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Abstract

We have previously derived the effect of soft graviton modes on the quantum

state of de Sitter using spontaneously broken asymptotic symmetries. In the present

paper we reinterpret this effect in terms of particle production and relate the quan-

tum states with and without soft modes by means of Bogoliubov transformations.

This also enables us to address the much discussed issues regarding the observability

of infrared effects in de Sitter from a new perspective. While it is commonly agreed

that infrared effects are not visible to a single sub-horizon observer at late times, we

argue that the question is less trivial for a patient observer who has lived long enough

to have a record of the state before the soft mode was created. Though classically

there is no obstruction to measuring this effect locally, we give several indications

that quantum mechanical uncertainties may censor the effect. We then apply our

methods to find a non-perturbative description of the quantum state pertaining

to the Page time of de Sitter, and derive with these new methods the probability

distribution for the local quantum states of de Sitter and slow-roll inflation in the

presence of long modes. Finally, we use this to formulate a precise criterion for the

existence of eternal inflation in general classes of slow-roll inflation.
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1 Introduction

Though inflation is commonly invoked as the mechanism in the early universe that solves

the horizon and flatness problems by exponentially diluting away any inhomogeneities, it

has been argued that if it runs for long enough it actually does not produce such a flat,

smooth spacetime. This is because it also generates quantum mechanical fluctuations that

get stretched to superhorizon lengths, and if these accrue the spacetime gets warped on

very long length scales. The time it takes for this to occur is the Page time of de Sitter1 in

analogy with the black hole case, as has long been argued. Recently we showed that these

changes can be encapsulated by a change in the quantum state of the system for the de

Sitter case, and showed that after the Page time the perturbative description in the initial

vacuum state breaks down, forcing the overlap between the initial and final states to go

to zero [1]. This elaborates on the findings of [2–4] who, for example in [2], demonstrated

that the circumsphere of de Sitter compactified on a torus undergoes a large variance

due to infrared fluctuations after a similar time scale, and of [5–7]2 who also identified

this time scale in de Sitter as a point where the perturbative treatment appears to break

down.

At first this seems at odds with the fact that a physical observer still experiences a

spacetime that locally resembles a flat, homogeneous and isotropic spacetime. Indeed,

because this breakdown is a property of the global description of the state, it has been

argued that the effect is unphysical. Indeed, any mode with wavelength much larger

than the system being observed can be locally gauged away, as a consequence of the

equivalence principle, and at late times super-horizon modes cannot be measured within

a single Hubble patch as illustrated in Fig. 1. Any observation of this effect would require

a nonlocal measurement in the sense that it would need a comparison of the effect at

(minimum) two very separate spacetime points. A single local observer is able to register

the effect if they were willing to wait for long enough. After a Page time, it would always

be possible to construct a coordinate system corresponding to flat space; however, this

would not coincide with the initial coordinate system. Thus, while our observer remains

in flat space the entire time, the flat spatial slices are related to each other in a nontrivial

way (a diffeomorphism at asymptotic future null infinity) as we illustrate in Fig. 2.

To make sure this represents a physical effect, we can imagine constructing a device

that would be able to register this change. What we have in mind is a network of satellites,

loosely tethered together to counteract the effect of expansion, initially arranged in a

1We define the Page time of de Sitter as tdS ∼ RdSSdS ∼ M2
p/H

3, where RdS is the de Sitter radius
and SdS is the de Sitter entropy.

2This time-scale also appeared in the discussion of the thermalization time scale of de Sitter in [8]

1



Figure 1: The change in geometry from the emission of a long wavelength mode at late
times. A local observer only has access to information contained within their horizon,
and the effect of long modes can be gauged away locally. However, the difference between
different causally separated local observers becomes large. To observe this effect, inflation
needs to come to an end, and long wavelength modes need to re-enter the horizon.

sphere. After a Page time, the initial sphere would be deformed into an ellipsoid of

different size by an O(1) amount. This represents the memory effect associated with the

asymptotic symmetry group transformations that have taken place, as explained in [9].

We could even imagine observing this effect with a single telescope, if we were able to

register the stresses induced by the long wavelength modes throughout its body.

When a measuring device is created, it is done so in vacuum, and so automatically

gauges away every long mode that was emitted prior to that event. Therefore, only

long modes emitted after that point will leave any effect on the system. This leads to our

definition of a patient observer: A patient observer is an observer that has been in existence

prior to the time when a given long mode of interest was created, and is equipped with some

measurement device, necessarily not de Sitter invariant, to record its state for the entire

duration. The usual curvature perturbations of wavelength shorter than the soft mode

are not patient observers, since their freeze-out dynamics, that is, the time at which they

cross the horizon, is set by the background geometry that includes all soft modes that have

been previously emitted. This is the reason why IR effects can be gauged away in the case

of the usual spectrum of curvature perturbations in cosmology, and prevents an accurate

record of the history before its creation from being recorded. However, the arrangement

of satellites mentioned above, as well as any isocurvature modes present, are examples

of a patient observer. In section 2.4 we will discuss a third type of patient observer

based off an Unruh detector. In section 2.5 we discuss possible fundamental limitations

to constructing patient observers in practice due to quantum mechanical effects.
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Figure 2: The change in geometry from the emission of a long wavelength mode. A local
observer only has access to information contained within their horizon, and the effect of
long modes can be gauged away locally. However, the difference between initial and final
gauges can be kept track of, in which case even a physical observer would be able to
measure the effect once it becomes large.

The breaking of de Sitter invariance by the observer plays a crucial role, and without

it, a patient observer would not be able to distinguish the state before and after the soft

mode is created. This is similar to the analogous example of electromagnetic memory

in the case of exploding charges [10], where the change in the state is a pure gauge

transformation in the absence of the observers (in that case the superconducting nodes).

However, the presence of the superconducting nodes on a sphere surrounding the initial

charges spontaneously break the gauge invariance in the global state, and therefore they

are able to record a memory of the state before the explosion of the charges, and register

the difference afterwards. The superconducting nodes are the electromagnetic analog of

a patient observer.

Though the departure from the initial vacuum becomes large at the Page time, giving

an indication that the perturbative description breaks down on this timescale, the prog-

nosis for describing the physics is not necessarily bleak if we can find a non-perturbative

way of organizing these effects. This is the procedure we outline in this paper, where

we show that it is possible to explicitly evaluate the effects of long modes on correlators

to all orders. While related methods have been discussed in the literature [2, 4, 11–17],

our technique enables us to derive known results in a compact fashion, and also find new

applications. As an example, which also serves as a non-trivial check of our methods,
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we re-derive the probability distribution of the comoving curvature perturbation, and

show that our results matches the results of [18], where it was derived using instead the

Kramers-Moyal equation of the cosmological comoving curvature perturbation. Our ini-

tial expressions are within several approximation schemes which prevent them from being

exact: namely, we work in the constant tilt approximation, and ignore interactions among

the long modes themselves, focusing on their additive influence on short modes. This al-

lows us to arrive at simple expressions for the correlators we consider, but we are actually

able to step beyond these approximations and extract some quantitative features in the

general case. Our main application of this technology is to write down the probability

distribution of an observer measuring a given value of the power spectrum, even deep in

the non-perturbative regime. We find a power law form, with the exponent dependent on

the precise nature of inflation.

To achieve this, we first recast the change in state of the system as a Bogoliubov

transformation in section 2. This is shown to induce changes in the mode functions of

the short wavelength modes, equivalent to the change in state obtained from the Noether

charge we found in [1]. This state is then used to compute the expected values of several

common correlators in section 3, and the full distribution in section 4. We find that

the averages are not very representative of a typical observation, a consequence of the

system’s power law behavior.

Before we begin, we comment on the concept of the Page time in inflationary space-

times, as the generalization from de Sitter space contains some subtlety. The most prim-

itive definition we will need is that the number of degrees of freedom emitted rivals the

degrees of freedom of the horizon, which for pure de Sitter corresponds to a number of

e-folds N ∼ M2
p/H

2. In slow roll spacetimes, however, the horizon size increases as well,

and generically at a faster rate than long wavelength modes are emitted, so the Page time

is never reached. The minimum requirement for the Page time to make sense is that the

number of horizon degrees of freedom increases at a slower rate than the emission rate.

