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Band-gap and k.p. parameters for GaAlN and GaInN alloys
S. K. Pugh, D. J. Dugdale,a) S. Brand, and R. A. Abram
Department of Physics, University of Durham, South Road, Durham, DH1 3LE, United Kingdom

共Received 25 January 1999; accepted for publication 20 April 1999兲
Using a semi-empirical pseudopotential method, a set of band-structure calculations are performed
on a range of GaInN and GaAlN alloys in both the zinc-blende and wurtzite structures.
Pseudopotentials for the bulk materials are described by suitable V(q) functions, and these are used
to construct the alloy pseudopotentials. The band gap as a function of alloy composition is studied,
and it is found that there is no significant bowing in the case of GaAlN. The bowing is larger for
GaInN, although heavily dependent on the strain present. A more detailed study of the wurtzite
alloys is carried out for low Al and In fractions. Wurtzite k–p parameters for several alloys at
concentrations commonly used in devices are obtained from the semi-empirical band structure using
a Monte Carlo fitting procedure. © 1999 American Institute of Physics. 关S0021-8979共99兲02415-9兴

I. INTRODUCTION

II. RESULTS

There is currently a great deal of interest in group-III
nitride compounds and alloys due to their potential technological importance, particularly for blue-green light emitting
devices.1 As an aid in the optimization of the electronic
and/or optical properties of optical sources, accurate bandstructure information is required for the various layers of
material, under the appropriate strains, which make up the
device. Unfortunately, there is limited experimental information available on the electronic structure of the alloys relevant to the devices that are currently the center of attention.
It would, therefore, be particularly helpful to obtain theoretical band structure, as well as parameters for band-structure
models which can form the basis for calculations of the optical properties and for device modeling and design.
Despite the problems with the growth of group-III nitrides, there has been much improvement in the quality of
samples of the compounds. As a result, increasingly accurate
measurements of some physical quantities have been made
including lattice parameters,2–4 principal band gaps,5–7 and
splitting energies of bands.8–10 The experimental activity has
continued to stimulate theoretical studies of the electronic
structure of these materials.11 There have been a large number of theoretical studies of the compounds, including
first-principles,12 semi-empirical pseudopotential,13 and
k–p14,15 calculations. However, there has been much less
work on the GaAlN and GaInN alloys, and little information
on their band-structure exists.
In this theoretical work, a semi-empirical pseudopotential method is used to obtain potentials for the compounds
that form the basis of band-structure calculations for the alloys. In this article we report the results of calculations of the
principal band gap of GaAlN and GaInN alloys over the full
range of possible compositions and for both wurtzite and
zinc-blende structures. In addition, k–p parameters have been
obtained for a number of wurtzite alloys that are relevant to
devices.

In earlier work, the authors performed band-structure
calculations on bulk nitride materials11 using the semiempirical pseudopotential method. Here, we use a similar
approach to study the electronic structure of GaInN and
GaAlN alloys in both the zinc-blende and wurtzite forms.
The theoretical framework used is essentially the pseudopotential method of Cohen and Chelikowsky.16 Supporting
first-principles calculations have also been performed using
VASP, a density functional theory-pseudopotential based
code.17–19
The semi-empirical pseudopotential form factors, V(G),
are derived from a suitable constructed V(q) function. This
function is obtained for GaN, AlN, and InN using a Monte
Carlo approach which adjusts the parameters of the function
until the band structure is in good agreement with experimental and first-principles results for unstrained material.
The advantage of using such a function is that it provides a
versatile platform for deriving pseudopotentials representing
strained materials and alloys. The equations describing the
symmetric V s and antisymmetric V a parts of the pseudopotential 共in Rydbergs兲 are defined in Eq. 共1兲, in which q is in
units of (2  /a zb ) where a zb is the equilibrium lattice parameter in zinc-blende.
a 1 q 2 ⫹a 2
,
V s⫽
1⫹exp共 a 3 关 a 4 ⫺q 2 兴 兲
V a ⫽ 共 a 1q ⫹a 2 兲 exp共 a 3 关 a 4 ⫺q 2 兴 兲 .

