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Abstract 

When a plunging jet impinges into a pool of liquid, air bubble entrainment takes place if the inflow velocity 

exceeds a threshold velocity. This study investigates air entrainment and bubble dispersion in the developing 

flow region of vertical circular plunging jets. Three scale models were used and detailed air-water measurements 

(void fraction, bubble count rate, bubble sizes) were performed systematically for identical inflow Froude 

numbers. The results highlight that the modelling of plunging jet based upon a Froude similitude is affected by 

significant scale effects when the approach flow conditions satisfied We1 < 1E+3, while some lesser scale effect 

was noticed for V1/ur < 10 and We1 > 1E+3. Bubble chord time measurements showed pseudo-chord sizes of 

entrained bubbles ranging from less than 0.5 mm to more than 10 mm with an average pseudo-chord size were 

between 4 and 9 mm. However bubble size data could not be scaled properly. 
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1. INTRODUCTION 

1.1 Presentation 

At the intersection of a plunging jet with a pool of water, free-surface instabilities develop and air bubble 

entrainment may be observed (Fig. 1). This is a form of local, singular aeration (see review by BIN 1993, 

CHANSON 1997). Plunging jet flow situations are encountered in Nature (e.g. at impact of waterfalls). 

Industrial applications of plunging jets include minerals-processing flotation cells, waste-water treatment, 

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by University of Queensland eSpace

https://core.ac.uk/display/14982888?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


CHANSON, H., AOKI, S., and HOQUE, A. (2004). "Physical Modelling and Similitude of Air 
Bubble Entrainment at Vertical Circular Plunging Jets." Chemical Engineering Science, Vol. 59, No. 
4, pp. 747-754 (ISSN 0009-2509). 

Page 2 

oxygenation of mammalian-cell bio-reactors and riverine re-oxygenation weirs (e.g. GOLDRING et al. 1980, 

ROBISON 1994, CHANSON 1997). In each case a strong mixing process takes place. A related case is the air 

entrainment by a plunging solid surface in a liquid bath. Such a configuration is used for polymer coating, in the 

production of photographic film, and it is observed at the impact of a missile with a free-surface (e.g. KNAPP et 

al. 1970, KENNEDY and BURLEY 1977). 

 

1.2 Bibliographic review 

Several studies showed that air entrainment at plunging jets takes place when the jet impact velocity exceeds a 

characteristic velocity Ve which is a function of the inflow conditions (e.g. McKEOGH 1978, CUMMINGS and 

CHANSON 1999). The mechanisms of bubble entrainment depends upon the jet velocity at impact, the physical 

properties of fluid, the jet nozzle design, the length of free-falling jet and the jet turbulence (BIN 1993). For 

small jet velocities larger than a threshold velocity, called onset velocity, air is entrained in the form of 

individual air bubbles. At larger jet velocities, large packets of air are entrained and broken up subsequently in 

the shear flow (e.g. BIN 1993, CUMMINGS and CHANSON 1997a, CHANSON and BRATTBERG 1998, 

ZHU et al. 2000). Flow patterns at two-dimensional plunging jet flows were investigated by GOLDRING et al. 

(1980) and SENE (1988). CUMMINGS and CHANSON (1997a,b), CHANSON and BRATTBERG (1998) and 

BRATTBERG and CHANSON (1998) presented detailed measurements of air content and velocity distributions 

in developing flows. 

Several researchers showed interest in circular plunging jets (e.g. reviews by BIN 1993 and CHANSON 1997). 

Numerous experiments were performed with small circular jets (i.e. less than 5 mm diameter) for which mostly 

qualitative studies were performed. Only a small number of researchers studied the flow field below 

impingement. McKEOGH and ERVINE (1981) and VAN DE DONK (1981) recorded air concentration profiles 

and velocity distributions primarily in the fully-developed flow region while BONETTO and LAHEY (1993) 

presented results obtained in both developing and fully-developed flow regions. BIN (1993) and CHANSON 

(1997) highlighted the lack of information on the air content distributions in the vicinity of the impingement 

point and on the entrained bubble size distributions. Further, physical modelling of plunging jet flows remains 

subject to scaling effects which have not properly explained (e.g. WOOD 1991, CHANSON 1997). 