Then, using the slow roll equation dH/dN = −εH, we find that dA/dN = εA, and, using

Pγ = H2, Pζ = Pγ/(16ε), we find that the change in horizon area (and therefore the num-

ber of holographic degrees of freedom) in one e-fold is equal to ∆A = 1/Pζ . Comparing

this to the number of gravitons emitted per e-fold, ∆Nγ = 2, we see that the Page time

is only possibly reached in the Pζ ∼ 1 regime, i.e. eternal inflation. Note that this is only

a necessary condition for the Page time to be reached: this regime must still persist for

long enough that the emitted modes actually overtake the horizon’s. During inflation,

however, more scalar degrees of freedom are emitted than tensors, and so a more appro-

priate comparison would be to ∆Nζ = 1/ε. This yields the condition r = Pζ , which, as
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we will see, exactly corresponds to the condition that the loop corrections to the graviton

two point function are of the same order of magnitude as the tree level contribution, or,

in other words, the onset of the non-perturbative regime.

2 Bogoliubov

In this section we show how a soft graviton or inflaton mode can be reinterpreted as

inducing particle production through a Bogoliubov transformation. We demonstrate the

utility of this framework by easily computing one loop corrections to the scalar two point

function, and verify that it is equivalent to a change in the state of the system, proving

its validity.

Generically, we will be interested in correlators between the curvature perturbation ζ

and gravitons γ of the form 〈
n∏
i=1

ζk̃i

m∏
j=1

γk̃j

〉
. (2.1)

We choose to work in the uniform density gauge, where the effect of the long mode is

to shift the momentum k2 → k̃2 = e2ζL [eγL ]ij kikj. Intuitively, this will induce particle

creation by altering the mode equation of the fluctuations. For any scalar field, for

instance, the wave function will obey the shifted wave equation

∆̃φ =

(
a−3∂ta

3∂t −
1

a2
e−2ζLe−γL ij∂i∂j

)
φ = m2φ . (2.2)

We mostly focus on the case where φ is the canonically normalized field corresponding to ζ,

that is, ζ = (H/ ˙̄φ)φ. From here, the long wavelength modes do not affect the separability

properties of this wave operator, so that time and space can be analyzed individually

(once it is frozen out). Additional terms involving the long ζ mode would muddle the

two by adding a nonzero shift vector, but these are slow roll suppressed. Furthermore,

the part of this equation that depends on time derivatives is not altered at all, which

means that if we expand in spatial plane waves, the mode function will depend on these

through the effective wave number described above. If there is any spatial dependence

in the long modes then this procedure is approximate, as plane waves will not be exact

eigenfunctions of the Laplacian, but in the limit that the wavelength of the long modes is

much larger than scales we are interested in it can be treated as a constant (anisotropic)

rescaling of the coordinates.
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2.1 Inflation

In this setting the mode equations are Hankel functions, which, when written in terms of

conformal time η =
∫
dt/a are

uk(η) = cνH(−η)3/2H+
ν (−kη) , (2.3)

where cν =
√
π

2
ei
π
2

(ν+1/2), chosen to asymptote to positive frequency modes at early times.

The coefficient ν parameterizes the departure from exact de Sitter, which in terms of the

scalar power spectrum tilt is ν = 3/2− (ns − 1)/2.

The insight we draw is that in a shifted background the same mode function can be

used except with the replacement of k → k̃ [2,3,19,20]. Then the Bogoliubov coefficients

can be computed in the standard way. The additional subtlety that normally does not

occur is that these coefficients now depend on the long modes, that is, the Bogoliubov

coefficients are now field dependent. However, if we restrict our attention to modes with

wavelengths much shorter than the long mode, the operators commute and we are able

to sidestep this subtlety. The field in the shifted background is related to U through

ζk̃|0〉 = (αku
∗
k + βkuk) a

†
k|0〉 . (2.4)

If there are multiple modes in the desired correlator, this procedure can be used for each

independently. Thus, for instance, the correction to the two point function is

〈ζk̃1
ζk̃2
〉 = 〈|αku∗k + βkuk|2 J〉δ(3)(k1 + k2) . (2.5)

The coefficient J is a Jacobian factor, obtained from δ(3)(k̃) = Jδ(3)(k). It remains to

compute the quantity 〈|αku∗k + βkuk|2 J〉, which is where the interesting physics comes in.

From the standard formulas we find that

〈|αku∗k + βkuk|2 J〉 =

〈
e(3−2ν)ζL

(
eγL ij k̂ik̂j

)−ν〉
Pk . (2.6)

Where k̂ is the unit vector pointed in the direction of the wavenumber at which the scalar

correlator is being evaluated, and Pk = |uk|2 is the power spectrum. This quantity is

somewhat tricky, as it involves nontrivial index structure and, when the matrix exponen-

tial is expanded, depends on the long graviton in a complicated way. To begin our analysis

we reproduce the one loop results, before going on to a more sophisticated analysis.
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2.2 One loop

To reproduce the one loop results from the literature [2] we need to expand the quantity

(2.6) to second order in the long curvature and graviton modes. This will automatically

incorporate the two diagrams of the form drawn below.

Figure 3: The two 1 loop diagrams. The straight line is the scalar mode, and the slinky
lines are both long wavelength gravitons and scalars.

To do this, let us denote δm = γmij k̂ik̂j. Then we have

〈
ˆ̃k−2ν

〉
= 1 +

(3− 2ν)2

2
〈ζ2
L〉 −

ν

2
〈δ2〉+

ν(ν + 1)

2
〈δ2

1〉+O
(
γ4
L, ζ

4
L, ζ

2
Lγ

2
L

)
. (2.7)

To proceed we need to relate the two second order correlators to the power spectrum of

gravitons. Using

〈γ(p1)ijγ(p2)kl〉 = Pγ(p1)Pijkl(p1)δ(3)(p1 + p2), (2.8)

where

Pijkl(p) = δ̂ikδ̂jl + δ̂ilδ̂jk − δ̂ij δ̂kl, δ̂ij = δij − p̂ip̂j (2.9)

we find that

〈δ2
1〉 = s4〈γ2

L〉, 〈δ2〉 = 2s2〈γ2
L〉 (2.10)

where s2 = 1− (k̂ · p̂)2. Once we do the angular average we arrive at

〈δ2
1〉 =

8

15
〈γ2
L〉, 〈δ2〉 =

4

3
〈γ2
L〉 (2.11)

which gives

〈
ˆ̃k−2ν

〉
= 1 +

(1− ns)2

2
〈ζ2
L〉+

(4− ns)(1− ns)
15

〈γ2
L〉+O

(
γ4
L, ζ

4
L, ζ

2
Lγ

2
L

)
. (2.12)

We have used the fact that to lowest order ν = (4− ns)/2, which gives perfect agreement

with [2].
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2.3 Charge transformation ⇔ Bogoliubov transformation

To close the consistency triangle of figure 4 we need to show that the charge associated

with the soft mode derived in [1] indeed corresponds to a Bogoliubov transformation with

the coefficients derived in section 2.1.

Coordinate 
Transformation

Bogolyubov 
transformation

Asymptotic Symmetries

Soft 
Modes

Q⇠

x2 ! e2⇣e�ijx
ixj |↵, � >

Figure 4: Equivalence between the charge associated with the asymptotic symmetries, a
coordinate transformation, and a Bogoliubov transformation.

As described in [1] (and in several other works before [21, 22], as well as in [23] from

the perspective of a dS/CFT correspondence) the symmetry of the action under large

gauge transformations has an associated charge

Qξ =
1

2

∫
d3x

[
{Πζ , δζ}+ {Πij

γ , δγij}
]

(2.13)

where Πζ,g ≡ δL/δ(ζ̇ , ġij) are the conjugate momentum associated with the two gravita-

tional degrees of freedom ζ and γij, and δζ, δγij are their transformations under a large

gauge transformation. For simplicity we will only consider the charge associated with a

soft graviton.

