ bound to troponin; Ebashi and Endo, 1968), 

using Hatze’s model of activation dynamics (1981). Steady state q is a non-linear 

function of STIM: 

3
0

3

( )
1 ( )
q STIMq

STIM
ρ
ρ

+ ⋅
=

+ ⋅
        (4) 

with q0 a constant and ρ a function of lCE_rel: 

_
_

( 1)
( ) CE rel

CE rel

kc l
k l

ρ η −
= ⋅

−
       (5) 

c , η and k are constants (see Table 3.1). 

In order to assess the contribution of LDCS to the static characteristics of the system, the 

dependency of q on CE length was removed by fixing lCE_rel at a value of 1 in Eq. (2), 

making ρ independent of lCE_rel, i.e., ρ = c·η. This simplifies the dependence of q on STIM 

to: 
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Normalized isometric force (Fisom_n) is modelled as a second order polynomial with an 

optimum at _ 1CE rell =  and two zero-crossings at _ 1CE rell width= ± : 

2
_ _ _2 1isom n CE rel CE relF a l a l a= − ⋅ + ⋅ − +      (7) 

with 21/a width= . This characteristic is scaled for q, FMAX and lCE_opt (see Table 3.1) to 

end up with the isometric CE force (Fisom) as function of lCE. 

_isom MAX isom nF q F F= ⋅ ⋅         (8) 

The parameter width was chosen such that the isometric moment-angle relationship of the 

model corresponded to measured relationships presented in the literature. The passive 

force-length characteristic of the PE is modelled to depend quadratically on lCE_rel (note 

that lPE = lCE, see Fig. 3.2): 

_ 0 2
_

_
[max(0, )]PE

PE PE CE rel
CE opt

lF k l
l

= ⋅ −       (9) 
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kPE is chosen such that FPE = 0.5·FMAX at lCE_rel = 1 + width. The passive force 

characteristic of the SE is modelled to depend quadratically on lSE: 

2
_ 0[max(0, )]SE SE SE SEF k l l= ⋅ −       (10) 

kSE is chosen such that SE is 4% elongated at FMAX.  

lMTC as function of φe and φs is modelled as a second order polynomial: 

2
0 1 2 1( , )MTC e s e e e e s sl a a a aϕ ϕ ϕ ϕ ϕ= + + +      (11) 

a1e, a2e and a1s are based on cadaver data using tendon displacement method (Grieve et al, 

1978). a0, representing lMTC at φe = φs = 0 (for angle definition see Fig. 3.1), is chosen 

such that optimum angles for maximal isometric moment are consistent with those 

reported in the literature. a0 thus directly affects the angle at which CE length is optimal. 

Only insofar as moment arms are non-constant, it also indirectly affects the precise form 

of the moment-angle relation; this indirect effect is usually not substantial. Moment arms 

are calculated by taking the partial derivative of lMTC with respect to φe and φs: 

1 2( ) 2MTC
e e e e e

e

larm a aϕ ϕ
ϕ

∂
= = +

∂
      (12) 
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Is equilibrium point control feasible for fast  

goal-directed single-joint movements? 
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Summary 

Several types of equilibrium point (EP) controllers have been proposed for the control of 

posture and movement. EP controllers are appealing from a computational point of view, 

because they do not require solving the ‘inverse dynamic problem’ (i.e., computation of 

the moments required to move a system along a desired trajectory). It has been argued 

that EP controllers are not capable of controlling fast single-joint movements. To refute 

this statement, several extensions have been proposed, but these have only been tested 

using models in which the tendon compliance, force-length-velocity relation, and 

mechanical interaction between tendon and contractile element were not adequately 

represented. In the present study, fast elbow joint movements were measured and an 

attempt was made to reproduce these using a realistic musculoskeletal model of the 

human arm. Three types of EP controllers were evaluated: an open-loop α-controller, a 

closed-loop λ-controller and a hybrid open- and closed-loop controller. For each 

controller we considered a continuous version and a version in which the control signals 

were sent out intermittently. Only the intermittent hybrid EP controller was capable of 

generating movements that were as fast as those of the subjects. Due to the non-linear 

muscle properties, the hybrid EP controller requires a more detailed representation of 

static muscle properties than generally assumed in the context of EP control. In sum, this 

study shows that fast single-joint movements can be realized without explicitly solving 

the inverse dynamics problem, but in a less straightforward manner than implied by 

proponents of conventional EP controllers. 

 

Introduction 

It has been widely acknowledged that the visco-elastic properties of muscles facilitate the 

control of posture (e.g., Milner, 2002) and movement (e.g., Van Soest and Bobbert, 1993; 

Brown and Loeb, 2000). Equilibrium point (EP) controllers form an important class of 

control models that exploit these visco-elastic properties. In an EP controlled system, 

voluntary movements are generated by changing EPs. Various EP controllers have been 

proposed in the literature, which differ in the way EPs are defined (see McIntyre and 
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Bizzi, 1993), but have in common that there is no need to calculate the moments required 

to move a system along a desired trajectory by solving the ‘inverse dynamics problem’. 

Two classes of EP controllers have received a lot of attention in the literature: the 

α-model and the λ-model. According to the α-model (e.g., Bizzi and Abend, 1983; 

Hogan, 1984), an EP is set by defining the ‘rest length’ and the stiffness of the muscles 

crossing a joint, both of which are determined by the α-motoneuron activity (McIntyre 

and Bizzi, 1993). Although the α-model does not need information about the dynamical 

properties of the musculoskeletal system, it does require information about its static 

properties; it presupposes a representation of the relation between α-motoneuron activity 

and the resulting equilibrium position. Other types of EP controllers recognize that α-

motoneuron activity not only depends on supraspinal input, but also on low level spinal 

loops. For example, at a given supraspinal input, α-motoneuron activity, and 

consequently muscle force, depends on afference from muscle spindles. This prompted 

Merton (1953) to suggest that low level spinal loops could form the basis for EP control. 

In his ‘servo’-controller, γ-motoneuron activity prescribes the desired lengths of muscle 

spindles, that is, the lengths that they would have if the system were in the desired EP. As 

long as actual spindle length deviates from the desired length, spindles produce afference 

that drives α-motoneuron activity, causing the system to accelerate in the direction of the 

EP. However, this type of control is not supported by experiments, because at movement 

initiation α- and γ-motor units become active simultaneously (Vallbo, 1970). Another EP 

controller, in which α-motoneuron activity depends on feedback, is the so-called λ-model 

(e.g., Feldman 1986). In abstract terms, the λ-model assumes that an EP can be set by 

defining the threshold (λ) of the stretch reflex of all muscles involved. At least in the 

original version, this controller only needs a representation (or ‘map’) that relates joint 

angles to muscle lengths in order to generate control signals. 

To improve the performance of EP controllers, two extensions have been 

proposed in the literature. First, a co-contraction command was added to increase 

stiffness, resulting in a faster movement towards the desired EP (e.g., Gribble et al., 

1998). However, as was already argued by Gottlieb (1998b), while this would be 

straightforward to implement if the muscles in the effector system had identical invariant 
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angle-moment characteristics, it remains to be shown whether an adequate co-contraction 

command can be easily generated when realistic muscle models are used. Second, 

velocity feedback was added to improve the damping characteristics of the system (e.g., 

Feldman, 1986), and it has been advocated to include a contraction velocity reference 

signal and feed back the difference between desired and actual contraction velocity 

(McIntyre and Bizzi, 1993; de Lussanet et al., 2002) rather than the actual velocity.  

It has been argued that EP control is not feasible for fast single-joint movements 

(e.g., Schweighofer et al., 1998, Schaal, 2002) or, alternatively, that EP controllers need 

complex EP trajectories to control fast single-joint movements (e.g., Hogan, 1984; Latash 

and Gottlieb, 1991; Bellomo and Inbar, 1997; Popescu et al., 2003). However, both 

claims, as well as attempts to refute them (e.g., St-Onge et al., 1997; Gribble et al., 1998; 

Gribble and Ostry; 2000), were based on results of simulations with models of the 

musculoskeletal system in which the viscoelastic properties of muscles were inadequately 

represented or not at all. When testing EP controllers with musculoskeletal models, it is 

of paramount importance to use a realistic model of the muscles. For example, the 

maximally attainable movement speed depends on muscle properties such as the force-

velocity relationship. It has been argued (Gribble et al., 1998, but see Nakano et al., 

1999) that the complex and non-monotonic nature of (virtual) EP trajectories derived on 

the basis of comparison of simulation results with experimental results (Latash and 

Gottlieb, 1991; Gomi and Kawato, 1996) was due to over-simplification of the force-

velocity relationship of the modelled muscles. Furthermore, most EP controllers have 

been tested with models that ignored the series compliance of muscle; especially in 

pennate muscles, with relatively short muscle fibres, this series compliance may be large 

(the compliance resides not only in tendons, but also in aponeuroses); we will use ‘tendon 

compliance’ as a shorthand for the total series elasticity. In a musculoskeletal model that 

does not incorporate tendon compliance, EP controllers can control joint angle by setting 

the appropriate muscle lengths (i.e., the length of the muscle-tendon complex as a whole) 

using feedback from muscle spindles (e.g., Latash and Gottlieb, 1991; Gribble et al., 

1998). In reality, however, muscle spindle feedback is not related to muscle length but to 

muscle fibre length, and tendon compliance causes the relation between muscle fibre 

length and total muscle length to depend on muscle force. Furthermore, when tendon 
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compliance is ignored, contraction velocity becomes proportional to angular velocity, 

which results in physiologically implausible muscle behaviour (e.g., Zajac, 1989). 

Interestingly, both neurophysiological and behavioural studies suggest that 

humans control their movements intermittently. For example, during voluntary 

movements of the finger (Vallbo and Wessberg, 1993; Evans and Baker, 2003), wrist 

(Kakuda et al., 1999; Conway et al., 2004) and elbow (Conway et al., 1997, Doeringer 

and Hogan, 1998), humans typically show 6-12 Hz variations in angular velocity. 

Wessberg and Vallbo (1996) provided evidence that reflex responses during finger 

movements are too weak to account for the observed intermittent modulation of motor 

output. It is conceivable that motor neuron pool dynamics play a role in the observed 

intermittency. However, recent studies of Gross et al. (2002) and Pollok et al. (2005) 

indicated that finger movements are driven by a cerebello-thalamo-cortical loop with a 

frequency of about 8-12 Hz. These observations are complemented by a recent study of 

Conway et al. (2004) in which a low-frequency (<12 Hz) coupling was found between 

motor cortex EEG and muscle EMG during the execution of fast wrist movements. 

Combined, these findings suggest that while the feedback components of muscle 

stimulation are sent out continuously, the open-loop components are sent out 

intermittently. This leads to the question to what extent this intermittency affects the EP 

control of fast movements.  

The main purpose of this study was to investigate whether EP control using 

simple EP trajectories is feasible for fast single-joint arm movements. Elbow angle and 

EMG were measured during fast point-to-point elbow movements. Subsequently, it was 

attempted to reproduce the experimentally observed movements with a realistic 

musculoskeletal model of the arm, controlled by three types of EP controllers: an open-

loop α-controller, a closed-loop λ-controller, and a hybrid open- and closed-loop EP 

controller. To investigate the influence of intermittent control, we also performed 

simulations in which the open-loop components of these EP controllers were sent out 

intermittently. It will be shown that all EP controllers gain movement speed when control 

signals are sent out intermittently rather than continuously. Furthermore, it will be shown 

that an intermittent version of the hybrid EP controller is capable of making the model 

reproduce the fast point-to-point movements observed in the subjects, from which we 
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will conclude that EP control cannot be dismissed when considering fast point-to-point 

single-joint movements. 

 

Methods 

Experimental protocol 

After providing informed consent, six male participants (27±2 yrs) were seated on a non-

rotating chair behind a table with their arm in a horizontal plane through both shoulders. 

The forearm was strapped to a light glass fibre tube (0.48 m; 0.345 kg) that was attached 

to the table with a hinge. The participants were seated such that the flexion-extension axis 

of the elbow joint was aligned with the axis of the hinge. The shoulder angle was 45° (see 

Figs. 4.1A and 4.1B for definitions of elbow and shoulder joint angle). Three blocks 

made of polystyrene were placed on the table at a distance of 0.60 m from the hinge, 

corresponding to elbow angles of 45, 95 and 145°. A laser pointer was mounted to the end 

of the tube such that when the tube rotated in the horizontal plane, the laser beam hit the 

blocks at their centres. Participants were instructed to direct the light of a small laser 

pointer (0.0135 kg), mounted on the end of the tube, to the marked middle of one block 

and then, on an auditory cue, to direct it as fast as possible to the marked middle of 

another block. Participants performed fast point-to-point movements in six randomized 

conditions, each consisting of 15 trials: elbow flexion movements Flex1-3 over 100° and 

Flex1-2 and Flex2-3 over 50°, and extension movements Ext3-1 over 100° and Ext2-1 and 

Ext3-2 over 50°. Prior to the 15 trials in each condition, participants practiced until they 

could move fast to the target with minimal overshoot. Five-minute breaks were 

interspersed between conditions. 

Data collection and signal processing 

Elbow angle time histories were recorded using a potentiometer (Sakae, FCP40A, sample 

rate 1000 Hz) and low-pass filtered at a cut-off frequency of 20 Hz using a 4th order zero 

lag Butterworth filter. Myoelectric activity was recorded (TMS porti, Enschede, The 

Netherlands, sample rate 1000 Hz) from m. biceps, m. brachioradialis, m. triceps caput 

longum and m. triceps caput laterale, using pairs of surface electrodes (Medi-trace, pallet 
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electrodes) attached to the skin after standard skin preparation (Hermens et al., 1999). 

EMG signals were amplified, band-pass filtered (10-500 Hz) and full-wave rectified. For 

each participant, the six movements with the highest peak angular velocity per condition 

were selected that did not show more than 10° overshoot of the target.  

 

 

 

 

 

 

 

 

Fig. 4.1. Experimental set-up (A) and musculoskeletal model (B). 