This study investigates basic air entrainment characteristics at vertical circular plunging jets. Three scale models 

were built and detailed experiments were performed for a wide range of flow situations. The results presents 
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new evidence leading to a better understanding of scale effects affecting the air entrainment process at circular 

vertical plunging jets. 

 

2. DIMENSIONAL ANALYSIS 

Laboratory studies of air-water flows require the selection of an adequate similitude. Considering air bubble 

entrainment at plunging water jets, the relevant parameters needed for any dimensional analysis include  fluid 

properties and physical constants, channel (or flow) geometry, upstream flow properties, air-water flow 

properties. A simplified analysis for vertical circular plunging jets yields : 

C , Fr , Tu , 
dab
d1

 ...   =  F
⎝
⎜
⎛

⎠
⎟
⎞x - x1

d1
 ; 

r
d1

 ; 
x1
d1

 ; Fr1 ; We1 ; Tu1 ; Mo ...  (1) 

where C is the void fraction, Fr = V/ g * d1, V is the velocity, d1 is the jet impact diameter, Tu is a turbulence 

intensity, and dab is a characteristic size of entrained bubble at a distance (x-x1) beneath the free-surface and a 

radial distance r, where x is the distance from the nozzle and x1 is the free-jet length (Fig. 2). The dimensionless 

inflow variables are x1/d1, Fr1 = V1/ g * d1, We1 = ρw*V12*d1/σ and Tu1 while Mo = (g*µw4)/(ρw*σ3) is 

the Morton number also called liquid parameter. Equation (1) expresses that the dimensionless characteristics of 

the air-water flow field below impingement (e.g. C, Fr, Tu, dab/d1) are functions of the inflow conditions. 

In free-surface flows, gravity effects are important and most laboratory studies are based upon a Froude 

similitude (e.g. HENDERSON 1966, HUGHES 1993, CHANSON 1999). That is, the Froude number must be 

identical in model and prototype. The entrapment of air bubbles and the mechanisms of air bubble breakup and 

coalescence are dominated by surface tension effects implying the need for Weber similitude. For geometrically-

similar models, it is impossible to satisfy simultaneously Froude and Weber similarities. In small size models, 

the air entrainment process may be affected by significant scale effects. WOOD (1991) and CHANSON (1997) 

presented comprehensive reviews. KOBUS (1984) illustrated some applications. 

Equation (1) demonstrates that dynamic similarity of air entrainment at plunging jets is impossible with 

geometrically similar models. In the present study, geometrically similar models of circular vertical plunging jets 

were designed based upon a Froude similitude with undistorted scale. The geometric scaling ratio between 

Model 1 and Model 2 was 2.0, and the scaling ratio was 3.66 between Models 1 and 3. Similar experiments were 

conducted for identical inflow Froude numbers Fr1. Measurements were performed at similar cross-sections (x-

x1)/r1 where x is the longitudinal coordinate and r1 is the jet impact radius (r1 = d1/2) (Fig. 2). 
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3. EXPERIMENTAL APPARATUS AND INSTRUMENTATION 

3.1 Presentation 

Three circular plunging jet configurations, called Models 1, 2 and 3, were used (Table 1, Fig. 1). Experiments 

were conducted with tap water and ambient air. In Model 1, the jet nozzle was made of aluminium with a 1/2.16 

contraction ratio, the nozzle diameter was 25 mm and the receiving channel was 0.3 m wide and 1.8 m deep. In 

Models 2 and 3, the nozzle was a sharp-edged, machined PVC pipe (i.e. 1:1 contraction ratio), the nozzle 

diameter was 12 mm and 6.83 mm respectively, and the receiving flume was 0.10 m wide and 0.75 m deep (Fig. 

1). The dimensionless free-jet length was identical for all experiments (Table 1, column 3). 