We would like to verify that the charge acts on the vacuum as a Bogoliubov transfor-

mation which has the form

|0′〉 =
∏
k

e
−β∗
2α

a†ka
†
−k

|αk|1/2
|0〉 , (2.14)

where α and β relate the creation and annihilation operators between the two different

vacua as described in eq. 2.4.

We focus on the charge induced by a soft tensor, i.e. we consider a diffeomorphism of
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the form ξi =
(
eγ

L/2 − δ
)
ij
xj with associated charge3

Q =
a3M2

p

4

∫
d3x γ̇ijDLγij (2.15)

where DL ≡ γLab/2xb∂a and γLab is the soft graviton appearing in the large gauge transfor-

mation. When expanding in Fourier space the charge can be written as

exp iQ = Πk exp (c+K+ + c−K− + c3K3) (2.16)

where K+ = a†ka
†
−k/2, K− = aka−k/2 and K3 = (a†ka−k + aka

†
−k)/4, and all the c’s are

momentum dependent functions associated with each K. Making use of the formulas in

appendix 5 of [24] we can rewrite the exponential of the charge as

exp iQ = Πk exp (Γ+K+) exp (log(Γ3)K3) exp (Γ−K−) (2.17)

where

Γ± =
2c± sinh β

2β cosh β − c3 sinh β
(2.18)

Γ3 =

(
cosh β − c3

2β
sinh β

)−2

(2.19)

β2 =
1

4
c2

3 − c+c−. (2.20)

All the c-functions are proportional to γL and so is β. Thus, expanding the Γs for small

β gives

Γ± = c± +O(γ2
L) (2.21)

Γ3 = 1 +O(γL) (2.22)

This shows that to leading order in γL

exp iQ |0〉 = N Πk exp (c+K+) |0〉 . (2.23)

where N is a normalization factor.

To close the triangle of fig. 4 we still need to show that c+ = −β∗/α with the α and

β computed in sec. 2.14 . To do that we come back to our original expression in eq. 2.15

3We refer the reader to [1] for the derivation of the cubic part of the charge.
4Note that the factor of 1/2 is already included in the definition of K+.
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and integrate by parts half of the integral

Q =
a3M2

p

8

[∫
d3xDL (γ̇ijγij)−DL (γ̇ij) γij + γ̇ijDLγij

]
. (2.24)

The total derivative will be evaluated at the boundary. Therefore, when going to Fourier

space it will correspond to an operator of a single (absolute) momenta associated. We

neglect this term in what follows given that in the large volume limit its effect on the

state is negligible.

Then, after Fourier transforming the previous integral and select the terms propor-

tional to K+ we get

Q̃ = −a
3M2

p

4

∫
d3k

∑
σ

[γ̇∗kDLγ
∗
k − γ∗kDLγ̇

∗
k] a
†
k,σa

†
−k,σ , (2.25)

where we have used the fact that
∑

σ,σ′ ε
σ
ij(k)εσ

′
ij (−k) = 2δσ,σ′ , being σ the graviton polar-

ization. The previous equation defines c+ to be

c+,σ =
a3M2

p

2i
[γ̇∗kDLγ

∗
k − γ∗kDLγ̇

∗
k] (2.26)

where the σ index just characterizes the fact that we would have a c+ for each polarization.

In order to make the comparison with the Bogoliubov coefficients derived from the

coordinate transformation we use the definition

β =
u′kvk − v′kuk

W
(2.27)

α =
u
′

kv
∗
k − ukv

′∗
k

W
(2.28)

where v(k) = u(k̃) is the mode function in the shifted coordinates with k̃2 = e2ζLeγLij kikj,

and W is the Wronskian. When expanding u(k̃) around k the two expressions simplify to

β =
u′kDLuk − ukDLu

′
k

W
+O(k̃ − k)2 (2.29)

α = 1 +O(k̃ − k). (2.30)

Therefore,

−β
∗

α
=
u
′∗
k DLu

∗
k − u∗kDLu

′∗
k

W ∗ +O(k̃ − k)2 . (2.31)

If we now identify uk with γk the Wronskian would be given by 2i/(aMp)
2 and the last
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equation matches precisely with eq. 2.26. In the case of Qζ the derivation will go through

in the same way with an extra detail. When Fourier transforming DL there will be

a term of the form ∂kk which at a first glance makes the −β∗/α computed from the

two approaches different. However, this term corresponds precisely to the change in the

Jacobian which we also had to take into account in eq. 2.5.

With this result we close the equivalence between the three vertices of the triangle:

charge transformation, coordinate change and Bogoliubov transformation.

2.4 Patient Observers and Particle Production

In order to measure the inflaton particle production induced by the emission of a long

mode in a quasi-de Sitter phase, we imagine an Unruh type detector, a two state quantum

system coupled to the inflaton in such a way that the absorption of an inflaton particle

will trigger a transition in the state of the detector. Since the long scalar mode can be

seen as a constant shift of the time coordinate, this will only be visible in the integrated

particle production when measured according to some internal clock in the detector, which

is independent of the expansion. Such a detector is not de Sitter invariant, and will detect

a change in the integrated particle production measured according to the internal detector

clock as the state changes from |0〉 → |0′〉. Thus, this serves as a patient observer (defined

in the introduction) in quasi de Sitter space if it is around for a sufficiently long time. An

isocurvature mode during inflation is a prototype of this kind of detector [25]. However,

if we consider the production of gravitons in pure de Sitter, the issue is a bit trickier. In

this case, we can think of a detector localized inside the horizon, which is coupled to a

light scalar field initially in its vacuum. The detector breaks de Sitter invariance and can

record the particle excitations of the light test scalar field.

Using the expressions for the Bogoliubov coefficients defined in equations (2.27) and

(2.28) we obtain, in the dS limit,

αk =
1

2i

(k
k̃

)3/2

−
(
k̃

k

)1/2
 1

kη
− i

(k
k̃

)1/2

+

(
k̃

k

)1/2
 ei(k̃−k)η , (2.32)

βk =
1

2i

( k̃
k

)1/2

−
(
k

k̃

)3/2
 1

kη
− i

( k̃
k

)1/2

−
(
k

k̃

)1/2
 ei(k̃+k)η . (2.33)

It is easy check that the normalization condition |αk|2 − |βk|2 = 1 is satisfied, and that
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on super-horizon scales one has indeed

|uk̃|2 =

(
k

k̃

)3

|uk|2 , (2.34)

which proves that the form of αk and βk are self consistent.

From the Bogoliubov transformation, we can compute the inflaton particle number,

initially in the |0〉 vacuum when measured in the |0′〉 state,

Nk =
〈
|βk|2

〉
=

1

4

〈( k̃
k

)3

− 2

(
k

k̃

)
+

(
k̃

k

) 1

k2η2
+

[(
k

k̃

)
+

(
k̃

k

)
− 2

]〉
, (2.35)

and so for sub-horizon modes, −kη →∞, we see that there is a finite piece that does not

vanish

Nk ≈
〈δ2

1〉
16

=
1

30

〈
γ2
L

〉
. (2.36)

We notice that the effect for a sub-horizon observer is tiny. Even if our sub-horizon

observer waits for what corresponds to the Page time of de Sitter, until the variance of

the long modes that have left the horizon becomes larger than one 〈γ2
L〉 � 1, there will

be approximately one extra particle produced with Fourier mode k. However, it appears

as if a sub-horizon observer after the Page time would discover that he is no more in the

vacuum, but in a state with one excited particle of all sub-horizon Fourier modes. Since

the one-particle state is orthogonal to the vacuum, the observer will see that the state

has changed by an order one factor on all scales within the horizon [1].

Since a constant long mode does not change the time dependence of the metric, it

is not expected to change the particle production rate or the periodic properties of the

Green function under a complex phase shift in time. Therefore we expect that the new

state, |0′〉, will be thermal with the same temperature as |0〉, and in fact a single pointlike

Unruh type detector may not experience any change in the transition rates between energy

levels in the detector due to absorption or emission of particles. One suspects that only

when measuring the integrated particle production using an internal clock (such as an

independently fluctuating isocurvature mode) can the difference in the particle production

before and after adding the soft mode be seen. Therefore, one is led to think that such an

effect might be accounted for as being due to some accumulated difference between some

independent clock field and the adiabatic clock (the expansion) shifted by long modes [25]

(see also [26,27]), and if the effect is always measured in terms of the adiabatic clock (the

expansion), then the effect is absent [28–34].
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2.5 Is Patience Fundamentally Impossible?

