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This paper presents new laboratory data on long-wave (surf-beat) forcing by the
random breaking of shorter gravity water waves on a plane beach. The data include
incident and outgoing wave amplitudes, together with shoreline oscillation ampli-
tudes at long-wave frequencies, from which the correlation between forced long waves
and short-wave groups is examined. A detailed analysis of the cross-shore structure
of the long-wave motion is presented, and the observations are critically compared
with existing theories for two-dimensional surf-beat generation. The surf beat shows
a strong dependency on normalized surf-zone width, consistent with long-wave forc-
ing by a time-varying breakpoint, with little evidence of the release and re®ection of
incident bound long waves for the random-wave simulations considered. The seaward-
propagating long waves show a positive correlation with incident short-wave groups
and are linearly dependent on short-wave amplitude. The phase relationship between
the incident bound long waves and radiated free long waves is also consistent with
breakpoint forcing. In combination with previous work, the present data suggest that
the breakpoint variability may be the dominant forcing mechanism during conditions
with steep incident short waves.
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1. Introduction

Long-wave forcing by the breaking of shorter gravity water waves is an important
mechanism for energy transfer in the coastal zone, where the higher-frequency wind
or swell wave energy is transformed into a range of lower-frequency motions. These
long-period waves were observed  rst outside the surf zone by Munk (1949) and
Tucker (1950), and were termed surf beat due to a correlation with groups of high
and low waves breaking further shoreward. O¬shore of the surf zone, the lag between
the incident short-wave groups and the surf beat corresponded with the time required
for the groups to propagate to the shoreline and for a long wave to travel back to the
measurement location. A large number of subsequent  eld studies have demonstrated
the importance of surf-beat motions in the surf and swash zones, where surface eleva-
tion and velocity spectra are frequently dominated by low-frequency energy (Huntley
et al . 1977; Guza & Thornton 1982, 1985; Wright et al . 1982). The long-period waves
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may be propagating cross-shore (leaky waves), refractively trapped (edge waves) or
a mixture of both modes (Suhayda 1974; Huntley et al . 1981; Oltman-Shay & Guza
1987) and are typically highly correlated with short-wave energy (Elgar et al . 1992;
Herbers et al . 1995), consistent with generation by short waves. Surf beat is par-
ticularly signi cant in the nearshore zone, since long waves can modify the incident
short-wave eld (Goda 1975; Peregrine 1983; Dally & Dean 1986) and strongly in®u-
ence sediment transport patterns. In particular, long waves may enhance shoreline
erosion (Osborne & Greenwood 1992) and, due to re®ection, also lead to the for-
mation of longshore bars, beach cusps and more complex morphology (Holman &
Bowen 1982; O’Hare & Huntley 1994; Yu & Mei 2000).

Although a number of mechanisms for the generation of both leaky waves and edge
waves have been proposed (Tucker 1950; Longuet-Higgins & Stewart 1962, 1964;
Gallagher 1971; Symonds et al . 1982; Sch�a¬er 1993), the mixture of wave modes
on natural beaches, combined with directionally spread wave elds and varying topo-
graphy, complicates the comparison of  eld data with theoretical models. In addition,
previous laboratory work speci cally focused on surf-beat-generation mechanisms
has been limited to bichromatic wave groups (Kostense 1984; Baldock et al . 2000),
where variations in the location of wave breaking predominantly occur at a single
frequency, leading to a regular pattern of long-wave forcing. However, in real sea
states, random wave breaking occurs over a broad range of space-time-scales and
considerable uncertainty remains as to which surf-beat mechanisms are important or
dominant during more realistic conditions (Battjes 1988; Hamm et al . 1993).

This paper considers this problem and focuses on two-dimensional long-wave forc-
ing (cross-shore motions only) through carefully controlled laboratory experiments.
Surf-beat generation by random wave breaking is compared quantitatively and quali-
tatively with two fundamentally di¬erent existing theories (Longuet-Higgins & Stew-
art 1962, 1964; Symonds et al . 1982), with agreements and discrepancies discussed
in detail. The laboratory study includes measurements of incident and outgoing long
waves, the correlation between forced long waves and random short-wave groups, the
linear and nonlinear dependence of long-wave energy on short-wave amplitude, and
a detailed analysis of the cross-shore structure of the long-wave motion. Section 2
commences with a brief review of previous work and a discussion of the expected
characteristics of the forced long-wave motion. The experimental set-up and analy-
sis techniques are outlined in x 3. Section 4 presents and discusses the experimental
data, followed by  nal conclusions in x 5.

2. Previous work

Longuet-Higgins & Stewart (1962, 1964) showed that non-breaking short-wave groups
nonlinearly force a long wave that is bound to the short-wave groups and negatively
correlated with groups of large waves. They suggested that the release of this inci-
dent bound long wave during short-wave breaking, followed by subsequent re®ection
at the shoreline, could explain the observations of Tucker (1950), who found that
seaward-propagating long waves appeared predominantly negatively correlated with
shoreward-propagating groups of high waves. Janssen et al . (2000) found a similar
negative correlation for short waves breaking directly onto a model breakwater, but
this disappeared if breaking occurred further o¬shore. In contrast, Munk’s (1949)
data suggest a positive correlation between the surf beat and short-wave groups,
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which is inconsistent with bound wave release as the primary surf-beat mechanism
unless the released and re®ected long wave undergoes a signi cant (near 180¯) phase
shift (Guza et al . 1984). Release and re®ection of the incident bound long wave
also implies that the amplitude of the seaward-propagating long waves should be
approximately proportional to the square of the incident short-wave height (Battjes
1988), although the dependence may be weaker than quadratic, since larger waves
break further o¬shore (Tucker 1950; Longuet-Higgins & Stewart 1962). However, the
majority of  eld data typically show surf beat to be linearly dependent on short-wave
amplitude (Guza & Thornton 1982; Elgar et al . 1992; Herbers et al . 1995; Ruessink
1998), whereas the incident bound wave amplitudes follow the expected quadratic
dependence.