 

3.2 Instrumentation 

The discharge was measured in Model 1 with an orifice meter (British Standards design) calibrated on-site with 

a volume-per-time technique. The flow rate was measured with a volume per time method in Models 2 and 3. 

The error on the discharge measurement was less than 2%. 

In Model 1, clear water jet velocities and turbulent velocity fluctuations were measured in the free-falling jet 

using a Prandtl-Pitot tube (diameter 3.3 mm) and a conical hot-film probe system (Dantec 55R42, 0.3 mm Ø). 

The latter was initially calibrated with the Pitot tube data and the velocity distribution was checked with the 

measured flow rate within 2% for velocities ranging from 1 to 5 m/s. 

Air-water flow properties were measured with single-tip conductivity probes (needle probe design). In Model 1, 

the probe consisted of a sharpened rod (platinum wire ∅ = 0.35 mm) which was insulated except for its tip and 

set into a metal supporting tube (stainless steel surgical needle ∅ = 1.42 mm) acting as the second electrode. The 

probe was excited by an electronics (Ref. AS25240) designed with a response time less than 10 µs and 

calibrated with a square wave generator. The probe output signal was scanned at 5 kHz for three minutes. A 

Kanomax™ System 7931 resistivity probe (inner electrode ∅ = 0.1 mm) was used in Models 2 and 3. The 

electronics had a response time estimated to be less than 30 µs. The void fraction and bubble count rate were 

calculated by the Kanomax™ analog integrator during five minutes. Raw probe outputs were recorded at 25 kHz 

for 2.6 seconds to calculate bubble chord time distributions. 

Conductivity probe measurements were taken on the jet diameter through the centreline. In each Model and at 

each cross-section, the probe sensor and support were initially located at r < -2*r1 and measurements were 
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conducted by moving the probe tip with increasing radial coordinate r up to over r > +2*r1 where r1 is the jet 

impact radius. The displacement of the probes in the flow direction and direction normal to the jet support was 

controlled by fine adjustment travelling mechanisms. The error in the probe position was less than 0.2 mm in 

each direction. Additional measurements were performed using high speed photographs and movies. Further 

details on the experiments were reported in CHANSON et al. (2002). 

Water density was measured with a Nagashima™ Standard Hydrometer GI-0361-11. Dynamic viscosity was 

measured with a cone and plate viscosimeter Toki™ RE80 operated at controlled temperature. Surface tension 

was recorded using a surface wave method (e.g. IINO et al. 1985). The measured fluid properties are listed in 

Table 1. 

 

Table 1 - Experimental investigations of vertical, circular plunging jet flows 

 
Ref. do x1 (a) V1 Fr1 Tu1 Inception Comments 

 m m m/s m  conditions  
(1) (2) (3) (4) (5) (6) (7) (8) 
M1 0.025 0.1  

3.5 
4.1 
4.4 

 
7.2 
8.4 
9.0 

 
0.39% 
0.46% 
0.96% 

Ve = 1.58 m/s 
(Tu1 = 0.47%) 

Tap water, µw = 1.015 E-3 Pa.s, σ = 
0.055 N/m. Inflow pipe: 3.5 m long, 
0.054 m diameter. Water depth: ~1.5 
m. 

M2 0.0125 0.05  
2.42 
3.04 
3.18 
3.46 

 
7.1 
8.8 
9.2 

10.0 

N/A Ve = 1.03 m/s Tap water, µw = 1.22 E-3 Pa.s, σ = 
0.073 N/m. Inflow pipe: 1.2 m long, 
0.0125 m diameter. Water depth: 
~0.65 m. 

M3 0.00683 0.0273  
1.79 
2.16 
2.30 
2.49 

 
7.1 
8.5 
9.0 
9.7 

N/A Ve = 0.73 m/s Tap water, µw = 1.22 E-3 Pa.s, σ = 
0.073 N/m. Inflow pipe: 1 m long, 
0.00683 m diameter. Water depth: 
~0.65 m. 