In this subsection, we report a tentative conjecture that it may actually be impossible to

build a realistic subhorizon instrument capable of acting as a patient observer. We have

performed two thought experiments on how one would go about measuring the effects

of long modes, and each time we have been stymied by the requirement that we build

our machine out of physically realizable matter. This does not constitute a proof that a

measurement device of sufficiently clever design cannot ever be envisioned, but it does give

some indication that there may be a version of “cosmic censorship” at play, preventing

one from making these measurements. This situation is reminiscent of [35], where it is

argued that no machine capable of observing a single graviton may ever be constructed.

Our first attempt at a patient observer, as mentioned in the introduction, is a circular

array of satellites very carefully bound together in the radial direction, keeping them

attached under the expansion, but not preventing them from feeling shear effects. When

long modes are added, the spatial distance between the satellites changes by

ds2 = a2δijdx
idxj → ds′2 = a2(eγL)ijdx

idxj , (2.37)

and so shear deformations become order one when 〈γ2
L〉 ∼ 1.

However, if we compute the uncertainty in the location of the satellites due to quantum

drift after a time t by using ∆pq = m∆xq/t, we notice from the uncertainty principle,

∆xq >
√
t/m (2.38)

where m is the mass of the satellites.

On the other hand, the effect we want to measure is a shift in the position of the

satellite of order
∆x

x
6
√
〈γ2〉 ∼

√
H3t/M2

p . (2.39)

In order for the effect to be observable, we obviously require

∆x

x
>

∆xq
x
. (2.40)

Using that the Schwarzschild radius of the satellites has to be less than the horizon,

rs = GNm 6 1/H, we find that (2.40) implies

x >
1

H
, (2.41)

which implies that the detector must be larger than the horizon in order to measure the
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effect, which makes this setup a bad patient observer.

Note also that trying to alleviate the problem by adding N satellites, as the Gaussian

quantum noise in the measurement then goes down as 1/
√
N , does not help since one

still needs to require the that Schwarzschild radii of all N satellites fit inside the horizon,

Nrs 6 1/H, and so the constraint above remains the same, independent of the number

of satellites.

So long wavelength gravitons cannot be measured by this method. We try again with

a system of clocks, aiming to measure the effect on the expansion rate as measured by

independent clocks discussed in the previous section. Granting that the effect is present

when treating the clocks and detectors classically, we check what happens when taking

into account the quantum fluctuations of the detectors or clocks themselves.

Here, the idea is that a shift by a long wavelength mode as in (2.37) would shift the time

coordinate by t→ t−〈γ2
L〉/H. By using 〈γ2

L〉 ∼ α0H
2/M2

p−α1H
3t/M2

p−α2H
6t2/M4

p−. . .
(αi numerical loop factors), we can equally well absorb the effect in the expansion rate

by taking H → H + α1H
3/M2

p + α2H
6t/M4

p + . . . . One has to be careful in the physical

interpretation of this kind of effect as discussed in the previous subsection5, but for the

sake of the argument let us assume that this effect is present at a classical level and see if

it will ever be possible to measure the effect in practice when including quantum effects

on the detectors or clocks.

In order to measure a change in the expansion rate we imagine two freely falling

satellites exchanging photons. The redshift of the photons, z, is related to the expansion

rate, if the satellites are not too far from each other, by Hubble’s law

z = H0(t1 − t0) (2.42)

where t1 is the time at which the signal is observed at the second satellite, and t0 is when

it was emitted at the first. If we want to measure a shift in the expansion rate of order

∆HL/H ∼ H2/M2
p , then we need to be able to synchronize the two clocks to a precision

of ∆tL/t ∼ H2/M2
p .

On the other hand, if we want to look at the expansion rate in a region of size L,

the two clocks need to be separated by the same distance. Regardless of the details of

how these clocks register time, a general requirement is that if we want a clock that is

accurate to a precision ∆t, it must have an energy uncertainty ∆E & 1/(∆t). As recently

described in [38], physical clocks must interact with each other gravitationally causing

5In fact it is a controversial point whether this is a physical effect or not [36,37].
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time dilation effects that will shift the time between clocks by an uncertain amount

∆tq ∼
∆E

M2
pL
t. (2.43)

This sets a fundamental limit to how precisely clocks may measure time. To make this

uncertainty the smallest, we take ∆E to be as small as possible, and L as large as possible.

Whatever the nature of our clock, it needs to be localized inside the horizon, giving

∆E > H and, for the same reason L < 1/H. This implies that

∆tq &
H2

M2
p

t = ∆tL . (2.44)

Therefore, quantum decoherence makes it impossible again to measure the shift in the

expansion rate due to long modes. Therefore even if we assume that the effects of [25–27,

39,40] are there to measure when neglecting quantum fluctuations of clocks and detectors,

in a full quantum treatment the effect appears unobservable.

One might be tempted to conjecture that this could be an indication that there is

some fundamental limitation to the size of infrared effects measured by patient observers

in de Sitter. This points to a tantalizing sort of quantum-geometric consistency, that even

though the geometry of spacetime ‘fuzzes out’ on such scales, it does so in such a way

that it is exactly below the threshold of detectability for any local observer. Note that

the analysis above is for exact de Sitter space and does not apply explicitly to inflation,

as the long wavelength scalar modes are enhanced by a slow roll factor 1/ε in that case.

It would be interesting to examine this more generally.

3 Non-perturbative Results

We are ultimately interested in the non-perturbative regime, where the contributions from

many long modes accrue to alter the lowest order results. The correlators

〈ζ2
L〉 =

∫ kmax

kmin

dk

k
P (k), 〈γ2

L〉 =

∫ kmax

kmin

dk

k
Pγ(k) (3.1)

extend over the number of modes that can be seen by an observer. Thus, even though we

may be embedded in a very large universe, the value of kmax we are able to take is limited

by our current horizon size. This corresponds to at the very most a few dozen e-folds,

and as such places us squarely in the perturbative regime. If we were willing to wait

a very long time (and dark energy proves to eventually decay, placing us in asymptotic
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Minkowski space and giving us access to an unlimited number of e-folds of inflation), we

would eventually reach the non-perturbative regime. Note that since P (k) > Pγ(k) for

the entire duration of inflation, the scalar corrections will be the more relevant of the two

effects. This is fortuitous for us, as the tensor nature of the graviton corrections makes the

expressions much more difficult. As such, we will focus primarily on the scalar corrections

first, and display the tensor generalization in section 3.3.

Before we launch into our analysis, let’s make an honest assessment of how long it takes

to reach the non-perturbative regime, when these quantities become large6. The CMB

scales we have access to only yield around 8 e-folds, which is nowhere close to the amount

necessary to see non-perturbative effects. In general, the amount needed will depend on

the model of inflation, as this sets the momentum dependence of the power spectrum.

For monomial models, for instance, where V (φ) = λφp, we find that 〈ζ2
L〉 = λNp/2+2, with

N the number of e-folds. For a linear model, which is on the cusp of being ruled out or

confirmed by tensor modes, λ = 10−3, and this becomes large for Nnp > 200. Now, to

have access to these scales, we would have to wait until scales of the size kmin = eNnpkmax

enter our horizon, which would be 10103 years. Recall that this also assumes a scenario

where dark energy eventually decays away to Minkowski space, otherwise these scales

would not ever reenter the horizon at all. Models of the form m2φ2 are even worse, taking

108,000 years before we would see enough modes. Plateau models of the form V0(1− eφ/Λ)

are worst of all, taking 1080,000 years.

It can be amusing to compare these timescales to the timescales laid out in [41] for the

far far future evolution of the universe. There, they find that matter behaves as a liquid

on timescales of order 1065 years, with all chemical bonds tending to break apart and every

object ultimately sphericalizing. Black holes even of galactic size decay after 10100 years,

and all elements decay to iron after 101,500 years. Ordinary clumps of matter decaying

into black holes takes much, much longer, though. Thus, even for the most optimistic

models of inflation, building a deice capable of registering this effect will be a challenge.