Symonds et al . (1982) subsequently proposed a model for surf-beat generation
that was directly due to the variability of the short-wave breakpoint, and where
the resulting long-wave amplitude is linearly proportional to the incident short-
wave height. This model proposes that a time-varying breakpoint (due to varying
incident short-wave heights) radiates long waves both seaward and shoreward. The
shoreward-propagating long wave subsequently re®ects at the shoreline, setting up
an interference pattern that is dependent on the phase relationship between the
two breakpoint-forced long waves. The amplitude of the  nal seaward-propagating
wave then varies according to a non-dimensional measure of the surf-zone width, À ,
given by

À =
!2·h b

g 2
; (2.1)

where ! is the long-wave frequency (2 º f), ·h b is the water depth at the mean break-
point position, g is the acceleration due to gravity and  is the beach slope. Symonds
et al . (1982) show that maximum outgoing long-wave generation occurs for À º 1:2,
with minimal long-wave forcing at À º 3:7. Qualitative support for the Symonds et
al . (1982) breakpoint-forcing model was provided by the laboratory experiments of
Kostense (1984), with Sch�a¬er (1993) later  nding better agreement with the data
by extending the model to include continued short-wave forcing in the surf zone and
the in®uence of the incident bound long wave outside the surf zone. More quantita-
tive experimental support for the breakpoint-forcing model was recently presented
by Baldock et al . (2000), again, however, for bichromatic wave groups only. O’Hare et
al . (2000) also show that free long waves modulate the breakpoint of shorter regular
waves, leading to further long-wave generation, which is consistent with the Symonds
et al . (1982) model.

Numerical models capable of reproducing aspects of surf-beat generation are
well advanced and have developed from the work of Hibberd & Peregrine (1979),
Kobayashi et al . (1989), Van Leeuwen & Battjes (1990) and Madsen et al . (1997).
Good qualitative agreement with  eld data was found by List (1992) and Herbers et
al . (1995), with further models presented by Watson & Peregrine (1992), Roelvink
(1993) and Van Dongeren et al . (1994), comparing well with laboratory data. More
recently, the results from the Boussinesq model presented by Madsen et al . (1997)
show very good agreement with the bichromatic wave group data from both Kostense
(1984) and Baldock et al . (2000). However, a problem with many of the models is
that it is frequently not possible to separate the di¬erent long-wave forcing mecha-
nisms, although the separation is explicit in the model of List (1992). Nevertheless,

Proc. R. Soc. Lond. A (2002)



2180 T. E. Baldock and D. A. Huntley

a more detailed analysis of future numerical modelling results would be bene cial in
determining the fundamental long-wave-generation mechanisms.

Laboratory data,  eld data and numerical model results therefore, to some extent,
support both the idea of bound wave release (Longuet-Higgins & Stewart 1962)
and the breakpoint-forcing mechanism of Symonds et al . (1982). However, detailed
laboratory experiments have been limited to studies of bichromatic wave groups and
it is therefore di¯ cult to quantify the importance of the two forcing mechanisms
during more realistic random-wave conditions. Further experiments with random-
wave forcing are consequently reported in this paper.

3. Experimental set-up

(a) Wave ° ume and instrumentation

The experiments were carried out in a wave ®ume 18 m long, 0.9 m wide, with a
working water depth, h, of 0.8 m ( gure 1). A plane beach (gradient  = 0:1) starts
5.65 m from the wave paddle. The origin of the horizontal coordinate, x, is taken
as the intersection of the still-water line with the beach face, positive onshore. For
unbroken monochromatic regular waves with frequencies of 0.1{0.4 Hz, the re®ection
coe¯ cient for this beach ranges from 0.9 to 0.6, with negligible re®ection (3{5%)
for breaking waves in the frequency range 0.6{1 Hz. Waves were generated by a
hydraulically driven wedge-type wave paddle using second-order generation for long
waves (Barthel et al . 1983). A software-driven digital-feedback system absorbs up
to 60% (in amplitude terms) of waves radiated from the far end of the ®ume for
frequencies at 0.1 Hz, rising to over 90% above 0.4 Hz. The wave motion generated
by the wave paddle is highly repeatable, allowing data to be collected at multiple
cross-shore locations.

Data were collected simultaneously from an array of  ve surface-piercing resis-
tance-type wave gauges, mounted on a carriage above the ®ume, and a run-up wire
within the swash zone. The absolute accuracy of these wave gauges is of order §1 mm,
with a relative accuracy better than §0:2 mm. The run-up wire consists of two
0.8 mm diameter stainless-steel wires 12 mm apart, held 3 mm above the bed, and
has a resolution better than §0:5 mm in the vertical. Further details of both the
wave ®ume and instrumentation may be found in Baldock et al . (2000).

(b) Wave characteristics

We examine data from eight random-wave simulations (Jonswap spectra (Has-
selmann et al . 1973)) with varying peak frequency (f p ), target o¬shore root-mean-
square wave height (Hrm s o) and peak enhancement factor, ® . These cases are fur-
ther subdivided into three series, depending on their peak frequency and spectral
shape (table 1). Cases in series 1 have relatively narrow-banded frequency spec-
tra (fp = 0:6 Hz, ® = 3:3, varying Hrm s o), while those in series 2 are more broad
banded (f p = 0:6 Hz, ® = 1, varying Hrm s o). Series 3 has cases with both narrow-
and broad-banded wave spectra (f p = 1 Hz, Hrm s o = 0:05 m, varying ® ). These ran-
dom simulations represent steep wave conditions (Hrm s o=L0 = 0:011{0.032, where L0

is the deep-water wavelength of the peak spectral frequency) compared with typical
 eld data, with the occasional small spilling breaker occurring in the constant-depth
region of the ®ume for some cases. The lower- and upper-frequency limits for the
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Figure 1. Wave ° ume and instrumentation.

Proc. R. Soc. Lond. A (2002)



2182 T. E. Baldock and D. A. Huntley

Table 1. Spectral characteristics, Iribarren number and mean breakpoint depth

series case fp (Hz) f1 (Hz) f2 (Hz) ® Hrm so (m) ¹ hb (m)

1 J6033A 0.6 0.42 1.47 3.3 0.1 0.61 0.07

J6033B 0.6 0.42 1.47 3.3 0.075 0.71 0.053

J6033C 0.6 0.42 1.47 3.3 0.05 0.87 0.035

2 J6010A 0.6 0.41 1.48 1.0 0.1 0.61 0.07

J6010B 0.6 0.41 1.48 1.0 0.075 0.71 0.053

J6010C 0.6 0.41 1.48 1.0 0.05 0.87 0.035

3 J1033C 1.0 0.67 1.78 3.3 0.05 0.56 0.035

J6010C 1.0 0.65 1.74 1.0 0.05 0.56 0.035

primary (linear) wave components of the energy spectra, f1 and f2, respectively, are
also given in table 1, from which long-wave frequencies are de ned for the purpose of
the present study as f < 0:4 Hz. The surf similarity parameter, or Iribarren number
( ¹ =  =

p
Hrm s o=L0) is in the range 0.56{0.87, indicating largely plunging breakers.