 

Notes : Tu1 : turbulence intensity of the jet core at impact; µw : measured dynamic viscosity of water; σ : 

measured surface tension between air and water; x1 : longitudinal distance between the nozzle and the free-

surface pool; N/A: information not available. 

 

3.3 Data processing 

The void fraction C is the proportion of time that the probe tip is in the air. Past experience showed that the 

probe orientation with the flow direction had little effect on the void fraction accuracy provided that the probe 
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support does not affect the flow past the tip (e.g. SENE 1984, CHANSON 1988). This was true in Model 1 but 

the Kanomax™ resistivity probe was possibly affected by the probe orientation (YASUDA 2001, Personal 

communication). In the present study, the probe tip was aligned with the flow direction as sketched in Figure 2. 

The bubble count rate F is the number of bubbles impacting the probe tip. 

The bubble chord time tch is defined as the time spent by the bubble on the probe tip. Bubble chord times were 

calculated at eight different locations per cross-section, selected next to the location of maximum void fraction 

and maximum bubble frequency. The signal was processed using a single threshold technique and the threshold 

was set at about 15-20% of the air-water voltage range. (An incomplete sensitivity analysis was conducted with 

thresholds between 10 and 30% of the voltage range. The results showed little effect of the threshold on chord 

time results.) The results are presented in terms of pseudo-bubble chord length chab defined as : 

chab  =  V1 * tch (2) 

where V1 is the jet impingement velocity. CHANSON et al. (2002) compared Equation (2) with chord length 

measurements by CHANSON and BRATTBERG (1996) and CUMMINGS and CHANSON (1997b). The 

results showed that Equation (2) predicts the exact shape of bubble size probability distribution functions 

although it overestimates the bubble chord lengths by about 10 to 30%.  

 

4. DISTRIBUTIONS OF VOID FRACTIONS AND BUBBLE COUNT RATES 

4.1 Basic flow patterns 

Each model exhibited similar flow patterns. In all experiments, the free jet was transparent. No entrained 

bubbles could be seen in the free jet although small longitudinal streaks were visible at the free-surface. For very 

low impact velocity, no air was entrained at jet impact. With increasing jet velocities, all the other parameters 

being unchanged, individual bubble entrainment was seen. The inception conditions for air bubble entrainment 

were measured and reported in Table 1, column 7. The results for Models 1 and 2 were consistent with previous 

results (e.g. ERVINE et al. 1980, CUMMINGS and CHANSON 1999). In Model 3, the flow conditions at 

inception were visually different. The free jet surface was smooth, followed by free-surface annular waves 

developing in the flow direction similar to wavy flow patterns illustrated by BRENNEN (1970) and HOYT and 

TAYLOR (1977). It is believed that the inflow was laminar. 
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For a jet velocity slightly greater than the inception velocity, individual air bubble entrainment was observed. 

Most entrapped bubbles were visually small (i.e. with diameter less than 0.5 to 1 mm) and tended to follow a 

slightly helicoidal trajectory around the jet centreline. For larger jet velocities (V1 > Ve), an unstable air cavity 

developed at one point along the impingement perimeter. The air cavity position changed with time in an 

apparently random manner. Large air packets were entrained below the air cavity with the stretching and 

breakup of the cavity tip. Visual observations suggested predominantly entrained bubble sizes between 0.5 and 5 

mm (see paragraph 5). Such millimetric size bubbles have a nearly constant bubble rise velocity : i.e.,  ur ≈ 0.25 

to 0. 3 m/s (COMOLET 1979). At larger speeds, the air cavity developed all around the perimeter and most air 

was entrained by elongation, stretching and breakup of the ventilated cavity. 

 

4.2 Experimental results 

In the developing flow region, the distributions of void fraction exhibited smooth, derivative profiles (Fig. 3). 