Linear models would require some sort of repair mechanism that would counteract the

tendency of the chemical bonds in the device to break, and the others would need to deal

with parts of it collapsing into iron, releasing MeV scale radiation. These problems are in

principle surmountable, though the authors graciously waive claims to any patent rights

for such a device.

Another point of note is that dark energy is not necessarily a nuisance, when measuring

this effect. In fact, many of these timescales are actually longer than the Page time for

our current cosmological expansion, 10130 years, meaning that dark energy is actually

6As we will see, “large” means greater than 1/(1− ns)
2.
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beneficial in trying to measure this effect. However, these timescales are ridiculously

impractical from a human perspective, and thus we regard the most promising avenue to

ever this phenomenon to be from analog systems. Like the recent success of (possibly)

detecting phonon Hawking radiation from a mute hole [42], if the analog of de Sitter space

could be constructed in a condensed matter system, where the Planck scale is replaced

with the eV scale, this timeframe could be pushed down to years or decades. We refrain

from speculating what such a system would actually be at this moment.

In this section we will compute the correlators along the lines of those in (2.5) without

resorting to a loop expansion. Our expressions for the correlators will depend on the quan-

tities (3.1) to arbitrarily high orders, and in this sense will be non-perturbative. However,

our results will not be exact, and hold only in several well defined approximations, which

we detail now.

Figure 5: The two loop diagrams that are automatically included by expanding our result
to second order.

We treat the long mode state as the free field vacuum, ignoring interactions of the

long modes among themselves. Diagrammatically, this corresponds to resumming the

infinite class of diagrams represented in Fig. 5, while excluding those in Fig. 6. This

amounts to treating the vacua to be those of the free fields. So, while we include, say,

fifteen loop contributions coming from the Bogoliubov coefficients, we neglect the leading

corrections from self-interactions, which start at two loop order. If desired, corrections

from these higher order interactions can be added systematically to our result using the

in-in formalism.

Figure 6: The two loop diagrams that are not encapsulated in our analysis. Note that
they all have self-interactions for the long modes, and so require a further insertion of the
interaction Hamiltonian in the in-in formalism.
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The second approximation that we make initially in order to obtain exact expressions

is to treat the spectral tilt as constant, ignoring k dependence. The basic results in the

non-perturbative regime will actually not be greatly affected by this approximation, and

we show in section 4 how to easily go beyond it.

3.1 Scalar Loops

In this section, we show that it is possible to obtain non-perturbative results for the

expectation value of correlators. This makes it possible to probe the regime where the

number of long modes becomes large, and will allow us to obtain nontrivial statements

about the statistical properties of the ultra-large scale structure of the universe. We focus

here on the corrections coming from scalar modes, both because the effect is larger than

that coming from tensors, and because the results are much simpler. In the next section

we return to the tensor contribution.

To illustrate our approach, we start by computing the 2 point correlator for scalar

fields. From (2.5), the expression in the shifted coordinates is

〈P̃k〉 = 〈e−2νζLe3ζL〉Pk = 〈e(1−ns)ζL〉Pk (3.2)

so that we must find the expectation value of e(1−ns)ζL in order to find the average power

spectrum measured. In order to do this, we write this as a path integral:

〈e(1−ns)ζL〉 =
∏

dk

∫
dζk

e
− ζ2k

2σ2
k√

2πσ2
k

e(1−ns)ζL . (3.3)

Here, we have made the two aforementioned simplifications: that the path integral is

performed in the free field vacuum, so that we can ignore interactions, and that the

spectral tilt is constant over the field range under consideration. We will comment on,

and relax, each assumption in the next section, but for now we stick to this simplistic

case in order to arrive at analytically solvable results. The qualitative behavior we find

extends to the more complicated cases as well. Then, we take ζL to be a sum of long

wavelength modes, ζL =
∫ kmax
kmin

dkζk. The path integral for momenta outside these modes

trivially evaluates to 1, and the remainder are a simple Gaussian integration that yields

〈e(1−ns)ζL〉 = e
1
2

(1−ns)2〈ζ2
L〉 . (3.4)

We stress that this is a non-perturbative result, valid even in the regime with a large

number of modes, where the loop expansion breaks down. Expanding the exponential
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in a Taylor series is equivalent to a loop expansion, and indeed it reproduces the results

found in [2]. In fact, this expression was already obtained in [18], using quite different

methods, and therefore serves as a nice consistency check of our methods. The approach

we take in this paper allows us to generate results like this in a streamlined fashion, which

will allow us to make more sophisticated statements about observable quantities than

appear in the literature. As a first implementation of our analysis, note that this quantity

is always greater than 1, indicating that the average measured power spectrum is always

greater than the bare power spectrum, especially in the non-perturbative regime. We will

make more precise comments about how to interpret this in section 4.

We can compute the correction to the tensor correlator using the exact same procedure,

which gives

〈P̃ γ
k 〉 = e

1
2
n2
t 〈ζ2

L〉P γ
k . (3.5)

Thus, we find the average value of the tensor to scalar ratio in the presence of a large

number of long wavelength modes to be

〈r̃〉 = r e
1
2

(n2
t−(1−ns)2)〈ζ2

L〉 . (3.6)

Though we would observe that both the tensor and scalar power increase, the ratio would

either go to zero or infinity, depending on the sign of the exponent. Using the standard

slow roll consistency relations, the threshold between the two different behaviors is r =

8(1 − ns), which, at the best fit value for the tilt, becomes r = .32. Since we can rule

out tensors at this level, we conclude that, (assuming constant tilt), the brand of inflation

that gave rise to our universe leads to a vanishing mean tensor to scalar ratio on extremely

large scales.

3.2 Local non-Gaussianity

We now compute the squeezed limit of the bispectrum, to see how Maldacena’s consistency

relation is modified in the presence of a large number of modes. This involves a double

expansion, as the short wavelength modes are in the presence of the single soft mode of

intermediate wavelength, as well as the far infrared modes. Then

〈ζq̃ζk̃1
ζk̃2
〉 =

〈〈
ζq̃e

(1−ns)ζq̃
〉
ζk̃1
ζk̃2

〉
= −

〈
∂

∂ns

〈
e(1−ns)ζq̃

〉
ζk̃1
ζk̃2

〉
(3.7)

= (1− ns)
〈〈
ζ2
q̃

〉
e

1
2

(1−ns)2〈ζ2
q̃ 〉ζk̃1

ζk̃2

〉
. (3.8)
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Where we have used the expression for two point functions in a shifted background to

arrive at the last line. At this point we neglect the quantity in the exponential, as it will

always be extremely small, even in the non-perturbative regime. Then

〈ζq̃ζk̃1
ζk̃2
〉 = (1− ns)e

1
2

(1−ns+1−nq)2〈ζ2
L〉〈ζ2

q 〉〈ζk1ζk2〉 . (3.9)

So that the background modes always enhance the expected power in the three point

function over the standard result. Here we have denoted nq as the tilt at the scale of the

long mode, even though in our analysis we have taken it to be constant, to emphasize the

fact that both scales enter into the corrections.

The correction to the parameter f local
NL is

〈f̃ local
NL 〉 =

5

12

〈ζq̃ζk̃1
ζk̃2
〉

〈ζ2
q̃ 〉〈ζk̃1

ζk̃2
〉 =

5

12
(1− ns)e(1−ns)(1−nq)〈ζ2

L〉 = f local
NL e(1−ns)(1−nq)〈ζ2

L〉 , (3.10)

in agreement with the one-loop result of [2], when expanding the exponential function

to first order. We see that some terms in the exponential are not cancelled, as a conse-

quence of its quadratic nature. From this we infer that the long modes generically induce

larger average nongaussianity, and that deep in the non-perturbative regime this quantity

diverges exponentially. This is provided that the spectrum is red everywhere: from our

expression, it appears as if it becomes blue for a period of inflation, the average nongaus-

sianity associated with those scales will actually shrink to 0 on very large scales. As we

will discuss in the following section, this is an artefact of the constant tilt approximation.