Musculoskeletal model of the arm 

The musculoskeletal model of the arm consisted of three segments, connected by two 

hinges representing the glenohumeral joint and the elbow joint, respectively (Fig 4.1B). 

To reproduce the experimental data, only elbow flexion/extension movements in the 

horizontal plane were allowed. The forearm was actuated by four lumped muscles: a 

mono-articular elbow flexor (m. brachioradialis, m. brachialis, m. pronator teres, m. 

extensor carpi radialis), a mono-articular elbow extensor (m. triceps brachii caput 

laterale, m. triceps brachii caput mediale, m. anconeus, m. extensor carpi ulnaris), a bi-

articular elbow flexor (m. biceps brachii caput longum and caput breve) and a bi-articular 

elbow extensor (m. triceps brachii caput longum). Muscle-specific parameters (maximal 

isometric force, tendon slack-length, optimum contractile element length and moment 

arms, see Appendix A) were obtained from the literature (Murray et al. 1995, 2000; 

Nijhof and Kouwenhoven, 2000). The parameter values of the lumped muscles were a 

weighed sum of the parameter values of their component muscles, with the weight factors 

A B 
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depending on the contribution of each component muscle to the total moment. Non-

specific muscle parameters were taken from Van Soest and Bobbert (1993).  

The muscles were modelled as Hill-type units (see Appendix A, Fig 4.7) 

consisting of a contractile element (CE), a parallel elastic element (PE) and a series 

elastic element (SE). In previous research, it was shown that the implemented Hill-type 

muscle model is capable of reproducing the characteristic features of the dynamical 

behaviour of muscles (e.g., Winters and Stark, 1988; Zajac, 1989; Bogert et al., 1998). 

Activation dynamics, describing the relation between the excitatory signal of the muscle 

and active state, was modelled according to Hatze (1981, see also Fig. 4.3). In line with 

Hatze’s description, the excitatory signal of the model was termed muscle stimulation 

(STIM).  

It has been shown elsewhere that the resulting muscle model accounts for the 

experimentally observed length dependent Ca2+ sensitivity of a muscle and the 

stimulation dependence of optimum length (Kistemaker et al., 2005). The parameters 

used were equal for all controllers and kept constant during the simulations. A detailed 

description of the muscle model is provided in Appendix A and all parameter values are 

listed in Table 4.3. For relevant abbreviations, see Glossary in Appendix C. 

In a previous study a musculoskeletal model was developed in which isometric 

elbow angle-moment relations agreed with those reported in the literature (Kistemaker et 

al., 2006a). Using this model, it was found that stable open-loop EPs could be achieved 

over the whole range of motion of the elbow joint and stiffness (ranging from 18 to 42 

Nm⋅rad-1 depending on elbow joint angle) could be controlled independently by means of 

co-contraction. In the present study we also tested the sensitivity of the simulation results 

to model parameter values determining the activation and contraction dynamics (see 

Appendix B). 

A variable step-size ODE solver based on the Runge-Kutta (4,5) formula was 

used to numerically solve the differential equations of the musculoskeletal model. Model 

and simulations were implemented in MATLAB 6.5 (Release 13). 
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Controllers 

An EP trajectory was defined as a ‘ramp’ trajectory from the initial to the final position 

(see Fig. 4.2A). Based on the experimental data, desired movement time was estimated to 

be 0.20 s for the movements over 100° and 0.18 s for the movements over 50°. The 

stimulation defining an open-loop EP in the absence of external forces will from now on 

be referred to as STIMopen. As mentioned before, three different types of EP controllers 

were implemented: an open-loop α-controller, a closed-loop λ-controller and an hybrid 

open- and closed-loop controller. The muscle stimulation generated by the α-controller 

was only openSTIM . The muscle stimulation generated by the λ-controller depended 

solely on the difference in desired (λ) and actual CE length (lCE) and CE contraction 

velocity ( CEv ). Feedback of lCE and vCE was assumed to be linear and a 0.025 s time delay 

in the feedback loop was modelled using a fifth-order Padé approximation (Golub and 

Fig. 4.2. Panel (A) shows the ramp EP trajectory 
used to create control signals and panel (B) shows 
the minimal jerk trajectory used to optimize the 
feedback gains. Based on the ramp EP trajectory, 
desired CE length (λ) was calculated for the 
continuous (C) and intermittent (D) λ-controller 
and for the continuous (E) and intermittent hybrid 
EP controller (F). The continuous lines refer to the 
mono-articular elbow flexor and extensor; the 
dashed lines refer to the bi-articular elbow flexor 
and extensor. The small dip in λ at the onset of the 
movement noticeable in (E), was caused by the 
change from lowest possible STIMopen before 
movement onset to STIMopen yielding the highest 
stiffness during the movement. Panels (G) and (H) 
show the desired CE contraction velocities ( λ ) of 
the continuous and intermittent hybrid EP 
controllers, respectively. Note that when λ  is sent 
out intermittently, λ  is no longer the time 
derivative of λ . Traces are shown for the 
condition in which participants had to flex their 
arm over 100° (Flex1-3). 
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Van Loan, 1989). The muscle stimulation that resulted from feedback solely will from 

now on be referred to as STIMclosed. The muscle stimulation generated by the hybrid EP 

controller was the sum of STIMopen and STIMclosed. The contraction velocity feedback in 

this controller depended on the difference between desired (λ ) and actual vCE. Figure 4.2 

shows the λ and λ  traces for λ- and hybrid EP controller. More details on the 

implementation of the controllers are provided below. 

α-controller 

When the α-controller was used (see Fig. 4.3A), STIMopen was the only input of the 

musculoskeletal system: 

( ) ( )a openSTIM t STIM t=        (14) 

Not surprisingly, exploration of the model showed that the fastest movements were 

generated when STIMopen was set to produce the highest low-frequency joint stiffness 

possible (results not shown). Since our interest was in fast movements, the STIM yielding 

the highest stiffness was selected. The only exception was STIMopen at the equilibrium 

starting position, which, in line with the empirical observation that muscle activity is 

practically absent at initial positions (e.g., Gottlieb, 1998a; Suzuki et al., 2001; Ostry and 

Feldman, 2003), was chosen such that it minimized the sum of the individual muscle 

stimulations.  

λ-controller  

The total muscle stimulation generated by the λ-controller (STIMλ) depended on the 

difference between λ (activation CE threshold length) and lCE and on vCE (see Fig. 4.3B): 

1
0( ) ( ) { [ ( )] [ ( )]}closed p CE d CESTIM t STIM t k l t k v tλ λ δ δ= = ⋅ − − + ⋅ − −   (15) 

where kp and kd are feedback constants that will be optimized (see below), and δ (= 0.025 

s) is a short latency reflex delay. In the present study it was assumed that the muscle 

spindles provide accurate time-delayed information about lCE and vCE. The expression 
1
0{ }x  means that values of x higher than 1 were set to 1 and negative values were set to 0. 
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In order to set an EP in terms of λs of the muscles around the elbow joint, the 

relation between elbow angle and CE length of the individual muscles must be known. 

As SE length depends on the force delivered by the CE, no one-to-one relation exists 

between elbow angle and CE lengths. This implies that a choice had to be made with 

respect to the mapping of CE to λ. In analogy to the reciprocal command (R) of the λ-

model (e.g., Feldman et al., 1990), λ was chosen such that it equalled CE length in a 

desired EP with zero stimulation (see Fig. 4.2B).  

Hybrid EP controller 

McIntyre and Bizzi (1993) hypothesized that a combination of the α-controller and λ-

controller increases movement speed. They also suggested that feedback on the 

difference between actual and desired velocity, instead of feedback on actual velocity 

alone (i.e., linear damping), would enhance the performance of the system. Both 

suggestions provided grounds for formulating a hybrid EP controller of the form (see Fig. 

4.3C): 

1
0{ [ ( )] [ ( )]}h open p CE d CESTIM STIM k l t k v tλ δ λ δ= + ⋅ − − + ⋅ − −   (16) 

λs were derived from the steady-state solution of the muscle model using the equilibrium 

angle and STIMopen. λ  is the time derivative of λ (see Fig. 4.2E and 4.2G) and pk and dk  

are feedback constants. It was assumed that the central nervous system is capable of 

generating a reference signal on basis of the desired trajectory (McIntyre and Bizzi, 

1993), although direct physiological evidence for this assumption is absent in the 

literature. 

Intermittent controllers 

Intermittent control was implemented by updating STIMopen, λ  and λ  at a frequency of 

10 Hz. Feedback was updated continuously. Note that when sending out λ  and λ  

intermittently, λ  is no longer the time derivative of λ . The algorithms defining the 

intermittent α-controller, λ-controller and hybrid EP controller were the same as for the 

continuous versions (see also Fig. 4.2). 
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Fig. 4.3. A flow chart of the musculoskeletal model of the arm and the α-controller (A), the λ-controller (B) 

and the hybrid EP controller (C). Activation dynamics describes how muscle stimulation (STIM) leads to γ 

(relative amount of free Ca2+), which, together with contractile element length lCE , affects q (the relative 

amount of Ca2+ bound to troponin; Ebashi and Endo, 1968). Contraction dynamics describes how muscle 

moment (M) depends on q, lCE, vCE and joint angle (ϕ). Skeletal dynamics describes the equations of motion 

of the skeleton. For abbreviations see Glossary in Appendix A. 

Optimization of feedback gains 

The feedback gains used for the λ-controller and the hybrid EP controller were optimized 

to minimize the total sum of the squared differences between simulated and desired 

movements for all six conditions. Thus, for each controller, regardless of its the version 

(continuous or intermittent), only one set of feedback gains was used. It is implausible 

that endpoint oscillations of the actual movement are part of the desired movement. 

Therefore, for the desired movements, minimal jerk trajectories (see Fig. 4.2B) were used 

for optimizing the feedback gains, rather than the experimental data themselves. Minimal 

jerk trajectories have often been used to describe the kinematics of fast point to point 

movements and do not show oscillations (e.g., Hogan, 1984). The optimal values for the 
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feedback gains were identified using a combination of a grid search and a Nelder-Mead 

simplex search method (Lagarias et al., 1998). 

Kinematic features 

To quantify the performance of the controllers, three movement features were extracted 

from the simulated and experimental data: peak angular velocity ( pϕ ), time to peak 

velocity (tpv) and ‘movement duration’ (tmov). tpv was defined as the time between the 

instant that the elbow reached 5% of the total distance to be covered and the instant at 

which pϕ  was reached. tmov was defined as the time needed to move the arm from 5 to 

95% of the total distance to be covered. Furthermore, the root mean squared (RMS) 

values were calculated between the simulated and (averaged) experimentally observed 

position traces. RMS values were calculated by first calculating the cross-correlation 

function between experimental and simulated data. Subsequently, the lag yielding the 

highest cross-correlation was identified. Then, the RMS value between experimental data 

and the simulated data, time-shifted with the indicated lag, was calculated. 

Statistical analysis 

Condition-related differences in kinematic parameters were analyzed using a 2 

(Direction) × 3 (Trajectory) repeated measures Analysis of Variance (ANOVA). The 

factor Direction had levels flexion and extension and the factor Trajectory had levels 45°-

145°, 45°-95° and 95°-145° (and vice versa). Single-sample t-tests (α = .05) were used to 

test for differences between the features of the simulated and experimental data.  

 

Results 

Column I of Figure 4.4 and columns I and III of Figure 4.5 show the recorded elbow 

angle, angular velocity and EMG-traces for 6 trials of one representative participant in all 

six conditions. Before comparing simulation results with experimental data, it is useful to 

summarize the results of a statistical analysis of the experimental results. For peak 

angular velocity, a significant main effect of Trajectory [F(1,5) = 246.41; p < .001] and a 

significant Direction × Trajectory interaction [F(2,10) = 5.38; p = .026] was found. For 
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time to peak angular velocity, we found a significant main effect of Direction [F(1,5) = 

10.15; p = .024], a significant main effect of Trajectory [F(1,5) = 68.39; p < .001] and a 

significant Direction × Trajectory interaction [F(2,10) = 7.56; p = .010] . For movement 

duration we also found a significant main effect of Trajectory [F(1,5) = 154.22; p < .001] 

and a significant Direction × Trajectory interaction [F(2,10) = 4.46; p = .041]. Post-hoc t-

tests revealed that each of the dependent variables reached different values in the large 

amplitude condition (movements over 100°) than in the two small amplitude conditions 

(movements over 50°), while the values reached in the small amplitude conditions were 

not statistically different. In the large amplitude condition higher peak angular velocities 

were reached than in the small amplitude movements (mean 930°/s vs. 655°/s), the 

subjects took longer to arrive at peak velocity (mean 0.074 s vs. 0.052 s), and total 

movement duration was greater (mean 0.128 s vs. 0.093 s). For time to peak velocity, the 

main effect of Direction resulted from a significant longer time to arrive at peak angular 

velocity in the flexion conditions. The significant Direction × Trajectory interaction was 

the result of significant differences for peak angular velocity [t = 3.33; p = .021] and 

movement duration [t = -3.62; p = .015] between the Flex1-3 and Ext3-1 condition: in the 

Flex1-3 condition higher peak angular velocities were reached (mean 975°/s vs. 886°/s) 

and movement duration was shorter (mean = 0.118 s vs. 0.137 s) than in the Ext3-1 

condition. For time to peak velocity, the significant Direction × Trajectory interaction 

was the result of significant differences between the small amplitude movements. Peak 

angular velocity and movement duration did not differ significantly between the small 

amplitude conditions, but movement duration was significantly smaller in the Ext2-1 

condition than in all other movements over 50°. 