Figure 3 presents typical void fraction data for an impact Froude number Fr1 = 8.5 and at three cross-sections 

(x-x1)/r1. The data illustrate the advective diffusion of entrained air associated with an quasi-exponential decay 

of the maximum air content with longitudinal distance from impingement and a broadening of the air diffusion 

layer. For all experiments, the data may be fitted by a simple analytical solution of the advective diffusion 

equation for air bubbles : 

C  =  
Qair
Qw

 * 
1

4 * D# * 
x - x1

YCmax

  * exp

⎝
⎜
⎜
⎛

⎠
⎟
⎟
⎞

 - 
1

4 * D# * 
⎝⎜
⎛

⎠⎟
⎞r

YCmax

2
 + 1

x - x1
YCmax

 * Io

⎝⎜
⎜⎛

⎠⎟
⎟⎞1

2 * D# * 

r
YCmax
x - x1

YCmax

 (3) 

where Qw is the water flow rate, Qair is the air flux, x is the longitudinal coordinate, D# is a dimensionless air 

bubble diffusivity, YCmax = r(C=Cmax) and Io is the modified Bessel function of the first kind of order zero 

(CHANSON 1997). Equation (3) is compared with Models 1 data in Figure 3. Values of D# and Qair/Qw were 

determined from best fit and summarised in Table 2 (columns 8 and 9). 

Distributions of bubble count rates are presented in Figure 4 for the same inflow conditions and similar cross-

sections as in Figure 3. For all experiments, the results highlighted a maximum bubble frequency in the 

developing shear layers. In Table 2, observed values of maximum void fraction Cmax and maximum bubble 

count rate Fmax are summarised in columns 5 and 7 respectively, while their respective radial locations YCmax 

and YFmax are presented in columns 4 and 6. The maximum bubble count rate occurred consistently in the inner 



CHANSON, H., AOKI, S., and HOQUE, A. (2004). "Physical Modelling and Similitude of Air 
Bubble Entrainment at Vertical Circular Plunging Jets." Chemical Engineering Science, Vol. 59, No. 
4, pp. 747-754 (ISSN 0009-2509). 

Page 8 

shear region: i.e., at a distance YFmax from the jet centreline that was smaller than the location YCmax where 

the void fraction was maximum. Such a result was previously observed with two-dimensional jets 

(BRATTBERG and CHANSON 1998), although it is not properly understood. 

 

Table 2 - Characteristics air-water flow measurements in vertical circular plunging jets 

 
V1 Fr1 x-x1

r1
 

YCmax
r1

Cmax YFmax
r1

Fmax*r1
V1

Qair
Qw

 D# 

m/s       (1) (1) 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 

Model 1         
3.5 7.2 1.67 1.08 0.23 1.07 0.32 0.108 3.4E-3 

  2.51 1.18 0.16 1.12 0.23 0.100 4.0E-3 
  4.18 1.18 0.08 1.19 0.16 0.085 6.3E-3 

4.1 8.4 1.65 1.11 0.36 1.05 0.38 0.178 5.2E-3 
  2.48 1.20 0.23 1.09 0.29 0.174 5.0E-3 
  4.13 1.25 0.19 1.14 0.23 0.180 6.0E-3 

4.4 9.0 1.64 1.11 0.39 1.06 0.42 0.193 5.0E-3 
  2.46 1.17 0.27 1.08 0.34 0.193 5.0E-3 
  4.11 1.27 0.19 1.17 0.26 0.180 5.5E-3 

Model 2         
2.42 7.1 1.67 1.22 0.21 1.15 0.32 0.160 7.0E-3 

  2.51 1.24 0.11 1.19 0.18 0.105 6.5E-3 
  4.19 1.38 0.06 1.32 0.11 0.060 6.0E-3 

3.04 8.8 1.65 1.09 0.33 1.01 0.40 0.240 6.5E-3 
  2.47 1.12 0.22 1.04 0.30 0.200 6.0E-3 
  4.11 1.24 0.13 1.14 0.18 0.160 7.2E-3 

3.18 9.2 1.64 1.10 0.36 1.02 0.40 0.280 6.5E-3 
  2.46 1.14 0.22 1.04 0.32 0.200 7.0E-3 
  4.10 1.25 0.15 1.10 0.24 0.190 7.0E-3 