For each of the three compounds GaN, AlN, and InN, in
both crystal structures, semiempirical pseudopotentials have
been generated by fitting energy eigenvalues to bandstructure data from experiment and first-principles calculations 共notably Rubio et al.12兲 through variation of the a i , i
⫽1...4. This is the same procedure described in our previous
work,11 and the pseudopotentials used here for zinc-blende
are identical. New sets of values of a i have been obtained for
the wurtzite structures. The coefficients of the V(q) functions obtained are shown in Table I.
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TABLE I. The coefficients of the form-factor V(q) functions. The functions
are defined in Eq. 共1兲
Vs
a1

a2

Va
a3

a4

a1

a2

a3

TABLE II. The band-gap deformation potential 共eV兲 obtained using both
first-principles and semi-empirical approaches. Other results taken from
theory 共see footnotes b–d兲 or an experiment/theory combination 共see footnotes a and e for explanation兲 are also shown.

a4

Material

ZB
GaN 0.0752 ⫺0.517 ⫺0.526 10.074 0.0101 0.082 0.107 8.836
AlN 0.0769 ⫺0.424 ⫺0.370 10.496 0.0209 0.094 0.116 10.427
InN 0.0732 ⫺0.527 ⫺0.573 9.507 0.0052 0.079 0.102 8.267
WZ
GaN 0.0837 ⫺0.564 ⫺0.549 10.508 0.0015 0.087 0.127 10.508
AlN 0.0767 ⫺0.448 ⫺0.483 10.755 0.0018 0.101 0.174 10.737
InN 0.0843 ⫺0.610 ⫺0.585 10.375 0.0079 0.086 0.049 9.644

3769

First-prin.

Semi-emp.

ZB

GaN

⫺7.0

⫺11.2

WZ

AlN
InN
GaN
AlN
InN

⫺9.0
•••
⫺6.8
⫺9.0
•••

⫺14.6
⫺7.7
⫺11
⫺12.4
⫺9.1

Others
⫺8.8 , ⫺7.4a
⫺7.7b, ⫺6.4c
⫺9.8b
⫺3.0c
⫺7.8c, ⫺9.8c, ⫺6.9b
⫺7.1 to ⫺9.5c
⫺4.2c
b

a

See Ref. 20.
See Ref. 13.
c
See Ref. 21.
b

Since the effect of strain is important in the current
work, a series of calculations have been performed in order
to calculate band-gap deformation potentials, a g . These are
defined as
a g⫽

dE g
,
dlog⍀

共2兲

where E g is the band gap, and ⍀ is the unit-cell volume.
Using the continuous V(q) description for the pseudopotential, a set of form factors can be obtained which represent the
hydrostatically strained bulk material. This is achieved by
determining the values of the scaled V(q) function for the
strained unit cell volume, at the associated strained G values.
For comparison, the deformation potentials were also calculated from first principles, using VASP. The results obtained
using the two theoretical approaches, together with those
from the literature, are shown in Table II. They show that for
the zinc-blende materials, our semi-empirical approach tends
to produce larger values than the first-principles calculations.
For the wurtzite materials, there is close agreement for AlN
but the semi-empirical result for GaN is rather smaller. However, there is little reliable information available from experiment, and the theoretical results are not always consistent.

In order to calculate the band structure of our virtual
crystal ternary alloy, appropriate form factors are derived
from the V(q) functions for the relevant binary compounds.
The alloy lattice constant, and hence, the appropriate unitcell volume and G values for the alloy, are obtained using
Vegard’s Law, and represent unstrained material. Both the
symmetric and antisymmetric form factors for the A1⫺x Bx N
alloy at a given G are given by the expression
V alloy共 G 兲 ⫽V A共 G 兲共 1⫺x 兲 ⫹V B共 G 兲 x,

共3兲

where the individual V A(G), V B(G) are obtained using Eq.
共1兲 at the alloy G values. In effect, due to the different lattice
constants of the original A, B compounds and the binary
alloys, this amounts to a shift along the V(q) curves from the
original V A,B , followed by a weighted averaging.
For the case of Ga0.5In0.5N, Fig. 1 shows the antisymmetric form factors obtained as pluses and the symmetric
form factors as crosses. Also shown are the compound form
factors 共indicated by circles and squares for InN and GaN,
respectively兲, and the V(q) curves from which the alloy form
factors are derived.

FIG. 1. The symmetric and antisymmetric form factors for the Ga0.5In0.5N alloy calculated from the V(q) curves of bulk GaN and InN. The left panel is for
zinc-blende and the right panel for wurtzite. The alloy form factors are indicated by crosses 共antisymmetric兲 and pulses 共symmetric兲.
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FIG. 2. The band gap E g as a function of alloy composition x in Ga1⫺x Alx N. For the zinc-blende material 共left panel兲, the band gap at both the ⌫ and X points
are shown, together with the results of another semi-empirical pseudopotential calculation 共see Ref. 13兲. The wurtzite material 共right panel兲 is shown with a
comparison to experimental data compiled in Ref. 23.