The depth at the mean position of the breakpoint, ·h b , was taken at the location
where approximately half the o¬shore incident wave energy would be dissipated,
i.e. (Hrm s =Hrm s o)2 = 0:5. This may be written as

·h b =
1

µ

p
2

2
Hrm s o; (3.1)

where µ is the ratio of the wave height to water depth at breaking. From a series
of monochromatic wave measurements, µ has been taken equal to 1, typical of steep
beaches, and the resulting values for ·h b are shown in table 1.

For series 1 and 2, although the phases of individual frequency components
within the frequency spectra were randomly distributed between zero and 2º , the
same phases were used for the three cases in each series, i.e. cases J6033A{C and
cases J6010A{C. Consequently, at the wavemaker, the three individually generated
random-wave trains in each of series 1 and series 2 are identical apart from a change
in amplitude. Their group structure, therefore, is e¬ectively the same and, as a result,
a very similar pattern of wave breaking should occur for each of the three cases in
these two series. Consequently, any di¬erences in long-wave generation due to varia-
tions in short-wave phase should largely be eliminated when considering the e¬ects
of short-wave nonlinearity (varying Hrm s o, see xx 4 b and 4 d).

(c) Analysis techniques

Spectral estimates (S(f)) were obtained from Fourier transforms of eight 50% over-
lapping data segments, each comprising 2048 data points sampled at 25 Hz, with fre-
quency smoothing over three adjacent frequencies (0.036 Hz). The amplitude, a(fc),
of the long-wave motion within  nite frequency bands centred on fc was estimated
using the relationship

a(fc) =

s

2

Z fc + ¯ f

fc¡ ¯ f

S(f) df; (3.2)
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where ¯ f = 0:018 Hz and is half the width of the  nite frequency band and S(f)
is the spectral density of the water surface elevation. Wave heights were estimated
from the variance, m0, of measured surface elevation time-series (Hrm s =

p
8m0),

assuming a narrow-banded Gaussian process and a Rayleigh wave-height probability
density function). Note that each random-wave case may be considered to be deter-
ministic, rather than a single realization of random data, and therefore the spectra
shown later do not require the con dence limits associated with stochastic processes
(Baldock et al . 1996).

Previous studies (e.g. Guza et al . 1984; Elgar & Guza 1985; List 1992; Masselink
1995) have used linear theory to crudely separate time-series of incident and outgoing
long waves in natural random sea states. However, such an analysis ignores the
nonlinearity of the incident bound long waves and the in®uence of the bed slope, and
may therefore be subject to considerable errors, particularly close to the breakpoint.
The present paper therefore attempts to adopt a more rigorous approach and, in
particular, does not attempt to separate incident and outgoing waves on the sloping
bed close to the breakpoint where the bound wave attains maximum amplitude.
Indeed, this is not necessary since the incident and outgoing long waves are generally
well separated in time (see x 4 c below). Decomposition of the total long-wave energy
into free and bound long waves by bispectral analysis (e.g. Hasselmann et al . 1963;
Herbers et al . 1994, 1995; Ruessink 1998) is not well suited to the present data
due to the relatively short record lengths (420 s) and the nature of the time-series,
which are not true stochastic processes. However, again this is unnecessary, since the
experiments were designed to quantify long-wave nonlinearity directly (cf. x 4 d).

Although it is simple to separate incident bound long waves, incident free waves
and re®ected free waves for a bichromatic short-wave group (Kostense 1984), this is
not the case in a random sea state, where di¬erent pairs of short waves may gener-
ate bound long waves at the same frequency but with di¬erent wavenumbers, and
vice versa. Therefore, in order to estimate the amplitudes of incident and outgo-
ing free long waves in the constant-depth region of the ®ume (x < ¡ 8 m), it was
 rst necessary to calculate the contribution to the measured water surface eleva-
tion from incident bound long waves. These calculations were based on the original
 nite-depth solution for pairs of interacting small-amplitude wave components due to
Longuet-Higgins & Stewart (1960). This solution was previously shown to give good
agreement with measured data from bichromatic wave groups in the same experi-
mental facility (Baldock et al . 2000). In addition, Lo & Dean (1995) show that the
Longuet-Higgins & Stewart (1960) solution is accurate provided h=L0 > 0:1, a condi-
tion satis ed for all wave cases for x < ¡ 4 m. The calculations were carried out over
the range f2{f1, i.e. only considering the primary components of the measured wave
spectra. However, some small errors may be introduced by second- and higher-order
interactions, which modify the original (linear) spectral density within the primary
frequency band f2{f1 (Freilich & Guza 1984; Baldock et al . 1996).

The calculated second-order bound long waves were subsequently subtracted from
Fourier- ltered low-pass (f < 0:4 Hz) measured surface-elevation data, theoretically
resulting in a surface-elevation time-series comprised solely of incident and outgoing
free long waves. The incident and outgoing free long-wave surface-elevation time-
series were then separated using the two-gauge method of Frigaard & Brorsen (1995),
from which both incident and outgoing long-wave spectra and amplitudes could be
readily determined.
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Figure 2. (a) Total wave energy spectra, case J6033A, Hrm s o = 0:1 m. (b) Total wave energy
spectra, case J6010A, Hrm so = 0:1 m. (Solid line, measured (x = ¡11:15 m); dot-dashed line,
¯rst order; dashed line, second order.)

The normalized cross-correlation signal, Rxy( ½ ), between two time-series x(t) and
y(t) was estimated by (Bendat & Piersol 1986)

Rxy( ½ ) =
hx(t)y(t + ½ )i

¼ x ¼ y

; (3.3)

where ½ is the time lag between the two signals, ¼ x and ¼ y are the standard deviations
of the respective time-series, h¢i denotes ensemble averaging and ¡ 1 6 Rxy( ½ ) 6 1.
In this instance, the two time-series are the low-pass  ltered (f < 0:4 Hz) long-
wave surface elevation and the envelope of the short-wave surface elevation, A(t),
at various cross-shore locations. The short-wave envelope is readily obtained via a
Hilbert transform of the measured surface-elevation data (Sobey & Liang 1986).
The normalized cross-correlations were calculated using 4096 data points sampled
at 25 Hz, giving, for the present data, a 95% con dence interval on Rxy( ½ ) = 0 of
approximately §0:18 (Jenkins & Watts 1968; Garrett & Toulany 1981).