3.46 10.0 1.63 1.12 -- 1.03 -- 0.410 7.0E-3 
  2.45 1.05 -- 1.05 0.25 0.390 7.0E-3 
  4.09 1.29 -- 1.10 0.20 0.400 9.0E-3 

Model 3         
1.79 7.1 1.69 1.07 0.04 1.04 0.05 0.030 8.0E-3 

  2.51 1.10 0.03 1.04 0.05 0.030 8.0E-3 
  4.20 1.13 0.02 0.95 0.04 0.031 9.0E-3 

2.16 8.5 1.66 1.15 0.11 1.15 0.11 0.070 4.5E-3 
  2.48 1.12 0.06 1.09 0.09 0.045 4.0E-3 
  4.14 1.18 0.03 1.06 0.05 0.033 5.0E-3 

2.30 9.0 1.65 1.17 0.12 1.11 0.14 0.075 4.7E-3 
  2.47 1.17 0.08 1.08 0.10 0.060 4.7E-3 
  4.12 1.17 0.04 0.99 0.07 0.047 5.5E-3 

2.49 9.7 1.65 1.43 0.23 1.32 0.17 0.200 9.0E-3 
  2.46 1.39 0.19 1.29 0.15 0.190 8.0E-3 
  4.10 1.36 0.10 1.18 0.10 0.155 1.1E-2 

 

Notes : (1) : best fit between Equation (3) and data; -- : not available; Italic data : doubtful data. 
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4.3 Discussion. Scale effects 

With identical fluids (air and water) in all Models, the physical modelling based upon Froude similitude implies 

that the Weber number differs between experiments and that surface tension-dominated processes might not be 

properly scaled. In the present study, Model 3 data showed consistently lesser entrained air than the two larger 

models (Models 1 and 2). That is, lesser void fractions and lesser dimensionless bubble count rates for identical 

inflow conditions (Fig. 3 and 4). The observations imply that the rate of air entrainment was underestimated in 

Model 3. Hence Model 3 experiments were affected by scale effects for full-scale, prototype dimensions such 

that d1 > 10 mm. For the range of investigated flow conditions (Table 1), the scale effects were observed for 

We1 < 1E+3 where We1 is the inflow Weber number. 

Identical results were basically observed between Models 1 and 2 at each cross-section for Fr1 = 8.5 and 9. 

Some differences were noted however for the lowest Froude number (Fr1 = 7) (Fig. 5). That is, a faster decay of 

void fraction and bubble count rate with increasing distance (x-x1)/r1 in Model 2. This is illustrated in Figure 5, 

showing dimensionless distributions of void fraction and bubble count rate at (x-x1)/r1 = 4 for Fr1 = 7. Model 2 

data exhibit there smaller void fractions and dimensionless count rates than for the larger Model 1. The trend 

suggests a greater detrainment rate in Model 2, possibly because the observed rise velocity was nearly identical 

in all Models and the bubble rise velocity cannot be scaled with a Froude similitude. Based upon the present 

study, it is suggested that some scale effect in terms of detrainment occurs for V1/ur < 10 and We1 > 1E+3, 

where ur is the characteristic rise velocity of entrained air bubbles. 

 

Remarks 

For the lowest Froude number (Fr1 = 7), the void fraction and bubble count rate distributions showed some 

dissymmetry which might be attributed to a feedback mechanism between the probe support and developing 

vortices. For r > 0, the probe support interfered with both sides of the developing shear region, preventing the 

development of helicoidal vortical structures. In turn, air entrapment was affected. 

 

5. DISTRIBUTIONS OF BUBBLE CHORD SIZES 

5.1 Presentation 

Bubble chord time data are presented in terms of pseudo-bubble chord length chab (Eq. (1)) in Figure 6 and 

Table 3. In Figure 6, each figure shows the normalised probability distribution function of pseudo-chord length 
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chab where the histogram columns represent the probability of chord length in 0.5 mm intervals : e.g., the 

probability of a chord length from 2.0 to 2.5 mm is represented by the column labelled 2.0. The last column (i.e. 