Table 4.1. Kinematic features of experimental results. 
Condition pϕ [deg⋅s-1] tpv [s] tmov [s] 

Flex1-3 975 0.077 0.118 
Flex1-2 628 0.062 0.104 
Flex2-3 633 0.057 0.092 
Ext3-1 -848 0.072 0.137 
Ext2-1 -668 0.051 0.089 
Ext3-2 -688 0.057 0.085 
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Table 4.2A. Kinematic features of simulation results.  
Condition pϕ [deg⋅s-1] tpv [s] tmov [s] RMS [deg] 

Continuous α λ Hyb α λ Hyb α λ Hyb α λ Hyb 
Flex1-3 380 655 859 0.088 0.094 0.059 0.323 0.172 0.140 40.8 26.7 3.6 
Ext3-1 -302 -650 -982 0.078 0.120 0.071 0.430 0.178 0.121 34.6 40.3 4.1 
Intermittent α λ Hyb α λ Hyb α λ Hyb α λ Hyb 
Flex1-3 417 688 987* 0.119 0.109 0.052 0.323 0.181 0.118* 24.0 11.4 2.5 
Ext3-1 -421 -676 -1018 0.068 0.122 0.060 0.389 0.175 0.111 21.0 24.4 2.4 

Kinematic features indicated by * are not significantly different from those observed in the experimental 
results. 
 
 
Table 4.2B Kinematic features of intermittent hybrid EP controller. 

Condition pϕ [deg⋅s-1] tpv [s] tmov [s] RMS [deg] 

Flex1-3 987* 0.052 0.120* 2.5 
Flex1-2 601* 0.043 0.090* 2.0 
Flex2-3 547* 0.042 0.110 3.3 
Ext3-1 -1018 0.060 0.111 2.4 
Ext2-1 -689* 0.044 0.079 2.9 
Ext3-2 -628 0.057* 0.083* 0.9 

 

Column II of Figure 4.4 shows the time histories of kinematic data and STIM of 

the α-controller for conditions Flex1-3 (Fig. 4.4A) and Ext3-1 (Fig. 4.4B). Single-sample 

t-tests showed that all kinematic features produced by the simulations with the continuous 

and intermittent α-controller were significantly different [p < .01] from those subtracted 

from the experimental data (see Table 4.2A). When EPs were set intermittently, the 

model reacted less sluggishly and movement speed increased, but insufficiently so to 

match human performance. The overall resemblance between simulated movement using 

the α-controller and experimental data was poor, as indicated by the high RMS values (on 

average 37.7° and 22.5° for the continuous and intermittent version, respectively; see 

Table 4.2A). 
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Fig. 4.4. Overview of experimental data and simulation results. Column I shows the elbow angle, angular 
velocity and EMG measured in conditions Flex1-3 (A) and Ext3-1 (B). Columns II, III and IV show the 
outcome of simulations of the musculoskeletal model controlled by the α-, λ- and hybrid EP controllers, 
respectively. Continuous lines refer to intermittent control, dashed lines to continuous control. Upper 
EMG/STIM traces refer to the two elbow flexors, lower traces to the two elbow extensors. 

 The movements produced with the λ-controller (column III of Fig. 4.4) also 

failed to match experimental data: all kinematic features were significantly different [p < 

.001] from those observed experimentally. Apart from reaching a significantly lower 

peak angular velocity (see Table 4.2A) and taking more time, the model exhibited 

marked end-point oscillations. The relatively high feedback gains, necessary to minimize 

the error between the actual trajectory and the minimal jerk trajectory, were the main 

cause of these oscillations. When additional ‘penalties’ on end-point oscillations were 

introduced in the optimisation criterion, feedback gains and oscillations decreased, but at 

the cost of movement speed (results not shown). As with the α-controller, the RMS 

values were high (on average 23.5° and 17.9° for the continuous and intermittent version 

of the λ-controller, respectively), indicating a poor resemblance between simulated and 

experimentally observed movements. Column IV of Figures 4.4 and 4.5 show the 

simulation obtained with the hybrid EP controller for all six conditions. This hybrid EP 

controller was the only controller capable of producing movements at least as fast as 

those observed experimentally (see Table 4.2A and 4.2B for complete results of statistical 

comparison). Only in one out of six conditions (Ext3-2) was peak pϕ  in the simulation 

significantly lower than that observed experimentally. Similarly, in only one out of six 

conditions, the duration of the simulated movement was significantly longer than that 

observed experimentally (Flex2-3). Finally, peak velocity in the simulated movements 

was never reached later than in the experimental movements. In fact, tpv was significantly 

smaller in the simulations in five out of six conditions. The close resemblance between 

movements generated using the intermittent hybrid EP controller and those observed 

experimentally is reflected by the average RMS value, which was found to be only 2.3° 

(vs. 3.9° for the continuous EP controller Table 4.2). In sum, the intermittent hybrid EP 

controller was capable of generating point-to-point movements at least as fast as those 

observed experimentally. 
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Fig. 4.5. Experimental data (columns I and III) and simulation results obtained with the intermittent hybrid 
EP controller (columns II and IV) for conditions Flex1-2 and Flex2-3 (A) and for conditions Ext2-1 and 
Ext3-2 (B). Upper EMG/STIM traces refer to the two elbow flexors, lower traces to the two elbow 
extensors. 

 

The muscle stimulation patterns generated with the hybrid EP controller were 

qualitatively similar to the experimentally observed EMG patterns (Figs. 4.4 and 4.5). 

The controller produced the tri-phasic burst pattern typical of fast point-to-point 

movements (e.g., Wachholder and Altenburger, 1926; Yamazaki et al., 1993; Prodoehl et 

al., 2003; see also Fig. 4.4). It can be seen in Figure 4.6, which presents the separate 

contributions of open-loop and feedback components to the total muscle stimulation of 

the hybrid EP controller, that the tri-phasic patterns mainly originated from the 

contraction velocity feedback (see also Bullock and Grossberg, 1992). It is still debated 

Fig. 4.6. Contribution of STIMopen, feedback of lCE 
(STIMs) and feedback of vCE (STIMd) to the total 
muscle stimulation of agonists (column A) and 
antagonists (column B) generated by the 
intermittent hybrid EP controller (STIMh) for the 
Flex1-3 condition. Continuous lines refer to the 
mono-articular elbow flexor and extensor, dashed 
lines refer to the bi-articular elbow flexor and 
extensor. 
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whether tri-phasic EMG bursts result predominantly from central or peripheral processes 

(e.g., Prodoehl et al., 2003). In line with the position of Bullock and Grossberg (1992), 

the results obtained in this study with the hybrid EP controller suggest that tri-phasic 

bursts need not be pre-programmed. 

 

Discussion 

The purpose of this study was to examine whether EP control is feasible for fast goal-

directed single-joint movements. In an attempt to reproduce the experimentally observed 

fast movements, a realistic model of the human arm was used that was controlled by 

several types of EP controllers. All controllers generated faster movements when the 

control signals were sent out intermittently. However, movements as fast as those 

produced by the subjects could only be generated by the musculoskeletal model when the 

intermittent hybrid EP controller was used.  

The speeds generated by the α-controller strongly depended on the local stiffness 

of the EP that was set. The stiffness in an EP can be seen as the change in steady state net 

moment for a given deviation from that EP. Even though openSTIM was chosen such that 

it maximized joint stiffness, and even though the maximal stiffness of the model was in 

agreement with the literature (Kistemaker et al., 2006a), maximal movement speed was 

insufficient to match the experimental data. By sending out the control signals 

intermittently rather than continuously, deviations of the current position from the 

(intermittent) target were initially larger, so that greater forces were produced resulting in 

faster movements (see Fig. 4.4). The requirement that at least start and end-point be set 

resulted in a minimal modulation frequency of 5 Hz. Movement speed increased when 

this frequency was used, but stayed well below actually observed speeds.  

The λ-controller was also incapable of generating movements fast enough to 

match experimental data. This was mainly due to the fact that muscle stimulation resulted 

from feedback only, while feedback gains had to be limited to prevent time-lag related 

instability and oscillatory behaviour. A shorter time-lag diminished this effect, but a time-

lag less than the 0.025 s used in this study is physiologically unrealistic (e.g., Funase and 
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Miles, 1999). Implementing a reference contraction velocity and intermittency in the λ-

controller enhanced maximal movement speed, but the resulting movement was still not 

fast enough to match experimental data and, moreover, did not eliminate the oscillations 

shown in Figure 4.4. Other studies (St-Onge et al., 1997; Gribble et al., 1998) used a 

duration of the EP trajectory that was half that of the intended movement. Additional 

simulations with the present model indeed showed that the λ-controller reacted less 

sluggishly and gained movement speed when the duration of the EP trajectory was 

halved. However, again, the resulting movement speed stayed well below that observed 

experimentally and, as a result of the increased velocity, the end-point oscillations 

increased in amplitude. Even when both options (i.e., halved duration of EP trajectory 

and reference feedback) were implemented, the λ-controller was still incapable of 

reproducing the experimental data (see Appendix B). 

Although substantially faster than the movements controlled by both the 

(intermittent) α- and λ-controller, the movements controlled by the continuous version of 

the hybrid EP controller were not fast enough to match the experimental data. Maximal 

movement speed could be increased to about the experimentally observed value by 

raising the feedback gains, but only at the cost of a large overshoot of the target (results 

not shown). However, when the control signals of the hybrid EP controller were sent out 

intermittently, we were finally able to make the musculoskeletal model produce 

movements that were in general as fast as or faster than the fast point-to-point movements 

observed in our experiments. Additional simulations (Appendix B) further showed that 

the reference velocity adopted in the hybrid EP controller was indispensable to achieve a 

close match between simulated and experimentally observed results. As an aside we note 

that, given the main question of this study, it was not attempted to maximize the fit 

between experiment and simulation. Several possibilities exist to further improve this fit, 

for example by condition-specific manipulation of the duration of the EP trajectory or by 

allowing different feedback gains for the different muscles. Similarly, the unrealistically 

high levels of co-contraction near movement completion could easily be reduced by 

lowering the level of co-contraction (lowering STIMopen) near the end of the movement 

(see Appendix B). 
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Some studies used a duration of the EP trajectory that was half the intended 

duration (St-Onge et al., 1997; Ghafouri and Feldman, 2001). The performance of the 

continuous hybrid EP controller improved when such an EP trajectory was used, but its 

performance was worse than that of the intermittent EP controller (see Appendix B). The 

model reacted slightly faster, but was incapable of keeping up with this much faster 

(1000°/s instead of 500°/s) EP trajectory. As a consequence, damping due to feedback 

started to counteract the movement at the instant the EP trajectory reached the end-point, 

because from this instant onwards the reference velocity equalled zero. Although an 

experimental study indicated that the shifts in EP during fast point-to-point movements 

may end approximately near peak velocity (Ghafouri and Feldman, 2001), it does not 

seem directly beneficial for the control of fast movements to feed back the difference 

between desired and actual velocity. 

The hybrid EP controller, which combined open- and closed-loop components, 

was not simply a combination of the implemented α- and λ-controller. This is because the 

desired CE length (λ) depends on the total muscle stimulation (recall that, due to tendon 

compliance, steady state CE length at a given joint angle depends on stimulation). In 

other words, the λs set by the λ-controller are not equal to the CE lengths in a desired EP 

defined by the STIMopen of the α-controller. The hybrid EP controller requires an internal 

representation of the following static properties of the musculoskeletal system: i) a map 

relating desired EP to STIMopen, ii) a map relating STIMopen to joint stiffness, and iii) a 

map relating STIMopen to steady-state CE length (in essence, the implemented α-controller 

uses the first two maps.) Thus, due to the complexity of the musculoskeletal model, the 

hybrid EP model requires a more detailed representation of static properties of the 

musculoskeletal system than generally used in the context of EP controllers (e.g., Latash 

and Gottlieb, 1991; McIntyre and Bizzi, 1993; Gribble et al., 1998). The feedback 

parameters were optimized to minimize the error between actual and desired movement 

and, consequently, were implicitly tuned to the parameters determining the dynamics of 

the musculoskeletal system. Additional simulations showed that the performance of the 

hybrid EP controller model was not noticeably affected when the inertial parameters of 

the musculoskeletal model were changed by 10% without re-optimizing the feedback 

gains (see Appendix B). This result suggests that for single-joint movements, EP control 
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is not critically dependent on representation of dynamical parameters of the 

musculoskeletal system. To conclude, the present study showed that fast single-joint 

movements of a realistic musculoskeletal model can be adequately controlled without the 

requirement of solving the ‘inverse dynamics’ problem and without an internal 

representation of the dynamical properties of the musculoskeletal system, albeit in a less 

straightforward manner than implied by most proponents of conventional EP controllers. 

A major difference between the λ-controller presented in this study and most λ-

models presented in the literature is that our λ-controller lacked a co-contraction or co-

activation (C-) command: a ‘simple’ command that shifts all λs to a shorter length 

(Feldman, 1986). Due to the non-linear behaviour of the musculoskeletal system, such a 

simple C-command could not be derived for the present musculoskeletal model without 

affecting the equilibrium position (see also Windhorst; 1994, 1995; Gottlieb; 1998b). 

However, using the internal representation of the static properties that was required for 

the hybrid EP controller, co-contraction can be added to the λ-controller without 

affecting the equilibrium position. In fact, it can be shown that such a λ-controller is 

mathematically equivalent to the hybrid EP controller. Basically, we need to use the same 

three maps as used for the hybrid EP controller, but ‘replace’ STIMopen by a co-

contraction command (note that this co-contraction command is specific for each muscle 

involved). Due to tendon compliance, the steady state CE lengths in an EP can only 

match the λs (in terms of CE lengths) if the controller is generating exactly the 

appropriate muscle stimulation at the EP: this may be accomplished via STIMopen in the 

case of the hybrid EP controller and via a co-contraction command in the case of the λ-

controller (note that at the EP, co-contraction is the only ‘source’ of muscle stimulation). 

Once a desired EP with a desired stiffness is selected, it can easily be deduced that the co-

contraction command (λ*) for each individual muscle must equal:  

* open

p

STIM
k

λ =  

This also shows that λ* is in essence an open-loop component: the co-contraction 

command is the open-loop muscle stimulation defined in terms of CE length. Because 

steady state CE length is completely determined by the co-contraction command no 
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insight is gained by referring to the set of λs as the ‘position’ command (note again that, 

due to tendon compliance, λ does not relate one-to-one with joint angle). By substituting 

λ by (λ + λ*) in Eq. 2, it can be seen that the modified λ-controller is mathematically 

equivalent to the hybrid EP controller. Therefore, it can be concluded that when an 

appropriate co-contraction command is added to the (intermittent) λ-controller, using the 

representation of the static properties of the musculoskeletal system mentioned before 

(e.g., represented in maps), the controller is capable of generating fast point-to-point 

movements that resemble experimental movements. Interestingly, Feldman et al. (1990) 

acknowledged the need for maps relating the number of active motoneurons and their 

firing rates to control variables and kinematic variables; the present study provides a 

more detailed description of the variables that need to be coded in such maps. 