Note that the cross-correlation analysis shows the lag, or time-domain separation,
between the short-wave groups and any associated long-wave motion. Consequently,
at measurement locations seaward of the breakpoint, incident and outgoing long
waves are well separated in the correlation signal. It is therefore not necessary to
separate the incident and re®ected waves prior to the correlation analysis. Possible
errors introduced by applying linear theory to shoaling nonlinear waves were therefore
avoided by using the total long-wave surface-elevation time-series.

4. Discussion of results

(a) Spectral characteristics and cross-shore variation in wave height

Figure 2 shows examples of the surface-elevation energy spectra in the constant-
depth region of the wave ®ume (x < ¡ 8 m) for case J6033A (narrow banded) and
case J6010A (broad banded). The measured data are in good agreement with both
the target  rst-order spectra in the primary frequency band (f2{f1) and the higher
harmonics (f > f2) in the calculated second-order spectra, which arise through
wave{wave interactions between the primary components (Longuet-Higgins & Stew-
art 1960). However, the measured data show considerable deviations from the second-
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Figure 3. (a) Cross-shore variation in normalized Hrm s wave height, series 1, ® = 3:3.
(§, case J6033A; M, case J6033B; ¤, case J6033C.) (b) Cross-shore variation in normalized
Hrm s wave height, series 2, ® = 1. (§, case J6010A; M, case J6010B; ¤ , case J6010C.)

order spectra in the long-wave frequency band (f < 0:4 Hz), suggesting that signif-
icant additional free long-wave energy is present in the wave ®ume at this location.
This additional energy is predominantly contained in the frequency band 0.1{0.3 Hz.
The second-order spectra additionally show that the bound long-wave energy is great-
est in the frequency band 0:05 < f < 0:1 Hz.

The cross-shore variation in wave height (Hrm s ) for the three cases in each of
series 1 and series 2 is shown in parts (a) and (b) of  gure 3, respectively. The
measured data have been normalized by the target Hrm s o for each case (table 1) and
are typically within 3% of this value close to the wavemaker. Figure 3 shows that the
outer breakpoint, or the furthest o¬shore location of depth-induced wave breaking, is
around x = ¡ 2 m for Hrm s o = 0:1 m, moving further shoreward to about x = ¡ 1 m
for Hrm s o = 0:05 m. The position of the mean breakpoint (normalized wave height
equal to 1

2

p
2) is additionally in good agreement with the estimates based on (3.1).

(b) Incident and radiated long-wave amplitudes

Although some re®ection is possible from the sloping beach seaward of the surf
zone, and wave groups propagating up a slope may generate both incident and outgo-
ing free long waves (Mei & Benmoussa 1984; Bird & Peregrine 1998), in the following
we assume that all outgoing free long waves are generated shoreward of the outer
breakpoint by one or more of the mechanisms discussed in x 2. This largely appears to
be con rmed by the cross-shore nodal structure of the long-wave motion (see x 4 e).
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Figure 5. Variation in free long-wave radiation coe± cient with frequency, case J6033A,
Hrm so = 0:1 m. (Solid line, x = ¡11:1 5m; dashed line, x = ¡9:55 m.)

Figure 4 shows incident and outgoing free long-wave energy spectra for case
J6033A, estimated at two di¬erent locations in the constant-depth region of the
®ume (x < ¡ 8 m) by the method outlined in x 3 c. The outgoing long-wave energy
spectra show the clear frequency response expected according to the Symonds et al .
(1982) breakpoint-forcing model, with the peak response at ca. 0.2 Hz. This peak fre-
quency corresponds to a value of f= º 2, very similar to the value for bichromatic
wave groups found by Madsen et al . (1997) and Baldock et al . (2000). The data from
both locations give very consistent results and suggest that the additional long-wave
energy at f < 0:4 Hz observed in  gure 2 is predominantly outgoing and radiated
from shoreward of these measurement locations.

This is further illustrated in  gure 5, which shows the ratio of the outgoing to
incident free long-wave amplitude (Rf ), where the long-wave amplitude was obtained
from the energy spectra shown in  gure 4, again as outlined in x 3 c. Rf is a radiation
coe¯ cient, rather than a re®ection coē cient, since most of the outgoing free wave
energy is generated shorewards of the measurement points (x < ¡ 8 m). In addition,
according to the breakpoint-forcing theory, approximately half of this wave energy
may be radiated directly o¬shore and never re®ects at the shoreline. The radia-
tion coē cient is typically greater than 2 over the frequency range 0:1 < f < 0:4,
consistent with minimal free long-wave generation and good long-wave absorption
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at the wavemaker. Note that, in theory, in nite radiation coē cients should occur,
since both Symonds et al . (1982) and Sch�a¬er (1993) assume incident free long-wave
energy is zero. In contrast,  eld measurements are complicated by refractive trapping
of long waves and, as a result, typically show re®ection/radiation coē cients much
closer to one (Herbers et al . 1995).

In order to compare the measured data directly with the breakpoint-forcing model
of Symonds et al . (1982), the amplitudes of the outgoing free long waves at the
outer breakpoint are required. These were estimated from the measurements in the
constant-depth region of the ®ume (x < ¡ 8 m) using full linear shoaling. In Symonds
et al . (1982), these amplitudes were subsequently normalized by half the di¬erence in
shoreline set-up, 1

2
·² , produced by monochromatic waves with heights corresponding

to the largest and smallest short waves within the wave group, which may be easily
estimated for bichromatic wave groups (Baldock et al . 2000). However, in a random
sea state, both the period and amplitude of the wave groups vary and, therefore, the
amplitudes of the largest and smallest waves within individual groups are frequency
dependent. Consequently, an equivalent measure of the shoreline set-up was deter-
mined from the spectrum of the o¬shore short-wave surface-elevation envelope, A(t).
This provides an estimate of how the amplitude modulation, or groupiness, of the
surface elevation varies with frequency. List (1991) shows that this technique may
be used to provide an estimate of the overall surface-elevation groupiness, G, given
by

G =

p
2 ¼ A(t)

A(t)
; (4.1)

where ¼ A(t) is the standard deviation of the short-wave envelope. Based on mea-
surements in the constant-depth region of the ®ume, equation (4.1) gives groupiness
values for the random-wave cases considered here in the range 0.7{0.8, typical of
natural sea states (List 1991).