> 10) indicates the probability of chord lengths exceeding 10 mm. Each histogram describes all bubbles detected 

in a cross-section (i.e. 8 locations) at depths (x - x1)/r1 = 1.65 and 4.1 for Figures 6A and 6B respectively. The 

statistical properties of pseudo-chord length distributions are summarised in Table 3 : the number of samples is 

listed in column 4 while the mean and standard data are given in columns 5 and 6, and the skewness and kurtosis 

are listed in columns 7 and 8 respectively. The results highlight that the mean pseudo-chord sizes were between 

4 and 7 mm. That is, there was predominance of millimetric entrained bubbles for all the models. 

For all investigated inflow conditions, the data demonstrated the broad spectrum of pseudo-bubble chord lengths 

at each cross-section : i.e., from less than 0.5 mm to larger than 10 mm (Fig. 6). The pseudo-bubble chord length 

distributions were skewed with a preponderance of small bubble sizes relative to the mean. The probability of 

bubble chord length was the largest for bubble sizes between 0 and 2 mm although the mean pseudo-chord size 

was typically 4.1 to 9.1 mm (Table 3, column 5). The trends were emphasised by positive skewness and large 

kurtosis (Table 3, columns 7 and 8). Note the large fraction of bubbles larger than 10 mm next to the 

impingement perimeter : that is, for (x-x1)/r1 = 1.62 (Fig. 6A). These large bubbles may be large air packets 

entrapped at impingement which were subsequently broken up by turbulent shear. For a given experiment, the 

data (Fig. 6, Table 3) showed consistently a decrease in mean chord size and standard deviations, as well as 

skewness and kurtosis, with increasing distance from impingement. For example, compare Figures 6A and 6B. 

The trend was consistent with the observations of CUMMINGS and CHANSON (1997b, 1999) and 

BRATTBERG and CHANSON (1998) in the developing flow region of two-dimensional plunging jet flows. 

The distributions of pseudo chord sizes were compared with "classical" statistical distributions. The data were 

possibly best fitted by a Log-normal distribution confirmed by a χ2 goodness of test fit, although both Gamma 

and Weibull distributions provided also good fit. Overall it was not possible to single out any of these three 

distributions for the investigated flow conditions. 
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Table 3 - Measured means and standard deviations of pseudo chord length chab 

 
V1 Fr1 x-x1

r1
 

Nb of 
bubbles 

Mean 
chab 

Std 
chab 

Skewness Kurtosis Remarks 

m/s    mm mm    
(1) (2) (3) (4) (5) (6) (7) (8) (9) 

Model 1        Scan duration: 20 s at 25 kHz. 
Probe sensor size : 0.35 mm. 

4.4 9.0 4.11 3448 9.37 12.12 2.32 7.16  
Model 2        Scan duration: 20.4 s at 25 kHz. 

Probe sensor size : 0.1 mm. 
2.42 7.1 4.19 1371 4.48 4.31 2.44 9.22  
3.04 8.8 4.11 2517 4.92 5.12 2.55 10.59  
3.18 9.2 1.64 2999 7.40 8.96 3.40 17.08  

  2.46 3341 5.79 6.45 3.10 15.89  
  4.10 2887 4.93 5.33 2.76 12.93  

3.46 10.0 4.09 3421 6.27 7.14 2.68 10.05  
Model 3        Scan duration: 20.4 s at 25 kHz. 

Probe sensor size : 0.1 mm. 
2.32 9.1 1.65 2058 4.07 3.64 2.41 9.56  

  2.47 1940 3.61 3.08 2.19 7.69  
  4.12 1660 3.45 2.80 2.01 7.12  

 

Notes : Nb of bubbles : number of samples (column 4); Mean chab : mean pseudo-bubble chord length (column 

5); Std chab : standard deviation of pseudo-chord length (column 6); Skewness : Fisher skewness of pseudo-

chord length (column 7); Kurtosis : Fisher kurtosis  of pseudo-chord length (column 8). 