When the EP controllers sent out their control signals in an intermittent rather 

than continuous fashion, the movements were faster and corresponded better with 

experimentally observed data (see Fig. 4.4 and Table 4.2). While several studies provided 

evidence that humans control their movements intermittently rather than continuously 

(e.g., Craik, 1947; Vallbo and Wesberg, 1993; Wessberg and Vallbo, 1996; Gross et al., 

2002), intermittent control at first sight appears to be irreconcilable with the experimental 

results reported by Bizzi et al. (1984). Based on experiments with deafferented monkeys, 

Bizzi et al. (1984) showed that the final position is not set immediately at movement 

onset, and proposed a gradual evolution of EPs. In the experiments in question, monkeys 

were trained to move their invisible arm to a target position. During some trials, a servo-

motor was used to move the monkey’s arm unnoticed from the initial position to the 

target position. Since the monkeys were encouraged to move their arm to this very 

position one would expect the arm to stay put, but instead, when released, it started to 

move back in the direction of initial position. This result militates against a control 

scheme in which the end-point is immediately set at movement onset. Using an 

estimation of movement time and distance from Figure 4.6 in Bizzi et al. (1984), the 

intermittent versions of our controllers would generate an EP trajectory in steps of 6°. 

Thus, the intermittent versions of the α-, λ- (if extended with the co-contraction 

command) and hybrid EP controllers would be capable, at least qualitatively, of 

reproducing Bizzi’s data. Furthermore, as suggested by Bizzi and colleagues (1984), it is 
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conceivable that for very fast movements, as studied here, the shifts in EP are more 

abrupt. Taken together, intermittent control as implemented in the current study does not 

contradict the results of experimental studies on trajectory formation during arm 

movement such as those reported by Bizzi et al. (1984). 

A consequence of sending out control signals intermittently is that the EP 

trajectory is no longer identical to the desired trajectory. Other studies also suggested that 

EP trajectories other than the desired trajectories, such as N-shaped EP trajectories 

(Hogan, 1984; Latash and Gottlieb, 1991), underlie (and improve) the control of fast 

movements. However, the intermittent EP trajectory used in the present study has two 

advantages over N-shaped EP trajectories: i) as argued in the Introduction of this chapter, 

it has both a neurophysiological and a behavioural foundation, and ii) although the total 

trajectory may be different from the desired trajectory, the set-points themselves are part 

of the desired trajectory and therefore do not require additional calculations. In the 

literature, the existence of intermittent behaviour is often seen as an ‘imperfection’ of the 

structure and functioning of the central nervous system (e.g., Craik, 1947; Miall et al., 

1993; Hanneton et al., 1997). Our results, however, suggest that intermittent control is 

functional in the control of fast point-to-point movements. 

In this study we have assumed that the feedback gains did not vary during the 

movement. Although to our knowledge all studies on EP control have used continuous 

feedback, several studies suggest that the short-latency reflex contributions to stimulation 

of muscles are significantly lowered at movement onset and termination (e.g., Shapiro et 

al. 2002, 2004). As this could militate against the feasibility of an EP controller (Shapiro 

et al. 2004), we performed additional simulations in which the contribution of feedback 

was gated using a Gaussian function such that feedback was absent at the beginning and 

end of the movement (the gating of feedback did not interact with the open-loop muscle 

stimulation, as may be noted from Eq. 17 in Appendix B). It was found that the hybrid EP 

controller suffered no performance loss when feedback was gated (see Appendix B); the 

lack of feedback at the beginning of the movement was compensated by the much higher 

(optimized) feedback gains. Because feedback is absent at the beginning and end of the 

movement, the high feedback gains used did not result in instability or oscillatory 
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behaviour. Thus, the hybrid EP controller is still capable of controlling fast single-joint 

movements when feedback is diminished at movement on- and offset. 

In sum, the results of this study refute the claim that EP controllers cannot 

account for fast single-joint movements (e.g., Schweighofer et al., 1998, Schaal, 2002), as 

well as the claim that EP controllers need complex EP trajectories to control fast single-

joint movements (e.g., Hogan, 1984; Latash and Gottlieb, 1991; Bellomo and Inbar, 

1997; Popescu et al., 2003). However, they do not refute the claim that EP controllers 

predict high stiffness during fast single-joint movements (e.g., Gomi and Kawato, 1997; 

Popescu et al., 2003). Given the intricacies of experimental determination of stiffness, we 

would suggest to address this issue by comparing experimentally estimated stiffness to 

that predicted by the EP controlled model when subjected to the same perturbation. This 

remains a challenge for further research. 

Although we showed that EP control is feasible in the context of fast point-to-

point single joint movements in the absence of external forces, the question remains 

whether the present results are generalizable to the control of movements under various 

circumstances involving, for example, multi-joint movements and gravity. The presented 

hybrid EP controller is presumably able to generate control signals for multi-joint 

movements, provided that the maps mentioned earlier are expanded for all joints and 

muscles involved. However, the resemblance between experimental and simulated data of 

single-joint movements does not guarantee that simulated multi-joint movements will 

match experimental data as well. An important difference between single- and multi-joint 

systems is that in the latter stiffness is no longer a single-valued function of STIMopen. 

This implies that non-trivial assumptions have to be made in order to select STIMopen. 

Also, it has been shown that ‘interaction moments’ (i.e., moments that arise at one joint 

as a result of movements at the other) are taken into account by the central nervous 

system, which would be inconsistent with EP control (but see Gribble and Ostry, 2000). 

Furthermore, it has been suggested in the literature that mono- and bi-articular muscles 

have distinct roles during movement (Van Ingen Schenau et al., 1987; Hof, 2001) which 

is not taken into account by EP controllers, at least not explicitly.  
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In this study, the arm was restricted to move in a horizontal plane, so that the 

movement was not affected by gravity. When the arm is moved outside the horizontal 

plane, static errors between desired EP and actual position will occur, unless gravity on 

the arm and on loads possibly carried by the hand is accounted for in the maps utilized by 

the EP controller. Errors (or their compensations) will depend on the exact orientation of 

the arm in the gravitational field, its static properties and the stiffness induced by both 

muscles and feedback. When the upper arm of the model was placed vertically and the 

forearm horizontally (thereby maximizing the influence of gravity), the deviation from 

the desired EP was less than 2° if STIMopen was set such that open-loop stiffness was 

maximal (in this case about 20 Nm⋅rad-1), and about 5° with the lowest possible amount 

of co-contraction. When external loads on the hands are considered, however, the 

deviation from the desired position soon became unacceptably large. Thus, in our view, 

external forces like gravity, should be taken into account by the controller.  

In sum, while this study has demonstrated that EP control cannot be dismissed 

when considering fast point-to-point single-joint movements, it remains to be established 

whether EP control is feasible when multi-joint movements in the presence of external 

forces are considered. 

 

Appendix A 

The implemented Hill-type muscle model consisted of a contractile element (CE), a 

series elastic element (SE) and a parallel elastic element (PE) as shown schematically in 

Figure 4.7. The mechanical behaviour of the muscle was described by two coupled first-

order differential equations. One first-order dynamical system described the activation 

dynamics and related the muscle stimulation (STIM) to active state (q). The other first-

order dynamical system described the relation between the contraction velocity (vCE) and 

the length of the contractile element (lCE), depending on q, the force-length-velocity 

relationship of CE and the passive forces of SE and PE. The length of the muscle-tendon 

complex (lMTC) and moment arm (arm) were functions of joint angle. A detailed 

description of the muscle model was provided below (see also the flowchart of the model 

presented in Fig. 4.3; see Glossary in Appendix C for the relevant abbreviations). 
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Activation dynamics 

Activation dynamics was modelled according to Hatze (1981; see also Kistemaker et al., 

2005) and related muscle stimulation (STIM) to active state ( q ) in two steps. A first-

order dynamical system related the free Ca2+ concentration (relative to its maximum 

value; γrel) to STIM. Subsequently, an algebraic relation described how active state q 

depends on γrel and (via ρ) on CE length relative to its optimum (lCE_rel):  

( )rel relm STIMγ γ= ⋅ −        (17) 

3
0

3

( )
1 ( )

rel

rel

qq ρ γ
ρ γ

+ ⋅
=

+ ⋅
        (18) 

with ρ a function of lCE_rel: 

_
_
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( ) CE rel

CE rel

kc l
k l

ρ η −
= ⋅

−
       (19) 

where η, k, c, m, q0 are constants (see Table 4.3A) 

The original equations of Hatze are slightly simplified for clarity. For a graphical 

representation of the STIM-q relationship as a function of lCE_rel, see Figure 4.8C.  

Table 4.3A. Muscle non-specific parameters. 

m c
 

q0 k η width arel brel qcrit 

11.30 1.37·10-4 5.00·10-3 2.90 5.27·10-4 0.66 0.41 5.20 0.03 

 

Fig. 4.7 Schematic representation of the Hill-
type muscle model used in this study. For 
abbreviations see Glossary in Appendix A. 
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Table 4.3B. Muscle specific parameters.  
Muscle FMAX [N]

 
lCE_opt [m] lSE_0 [m] lPE_0 [m] a0 [m] a1e [m] a1s [m] a2e [m] 

MEF 1420 0.092 0.172 0.129 0.286 -0.014 0 -3.96·10-3 
MEE 1550 0.093 0.187 0.130 0.236 0.025 0 -2.16·10-3 
BF 414 0.137 0.204 0.192 0.333 -0.016 -0.030 -5.73·10-3 
BE 603 0.127 0.217 0.178 0.299 0.030 0.030 -3.18·10-3 

MEF = mono-articular elbow flexor; BE = bi-articular elbow extensor. 

Contraction dynamics 

Contraction dynamics was modelled by relating the contraction velocity (vCE) to lCE: 

( , , )CE CEv f l q ϕ=           (20)  

The contraction velocity was derived from the difference between the isometric force 

(Fisom), calculated using the force-length relationship, and the actual force to be generated 

by the CE (FCE). Assuming that the mass of the muscle was negligible with respect to the 

force it is producing, FCE equaled the difference between the force of SE (FSE) and that of 

PE (FPE). The concentric (vCE < 0, or FCE < Fisom and eccentric (vCE > 0, or FCE > Fisom) 

parts of the force-velocity relationship were modelled separately. The concentric part was 

described based on the classic Hill equation, which was solved for vCE_rel (the time-

derivative of lCE_rel): 

*
_ _

_ *
_

( )rel CE rel isom n
CE rel

CE rel rel

b F q F
v

F q a
− ⋅

=
+ ⋅

      (21) 

with FCE_rel (=FCE / FMAX) and Fisom_n (=Fisom / [q·FMAX]). Based on experimental results 

(Stern, 1974), maximal contraction velocity was made dependent on Fisom_n by setting: 
*

_rel rel isom na a F= ⋅  when lCE > lCE_opt and *
rel rela a=  when lCE ≤ lCE_opt. Furthermore, based 

on experimental results of Petrofsky and Phillips (1981), for low values of q, maximal 

contraction velocity was made dependent on q by setting: 

2
*

0

1 0.9 crit
rel rel

crit

q qb b
q q

⎡ ⎤⎛ ⎞−
⎢ ⎥= − ⎜ ⎟−⎢ ⎥⎝ ⎠⎣ ⎦

      (22) 

when critq q<  and *
rel relb b=  when q ≥ qcrit. The values for the constants arel, brel, and qcrit 

are given in Table 4.3A.  
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The eccentric part of the force-velocity relationship was modelled using a 

hyperbola. To prevent numerical problems, a hyperbola with a slightly slanted asymptote 

was used (for the sake of conciseness, it was not solved here for vCE_rel) 

_ 3 4 _ _ 1 2( )( )CE rel CE rel CE relF p p v v p p+ + ⋅ + =      (23) 

The parameters p1, p2, p3 and p4 were calculated using four criteria: i) the concentric and 

eccentric curve are continuous, ii) based on Katz (1939), the derivative of FCE_rel with 

respect to vCE_rel at vCE_rel = 0 of the eccentric curve was twice that of the concentric 

curve, iii) the asymptote had a value of 1.5·q·Fisom_n at vCE_rel = 0, and iv) and arbitrary 

small value for the slope of the asymptote. Note that the calculated parameters were 

functions of Fisom_n such that both parts of the force-velocity relationship depended on 

Fisom_n and FCE_rel. See Figure 4.8E and 4.8F for a graphical representation of the force-

velocity relationship at different values of q and lCE_rel. 

Normalized isometric force (Fisom_n) was modelled as a second-order polynomial 

with an optimum at lCE_rel = 1 and two zero-crossings at lCE_rel  = 1 ± width: 

2
_ _ _2 1isom n CE rel CE relF a l a l a= − ⋅ + ⋅ − +      (24) 

with a = 1/width2. For a graphical representation of the isometric force-length-stimulation 

relation (see Fig. 4.8D). 

The passive force-length characteristic of the PE was modelled to depend quadratically 

on lCE_rel (note that lPE. = lCE.): 

_ 0 2
_

_
[max(0, )]PE

PE PE CE rel
CE opt

lF k l
l

= ⋅ −       (25) 

_ 0 _1.4PE CE optl l= ⋅  and PEk  was chosen such that 0.5PE MAXF F= ⋅  at _ 1CE rell width= + . 

The passive force characteristic of the SE was modelled to depend quadratically on lSE.: 

2
_ 0[max(0, )]SE SE SE SEF k l l= ⋅ −       (26) 

kSE was chosen such that at FMAX, SE is at 104% of lSE_0. For a graphical representation of 

the force-length relationships of the elastic components see Figures 4.8A and 4.8B. The 

muscle parameters, FMAX, lSE_0, lCE_opt were obtained from the literature (Murray et al., 
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1995, 2000; Nijhof and Kouwenhoven, 2000; see also Kistemaker et al., 2006a). FSE and 

FPE were calculated using the muscle tendon complex length (lMTC) and lCE. Parameter 

values are listed in Table 4.3b. 