In addition, for the wurtzite structure, biaxially strained
material has been considered. For GaAlN and GaInN, the
in-plane lattice parameter a has been held at the GaN value
共3.19 Å兲, corresponding to the situation of the alloy being
grown on a GaN substrate. The corresponding perpendicular
lattice parameter c was calculated using the first-principles
code. The values of c obtained with a⫽3.19 Å were: for InN,
c⫽6.288 Å; and for AlN, c⫽4.736 Å. The c parameter for a
given alloy was then obtained by a linear interpolation.
Form factors for the full range of Ga1⫺x Alx N and
Ga1⫺x Inx N alloys have been calculated, and are used in the
band-structure calculations. For the zinc-blende materials,
the unstrained alloys only have been considered, but for
wurtzite, both strained and unstrained calculations have been
performed. Of particular interest are the band gaps as a func-

tion of alloy composition x, and these are shown in Fig. 2 for
the GaAlN alloy, and Fig. 3 for the GaInN alloy.
Our calculations predict that the band gap varies almost
linearly with composition in zinc-blende Ga1⫺x Ax lN. As the
conduction band energy at the X point is also plotted on this
diagram, the direct-indirect crossover can be seen. It is found
that this occurs at an Al fraction x⫽0.57, in agreement with
other calculations.13,22 In the wurtzite case, the inclusion of
strain has little effect on GaAlN but somewhat more for
GaInN, where there is significant bowing as in the zincblende case. Also shown on this figure are some experimental data 共labelled A兲 compiled from various sources,23 and
further experimental data 共labelled B兲 valid for strained
Ga1⫺x Inx N grown on GaN, with x⭐0.12.24 Note that there is
a slight offset in the value of E g at x⫽0 due to our original

FIG. 3. The band gap E g as a function of alloy composition x in Ga1⫺x Inx N. The zinc-blende material is shown in the left panel and the wurtzite on the right.
In the wurtzite case, also shown are experimental data points 共A兲 compiled in Ref. 23 and corrected experimental data 共B兲 representing an unstrained alloy 共see
Ref. 24兲.

Downloaded 07 Dec 2010 to 129.234.252.66. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions

Pugh et al.

J. Appl. Phys., Vol. 86, No. 7, 1 October 1999

3771

TABLE III. Wurtzite k–p parameters for bulk GaN, AlN, and InN. The A i
are in units of ប 2 /2m 0 except A 7 where the units are eV A ⫺1 .

FIG. 4. Band structure for wurtzite GaN near the ⌫ point. The crosses
indicate the results from the semi-empirical results, and the solid line are
those from the k–p method.

GaN fit, but that the actual gradients are in good agreement
for both alloys. Recent additional experimental results for
small x25,26 show similar trends. Other theoretical work27 attributes the large band-gap bowing to In-localized hole states
in the upper valence band rather than the large lattice mismatch between the two materials. Our model cannot represent this, but nevertheless appears to give a good description
of the band-gap bowing.
The k–p band-structure method15 is particularly useful
for modeling the electronic structure and optical properties
of simple heterostructures and devices. A set of k–p parameters have been derived for each of the three wurtzite compounds using our pseudopotential results. These consist of
A i (i⫽1...7) parameters which determine the shape of the
bands, and ⌬ i (i⫽1...3) parameters which determine splitting energies. The parameter A 7 if often neglected but Ren,
Liu, and Blood27 have recently shown how the lifting of the
degeneracy of the valence bands near the anticrossing feature
can be modeled extremely well by its inclusion, and hence, is
also used here.
The technique involved using a Monte Carlo approach to
fit the k–p parameters to the semi-empirical band structure
for each material. The k–p parameters used for the wurtzite
materials are shown in Table III, and a plot of the band
structure for GaN near the ⌫ point is shown in Fig. 4.

GaN

AlN

InN

E g 共eV兲
A1
A2
A3
A4
A5
A6
A7

3.50
⫺7.71
⫺0.60
7.02
⫺3.08
⫺3.04
⫺4.00
⫺0.19

6.22
⫺4.61
⫺0.54
4.10
⫺1.59
⫺1.76
⫺2.15
⫺0.19

2.03
⫺9.65
⫺0.71
8.96
⫺4.17
⫺4.18
⫺5.37
⫺0.33

m cp (m 0 )
m cz (m 0 )