For a bichromatic wave group, the numerator of (4.1) is equivalent to ¢A, the
di¬erence in amplitude between the largest and smallest waves in the group, the
denominator is the mean wave height, and G = 1 for a fully modulated wave group.
Hence, for a random sea state and following (3.2), the variation in wave group ampli-
tude with frequency, aG(f ), may be written as

aG(fc) =

s

2

Z fc + ¯ f

fc¡ ¯ f

SA(f) df; (4.2)

where SA(f) is the spectral density of the short-wave surface-elevation envelope.
Since A(t) is poorly de ned both at the outer breakpoint and within the surf zone
due to increased nonlinearity and broadbandedness in shallow water (Sobey & Liang
1986; Huang et al . 1999), equation (4.2) uses A(t) calculated in the constant-depth
region of the wave ®ume (x < ¡ 8 m). This assumes that changes in the overall time-
averaged wave-group characteristics are relatively minor between deep and shallow
water, i.e. the shoaling characteristics of both large and small waves are similar.
Although nonlinear shoaling leads to signi cant changes in the shape of individual
waves (e.g. Elgar & Guza 1985), this assumption nevertheless appears consistent with
data from List (1991), Watson et al . (1994) and Bird & Peregrine (1998), which show
that both groupiness and wave-group structure are fairly consistent prior to wave
breaking.
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Figure 6. (a) Normalized outgoing free wave amplitude versus À , series 1, ® = 3:3. (§, case
J6033A; M, case J6033B; ¤ , case J6033C; solid line, Symonds et al . (1982), G = 0:2.) (b) Nor-
malized outgoing free wave amplitude versus À , series 2, ® = 1. (§, case J6010A; M, case J6010B;
¤ , case J6010C; solid line, Symonds et al . (1982), G = 0:2.) (c) Normalized outgoing free wave
amplitude versus À , series 3. (¤ , case J1033C; M, case J1010C; solid line, Symonds et al . (1982),
G = 0:2.)

Following Longuet-Higgins & Stewart (1964), 1
2

·² at discrete frequencies, fc, was
then estimated by

1
2

·² (fc) = 1
2
( 3

2
(1

2
µ)(2aG(fc))): (4.3)

The outgoing long-wave amplitudes at the outer breakpoint were subsequently nor-
malized by (4.3), with the corresponding values of À calculated from (2.1) using the
tabulated values of ·h b given previously. The results are compared with the theo-
retical response for breakpoint-forced long waves given by Symonds et al . (1982) in
 gure 6. All three series show a maximum response in the range À º 1{1.4, close
to that expected from theory and similar to that found previously for bichromatic
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Figure 7. Cross-correlation between the local wave envelope and the local low-frequency motion
seaward of the breakpoint, case J6010A. (a) Solid line, x = ¡11:15 m; dot-dashed line,
x = ¡9:55 m; dashed line, x = ¡7:95 m. (b) Solid line, x = ¡6:35 m; dot-dashed line,
x = ¡4:75 m; dashed line, x = ¡3:15 m.

wave groups by Baldock et al . (2000). In addition, the response curve for the individ-
ual cases within each series is very similar, indicating that the long-wave generation
process is linearly dependent on the amplitude of the incident short waves. The
data also show that the normalized response is insensitive to di¬erences in spectral
shape, consistent with the relatively constant wave groupiness noted above. Note
that, although the maxima are signi cantly smaller than the theoretical value for
a groupiness factor, G, equal to 0.2, this is consistent with Symonds et al . (1982),
who show that the normalized response reduces rapidly as the wave-group modu-
lation increases. Unfortunately, the assumption of a small breakpoint excursion by
Symonds et al . (1982) and Sch�a¬er (1993) restricts the theoretical analysis to small
values of G, and no analytical solution is presently available for G > 0:5.

(c) Relationship between the short-wave envelope and the low-frequency motion

The normalized cross-correlations between the local short-wave envelope and the
local low-frequency motion (f < 0:4 Hz) at various locations seaward of the break-
point are shown in  gure 7 for case J6010A. Very similar cross-correlation signals are
obtained for the other random-wave cases (not shown), although the correlations are
weaker for the smallest wave heights (Hrm s o = 0:05 m). A relatively strong negative
correlation occurs at a lag ½ = 0, corresponding to the locally forced bound long
wave, which is out of phase with the local short-wave envelope (Longuet-Higgins
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Figure 8. Cross-correlation between the wave envelope at x = ¡11:15 and the low-frequency
motion at more shoreward locations, case J6010A. (a) Solid line, x = ¡9:55 m; dot-dashed
line, x = ¡7:95 m; dashed line, x = ¡6:35 m. (b) Solid line, x = ¡4:75 m; dot-dashed
line, x = ¡3:15 m; dashed line, x = ¡1:55 m. (c) Solid line, x = ¡0:55 m, dot-dashed line,
x = ¡0:05 m; dashed line, run-up.

& Stewart 1962, 1964). Close to the outer breakpoint (x = ¡ 3:15 m), the bound
long wave appears to lag slightly behind the short-wave envelope, although this
appears less marked than that observed in  eld and laboratory data obtained from
more mildly sloping beaches (Elgar & Guza 1985; List 1992; Janssen et al . 2000).
A strong positive correlation is observed at ½ º 15 s at the furthest o¬shore location
(x = ¡ 11:15 m), with the lag progressively reducing to ½ º 6 s just seaward of the
outer breakpoint. This peak in the correlation signal corresponds to a long wave pos-
itively correlated with the local wave envelope, and the data strongly suggest that
this long wave is travelling o¬shore.

This is further illustrated in  gure 8, which shows the cross-correlation between
the short-wave envelope at x = ¡ 11:15 m and the low-frequency motion further
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shoreward. Seaward of the breakpoint, both the negative and positive peaks in the
correlation signal remain separated in time and lead to similar conclusions to those
reached above. However, inside the surf zone, and in the run-up, the correlation signal
evolves to show a single dominant long wave, positively correlated with the o¬shore
wave envelope. This is to be expected, since larger incident waves will produce a
larger dynamic set-up, and follows directly from the breakpoint-forcing model of
Symonds et al . (1982). Some additional low-frequency motion, both at the shoreline
and in the surf zone, will also be generated due to continued wave groupiness and
mass transport by short waves, which again will be positively correlated with the
incident wave groups (Watson & Peregrine 1992).