 

lMTC was modelled as a second-order polynomial depending on elbow (φe) and shoulder 

angle (φs): 

2
0 1 2 1( , )MTC e s e e e e s sl a a a aϕ ϕ ϕ ϕ ϕ= + + +      (27) 

a1e, a2e and a1s were based on cadaver data (Murray et al., 1995; Nijhof and 

Kouwenhoven, 2000) obtained using the tendon displacement method (Grieve et al, 

1978), values for a0 representing lMTC at φe = φs = 0, (and width, see Eq. 11) were chosen 

such that the optimum angle for maximal isometric moment was consistent with the 

literature (Singh and Karpovitch, 1968; Kulig et al., 1984, Van Zuylen et al., 1988, 

Chang et al., 1999; see Kistemaker et al., 2006a). Moment arms were calculated by 

taking the partial derivative of lMTC to φe and φs: 

Fig. 4.8. (A) Force-length relationship for PE; 
lPE_rel = lPE / lPE. (B) Force-length relationship of 
SE; lSE_rel = lSE / lSE_0. (C) q(t) for STIM = 0.3 and 
lCE_rel = 0.6, 0.8, 1.0, 1.4 (longer lCE_rel = higher q). 
(D) Isometric force-length relationship for STIM = 
0.05, 0.1, 0.15, 0.3, 1.0 (higher STIM = higher 
force). (E) Force-velocity relationship for lCE_rel = 
1.0 and q = 0.1, 0.4, 0.7, 1.0 (higher STIM = higher 
FCE_rel). Note that for q < 0.3, maximal shortening 
velocity scales with q. (F) Force-velocity 
relationship for STIM = 0.2 and lCE_rel = 1.0 1.4 0.8 
(dashed) 0.6 (in order of highest maximal FCE_rel). 
Note that for lCE_rel > 1, maximal shortening 
velocity scales with Fisom_n. Maximal shortening 
velocity of the lower force-velocity relationship in 
panel F is diminished because at this STIM and 
lCE_rel, q is below 0.3 (see E). 



Chapter 4 

 76 

1 2( ) 2MTC
e e e e e

e

larm a aϕ ϕ
ϕ

∂
= = +

∂
      (28) 

1( ) MTC
s s s

s

larm aϕ
ϕ

∂
= =

∂
       (29) 

 

Appendix B  

To explore the sensitivity of the simulation outcome to changes in model parameters, 

additional simulations were carried out. Because it was shown previously that the model 

was capable of reproducing the salient static properties of the musculoskeletal system 

(Kistemaker et al., 2005 and Kistemaker et al., 2006a), we focused on the model 

parameters determining the dynamic properties of the modelled muscles. The following 

parameters were varied one by one: m (increased by 10%; see Eq. 4), arel (increased by 

10%; see Eq. 8) and brel (decreased by 10%; see Eqs. 8 and 9). For each new parameter 

setting, the feedback gains were re-optimized and a simulation using the intermittent 

hybrid EP controller for the condition Flex1-3 was carried out. It was found that the 

changes in these parameters led to a small increase in RMS values (from 2.2° to 

respectively 2.5°, 2.6° and 2.8°), but that pϕ  and tmov were not significantly different from 

those observed experimentally (see Table 4.4). These results showed that the outcome of 

the present study was relatively insensitive to changes in parameters affecting the 

dynamical properties of the used muscle model.  

The feedback gains found during the optimization process depended on the 

dynamics of the musculoskeletal system. This led to the question how sensitive the 

simulation outcome was to both changes in the dynamics of the system (e.g., inertia of 

the arm) and the feedback gains themselves. We performed simulations with 10% 

increased inertia, without re-optimizing the feedback gains, and we also performed 

simulations with with feedback gains 10% lower than optimal. It was found that the 

performance of the model was not noticeably different: maxϕ  and tmov were not 

significantly different from those observed experimentally while the RMS values were 2.4 

and 2.3, respectively. This implies that for small changes in inertia, no adjustment of the 
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feedback gains was needed and that the controller was robust for small errors in the 

feedback gains used. 

In the Introduction of this chapter it was stated that most EP controllers 

considered to date neglected tendon compliance and that joint angle was usually 

controlled by setting the appropriate muscle length using feedback from muscle spindles. 

However, muscle spindle feedback is related to muscle fibre length, whose relation to 

joint angle depends on force because of tendon compliance. To investigate the 

importance of taking tendon compliance into account, we investigated the static errors 

that occurred when the hybrid EP controller did not take the tendon compliance of the 

musculoskeletal model into account. The static error was found to depend on joint angle 

and co-contraction level and could be as large as 8°. As humans are normally capable of 

controlling posture with much smaller error margins (also at maximal co-contraction 

level), this result suggested that EP controllers should take tendon compliance into 

account. 

McIntyre and Bizzi (1993) suggested that the addition of a reference velocity in 

the feedback loop could increase movement speed. This leads to the question whether this 

could make the intermittent λ-controller produce movements as fast as those observed 

experimentally, as well as to the question whether the intermittent hybrid EP controller 

could still make movements as fast as those observed experimentally when the reference 

velocity was removed (i.e., set to zero). Additional simulations with the intermittent λ-

controller showed that pϕ  indeed increased (from 688°/s to 783°/s), but insufficiently to 

match that observed experimentally (p < .001) and at the cost of severe end-point 

oscillations. As a result of those oscillations, the correspondence between simulated and 

experimentally observed kinematics was poor (RMS value of 20.5°, see Table 4.4), from 

which it was concluded that incorporating a reference velocity in the implemented 

intermittent λ-controller is not sufficient to make it suitable for the control of fast 

movements. Simulations with the intermittent hybrid EP controller showed that pϕ  

(mean value of 942°/s) was significantly lower (p = .034) than that observed 

experimentally when the reference contraction velocity was set to zero, and that RMS 
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values increased to 3.4°. These results indicated that for the intermittent hybrid EP 

controller a reference velocity signal was needed to closely match the experimental data. 

Feedback time delay diminishes the usefulness of feedback. To assess the 

influence of the delay on the present results, we also tested the model performance when 

δ was increased by 20%. Simulations showed that a longer delay gave rise to an increase 

in the RMS value (from 2.2° to 3.0°), but that neither pϕ  nor tmov were significantly 

different from those observed experimentally (see Table 4.4). This demonstrates that the 

hybrid EP controller would be capable of reproducing the experimentally observed data 

when longer latencies in the feedback loop are adopted.  

Several experimental studies indicated that feedback is inhibited at movement 

onset and termination (e.g., Shapiro et al., 2002, 2004). We tested the performance of the 

hybrid EP controller when feedback was gated such that it was absent at movement onset 

and offset. This was implemented by multiplying the feedback components with a 

Gaussian function: 

2

2

( )
12
0{ ( [ ( )] [ ( )]) }

pt t

h open p CE d CESTIM STIM k l t k v t e σλ δ λ δ
− −

= + ⋅ − − + ⋅ − − ⋅  (30) 

Parameter tp determines when this function attains its peak, and parameter σ 

determines its width. Parameter tp was set to 0.140 s and σ was set rather arbitrarily to 

0.04 such that the Gaussian function was almost zero (0.002) at the start of the 

simulation. The results of the simulation showed that feedback gating did not distort the 

performance of the controller. pϕ  still matched the experimentally observed peak angular 

velocity and the RMS value even decreased slightly to 2.1°. The diminished contribution 

of the feedback at movement onset was compensated by higher feedback gains. Because 

feedback was absent at movement onset and offset, the high feedback gains did not result 

in instability or oscillatory behaviour. This result indicates that for the hybrid EP 

controller the presence of feedback at movement onset and offset is not necessary for 

adequately controlling fast point-to-point movements. 

St-Onge et al. (1997) suggested that the duration of the EP trajectory underlying 

the control of fast movements was about the half of the duration intended (see also 
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Ghafouri and Feldman, 2001). It was investigated whether such a time-compressed EP 

trajectory improved the performance of the λ- and hybrid EP controllers. The simulations 

showed that the performance of the intermittent λ-controller improved, but not enough to 

match that of the subjects: pϕ  was significantly lower than that observed experimentally 

(p < .001) and the RMS value was rather high (11.2°; see Table 4.4). Thus, halving the 

duration of the EP trajectory did not allow the λ-controller to reproduce experimentally 

observed data. With such an EP trajectory the continuous hybrid EP controller reacted 

faster and reached a peak velocity (967°/s) that was not significantly different from the 

experimentally observed value (see Table 4.4). However, the RMS value was larger than 

when the same controller was used with a normal EP trajectory (for which feedback gains 

were optimized for two conditions, see Table 4.2A) and was almost twice as large as that 

of the intermittent hybrid EP controller with a normal EP trajectory (see Table 4.4). The 

reason was that the musculoskeletal model was not able to keep up with the time-

compressed EP trajectory. Consequently, from the instant that the EP trajectory ‘reached’ 

its end-point and the reference velocity was set to zero, damping due to feedback 

counteracted the movement. Clearly, an EP trajectory that ‘reaches’ the end-point long 

before the actual limb does (St-Onge et al., 1997) is not necessarily beneficial for the 

control of fast movements.  

In this study, we used a co-contraction level that remained relatively high 

(yielding maximal stiffness) even when the final position was reached. Yet, EMGs of 

subjects show a gradual decrease near the end of the movement (see Fig. 4.4 and 4.5). To 

investigate whether a high level of co-contraction near the end of the movements was 

required to suppress overshoot or oscillations, simulations were carried out with the 

hybrid EP controller in which STIMopen (and accompanyingλ andλ ) was exponentially 

reduced towards the lowest possible STIMopen that defined a stable EP at the final 

position. The exponential functions were applied 0.35 s after movement onset and 

contained a time-constant of 0.080 s. The results of these simulations showed that the 

high level of co-contraction was not required to suppress the oscillations near the end of 

the movement (see Fig. 4.9). Obviously, peak angular velocity was not affected as the 

movement attained its peak velocity well before STIMopen was diminished (see Table 4.4). 
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Experimental studies provided evidence that humans control their movements 

intermittently at frequencies in the range from 6 to 14 Hz. To test the sensitivity of the EP 

controller for the update frequency, we carried out additional simulations using a range of 

frequencies. When the update frequency was increased from 10 to 15 Hz, performance of 

the model did not change noticeably. However, simulations with update frequencies 

higher than 20 Hz did not produce movements that matched those observed 

experimentally (see Table 4.4). Thus, for the range of frequencies reported in the 

literature, the intermittent EP controller would be capable of reproducing the 

experimentally observed data. 

Finally, we used a minimal jerk trajectory in the optimization process of the 

feedback gains, based on the rationale that the end-point oscillations are not part of the 

desired trajectory (see Methods). However, one might argue that even though the end-

point oscillations are not part of the desired trajectory, feedback gains should be 

optimized to reproduce features of experimentally observed movements. We investigated 

this option by re-optimizing the feedback gains for the hybrid EP controller for all six 

conditions using the trajectory including endpoint oscillations, and found that the RMS 

values decreased only slightly (in the case of condition Flex 1-3: from a RMS value of 2.5 

(see Table 4.2B) to a value of 2.3). Because valid arguments can be given for both 

optimization options, it is reassuring that they yielded comparable results. 

Fig. 4.9. Experimental data (column I, see also 
Fig. 4.4A) and simulation results obtained with the 
intermittent hybrid EP controller (column II). 
After the final position of the model had been 
reached, STIMopen was exponentially reduced 
towards the lowest possible stimulation that 
defined an EP at this final position (λ and λ were 
changed accordingly). Upper EMG/STIMh traces 
refer to the two elbow flexors, lower traces to the 
two elbow extensors. 
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In sum, the additional simulations showed that the outcome of this study did not 

critically depend on the values used for the model parameters.  

Table 4.4. Sensitivity of simulation results to changes in model and control parameters. 
 pϕ [deg⋅s-1] tpv [s] tmov [s] RMS [deg] 
hm 984* 0.54 0.119* 2.5 
harel 985* 0.52 0.120* 2.6 
hbrel 981* 0.54 0.121* 2.8 
hJ 977* 0.56 0.122* 2.3 
hfb 972* 0.55 0.121* 2.4 
λ+ 783 0.89 0.145 20.5 
hδ 984* 0.49 0.120* 3.0 
hg 979* 0.64 0.119* 2.1 
λ100ms 811 0.91 0.150 11.2 
λ+100ms 993* 0.69 0.108 15.9 
h100ms 967* 0.60 0.111 3.9 
hrc 987* 0.57 0.120* 2.4 
h10 984* 0.57 0.120* 2.2 
h15 986* 0.59 0.119* 2.3 
h20 964* 0.54 0.121* 2.5 
h50 941 0.58 0.129 2.9 
h250 931 0.54 0.130 3.7 
h1000 932 0.55 0.130 3.6 
hi  986* 0.54 0.118* 2.3 

All simulations for sensitivity analyses were done for one condition (Flex1-3). Note that the feedback gains 
were re-optimized for single movement using a minimal jerk trajectory (accept for hi), hm = intermittent 
hybrid EP controller with slower activation dynamics (m = 12.43; see Eq. 4), harel = intermittent hybrid EP 
controller with slower contraction dynamics (arel = 0.45; see Eq. 8), hbrel = intermittent hybrid EP controller 
with slower contraction dynamics (brel = 4.68; see Eqs. 8 and 9), hJ = intermittent hybrid EP controller with 
10% increase in inertia of the forearm plus hand, hfb = intermittent hybrid EP controller with optimal 
feedback constants decreased by 10%, λ+ = λ-controller with reference velocity, hδ = intermittent hybrid EP 
controller with increased feedback delay (δ = 0.3; see Eqs. 2 and 3), λ100ms = intermittent λ-controller with 
duration of EP trajectory half the desired duration, λ+100ms = intermittent λ-controller with reference 
velocity and duration of EP trajectory half the desired duration, h100ms = continuous hybrid EP controller 
with duration of EP trajectory half the desired duration, hrc = intermittent hybrid EP controller with 
exponential reduced co-contraction 0.35 s after movement onset (see Fig. 4.9), h15-1000 = intermittent EP 
controller at frequencies of 10, 15, 20, 50, 250 and 1000 Hz, hg = intermittent EP controller with ‘gated’ 
feedback such that feedback is absent at movements onset and offset, hi = intermittent EP controller with 
feedback gains optimized for all 6 conditions using experimental data. 
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Appendix C  