3.3 Tensor Loops

Now that we have demonstrated that our formalism can yield non-perturbative results for

scalar modes, we use it to extend these results by computing the tensor contribution, using

the same approximations. Though the final expression is not quite as simple for tensors,

the path integral still simplifies dramatically to an integral expression that automatically

resums all graviton loops to the two point correlator. For a single long mode this becomes

a single integral of special functions, and can effortlessly be expanded to any desired order,

making it a compact generating expression for all higher order loop corrections. Including

multiple long modes complicates the expression, but simplifications are still displayed.

General properties of this integral can be investigated, yielding non-perturbative results

on the effect of infrared loops on the two point correlator.

To begin with, we consider the presence of a single long wavelength graviton, which

serves to simplify our analysis. Afterwards, we generalize to the case where we consider
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the sum of modes, so that we can study the behavior as the number of modes becomes

large.

The first technical hurdle is the fact that the correlator (2.6), upon Taylor expansion

of the exponential, involves an infinite number of distinct objects, which we labelled as

δm = γmij k̂ik̂j. Fortunately, they are not all independent: since γ is a 3 × 3 matrix,

we can use the Cayley-Hamilton theorem, which states that every matrix obeys its own

characteristic equation:

γ3 +
1

2
[γ]γ2 +

1

2
([γ]2 − [γ2])γ + det γ = 0 . (3.11)

The notation [A] = trace(A) is employed. Because we are using the gauge where γ is

transverse and traceless, both the trace and determinant of γ vanish, so this expression

simplifies considerably:

γ3 = r2γ (3.12)

where, because we are considering only a single mode, we have r2 = [γ2]/2 = γ2
++γ2

×. This

can then be used to give a recursive relation for the different contractions, δm = r2δm−2,

which may be used separately for the even and odd powers of γ. Then, the expression for

the matrix exponential simplifies to

eγij k̂ik̂j = 1 +
sinh r

r
δ1 +

cosh r − 1

r2
δ2 . (3.13)

This can be simplified further by noting that δ2 = r2s2, s being the sine of the angle

between momenta, and denoting γ+ = r cosψ, γ× = r sinψ to yield

eγij k̂ik̂j = 1 + s2
(

cosh r − 1 + sinh r cos(ψ − 2φ)
)
. (3.14)

Here, φ is the angle between the momentum k projected onto the plane perpendicular to

some fixed unit vector p, the choice of which will drop out of our final expressions.

Now we must evaluate the correlator. For a generic function of the graviton, we have

〈f(γij)〉 =

∫ Dγk√
2π〈γ2

L〉
e−

1
2
γ(k)ijD(k)ijklγ(k)klf(γij) . (3.15)

Again, we have treated the graviton as being in the free-field vacuum so that the correlator

reduces to a Gaussian integral.

Because we are considering only a single momentum for the moment, the majority of

the integrations in the path integral become trivial, and the only surviving integration
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reduces to

〈f(γ(k)ij)〉 =

∫
dγ(k)+dγ(k)×

e
− r2

2〈γ2
L
〉

2π〈γ2
L〉
f(γ+, γ×) . (3.16)

We see that the kernel of integration only depends on the radial combination r, so that

the only angular dependence comes from the quantity to be evaluated in the correlator.

For a power of the matrix exponential, both the radial and angular integrals cannot be

done explicitly at the same time, but the angular one can be done, yielding a compact

expression that generates the loop corrections systematically.

Our final expression for the correlator can be written as

〈
ˆ̃k−2ν

〉
=

∫ ∞
0

drr

2〈γ2
L〉
e
− r2

2〈γ2
L
〉Rν(r, s) (3.17)

where here

Rν(r, s) = T−ν− 2F1

(
1

2
, ν, 1, 1− T+

T−

)
+ T−ν+ 2F1

(
1

2
, ν, 1, 1− T−

T+

)
(3.18)

and T± = 1 + s2(e±r − 1). Using a computer, it is trivial to expand this expression

around r = 0 to recover the loop corrections order by order. These agree with the results

obtained previously in [2]. To illustrate the power of this expression, we display the four

loop correction to the power spectrum:

〈
ˆ̃k−2ν

〉
= 1 +

(1− ns)(4− ns)
15

〈γ2
L〉
[
1 +

1− 5ns + n2
s

21
〈γ2
L〉

+
311 + 175ns + 590n2

s − 250n3
s + 25n4

s

15015
〈γ2
L〉2

+
−8781− 14595ns − 3331n2

s − 1875n3
s + 2375n4

s − 525n5
s + 35n6

s

765765
〈γ2
L〉3
]
. (3.19)

This is not a very useful expression, since it is doubtful we will ever be able to observe

even the one loop correction, but it demonstrates that this reformulation of the problem

has something new to offer. One important thing to note, however, is that each term

in this expression aside from the zeroth is proportional to 1 − ns, indicating that in the

exact de Sitter limit this expression reduces to a constant. This will be rigorously shown

in the next subsection. What is more important is having the full expression (3.17), which

allows us to study its properties to gain insights into the effects of long wavelength modes

on the power spectrum at a non-perturbative level.
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3.4 The de Sitter Limit

While it is somewhat trivial to take the de Sitter limit of the tensor loop expression (3.17),

the tensor expression is more nontrivial. However, since we have the full expression, it

also becomes possible to address what happens to loop corrections in the de Sitter limit

ns − 1 → 0. Though it may have been guessed that the effect will vanish, it still is

comforting to verify explicitly. To do so, it behooves us to do the angular average of

(3.16) first, since the corrections only vanish after this procedure. Taking the average, we

find

〈
ˆ̃k−2ν

〉
=

1

2

∫ 1

−1

dµ

∫ ∞
0

drr
e
− r2

2〈γ2
L
〉

2π〈γ2
L〉

∫ 2π

0

dψ
(
1 + (1− µ2)A

)−ν
=

∫ ∞
0

drr
e
− r2

2〈γ2
L
〉

4π〈γ2
L〉

∫ 2π

0

dψ
2F1

(
1, 3

2
− ν,−1

2
, A

1+A

)
− (1 + 2(ν − 2)A)2F1

(
1, 3

2
− ν, 1

2
, A

1+A

)
(ν − 1)A(1 + A)

where A = cosh r − 1 + sinh r cos(ψ − 2φ). This expression makes it easy to see how the

correlator behaves in the de Sitter limit (ν → 3/2). From the definition of hypergeometric

functions, 2F1(a, 0, c, x) = 1 for all x. Then the integral becomes much easier to perform

〈
ˆ̃k−2ν

〉
=

∫ ∞
0

drr
e
− r2

2〈γ2
L
〉

4π〈γ2
L〉

∫ 2π

0

dψ
2

cosh r + sinh r cos(ψ − 2φ)

=

∫ ∞
0

drr
e
− r2

2〈γ2
L
〉

4π〈γ2
L〉

4π

= 1 . (3.20)

3.5 Sum of Modes

The results become much more complicated in the case where the background graviton is

a sum of modes, but we can display some results. This will be essential for probing the

effects when the number of modes tends to infinity, as is the case for long inflation, for

example. This scenario introduces further complications to our previous reduction of the

path integral, but it is possible to still make simplifications here as well.

The biggest difference is that the condition D = det γ = 0 no longer follows from the

transversality condition, though [γ] = 0 still holds. This makes the recursion relation for

δm more complicated:

δm = r2δm−2 +Dδm−3 . (3.21)

Unfortunately, for this generalized relation the evens and odds do not split, so that the
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exponential (2.6) we are interested in does not reduce to sinhs and coshs. Still, we can

solve this equation inductively, if we set

δm = Amδ2 +Bmδ1 + Cm . (3.22)

Then the recursion relation can be written as Am+1

Bm+1

Cm+1

 = M

 Am

Bm

Cm

 = Mm+1

 0

0

1

 , M =

 0 1 0

r2 0 1

D 0 0


and the matrix exponential can be written

eγij k̂ik̂j =
∞∑
m=0

1

m!
δm = (δ2, δ1, 1)eM

 0

0

1

 .