0.15
0.14

0.25
0.24

0.10
0.10

⌬ 1 共meV兲
⌬ 2 共meV兲

22.3
3.7

⫺93.2
3.7

37.3
3.7

For several specific wurtzite alloy concentrations, the
band structure was studied in more detail and a set of k–p
parameters derived, using a method identical to that for the
compounds. The alloys chosen were of small Al or In fraction, as these are the most commonly used in quantum well
devices. For Ga1⫺x Inx N, the In fractions considered were
x⫽0.05, 0.08, 0.10, and 0.15. For Ga1⫺x Alx N, the Al fractions chosen were x⫽0.05, 0.08, 0.10, 0.15, and 0.20. The
k–p parameters are shown in Table IV for GaAlN and Table
V for GaInN. In addition, band-structure plots for
Ga0.80Al0.20N and Ga0.85In0.15N are shown in Figs. 5 and 6.
The original pseudopotential band structure and fitted k–p
results are in good agreement in most cases, and particularly
so at small wave vector. Note that there is a flip over in the
normal ordering of the bands for Ga0.85In0.15N.
III. CONCLUSION

A series of semi-empirical pseudopotentials have been
derived which correspond to a range of GaAlN and GaInN
alloys of wurtzite and zinc-blende structure. These have been
used to study the band-gap as a function of alloy composiTABLE IV. Wurtzite k–p parameters for Ga1⫺x Alx N, with Al fraction x
ranging from 0.05 to 0.20. The A i are in units of ប 2 /2m 0 except A 7 where
the units are eV Å⫺1.
Ga1⫺x Alx N

FIG. 5. Band structure for Ga0.80Al0.20N near the ⌫ point. The crosses indicate the results from the semi-empirical results, and the solid lines are those
from the k–p method.

x⫽0.05

x⫽0.08

x⫽0.10

x⫽0.15

x⫽0.20

E g 共eV兲
A1
A2
A3
A4
A5
A6
A7

3.65
⫺7.26
⫺0.60
6.56
⫺2.97
⫺2.97
⫺3.88
⫺0.19

3.74
⫺7.17
⫺0.62
6.50
⫺2.87
⫺2.91
⫺3.88
⫺0.18

3.79
⫺7.08
⫺0.65
6.41
⫺2.77
⫺2.89
⫺3.82
⫺0.17

3.93
⫺6.87
⫺0.57
6.21
⫺2.79
⫺2.75
⫺3.68
⫺0.17

4.07
⫺6.67
⫺0.57
6.02
⫺2.67
⫺2.66
⫺3.50
⫺0.17

m cp (m 0 )
m cz (m 0 )

0.15
0.14

0.15
0.15

0.16
0.15

0.16
0.15

0.17
0.16

6.2
4.4

2.4
4.5

⌬ 1 共meV兲
⌬ 2 共meV兲

13.6
3.6

⫺7.0
4.7

⫺16.1
4.9
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TABLE V. Wurtzite k–p parameters for Ga1⫺x Inx N, with In fraction x
ranging from 0.05 to 0.15. The A i are in units of ប 2 /2m 0 except A 7 where
the units are eV Å⫺1.
Ga1⫺x Inx N
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x⫽0.05

x⫽0.08

x⫽0.10

x⫽0.15

E g 共eV兲
A1
A2
A3
A4
A5
A6
A7

3.28
⫺7.91
⫺0.65
7.22
⫺3.15
⫺3.16
⫺4.09
⫺0.27

3.14
⫺8.12
⫺0.68
7.43
⫺3.17
⫺3.22
⫺4.19
⫺0.31

3.05
⫺8.27
⫺0.70
7.57
⫺3.20
⫺3.27
⫺4.25
⫺0.33

2.85
⫺8.64
⫺0.77
7.93
⫺3.25
⫺3.37
⫺4.42
⫺0.40

m cp (m 0 )
m cz (m 0 )

0.14
0.13

0.13
0.13

0.13
0.13

0.13
0.12

⌬ 1 共meV兲
⌬ 2 共meV兲

⫺20.2
3.8

⫺42.3
3.8

structure, and will constitute a useful starting point for modeling quantum well devices.

⫺55.7
3.8

⫺84.6
3.8

tion, and it is found that while there is little or no band-gap
bowing in GaAlN, there is significant bowing for GaInN.
The direct-to-indirect crossover in zinc-blende GaAlN is predicted to occur at an Al fraction of 0.57. The band-structure
results have been used to obtain k–p parameters for a number
of GaInN and GaAlN alloy compositions of the wurtzite

FIG. 6. Band structure for Ga0.85In0.15N near the ⌫ point. The crosses indicate the results from the semi-empirical results, and the solid lines are those
from the k–p method.
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