Glossary 
EP Equilibrium point λ  Desired vCE 

Flex1-3 Flexion movement from 50° to 150° lPE PE length 

Ext2-1 Extension movement from 100° to 50° lPE_0 PE slack length 

EMG Electromyography lSE SE length 

φe Elbow angle lSE_0 SE slack length 

φs Shoulder angle kp lCE feedback constant 

CE Contractile element kd vCE feedback constant 

SE Series elastic element δ Short latency feedback delay 

PE Parallel elastic element pϕ  Peak angular velocity 

STIM Relative stimulation rate tpv Time to peak velocity 

STIMopen Open-loop muscle stimulation tmov Movement duration 

STIMclosed Closed-loop muscle stimulation lMTC Muscle-tendon complex length 

STIMα Total STIM generated by α-controller q Active state 

STIMλ Total STIM generated by λ-controller γrel Relative amount of Ca2+ 

STIMh Total STIM generated by hybrid EP controller Fisom Isometric force 

lCE CE length FCE Force delivered by CE  

λ Desired lCE FMAX Maximum isometric force  

lCE_opt CE optimum length FSE Force delivered by SE  

lCE_rel lCE / lCE_opt FPE Force delivered by PE  

vCE CE contraction velocity   

 



 

 

Epilogue 
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Introduction 

The central question of this thesis was whether equilibrium-point (EP) control using 

constant-velocity EP trajectories can make a realistic musculoskeletal model produce fast 

single joint elbow movements similar to those observed in humans. The feasibility of EP 

control of fast movements depends critically on the low-frequency stiffness of the 

musculoskeletal system. The low-frequency stiffness originates from both intrinsic 

muscle properties (i.e., an open-loop component) and reflexive pathways (i.e., closed-

loop components). This Epilogue will start with a discussion of the intrinsic low-

frequency stiffness of a single muscle. Subsequently, open-loop control of stable EPs and 

intrinsic low-frequency joint stiffness of the human elbow joint will be considered, to 

then address the main question of this thesis: is EP control feasible for the control of fast 

point-to-point elbow movements? After providing a short overview of challenges for EP 

control in dealing with more demanding tasks than that examined in this thesis, this 

chapter will draw to a close with a discussion of some important issues that directly 

follow from the work presented in this thesis and that still remain to be tackled in future 

research. 

 

Is EP control feasible for fast point-to-point elbow movements? 

In Chapter 2 the contribution of the length-dependent [Ca2+] sensitivity (LDCS) of a 

muscle to the low-frequency stiffness of the contractile element (CE) was investigated. 

First, it was shown that Hatze’s (1981) model of activation dynamics, apparently the only 

model of activation dynamics in which the active state not only depends on stimulation 

level but also on muscle length, was capable of reproducing the experimentally observed 

relation between [Ca2+] and normalized isometric force of skinned mammalian muscles. 

It was further shown that Hatze’s model was capable of predicting the shifts in optimum 

muscle length at sub-maximal stimulation levels, as observed experimentally by Roszek 

et al. (1994). From these findings it was concluded that Hatze’s model is capable of 

describing LDCS and that LDCS plays a role in intact muscles. Using Hatze’s model it 

was found that the contribution of LDCS to the low-frequency stiffness of CE, as defined 

in Chapter 2, was substantial for low to moderate levels of muscle stimulation. 
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Consequently, it was decided that LDCS should be incorporated in modelling studies 

dealing with motor control issues. 

In Chapter 3 a musculoskeletal model of a human upper arm and forearm was 

constructed using Hatze’s model of activation dynamics (1981) and Hill-type muscles. 

Using this musculoskeletal model it was found that stable open-loop EPs could be 

obtained at all elbow angles in the physiological range of motion, which satisfied the 

most crucial assumption underlying a version of the EP hypothesis known as the α-model 

(e.g., Bizzi and Abend, 1983; Hogan, 1984). Moreover, it was found that at any EP, a 

range of stiffnesses could be produced by varying the level of co-contraction of elbow 

flexors and elbow extensors. It was shown that the intrinsic low-frequency joint stiffness 

predicted by the musculoskeletal model would make a substantial contribution to the total 

joint elbow stiffness as derived experimentally (e.g., Bennet et al., 1992; Gomi and Osu, 

1998). 

The total joint stiffness arises not only from intrinsic muscle properties, but also 

from reflexive pathways. Proponents of the EP hypothesis have made several proposals 

concerning the contribution of reflexive pathways to the control of movements (e.g., 

Feldman, 1986; McIntyre and Bizzi, 1993). In Chapter 4 three types of EP controllers 

were used in an attempt to make the model presented in Chapter 3 reproduce 

experimentally observed maximally fast elbow flexion and extension movements over 

various distances. The controllers in question were: an open-loop α-controller, a closed-

loop λ-controller and a hybrid open- and closed loop EP controller. For each controller a 

continuous and intermittent version was implemented. Each of the EP controllers used 

simple, constant velocity EP trajectories with a duration equal to the intended movement 

duration. It was found that only the intermittent hybrid EP controller (or, equivalently, the 

λ-controller with an appropriate co-contraction command) was capable of making the 

musculoskeletal model reproduce movements as fast as those observed experimentally. 

This finding refutes the claim that EP controllers need ‘complex’ non-monotonic EP 

trajectories to control fast movements (e.g., Latash and Gottlieb, 1991; Gomi and 

Kawato, 1996, 1997). Due to the non-linear properties of the musculoskeletal model, the 

EP controllers required a more detailed representation of its static properties than 

generally assumed in the context of EP control. This representation is required to relate 
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an EP in spatial coordinates (e.g., in terms of joint angle) to control variables (e.g., in 

terms of reference contractile element lengths). In Chapter 4 it was not only shown that 

the hybrid EP controller was capable of closely matching the experimentally observed 

kinematic data, but also that the muscle stimulation (STIM) patterns generated by the 

controller resembled the experimentally observed EMG; the controller generated the tri-

phasic burst pattern that is typical for fast point to point movements (e.g., Wachholder 

and Altenburger, 1926; Yamazaki et al., 1993; Prodoehl et al., 2003). From these findings 

it was concluded that EP control with simple EP trajectories can make a realistic 

musculoskeletal model produce single joint elbow movements matching those observed 

experimentally. 

 

Unresolved issues in the context of EP control 

Movements at sub-maximal speeds 

This thesis focussed on a relatively simple task, namely that of generating maximally fast 

single joint point-to-point movements. Several other issues for EP control under less 

restrictive conditions remain unsolved. One of those issues is the control of single joint 

movements at sub-maximal speeds. The control of such movements is not trivial because 

three (types of) independent parameters directly influence the speed at which a limb 

moves towards an EP: the co-contraction level (i.e., the intrinsic low-frequency stiffness 

in the EP that is set), the values of the feedback gains, and the duration of the EP 

trajectory. These three parameters critically determine the performance of the EP 

controller; ill-tuned parameter values can easily result in large under- or overshoot of the 

target or severe oscillations. As argued by Gottlieb (1998b), it therefore remains to be 

investigated how the values of the control parameters can be derived from the 

characteristics of the desired movement. 

Dealing with external forces like gravity 

Several challenges for the implemented hybrid EP controller remain regarding the control 

of movements under more demanding circumstances (i.e., more demanding for the 

model), such as circumstances in which gravity has an influence on task performance. 
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When the musculoskeletal model was placed in a vertical plane so as to maximize the 

influence of gravity (see Discussion of Chapter 4), the lowest possible level of co-

contraction led to a static deviation of about 5° from the desired position. Considering 

that humans are quite capable of controlling their limbs accurately in the gravitational 

field without any noticeable amount of co-contraction, this result indicates that EP 

controllers need to take external forces such as gravity into account. Because the 

influence of gravity depends on the exact orientation of the limb, it remains a challenge 

for the hybrid EP controller to accommodate the effect of gravity (and other external 

forces) within the notion of the EP hypothesis. 

Multi-joint movements 

A version of the musculoskeletal model with a hybrid EP controller in which both 

the shoulder and elbow joint are controlled has been developed (unpublished material). 

Yet, several issues still need to be resolved that have already been mentioned briefly in 

the Discussion of Chapter 4. An important issue is the ability of the EP controller to take 

into account so-called ‘interaction moments’ (i.e., moments that occur on one segment as 

a result of motion of other segments). For example, Gribble and Ostry (1999) have shown 

that muscle activity around the shoulder joint, to be held in a fixed angle, preceded the 

actual movement of the elbow joint. Furthermore, they showed that amplitude of the 

shoulder muscle activation varied with the magnitude of the upcoming interaction 

moment. This implies that the central nervous system (CNS) predicts the forthcoming 

interaction moments and compensates for them before they would take effect. Such a 

‘predictive control’ seems irreconcilable with the EP hypothesis. However, in a follow-up 

study Gribble and Ostry (2000) have shown that an EP controller in conjunction with a 

‘simple’ iterative error-based learning procedure was capable of compensating for 

interaction moments. An obvious disadvantage of such a procedure is that the CNS has to 

learn and store the adjustments for every different movement. Therefore, it remains to be 

shown whether an EP controller can be combined with a model (e.g., in the form of an 

internal model) that is (i) capable of adjusting the control signals in a more predictive 

manner and is (ii) compatible with the EP hypothesis. 
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Challenges for further research 

In vivo estimates of stiffness and EP trajectories 

Several researchers (e.g., Katayama and Kawato, 1993; Gomi and Kawato, 1996, 1997; 

Popescu et al., 2003) investigated the relation between the actual movement and the EP 

trajectory using in vivo estimates of the mechanical properties of the musculoskeletal 

system. They claimed that the stiffness of the musculoskeletal system was too low for an 

EP controller to be capable of using simple EP trajectories that closely resembled the 

desired movement. Those studies have two shortcomings. The first lies in the method of 

estimating stiffness in vivo and the second in the way in which the EP trajectory is 

calculated from measured movement using this stiffness. Stiffness (and damping) is 

commonly estimated experimentally by fitting a second order linear stiffness-damping-

inertia (‘KBI’) model to the response of the musculoskeletal system to perturbations, and 

it has been shown that second order KBI-models can approximate the response to small 

perturbations quite well (e.g., Agarwal and Gottlieb, 1977; Hunter and Kearney, 1982; 

Winters and Stark, 1988). However, in the intact musculoskeletal system, the skeleton 

interacts with a visco-elastic contractile element (CE) that is in series with an elastic 

tendon, resulting in a system that is at least of order three. As a consequence, the 

parameters of the KBI-model fitted to the response to perturbations depend on the 

frequency content of the perturbation. For example, when very high-frequency 

perturbations would be applied to the musculoskeletal system, the viscous behaviour of 

CE ‘prevents’ rapid changes in CE length, causing the length changes of the muscle-

tendon complex to be mostly due to changes in tendon length. As a consequence, joint 

stiffness estimated during very high-frequency perturbations would be determined mostly 

by tendon stiffness, which is substantially higher than the intrinsic low-frequency 

stiffness. In fact, this phenomenon is exploited in the so-called ‘quick release method’ to 

estimate tendon stiffness in vivo (e.g., Hof, 1998). By applying low-frequency 

perturbations, low-frequency joint stiffness might be estimated. However, when low-

frequency perturbations are applied it is difficult, if not impossible, to ensure that the 

supra-spinal systems do not take part in the response to the perturbation. In conclusion, 

even though it has been shown that KBI-models can approximate the response to small 
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perturbations quite well, it is currently unclear how the stiffness identified using such 

models is related to the actual stiffness of the musculoskeletal system.  

The second shortcoming lies in the calculation of EP trajectories. The current EP 

is commonly calculated by determining the difference ‘needed’ between the EP and the 

actual position (and velocity) that would have given rise to the measured net moment to 

be delivered by the KBI-model at the estimated stiffness and damping (e.g., Latash and 

Gottlieb, 1991; Gomi and Kawato, 1996, 1997; Popescu et al., 2003). However, the EP 

trajectory derived in this way does not necessarily reflect the EP trajectory that served as 

the input of the EP controlled musculoskeletal system. This is because the difference 

between EP and actual position does not directly determine the muscle moments but 

instead determines the muscle stimulations (Feldman, 1986; St-Onge et al., 1997; Gribble 

et al., 1998). Thus, to calculate the EPs it is needed to calculate the muscle stimulation 

from the measured moment. To calculate the muscle stimulation, it is required to know 

how active state of a muscle changes with CE length, how muscle force changes with CE 

contraction velocity, and what the time delays in the reflexive pathways are. Furthermore, 

estimation of the EP would also require information of all other inputs to the system (e.g., 

feedback gains, reference velocity, intermittency). As this information cannot be 

retrieved adequately in an in vivo experiment, experimental determination of the EP 

trajectory is impossible. 

In order to better understand the relation between the mechanical parameters 

(stiffness and damping) identified using KBI-models and the actual parameters of the 

musculoskeletal system, and for a further examination of the methods used to derive EP 

trajectories experimentally, simulations with the model presented in this thesis would be 

useful. A first step would be to subject the musculoskeletal model to the same 

perturbations in static and dynamic tasks as used in experimental studies and fit a KBI-

model to responses of the musculoskeletal model. The values of the parameters of the 

KBI-model can then be compared to those of the EP controlled musculoskeletal model, 

which can be calculated precisely, and to the values observed experimentally. A second 

step would be to use the estimated stiffness and kinematic data of a simulated movement 

in an attempt to calculate the EP trajectory that served as input for the EP controller. This 
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would indicate how well an EP trajectory can be estimated on the basis of measured 

kinematics and estimated mechanical properties of the controlled musculoskeletal system. 