All that remains is to exponentiate the matrix M, and we arrive at the form

eγij k̂ik̂j = f0(r,D) + f1(r,D)δ1 + f2(r,D)δ2 (3.23)

where

fi(r,D) =
∑
λ

eλpi(λ)

3λ2 − r2
, p0 = 1, p1 = λ, p2 = λ2 − r2 (3.24)

and the sum is over the three characteristic roots of the matrix, defined by λ3−r2λ+D = 0.

These functions reduce to (3.13) when the determinant is taken to be 0.

The path integral is now much harder to compute, both because the functions to be

integrated are more complicated, and because with a sum over momenta the path integral

does not collapse to a finite dimensional integral as readily.

4 Full Probability Distribution

In previous sections we demonstrated the utility of our approach by calculating several

average quantities in the non-perturbative regime. Now we turn to the fact that the

average does not necessarily accurately capture what a typical observer would see. To see

this, we can compute the variance of the power spectrum, for example, by noting that

〈P̃ 2〉 = 〈e−2(1−n2)ζL〉P 2
0 = e2(1−ns)2〈ζ2

L〉P 2
0 (4.1)
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so that, in the non-perturbative regime, σ = e
1
2

(1−ns)2〈ζ2
L〉µ � µ, and the width of the

distribution is very broad. In fact, this can be extended to 〈P̃m〉 = e
m2

2
(1−ns)2〈ζ2

L〉Pm
k . Thus,

it does not have the property of “self-averageness” that we encounter in situations like

thermodynamics, where the distribution is so sharply peaked that we can characterize the

behavior of a system by solely studying average quantities. Fortunately, our methods allow

us to go beyond computing moments, and we can recover the full probability distribution

for measuring any given value of the power spectrum. This can be found by taking the

expectation value of a delta function centered a particular value of Pk leading to the full

distribution

p(P̃k) =
1√

2π(1− ns)2〈ζ2
L〉P̃k

e
− 1

2(1−ns)2〈ζ2
L
〉

log2

(
P̃k
Pk

)
. (4.2)

This is the log-normal distribution, which should come as no surprise, since comes from

the product of exponentials of Gaussian distributions. This produces the correct moments

we computed above. Now that we’ve seen the full distribution, we can elucidate some of

its properties, as they pertain to the context of corrections to the power spectrum.

First, we’d like to know the limiting behaviors: when the quantity (1 − ns)
2〈ζ2

L〉
becomes small, this distribution becomes a delta function centered at the standard result.

In the opposite limit, however, it becomes a power law

p(P̃k)→

 δ(P̃k − Pk) (1− ns)2〈ζ2
L〉 → 0

1√
2π(1−ns)2〈ζ2

L〉
1
P̃k

(1− ns)2〈ζ2
L〉 → ∞

. (4.3)

Now it becomes clear that looking at the average quantities cannot capture the full be-

havior of the theory, because of the heavy tail of the distribution. In fact, the mean of

the log-normal distribution lies at an unremarkable point on the tail, with no assurance

that it will be very close to a typical observation.

Let us now try to make the interpretation of this distribution clear: it represents

the probability that, on a given time slice set in the uniform density gauge, an observer

will measure a particular value of the power spectrum. The power spectrum is, after

all, set by the microphysics of the potential as Pk ∝ V 3/V ′2, and this does not change.

What this encapsulates, however, is where on the potential an observer would perform

the measurement at that time. The accumulation of long wavelength modes changes the

scale factor locally, which in turn can be interpreted as a shift in the number of e-folds

at that point. Put another way, if one thinks of the end of inflation as being altered by

the accumulation of many stochastic modes, pockets will tend to develop when inflation

ends slightly earlier or later than average.

This offers a simple way to interpret our average results (3.6), (3.10). At a given

25



location, the value of the physical momentum is continually jostled by long wavelength

modes, resembling a Brownian process (for log(k) = N). As the number of modes becomes

large, the momentum will either tend toward zero or infinity. If the power spectrum

has a constant tilt, at one of these endpoints it diverges, and thus the average of the

two outcomes yields a mean result that is larger than the background value, no matter

whether the spectrum is red or blue. The same goes for fNL, if the sign of the tilts at the

two different locations are equal. We can also understand where our result goes astray: if

the spectrum is red in one portion of the spectrum and blue in another, then no matter

which extreme the momentum tends toward, one of the two will go to zero, and the

nongaussianity will be suppressed. This is unphysical, however, because the actual result

would keep the ratio of the two different momentum modes fixed, which when taking into

account the scale dependence of the tilt would at some point give them both the same

sign.

This also suggests how to go beyond the constant tilt approximation: if we have full

expressions for the power spectra, we can evaluate them with the probability distribution

for k, which we can extract from (4.2) by using the change of variables Pk = P 0
k k

ns−1:

p(k̃) =
1√

2π〈ζ2
L〉k̃

e
− 1

2〈ζ2
L
〉

log2(k̃/k)
. (4.4)

Even though we used the constant tilt expression (4.2) to derive this, it is more general.

Now, if we want to transform this to a distribution for the physical observable Pk, we

see that the prefactor is actually unchanged, as it just comes from the Jacobian of the

transformation. Thus in the non-perturbative regime the power spectrum is given by

a power law distribution, with the same form as indicated before. However, what does

change is the quantity in the exponential, which is now interpreted as k(Pk), which requires

inverting the power spectrum (which may or may not be possible). This complicates the

condition for the onset of the non-perturbative regime, but not the scaling behavior.

The actual scaling behavior for the power spectrum can be written simply in the non-

perturbative regime, and depends on the precise model of inflation, since the tilt can be

written as a function of the power spectrum. Then

p(Pk)→
1√

2π〈ζ2
L〉

1

|ns(Pk)− 1|Pk
=

1√
2π〈ζ2

L〉

∣∣∣∣ dNdPk
∣∣∣∣ . (4.5)

This simple expression suggests that knowledge of the N dependence of the spectral tilt

determines the ultra-large scale structure of the universe. This usually comes in the

form of a power law p(Pk) → P−qk , and we have tabulated this dependence for several
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representative models in Table 1. In Fig. 7 we display realizations of the ultra-large scale

distribution of e-folds, for different power law dependences. These look quite qualitatively

different, and indicate that an accurate determination of the functional dependence on the

tilt allows us to distinguish between extremely distinct possibilities for the organization

of the universe as a whole.

Model m q

λφn 1
2

4+3n
4+2n

∈
(
1, 3

2

)
V0 − λφn 2n−2

n−2
5n−4
4n−4

plateau inflation 2 5
4

Table 1: Representative values of the power law dependence for various models of inflation.

Figure 7: The ultra-large scale distribution for the number of e-folds at a given time, in
increasing levels of heterogeneity. Since the probability is simply proportional to the tilt,
for weak dependence on the number of e-folds lots of little patches are intermingled, while
strong dependence gives rise to massive domains. Here each pixel represents a horizon-
sized region, and the color indicates the strength of the power spectrum measured.

Additionally, recall that we made a further approximation by omitting diagrams of the

form displayed in Fig. 6. We now argue that these do not significantly alter the form of

4.2, even though they are not hierarchically suppressed with respect to the diagrams we

sum over. This is an initial cause for concern, especially since the log normal distribution

we have found is not one of the stable distributions guaranteed to retain its form for a

suitable class of random variables. Instead, it is known in the statistics literature [43]

that correlations between the gaussian variables do deform even the tail of the log normal

distribution. These deformations can be seen to be subleading, however, by noting that
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corrections away from the free-field vacuum are encapsulated by the in-in formalism in

the form

〈O〉 = 〈O〉0 − i〈[Hint,O]〉0 + . . . (4.6)

for any operator O. The interaction Hamiltonian for gravity will contain an infinite

number of terms of the form ζmγn, and these will serve to act on the original result as

derivatives, such as 〈ζO〉 = Pζ∂ζ〈O〉, and so on for higher order corrections. However,

when acting on the log normal distribution, derivatives turn into terms that are suppressed

by powers of log(Pk)/Pk. Thus, the direct dependence on Pk cancels, and the leading

contribution is logarithmic. However, in inflation the interaction terms are suppressed by

the slow roll parameters, and so these subleading results will only become important when

log(Pk) > 1/ε. In appendix A we provide more arguments for neglecting such diagrams

which further shows that our results are robust.