For the data presented in  gures 7 and 8, the time lag observed at each cross-shore
location approximately corresponds to the time taken for a wave group to travel to the
breakpoint, plus the time required for a long wave to travel from the breakpoint to the
shore and then back to the measurement position, as  rst suggested by Munk (1949)
and Tucker (1950). Similar time lags also have been observed in subsequent  eld
data, typically from mildly sloping beaches (Guza et al . 1984; List 1992; Masselink
1995), although the correlations between the long wave and wave envelope suggest
an outgoing positive pulse leading a slightly larger long wave trough. This positive{
negative correlation has usually been interpreted as due to an incident bound long
wave developing an asymmetric form during shoaling, which is then subsequently
released at the breakpoint and re®ected from the shoreline (List 1992; Masselink
1995).

In contrast, the present data show that the outgoing long wave is predomi-
nantly positively correlated with the incident wave groups, in agreement with the
breakpoint-forcing model. Furthermore, the positive correlation in the inner surf
zone and in the run-up ( gure 8c) is inconsistent with the release of the negatively
correlated bound long wave observed just prior to breaking ( gure 7). The present
data also show a weak long-wave trough lagging the dominant outgoing positive sur-
face elevation. This is probably generated by the run-down of the water mass forced
up the beach face by incident short-wave bores reaching the shoreline with some
remaining group structure (Watson & Peregrine 1992).

(d ) Linear and nonlinear long-wave dependence on short-wave amplitude

Figure 9 shows the cross-shore variation in the total (incident and outgoing) long-
wave energy within  nite frequency bands centred on fc (i.e. fc § 0:018 Hz). The
data are shown for series 1 and have been normalized by the square of the target
incident wave height (H2

rm s o), or short-wave energy, for each case (table 1). O¬shore
of the breakpoint (x < ¡ 2 m), the energy at low frequencies (fc = 0:097{0.134 Hz;
 gure 9a,b) is nonlinearly dependent on the o¬shore short-wave energy, and in fact
the long-wave amplitude is almost exactly proportional to the square of the short-
wave amplitude. The long-wave motion o¬shore of the breakpoint at these frequencies
is therefore dominated by incident bound long waves, consistent with the observed
weak free outgoing long wave ( gure 4).

Conversely, at these same frequencies (fc = 0:097{0.134 Hz;  gure 9a,b) inside the
breakpoint (x > ¡ 2 m) and in the run-up (most shoreward data points and plotted
at the mean shoreline position), the long-wave energy appears much more linearly
dependent on the o¬shore short-wave energy. Indeed, the change from relatively
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Figure 9. The cross-shore variation in the normalized wave energy within frequency band
fc § 0:018 Hz, series 1, ® = 3:3. (a) fc = 0:097 Hz; (b) fc = 0:134 Hz; (c) fc = 0:17 Hz;
(d) fc = 0:207 Hz; (e) fc = 0:244 Hz; (f ) fc = 0:218 Hz; (g) fc = 0:317 Hz; (h) fc = 0:354 Hz.
(§, case J6033A; M, case J6033B; ¤ , case J6033C.)
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strong nonlinear motion just o¬shore of the breakpoint to nearly linear motion in the
inner surf zone suggests that the incident bound wave energy is strongly dissipated
by the breaking process, with subsequent long-wave generation by the time-varying
breakpoint forcing. This is considered further in x 4 e, where more detailed data from
the individual random-wave cases is presented.

At higher frequencies (fc = 0:17{0.244 Hz;  gure 9c{e), the total long-wave motion
becomes progressively more linear both o¬shore and shoreward of the breakpoint,
and at fc = 0:244 Hz ( gure 9e), the long-wave energy is almost exactly linearly
proportional to the o¬shore short-wave energy at all cross-shore locations. The long-
wave amplitude is therefore also linearly dependent on the short-wave amplitude
and this frequency (fc = 0:244 Hz) corresponds well with the peak spectral fre-
quency of the outgoing free long waves ( gure 4). The total long-wave motion
at this frequency appears, therefore, to be dominated by free long waves, consis-
tent with the surface-elevation spectra shown in  gure 2. The cross-shore nodal
structure is strongest in the frequency range fc = 0:17{0.207 Hz, where a com-
bination of incident bound waves and outgoing free waves occurs. At both lower
and higher frequencies, the nodal structure is weaker, due to dominance of the
total long-wave motion by either incident bound waves or outgoing free waves,
respectively. The reason for this is that the overall long-wave motion tends to
be dominated by waves propagating in one direction only, thereby leading to a
less-marked nodal structure. This cross-shore nodal structure is discussed further,
again in x 4 e.

These data are in general agreement with  eld data showing a roughly linear
relationship between o¬shore wave height and free long-wave amplitude (Guza &
Thornton 1982; Elgar et al . 1992; Herbers et al . 1995). However, previous analyses
of  eld data have not examined how the relationship between the total long-wave
energy (or bound/free long-wave energy) and the o¬shore wave energy varies with
long-wave frequency. In particular, if bound and free long-wave energy dominate
the total long-wave motion at di¬erent frequencies, as is the case here, then this
would appear inconsistent with the hypothesis of bound wave release as the primary
mechanism for the generation of free long waves.

At still higher frequencies (fc = 0:281{0.354 Hz;  gure 9f{h), the data show that
the relationship between the long-wave motion and o¬shore short-wave height is
weaker than linear, particularly seaward of the breakpoint. Given that free outgoing
long waves also dominate the total long-wave motion at these frequencies ( gures 2
and 4), this implies that the long-wave generation, either at the breakpoint or within
the surf zone, is weaker than linearly proportional to the o¬shore wave height. A
possible reason for this is that the breakpoint-forcing mechanism will become inef-
fective when the breakpoint excursion, and hence the forcing region, becomes large
in comparison with the wavelength of the long-wave motion. Baldock et al . (2000)
suggested that this will occur when

G
p

Hf L


p

g
> ¬ ; (4.4)

where fL is the long-wave frequency and ¬ is some fraction of the wavelength of the
free long wave, estimated to lie in the range 0.2{0.3. Applying (4.4) to the present
conditions, with H = Hrm s = 0:1 m, suggests that the breakpoint forcing will start
to become ine¬ective for the larger wave heights when fc is greater than ca. 0.3 Hz,
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Figure 10. (a) Cross-shore variation in wave amplitude at fc = 0:207 § 0:018 Hz, case J6033A.
(¤ , data; solid line, IBLW; dashed line, IBLW (scaled); dot-dashed line, OFLW (inverse shoal-
ing).) (b) Cross-shore variation in wave amplitude at fc = 0:207 § 0:018 Hz compared with nodal
structure of free-standing wave and the numerical solution, case J6033A. (¤ , data; solid line, J0 ;
dashed line, numerical solution.)

in accordance with the observations. Equation (4.4) is also consistent with  eld
data obtained on a very mildly sloping beach, showing free long-wave amplitudes
to be approximately proportional to the square root of the o¬shore wave height
(Ruessink 1998).