The relationship between stiffness and co-contraction level 

It has often been reported in the literature that [Ca2+] sensitivity of a muscle increases 

with muscle (fibre) length (e.g., Endo, 1972, 1973; McDonald et al., 1997; Konhilas et 

al., 2002). In Chapter 2 it was shown that Hatze’s (1981) model of activation dynamics 

was capable of describing LDCS. In Chapter 3, Hatze’s model was combined with Hill-

type muscle models and it was found that the intrinsic low-frequency joint stiffness (Kilf) 

peaks at a sub-maximal level of co-contraction. This suggestion, however, runs counter to 

the generally accepted notion that stiffness increases monotonously with co-contraction 

(e.g., Shadmehr and Arbib, 1992; Mirbagheri et al., 2000). Because this suggestion 

follows logically from LDCS in combination with the commonly used Hill-type muscle 

model, it would be interesting to test this suggestion experimentally. Specifically, it 

would be useful to conduct an experiment in which co-contraction level and stiffness are 

determined both when subjects are asked to maximally resist perturbations and when 

subjects are asked to maximally co-contract. If in the latter case both co-contraction and 

Kilf are higher, it will falsify the suggestion made above. A prerequisite for this analysis 

would be that intrinsic stiffness can be separated from the reflexive contributions to the 

stiffness derived experimentally, which is a non-trivial problem. In this light it might also 

be considered to conduct stiffness experiments on a deafferented isolated muscle. 

Final remarks 

Discussions about the nature of movement control, and in particular about merits and 

deficiencies of the EP hypothesis, tend to be heated. To the author of this thesis, the 

fierceness of these discussions leaves the impression that the participants are strongly 

attached to their theoretical position. Such a strong attachment may be detrimental to the 

quality of scientific argumentation and may have contributed to the unjustified jettison of 

the EP hypothesis on the basis of studies on fast single joint movements. In the present 

thesis, an attempt was made to address this issue open-mindedly, leading to the 

conclusion that the dismissal of the EP hypothesis on basis of fast single joint movements 

is ungrounded; the hybrid EP controller investigated in this study is capable to make a 
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realistic musculoskeletal model produce fast elbow movements that closely matched 

those experimentally observed. Yet, as outlined above, several issues remain regarding 

the feasibility of the EP hypothesis in less restrictive situations (e.g., under influence of 

external forces and multi-joint movements). It is currently an open question whether 

these issues can be dealt with adequately from within the framework of the EP 

hypothesis. This question deserves to be addressed thoroughly and open-mindedly. 
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Control of Fast Goal-Directed Arm Movements; a critical evaluation of the 

equilibrium point hypothesis 

An important class of movement control theories is the equilibrium point (EP) 

hypothesis. The EP hypothesis postulates that the central nervous system is capable of 

setting stable EPs and poses that movements are controlled by changing the EP. This is 

an attractive control theory, because it does not require to (explicitly) solve the ‘inverse 

dynamics’ problem; muscle forces, or muscle activation patterns, emerge as a 

consequence of shifts in EPs. Over the last years, the feasibility of the EP hypothesis for 

the control of fast single joint movements has been questioned on several grounds. Most 

importantly, it is claimed that the stiffness of the (controlled) musculoskeletal system is 

too low to use simple EP trajectories that resemble the desired trajectories and that the 

use of complex EP trajectories would obliterate the computational attractiveness of the 

EP hypothesis. However, both claims, as well as attempts to refute them, are based on 

results of simulations with models of the musculoskeletal system in which tendon 

compliance, force-length-velocity relation, and mechanical interaction between tendon 

and contractile element are in our view not adequately represented. Therefore, it is 

currently unclear whether EP control can account for fast single joint movements with 

simple EP trajectories. The purpose of this thesis is to assemble a musculoskeletal model 

that captures the salient mechanical properties of the human arm and, subsequently, to 

use several types of EP controllers in an attempt to make the model reproduce 

experimentally observed maximally fast elbow movements.  

The stiffness provided by muscles is one of the major determinants of the 

maximal attainable speeds at which a limb moves from one EP to another. Therefore, this 

thesis starts by investigating the stiffness at the level of a single muscle. The stiffness of 

the contractile element (CE) of a muscle is commonly attributed to the myofilamentary 

overlap function. Yet, another source of CE stiffness is implied in the length-dependent 

Ca2+ sensitivity (LDCS) of a muscle. In short, LDCS causes the muscle to become more 

sensitive to Ca2+ at higher CE length. Thus, when a muscle is stretched to a new constant 

length, isometric muscle force increases as a result of LDCS. Consequently, LDCS 

contributes to the stiffness of a muscle, albeit that no study reported in the literature 

addressed the magnitude of this contribution. LDCS is suggested to play a major role in 
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shifting the optimum muscle length for maximal isometric force at sub-maximal muscle 

stimulation. The question addressed in Chapter 2 concerns the importance of the LDCS 

as a contributor to the intrinsic low-frequency stiffness of a muscle, defined in this thesis 

as the change in steady-state muscle force per unit change in steady-state muscle length at 

constant muscle stimulation. For this purpose, it is shown first that Hatze’s (1981) model 

of activation dynamics, the only model reported in the literature in which LDCS is 

(implicitly) taken into account, is capable of reproducing the experimentally observed 

relation between [Ca2+] and normalized isometric force of skinned mammalian muscles. 

Second, it is shown that Hatze’s model is capable of predicting the experimentally 

observed shifts in optimum muscle length at sub-maximal stimulation levels. From these 

findings it is concluded that Hatze’s model is capable of describing LDCS and that LDCS 

plays a role in intact muscles. Using this model it is found that the contribution of LDCS 

to the intrinsic low-frequency stiffness of CE is substantial for low to moderate levels of 

muscle stimulation. Consequently, it is decided that LDCS should be incorporated in 

modelling studies dealing with motor control issues. 

One formulation of EP control (the α-model) presupposes that the 

musculoskeletal system allows for the open-loop setting of stable equilibria and joint 

stiffness by means of co-contraction. Although the existence of stable EPs is confirmed in 

animal experiments, there is currently no conclusive evidence that humans can control all 

positions in the physiological range of motion open-loop. Because it is difficult to 

establish such evidence experimentally, a musculoskeletal model is used to answer the 

question whether the musculoskeletal system allows for the open-loop control of position 

and low-frequency joint stiffness (Kilf). Kilf is defined in this thesis as the change in 

steady-state muscle moment per unit change in steady-state joint angle at constant muscle 

stimulation. In Chapter 3 a musculoskeletal model of a human upper arm and forearm is 

assembled incorporating Hatze’s model of activation dynamics (1981) and a Hill-type 

model of contraction dynamics. The values for all parameters that influence the static 

moment-angle-stimulation relationship of the muscles crossing the elbow joint are 

carefully extracted from the literature. Using this musculoskeletal model it is found that 

stable open-loop EPs can be obtained at all elbow angles in the physiological range of 

motion and that at any elbow angle, a range of stiffnesses can be produced by varying the 
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level of co-contraction of elbow flexors and elbow extensors. It is concluded that Kilf, as 

predicted by the model, makes a substantial contribution to the total elbow joint stiffness 

as reported in literature. 

In Chapter 4, three types of EP controllers are used in an attempt to make the 

musculoskeletal model reproduce the experimentally observed maximally fast elbow 

movements. The controllers considered are: an open-loop α-controller, a closed-loop λ-

controller and a hybrid open- and closed loop EP controller. All controllers use simple 

constant velocity EP trajectories with a duration equal to the intended movement 

duration. Only the hybrid EP controller is capable of making the musculoskeletal model 

produce movements that closely match those experimentally observed. This finding 

refutes the claim that EP controllers need ‘complex’ non-monotonic EP trajectories to 

control fast movements. Due to the non-linear muscle properties, the hybrid EP controller 

does require a more detailed representation of static muscle properties than generally 

assumed in the context of EP control. In Chapter 4 it is furthermore shown that the 

muscle stimulation patterns generated by the hybrid EP controller resemble the 

experimentally observed EMG. From these findings it is concluded that there are no 

grounds to dismiss EP control when fast single joint point to point movements are 

considered. Future research should address the question if EP control is feasible under 

more realistic circumstances.  
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Controle van snelle doelgerichte armbewegingen; een kritische evaluatie van de 

equilibrium punt hypothese 

Een belangrijke klasse van theorieën over hoe bewegingen worden gestuurd is 

gebaseerd op de equilibriumpunt (EP)-hypothese. Deze hypothese kan het best worden 

uitgelegd aan de hand van sturing van één enkel gewricht. Het idee is dat het centrale 

zenuwstelsel (CZS) in staat is om evenwichtsposities in te stellen. Dit zijn posities van 

het gewricht waarvoor geldt dat het netto-moment van alle spieren (die een moment 

leveren rond dat gewricht) gelijk is aan nul. In een variant van de EP-hypothese, bekend 

onder de naam α-model, wordt verondersteld dat het CZS in staat is om voor elke 

gewenste positie van het gewricht in het fysiologisch bewegingsbereik de open-loop 

spierstimulaties (d.w.z. zonder bijdrage van feedback) zodanig in te stellen dat het netto-

moment van alle spieren rond dat gewricht in de gewenste positie gelijk is aan nul. Deze 

positie wordt het EP genoemd. Een EP is stabiel wanneer een uitwijking uit het EP 

resulteert in een moment dat, in afwezigheid van externe krachten, het gewricht 

terugdrijft naar de EP. Wanneer een nieuw EP wordt ingesteld, is het systeem niet langer 

in evenwicht en zal het naar het nieuw ingestelde EP gaan bewegen. Kort gesteld 

veronderstelt het α-model dat bewegingen worden gestuurd door verandering van het 

ingestelde open-loop EP. Een andere variant is het λ-model. Hierin wordt verondersteld 

dat het CZS drempelwaarden voor activatie van spieren (λ) kan instellen. Deze 

drempelwaarde kan worden gezien als de gewenste spierlengte. De activatie van elke 

spier hangt af van het verschil tussen de gewenste spierlengte en de feedback over de 

werkelijke spierlengte gemeten door middel van spierspoelen: is een spier langer dan de 

gewenste lengte, dan zal deze meer geactiveerd worden, is een spier korter dan de 

gewenste lengte, dan zal deze minder geactiveerd worden. De λ’s van alle spieren die 

over een bepaald gewricht lopen kunnen zodanig ingesteld worden dat deze 

overeenkomen met de lengten van de spieren in de gewenste positie, het EP. In 

afwezigheid van externe krachten zullen de verschillen tussen de ingestelde λ’s en de 

werkelijke spierlengten het gewricht naar het ingestelde EP drijven (alleen in het EP zijn 

de ingestelde spierlengten gelijk aan de werkelijke spierlengten en zal de stimulatie nul 

zijn).  
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Het aantrekkelijke van EP-hypothese is dat EP-sturing geen berekeningen vereist 

om het zogenaamde ‘inverse dynamica’-probleem op te lossen. De spierkrachten, of 

spierstimulatiepatronen, nodig voor het uitvoeren van een gewenste beweging worden 

niet door het CZS uitgerekend (bijvoorbeeld aan de hand van een intern model), maar 

treden op als gevolg van de uitwijking uit het ingestelde EP. Tegenwoordig wordt er 

echter sterk getwijfeld aan de geschiktheid van de EP-hypothese voor de sturing van 

snelle mono-articulaire bewegingen. Het belangrijkste tegenargument is dat de stijfheid 

van het (aangestuurde) spierskeletstelsel te laag zou zijn om ‘simpele’ EP-trajecten 

(d.w.z. een EP-traject dat gelijk is aan het werkelijk af te leggen traject) te gebruiken. Het 

gebruik van meer complexe EP-trajecten zorgt ervoor dat de EP hypothese haar 

aantrekkelijkheid verliest, omdat het berekenen van zo’n EP-traject feitelijk neerkomt op 

het oplossen van het ‘inverse dynamica’ probleem. Echter, zowel dit tegenargument als 

de pogingen om het te weerleggen, zijn gebaseerd op simulatieresultaten met modellen 

van het spierskeletstelsel die geen goede beschrijving bevatten van de eigenschappen van 

serie-elastische structuren (zoals pezen en peesplaten, vanaf nu kortweg SE genoemd), de 

kracht-lengte-snelheid-relatie van spieren en de mechanische interactie tussen SE en 

contractiele elementen (CE). Hierdoor is het nog steeds onduidelijk of EP-controllers 

snelle mono-articulaire bewegingen kunnen sturen wanneer gebruik wordt gemaakt van 

simpele EP-trajecten. 

Eén van de belangrijkste factoren die bepalen hoe snel een ledemaat van het ene 

EP naar het andere beweegt is de stijfheid van spieren. Dit proefschrift begint daarom 

met het onderzoeken van de stijfheid op het niveau van een enkele spier. De stijfheid van 

het CE van een spier wordt vaak toegekend aan de myofilamentaire overlapfunctie. 