Before ending this subsection, it is important to point out that one should interpret the

probability distribution that we have discussed with care. It is the probability distribution

of the comoving curvature perturbation at some fixed global comoving time slice, however

a local observer can only measure according to a locally defined clock and have no access

to a globally defined clock. Therefore the probability distribution, which is relevant for

describing an observer like us, who can only see the last 60 e-folds of inflation, is different

from the probability distribution of the curvature perturbation in the entire inflated patch.

This point was discussed in more depth in [18,44–46], while here we will be more interested

in the globally defined probability distribution, which, in the following subsection, we will

use to find a criteria for eternal inflation.

4.1 Reheating Volume

As an application of our probability distribution, we use it to calculate the expected

reheating volume for some simple inflationary scenarios. This is used as a diagnostic for

eternal inflation, as if this quantity diverges in the late time limit we can tell that inflation

never ends. As in [47], the reheating volume can be expressed as

〈V 〉 = V0

∫
d∆N p(∆N) . (4.7)

Here, V0 is some arbitrary initial volume, which we have pulled outside the integral using

statistical homogeneity. Additionally, we have neglected the fact that once a portion

of the universe reheats, the Brownian jitter of long wavelengths ceases, precluding that

portion from spontaneously undergoing inflation again, but this was shown in [47] to give
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a negligible contribution to the overall evolution. Then we can use our expression 4.2:

when expressed in terms of number of efolds, it simply becomes a Gaussian distribution

p(∆N) =
1√

2π〈ζ2
L〉
e
− ∆N2

2〈ζ2
L
〉 . (4.8)

To specify a model of inflation, we need the dependence of the power spectrum on time,

so that we can use 3.1 to find the variance of the long modes. If we take the ansatz

Pk = P 0
K(N/N0)m = P 0

k (1 + ∆N/N0)m, then 〈ζ2
L〉 = N0P

0
k /(m+ 1)(1 + ∆N/N0)m+1. This

can then be used to find the average reheating volume:

〈V 〉 = V0

∫
d∆NA(∆N)eB(∆N), B(∆N) = 3∆N − m+ 1

2N0

∆N2

(1 + ∆N/N0)m+1
. (4.9)

Here A(∆N) is some sub-exponential prefactor that does not determine the convergence

properties of the integral. What does determine the convergence is the asymptotic behav-

ior of the quantity inside the exponential: if B(∆N) asymptotes to −∞ as ∆N → +∞,

the integral converges. Otherwise, it does not. The conditions for this are rather simple:

since the quantity is

B(∆N)→ 3∆N − m+ 1

2
Nm

0 ∆N1−m (4.10)

the integral converges for m < 0, and diverges for m > 0.

The case m = 0 is more subtle, despite it being the most discussed in the literature,

as it corresponds to a perfectly flat power spectrum. Then, if Pk = P 0
k , 〈ζ2

L〉 = P 0
k∆N ,

and

B(∆N) =

(
3− 1

2Pk

)
∆N . (4.11)

In this case both terms are linear, and the convergence depends on the coefficient: if

Pk < 1/6, inflation proceeds classically, while if Pk > 1/6 inflation is in the eternal

regime, and quantum fluctuations dominate the evolution.

This standard analysis has been used to diagnose many inflationary scenarios, for

instance in [48], where they concluded that hilltop inflation is capable of yielding eternal

inflation. What this does not take into account is that the strength of the fluctuations can

vary with location on the inflationary potential, and thus time. This makes an analysis

taking the time dependence of the power spectrum more realistic. For instance, in the

parameterization we have chosen, m = 1/(3 − 2q) from Table 1, so that the condition

for m to be negative is q > 3/2. For hilltop inflation, with with V (φ) = V0 − λφn, this

occurs except for the range 1 < n < 2, confirming the claims of [48] that hilltop inflation

can generically be eternal. Also, plateau inflation can be seen as a kind of limiting case
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of hilltop inflation in this regard, giving the same distribution as the n → ∞ limit.

Monomial models are always eternal, independent of the power of the field that appears

in the potential.

One other feature of this expression to note is that the models which yield eternal

inflation do so independently of the starting conditions. This may seem to contradict

standard intuition that they only achieve this behavior if the initial field value is above

some critical threshold. However, the quantity we are calculating is the reheating volume

averaged over many realizations of the dynamics. There will always be a (potentially very

small) probability of fluctuations pushing the inflaton field further up the potential than

its starting point, all the way to the eternal regime. Once this happens, the volume in this

realization is infinite, and because the probability does not vanish, the quantity will be

dominated by this realization. Other diagnostics must be used if one is interested in the

relative likelihood of eternal inflation for a given set of initial conditions, but this quantity

gives us information of whether eternal inflation is possible at all for a given potential.

5 Conclusions

In this work we have shown that a coordinate transformation, a transformation generated

by the charge associated with the asymptotic symmetries of de-Sitter and a Bogoliubov

transformation are three equivalent ways of capturing the infrared effects on the local

vacua in de-Sitter.

Even though the perturbative description of inflation breaks down at the Page time,

we have shown that making use of the equivalence above it is possible to obtain non-

perturbative results that accurately reflect the dynamics of the system. This is done by

resumming an infinite class of diagrams, which results in explicit expressions for the case

of long wavelength scalars, and highly simplified expressions for the more complicated

case of tensors. We used this to explicitly compute the physical quantity corresponding

to the probability that a given value of the power spectrum is measured on a flat time

slice. In principle, this method may be used to calculate other observables, such as the

fractal dimension of the reheating surface, as in [49–51].

We have also used our calculations to investigate if a physical effect can in principle

be observed by a local observer confined to a single Hubble patch7 , if they are willing to

patiently tend to their apparatus for a long enough time. We found that the answer is

non-trivial when including quantum fluctuations of the detector, and appears to obstruct

7Here we are not considering the possibility of the de Sitter expansion ending and modes re-entering
the horizon, as discussed in [4].
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the measurement of an effect even for a patient observer in de Sitter space. It would be

interesting to generalize this discussion, to test if there is a new type of UV/IR cosmic

censorship for patient observers in de Sitter, as we are tempted to conjecture.
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A Corrections from Soft Mode Self-Interactions

In section 3 when deriving non-perturbative results we summed over all interactions be-

tween hard and soft modes. One could worry that other corrections like the ones coming

from soft mode self-interactions in fig. 6 could spoil the results obtained. In this appendix

we argue why these diagrams are negligible compared to the diagrams in fig. 5.

Consider, for instance, the 7th diagram in fig. 6 which has 2 vertices. For ease of

notation, let us only consider scalar interactions. Thus, one of the vertices involves a

soft-hard interaction of the form∫
dt∂ζk∂ζq∂ζq(t), Vertex 1 ≡ V1 (A.1)

where k → 0 is the momentum of the soft mode and ∂ is any type of derivative, and the

other involves only soft modes∫
dt′∂ζk∂ζk∂ζk(t

′), Vertex 2 ≡ V2. (A.2)

We would like to compare a diagram with these 2 vertices with a diagram involving

two vertices of the type 1. As is well known, when a given mode exits the horizon it

becomes classical reflecting the fact that the imaginary part of the mode function becomes

suppressed compared to the real part. In the in-in formalism, due to its commutator

structure, we have to pick at least one imaginary part of one mode function in each vertex.

This means that one of the mode functions in the second vertex has to be imaginary. Thus,

if all legs in the second vertex are soft in the whole time integration then the ratio between
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the two referred diagrams would be

V2

V1

' k Im[ζk]

q Im[ζq]
.

(
k

q

)4

(A.3)

where we assumed that the support of the time integration comes from the horizon crossing

time of the shortest mode.

Although this argument shows that loops of soft modes are suppressed compared to

loops involving soft and hard modes the computation at 2-loop is not that simple. At

1-loop it was shown in [2] that the IR divergences cancel out in de-Sitter and single-field

inflation once we sum over all diagrams. At 2-loop there are mixed IR-UV divergences

which need to be treated carefully. However, such a computation goes beyond the scope

of this paper.
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