(e) Cross-shore structure of the long-wave motion

This section examines the cross-shore structure of the long-wave motion in more
detail and, in particular, the nodal structure formed by the interaction of the incident
bound waves and the outgoing free long waves. Figure 10a shows the cross-shore
variation in amplitude of the total long-wave motion, the outgoing free long wave
(OFLW) and the incident bound long wave (IBLW) at fc = 0:207 Hz for case J6033A.
This frequency corresponds well with the peak outgoing long-wave energy ( gure 4)
and also exhibits the strongest cross-shore nodal structure ( gure 9d). The incident
bound wave amplitudes were calculated from the measured frequency spectra as
outlined in x 3 c, again over the range f2{f1. Strong cross-shore gradients in the
measured data occur close to the breakpoint, with an anti-node in the outer surf
zone and a node close to the mean breakpoint position for this case (x = ¡ 0:7 m),
in agreement with the Symonds et al . (1982) model. The nodal structure is weaker
further o¬shore, consistent with the outgoing free wave dominating over the incident
bound wave at this frequency.
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Figure 10b shows the same data, together with an analytical solution for a free-
standing long wave and a numerical solution describing the interaction of the incident
bound long wave and outgoing free long wave. The standing-wave solution is simply
given by a zero-order Bessel function (denoted by J0), with a shoreline amplitude
equal to that measured, origin at the mean cross-shore run-up position and valid
for x > ¡ 8 m. The numerical solution was obtained by numerically integrating the
phase functions for the two long waves along the length of the ®ume, each with
the amplitudes shown in  gure 10a (see Baldock et al . 2000 for further details).
However, the bound long waves are formed through the interaction of multiple pairs
of frequency components, and hence multiple wavenumber pairs (k1, k2), resulting in
bound waves at the same frequency having di¬erent wavenumbers (¢k = k1 ¡ k2). It
is therefore necessary to determine a single representative wavenumber (K) for the
bound wave energy at frequency fc. This was obtained by averaging the wavenumbers
(¢k) resulting from the interaction of all the dominant primary (linear) components
of the frequency spectrum that give rise to bound waves in the frequency band fc§ ¯ f .
The calculations were restricted to the primary frequency band 0:5 < f < 0:8 Hz to
ensure that K was not biased by including very weakly energetic bound waves with
higher wavenumbers. Nevertheless, over 80% of the primary short-wave energy lies
within this frequency band, and therefore the calculations cover a frequency range
that includes a large proportion of the total bound wave energy.

The remaining variable is the phase relationship in the outer surf zone between
the outgoing free long wave and the incident bound wave. This is readily esti-
mated from the work of Symonds et al . (1982) and Sch�a¬er (1993), with a more
detailed discussion given by Baldock et al . (2000). For example, at an instant
in time when a short-wave amplitude maximum reaches the mean breakpoint,
the contribution to the total long-wave surface elevation from the incident bound
wave will be negative. At the same time, breakpoint-forced long waves will be
radiated seaward and shoreward, with negative and positive amplitude, respec-
tively. Half a group period later, when a wave group minimum reaches the break-
point, both the incident bound wave elevation and the breakpoint-forced wave
radiated directly seaward will be positive. In addition, for a nodal point at the
mean breakpoint position ( gures 9d and 10a), the breakpoint-forced wave radi-
ated shoreward half a group period earlier will have re®ected from the shore-
line and returned, again with positive elevation, constructively interfering with
the other long-wave components. Hence the incident bound wave and the total
outgoing breakpoint-forced free wave will be in phase just seaward of the break-
point, leading to the formation of the anti-node in the outer surf zone (x º
¡ 1:2 m,  gure 10a). Conversely, if the incident bound long wave was released
near the breakpoint and re®ected from the shoreline, then the resulting seaward-
propagating wave and incident bound long wave would be out of phase just seaward
of the breakpoint.

Finally, it is well known that the solution of Longuet-Higgins & Stewart (1960,
1962) overestimates the amplitude of the bound waves in shallow water. Therefore,
using a similar approach to that adopted by Baldock et al . (2000), we have scaled
the amplitude of the bound wave, so that (accounting for phase) the sum of the
incident bound wave and the outgoing long wave match the measured amplitude at
the outer surf-zone anti-node. This typically requires a scaling factor of 0.6{0.3, con-
sistent with the numerical results presented by Lo & Dean (1995), who showed that
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Figure 11. (a) Cross-shore variation in wave amplitude at fc = 0:207 § 0:018 Hz compared
with nodal structure of free-standing wave and the numerical solution, case J6033B. (¤ , data;
solid line, J0 ; dashed line, numerical solution.) (b) Cross-shore variation in wave amplitude at
fc = 0:207 § 0:018 Hz compared with nodal structure of free-standing wave and the numerical
solution, case J6010B. (¤ , data; solid line, J0 ; dashed line, numerical solution.)

Longuet-Higgins & Stewart’s results overestimated the bound long-wave amplitude
for h=L0 < 0:1. This amplitude is then matched to that at x = ¡ 4 m (h=L0 > 0:1),
calculated as above from Longuet-Higgins & Stewart (1960), using a linear splice.
This scaled solution is indicated by the dashed line in  gure 10a and these amplitudes
are subsequently used in the  nal numerical solution.