Echter, de lengte-afhankelijke [Ca2+] gevoeligheid (LDCS) van een spier is ook een 

potentiële bron van stijfheid. Wanneer een spier gestimuleerd wordt, wordt Ca2+ 

vrijgemaakt uit het sarcoplasmatisch reticulum en dit Ca2+ komt in de interfilamentaire 

ruimte. Vervolgens bindt het zich aan troponinemoleculen waardoor er cross-bridges 

kunnen worden gevormd tussen actine en myosine. LDCS beschrijft het verschijnsel dat 

een spier gevoeliger wordt voor [Ca2+] bij grotere CE lengte. Dus wanneer een spier 

wordt opgerekt naar een nieuwe constante lengte zullen, bij onveranderde Ca2+ 

concentratie, ten gevolge van LDCS meer cross-bridges gevormd worden dan verwacht 
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op basis van de myofilamentaire overlapfunctie. Hierdoor zal de (voor maximale 

isometrische kracht genormaliseerde) isometrische kracht toenemen. Door toename in 

isometrische kracht draagt LDCS bij aan de stijfheid van een spier. In geen enkele studie 

in de literatuur is de grootte van deze stijfheidsbijdrage onderzocht. Wel is gesuggereerd 

dat LDCS mede verantwoordelijk is voor de verschuiving in optimum-spierlengte (de 

lengte waarbij maximaal isometrische kracht geleverd wordt), die optreedt als de spier 

niet maximaal gestimuleerd wordt maar submaximaal. Hoofdstuk 2 onderzoekt het 

belang van de bijdrage van LDCS aan de intrinsieke laag-frequente stijfheid van een 

spier, in dit proefschrift gedefinieerd als de verandering in steady-state spierkracht per 

verandering in steady-state spierlengte bij een constante spierstimulatie. Om deze vraag 

te beantwoorden wordt eerst aangetoond dat Hatze’s (1981) model van 

activatiedynamica, het enige in de literatuur beschreven model dat (impliciet) rekening 

houdt met LDCS, in staat is om de experimenteel waargenomen relatie tussen [Ca2+] en 

genormaliseerde isometrische kracht van ‘geskinde’ spiervezels (spiervezels waarvan de 

membranen permeabel zijn gemaakt voor ionen) te reproduceren. Ten tweede wordt 

aangetoond dat Hatze’s model in staat is om de experimenteel waargenomen 

verschuiving van optimum-spierlengte voor verschillende submaximale stimulatieniveaus 

van intacte spieren te voorspellen. Uit deze bevindingen wordt geconcludeerd dat Hatze’s 

model LDCS adequaat beschrijft en dat LDCS een rol speelt in het ‘dagelijks gebruik’ 

van spieren. Met behulp van dit model wordt gevonden dat LDCS een substantiële 

bijdrage levert aan de intrinsieke laag-frequente stijfheid van het CE bij lage tot 

middelmatige niveaus van spierstimulatie. Op basis van deze bevindingen wordt 

geconcludeerd dat LDCS expliciet moet worden verdisconteerd in modelstudies over 

bewegingssturing. 

Zoals eerder vermeld, veronderstelt het α-model dat het spier-skeletstelsel het 

toestaat stabiele EPs open-loop in te stellen. Daarnaast veronderstelt het α-model dat 

gewrichtsstijfheid is te reguleren door middel van cocontractie. Hoewel het bestaan van 

stabiele EP’s is bevestigd in dierproeven, is er momenteel geen sluitend bewijs 

voorhanden dat mensen daadwerkelijk geheel open-loop posities kunnen instellen. Omdat 

het moeilijk is om dergelijk bewijs te verkrijgen door middel van experimenten bij 

proefpersonen, is een spier-skeletmodel nodig om deze vraag te beantwoorden. In 
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Hoofdstuk 3 wordt een spier-skeletmodel van de boven- en onderarm beschreven, waarin 

Hatze’s model van activatiedynamica (1981) en Hill-type spiermodellen zijn opgenomen. 

De waarden van alle parameters die de statische moment-hoek-stimulatie-relatie 

beïnvloeden, werden verkregen uit de literatuur. Met behulp van dit model wordt 

aangetoond dat stabiele EPs open-loop kunnen worden ingesteld voor alle 

ellebooghoeken binnen het fysiologische bereik. Verder wordt gevonden dat elke 

gewrichtspositie van de elleboog met verschillende waarden van laag-frequente 

gewrichtsstijfheid (Kilf; in dit proefschrift gedefinieerd als de verandering in steady-state 

spiermoment per verandering in steady-state gewrichtshoek bij een constante 

spierstimulatie) kan worden ingesteld door het niveau van cocontractie van flexoren en 

extensoren van de elleboog te variëren. Geconcludeerd wordt dat Kilf, zoals voorspeld 

door het model, een substantiële bijdrage levert aan de totale maximale gewrichtsstijfheid 

rond de elleboog zoals gerapporteerd in de literatuur. 

In Hoofdstuk 4 worden drie typen EP-controllers gebruikt in een poging het spier-

skeletmodel experimenteel geobserveerde maximaal snelle elleboogbewegingen te laten 

reproduceren. De drie beschouwde controllers zijn: een open-loop α-controller, een 

closed-loop λ-controller en een hybride open- en closed-loop EP controller. Alle 

controllers maken gebruik van simpele EP-trajecten. Alleen de hybride EP-controller 

blijkt in staat om het spierskeletmodel snelle bewegingen te laten maken die sterk lijken 

op de door proefpersonen uitgevoerde doelgerichte bewegingen. Deze bevinding weerlegt 

de claim dat EP-controllers complexe EP-trajecten nodig hebben om snelle mono-

articulaire bewegingen te sturen. Ten gevolge van de niet-lineaire spiereigenschappen 

heeft de hybride EP-controller wel een meer gedetailleerde representatie nodig van de 

spiereigenschappen dan over het algemeen wordt aangenomen in de context van de EP-

hypothese. Echter, alleen ‘kennis’ van statische eigenschappen. In Hoofdstuk 4 wordt 

eveneens aangetoond dat de spierstimulatiepatronen die worden gegenereerd door de 

hybride EP-controller gelijkenis vertonen met de electromyogrammen (EMGs) van 

proefpersonen. Op basis van deze bevindingen wordt geconcludeerd dat er geen gronden 

zijn om de EP-hypothese voor het sturen van snelle mono-articulaire bewegingen te 

verwerpen. Verder onderzoek zou moeten uitwijzen of EP-sturing geschikt is voor het 
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maken van bewegingen in meer realistische omstandigheden, zoals bewegingen onder 

invloed van externe krachten (b.v. zwaartekracht) en multi-articulaire bewegingen.
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Mijn twee directe begeleiders Maarten Bobbert en Knoek van Soest waren twee 

onmisbare schakels in de totstandkoming van dit proefschrift. Beste Maarten, na 

congresbezoek zaten wij in Nieuw-Zeeland in een uitkijkpost pinguïns te spotten die met 

grote snelheid uit de zee het strand op kwamen zetten. Fluisterend (om de jonkies onder 

onze post niet te storen en vanwege een boos kijkende gids) zei je dat die pinguïns 

verbluffend goed konden lopen. Ik hoefde niet te zeggen dat ik het daar compleet mee 

oneens was, want je had de zin nog niet uitgesproken of één van de pinguïns struikelde – 

over zijn eigen voeten – en viel plat voorover. Soms, of je mag of niet, valt hard lachen 

niet te onderdrukken. De paar mooie schaatstochten door natuurpark ‘de Weerribben’ 

waren prachtig. Ik ben ook erg blij dat ik je nu, in tegenstelling tot aan het begin van mijn 

promotieonderzoek, riant kan verslaan met squash. Maar ik denk toch vooral terug aan de 

prettige manier van samenwerken. Je intelligentie, je kritische blik en je recht-door-zee 

aanpak spreken mij zeer aan. Beste Knoek, vier jaar geleden had ik niet kunnen bedenken 

dat jij een bestelbusje van de plaatselijke groente- en fruithandelaar zou ombouwen tot 

vakantiecamper inclusief bioscoop met surround geluid en een handgeschilderde 

schuifdeur met raam. Nu weet ik wel beter. Uitgesproken slim, vindingrijk en vriendelijk. 

Ik waardeer het enorm dat je het na elke bespreking voor elkaar kreeg om mij met een 

positief gevoel weer aan het werk te laten gaan. Aan het begin van mijn project liet je je 

ontvallen dat je de wetenschap een sociale werkplek voor hoogbegaafden vond. Na vier 

jaar ervaring ben ik het met dat eerste wel eens. 

Maarten en Knoek, ik ben er trots op dat jullie mijn begeleiders hebben willen zijn. 

Prof. Dr. P.J. Beek, beste Peter, ik ben je erg dankbaar. Allereerst voor alle ruimte 

en hulp die je als promotor hebt geboden tijdens de totstandkoming van dit proefschrift, 

maar ook vanwege het studentassistentschap dat je mij – na slechts drie weken onderwijs 

– hebt gegeven. Daardoor kon ik al in een vroeg stadium ervaring in het onderzoek 

opdoen. De gastvrijheid die je bood toen ik onverhoopt naar Amsterdam moest verhuizen 

was geweldig. 

Kamer C678 zou een kweekvijver voor wetenschappelijke ideeën (moeten) zijn. 

Ik weet het niet, maar leuk was het wel. Met de twee slimpies Joost en Arne had ik in 

ieder geval een prima panel om mijn ideeën te toetsen, mij te helpen om Matlab alleen 
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datgene uit te laten rekenen wat ik wilde weten, en me te helpen zoeken naar net dat ene 

Engelse woord waarnaar ik zocht (en wat uiteraard in een later stadium eensgezind door 

Maarten en Knoek werd weg-gesuggereerd). Sorry dat ik ‘mex.m’ heb weg-

geformatteerd. Voor de niet-ingewijden: omdat we geen dobbelstenen konden vinden, 

hebben we in Australië een hele nacht gespendeerd aan het maken van een 

computerprogramma, mex.m, waarmee we een bierdrinkspelletje konden spelen. Het 

duurde best lang om het hele spel te programmeren, volgens mij zelfs zo lang dat we niet 

eens aan spelen toekwamen. Gelukkig hadden we bier. Ook wil ik mij verontschuldigen 

voor de vele sportkleren die zorgden voor een overdreven sportieve uitstraling van onze 

kamer. Joost en Arne, bedankt voor alles.  

C678 zou ook C678 niet zijn geweest zonder C680. Nicolette, Anke en Rolf, ik 

kan me geen leukere buren voorstellen (hoewel ik over Joost Rosier in C676 ook 

helemaal niets te klagen heb, hetgeen door mijn krachtige speakers en onze verschillende 

muzieksmaak wellicht niet geheel wederzijds is). Ik zal het tafeltennissen, de heerlijke 

taarten, de tweezitsbank, en natuurlijk de gezelligheid missen. 

Rolf and Rita. I don't think I would have survived it without you. Always 

supportive and with astonishing sense of humour, intelligence, knowledge about colour 

combination and cultural interest you have managed to get my mind after work were it 

should be; not at work. I think I could write hundreds of nice and funny stories about our 

adventures. Thank you so much. 

Eigenlijk moet ik alle collega-promovendi wel bedanken. Neem het AiO 

mountainbike weekend in de Ardennen: alleen Martin Truijens' duik in de modder, zijn 

honger naar onbegaanbare weiden en zijn voorliefde om zich in beken te storten waren al 

de moeite van het afreizen waard. Of Floor’s gezicht, toen een beek – waarin Martin zich 

al meerdere malen had ingestort – haar de weg versperde en Rolf haar mountainbike over 

het water slingerde en na een flinke sprong haar aan de overkant vrolijk (en droog) 

aanmoedigde om ook te springen. Of de verbazing in de ogen van onze gastvrouw toen ze 

na het weekend zei:"Haben Sie das alles getrunken?", kijkend naar de vele lege flesjes 

Belgisch bier en een megafles witte Martini die we voor de deur hadden opgestapeld. Of 

het AiO weekend in de enorme vakantieboerderij van Anke’s schoonouders: vliegeren 
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met windkracht 8 en een goede kite, een zeer speciale ervaring. Ik kan haast niet wachten 

op het volgende AiO weekend. Ik mag vast nog wel mee. 

Beste Chris Riezebos. Als docent bij Bewegingstechnologie en via je rol binnen 

Versus, tijdschrift voor fysiotherapie, weet je op bijzondere wijze je kennis en liefde voor 

de schoonheid van het menselijk bewegingsapparaat over te brengen. En zeker niet alleen 

op mij. Jouw rol in dit proefschrift is veel groter dan je wellicht denkt. Mijn 

wetenschappelijke vorming begon bij jou. Tevens wil ik hier alle redactieleden van 

Versus bedanken voor de interessante en gezellige redactievergaderingen. Vriendelijke 

vriend Herre Faber wil ik graag nog extra bedanken voor alle steun, lol en hulp in de 

afgelopen jaren. Behalve voor die keer dat je me af hebt geholpen van een zeer speciaal 

Belgisch biertje door deze in één teug leeg te drinken (iets wat voor een Amaretto nipper 

op zich wel een prestatie van formaat is). 

De beste herinneringen aan mijn middelbare school tijd heb ik te danken aan 

Herman Boelaard, die, als één van de weinigen, altijd dacht dat het met mij wel goed zou 

komen. Beste Herman, hoewel het al best lang geleden is, denk ik met een glimlach terug 

aan de zeiltripjes in je houten BM’er, de tennispartijtjes, maar vooral aan de bakjes thee 

met koekjes waarvan we samen (tijdens mijn natuurkundeles) genoten in je kabinet. Ik 

ben blij dat ik je gelijk heb kunnen bewijzen. 

Daarnaast zijn er nog zoveel anderen waarmee ik naast het werk zoveel plezier 

kan maken. Van Groningen via Enschede (veel te ver weg) en de file bij knooppunt Deil 

op weg naar een hele lange stop in Den Haag. Dan in een zwarte Porsche via Haarlem 

naar de ArenA (waar ik gek genoeg altijd naast dezelfde bijzondere komische anatoom, 

genaamd Henk S., zit.). Tot slot nog even snel naar Down Under en dan naar Emmeloord. 

En dat allemaal met volle bepakking: een paar schaatsen (je weet maar nooit), een gitaar, 

hardloopschoenen, een squashracket en voetbalschoenen. 

Brigitte, bedankt voor je steun en al onze lol samen. Whatever tomorrow brings… 

met je sterke hardloopbenen kun je er zonder twijfels op af! 

Ik prijs mezelf bijzonder gelukkig omdat ik, ondanks de bijna compleet te 

verwaarlozen kans dat precies ik het ben die bestaat, besta. Dat precies ik het ben, maakt 

de kans dat niet precies mijn ouders mijn ouders zijn dan weer bijna compleet te 
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verwaarlozen. En dat is maar goed ook. Jullie maken het thuiskomen samen met mijn 

twee super broers Bert en Taco, schoonzussen en twee kleine neefjes, elke keer een feest. 

Ik heb zo ontzettend veel aan jullie te danken. Dit proefschrift is net zo veel van jullie als 

van mij. 
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This is one of the hardest lessons for humans to learn. We cannot admit that things might 

be neither good nor evil, neither cruel nor kind, but simply callous - indifferent to all 

suffering, lacking all purpose. 

-Richard Dawkins 