The data in  gure 10b clearly suggest the generation of a (partial) standing wave in
the inner surf zone, in agreement with both the breakpoint-forcing and bound wave
release long-wave-generation models. However, further o¬shore, the standing-wave
solution shows no correlation with the data. In addition, in the surf zone, the data also
show that both the gradients in long-wave amplitude and the location of the anti-node
di¬er from that expected for a linear free-standing long wave. Indeed, the shoreward
shift in the position of the anti-node in the outer surf zone is consistent with the
breakpoint forcing discussed above. Furthermore, close to and within the breaker
zone, a released and re®ected bound long wave should give rise to a nodal structure
more in agreement with the linear standing-wave model, which is not borne out by
the present results. In contrast, o¬shore of the breakpoint, the numerical solution
provides an excellent description of the measured data, with both the amplitude and
position of the nodal structure well described.

Similar data, and the corresponding standing wave and numerical solutions, are
shown for two further cases, J6033B and J6010B, respectively, in parts (a) and (b) of
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 gure 11. In each case, a node occurs close to the mean breakpoint position, with an
anti-node in the outer surf zone shifted shorewards compared with the standing-wave
solution. The numerical solution, again with the incident bound wave and outgoing
free long wave in phase at the anti-node position, also shows good agreement with
the data. The mismatch between the measured data and the standing-wave solution
again suggests that the outgoing long wave is not predominantly due to a released and
re®ected bound wave, unless a signi cant phase shift occurs during the propagation
of the free long wave through the surf zone. However, no mechanism for such a phase
shift has been proposed.

The data presented above strongly support the breakpoint-forcing model for long-
wave generation proposed by Symonds et al . (1982) and extended by Sch�a¬er (1993).
In addition, the data show little evidence of incident bound long-wave release at the
breakpoint and subsequent re®ection. This is in contrast to much  eld data, typically
from less-steep swell waves on mildly sloping beaches, which suggest that released
and re®ected bound waves may dominate over breakpoint-forced long waves (Tucker
1950; Guza et al . 1984; List 1992; Masselink 1995). However, in the present study,
the dominant incident short waves in the frequency band 0:5 < f < 0:8 only become
shallow water waves (h=L < 1

20
) in the inner surf zone (x > ¡ 0:5 m). Therefore, the

bound waves forced by interactions around the short-wave spectral peak also will
not satisfy the shallow-water resonance condition (¢k = 2 º f =

p
gh) for a free long

wave until the inner surf zone. Consequently, since about half the incident short-
wave energy is dissipated by breaking further o¬shore, the bound wave forcing in
the inner surf zone will be much weaker than that outside the break point. Hence,
if the bound wave is not released until the resonance condition is satis ed (List
1992), the resulting free long wave will be of small amplitude, in accordance with
the present observations. It therefore appears that the long-wave forcing mechanism
may be dependent on the characteristics of the incident waves, with breakpoint
forcing possibly dominant during storm conditions, and bound long-wave release
and re®ection dominating with milder long-period swell waves. Further laboratory
experiments simulating swell conditions would be bene cial to resolve this question.

5. Conclusions

New laboratory data have been presented on long-wave (surf-beat) forcing by shorter
random gravity water waves. Eight di¬erent random wave series have been investi-
gated, covering a range of short-wave amplitudes, peak spectral frequency and spec-
tral shape. The data include incident and outgoing long-wave amplitudes, the cor-
relation between forced long waves and random short-wave groups, the dependence
of long-wave energy on short-wave energy, and a detailed analysis of the cross-shore
structure of the long-wave motion. The observations are critically compared with
two fundamentally di¬erent mechanisms for long-wave forcing (Longuet-Higgins &
Stewart 1962, 1964; Symonds et al . 1982).

Seaward-propagating free long waves exhibit a strong frequency dependence, with
the normalized long-wave amplitudes showing good quantitative and qualitative
agreement with the breakpoint-forcing model proposed by Symonds et al . (1982).
Maximum long-wave forcing occurs for À º 1{1:4, with minimal long-wave generation
observed for À in the range 3{4. In addition, the amplitudes of seaward-propagating
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free long waves are found to be linearly dependent on the incident short-wave ampli-
tude, in agreement with the theory and much  eld data. For constant incident wave
groupiness, the surf beat also appears relatively insensitive to spectral shape.

Cross-correlations between the incident short-wave envelope and total low-
frequency motion show incident bound waves negatively correlated with short-wave
groups, with a lag close to zero, as expected from second-order wave theory (Longuet-
Higgins & Stewart 1962). A second strong positive correlation at later lags is consis-
tent with breakpoint-forced long waves propagating seaward, which contrasts with
Tucker’s (1950) data, but is in agreement with the observations of Munk (1949).
A strong positive correlation between the run-up (swash) and incident wave groups
o¬shore of the breakpoint is also inconsistent with the release of the incident bound
long waves (Longuet-Higgins & Stewart 1962) as the primary surf-beat-generation
mechanism in these experiments.

At the lowest long-wave frequencies (f < 0:17 Hz), the total long-wave energy
seaward of the breakpoint is shown to be nonlinearly dependent on the incident
short-wave energy and therefore dominated by incident bound long waves (Longuet-
Higgins & Stewart 1962). However, in the same frequency range, the long-wave energy
inside the surf zone and in the run-up appears much more linearly dependent on
incident short-wave energy, suggesting that breakpoint-forced long waves dominate
in this region. In contrast, close to the peak spectral frequency of the free long waves
(f º 0:24 Hz), the long-wave energy is linearly dependent on the incident short-wave
energy both o¬shore and inside of the breakpoint. The dominant long-wave motion
for these random wave cases is therefore consistent with the long-wave forcing model
proposed by Symonds et al . (1982).

A further detailed analysis of the cross-shore structure of the long-wave motion
shows that maximum surf-beat generation occurs when the mean breakpoint position
coincides with a nodal point for a free-standing long wave in the surf zone, again
in agreement with the breakpoint-forcing model. Furthermore, a numerical solution
describing the interaction of the incident bound long wave and outgoing free long
wave shows that both these long-wave components are in phase just seaward of
the mean breakpoint position. This is again consistent with long-wave forcing by
the time-varying breakpoint, rather than by release and re®ection of the incident
bound waves. Finally, a probable reason for the absence of released and re®ected
bound long waves is that the shallow-water resonance condition is not satis ed until
the incident short waves reach the inner surf zone. It is suggested that breakpoint-
forced long waves may well dominate two-dimensional surf-beat motions during storm
conditions, with released and re®ected bound long waves dominating in conditions
with milder long-period swell waves.
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