 

 

5.2 Comparison between geometrically similar models 

Figures 6A and 6B compare pseudo-bubble chord length distributions for similar inflow conditions between 

Model 1 (do = 25 mm), Model 2 (do = 12.5 mm) and Model 3 (do = 6.8 mm). The experimental results showed 

that mean chord sizes were consistently smaller in Model 3 than in the larger Model 2, while the mean chord 

size was smaller in Model 2 than in Model 1 for one data set. It is worth noting that the number of entrained 

bubbles with pseudo-chord size larger than 10 mm was basically negligible in Model 3. The result was 

consistent with the observations of lesser void fraction in the smallest model for identical inflow conditions (e.g. 

Fig. 3). Further standard deviation and kurtosis were significantly larger in Model 2 than in Model 3 at a similar 

cross-section. 

The comparative results showed drastically a lesser entrainment of both large (chab > 10 mm) and small (chab < 

1 mm) bubbles in the smallest Model 3 (Fig. 6). That is, the pseudo-chord size distribution of entrained bubbles 
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was not scaled according to the geometric scaling ratio between Model 3 and Models 1 nor 2. For one data set 

(Fr1 = 9, (x-x1)/r1 =4), the data showed further that the mode decreased with increasing jet sizes (Fig. 6B). In 

Figure 6B, the mode is within 0-0.5 mm, 0.5-1 mm and 1-1.5 mm for Models 1, 2 and 3 respectively. Overall, 

the data highlight that bubble size distributions were not scaled properly based upon a Froude similitude. 

 

6. SUMMARY AND CONCLUSION 

Air entrainment at vertical circular plunging jets was investigated for a range of flow conditions (Table 1). The 

project was focused on scale effects affecting air entrainment and bubble dispersion. Three scale models were 

used with jet nozzle diameters of 6.8, 12.5 and 25 mm. Detailed air-water measurement were performed 

systematically based upon a Froude similitude. 

The study of air entrainment inception conditions showed that the inception velocity Ve was comparable to 

previous studies. For jet velocities greater than the onset velocity (i.e. V1 > Ve), the distributions of void 

fraction in the developing flow region followed closely an analytical solution of the advection diffusion equation 

for air bubbles. The results highlighted significant scale effects in terms of void fraction and bubble count rate 

when We1 < 1000, where We1 is the inflow Weber number. Model studies with We1 < 1000 will underestimate 

air entrainment when prototype flow conditions satisfy We1 > 1000. Conversely, large-size laboratory studies 

(d1 > 10 mm) will overestimate air entrainment in small size prototypes (d1 < 7 mm). For We1 > 1000, the data 

suggested also a faster detrainment rate with increasing distance from impingement for V1/ur < 10, where V1 is 

the jet impact velocity and ur is the bubble rise velocity. 

Measured distributions of pseudo-bubble chord sizes showed a broad range of entrained bubbles, with mean 

pseudo-chord sizes between 4 and 9 mm (Table 3). The distributions were skewed with a preponderance of 

small bubbles. The bubble size distribution shape was close to Log-normal, Gamma and Weibull distributions. 

For one series of experiments (Fr1 = 9), the results suggested a lesser entrainment of both large and small 

bubbles in the smallest Model (do = 6.8 mm). 

Overall the study demonstrated scale effects in air entrainment of vertical circular plunging jets. Further studies 

of the developing flow region should investigate air-water velocity distributions and turbulent velocity 

fluctuations. 
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LIST OF SYMBOLS 

C air concentration defined as the volume of air per unit volume of air and water; it is also called 

void fraction; 

Cmax maximum air concentration in the air bubble diffusion layer; 

ch chord length (m); 

chab pseudo-bubble chord length (m) defined as : chab  =  V1 * tch; 

Dt turbulent diffusivity (m2/s) of air bubbles in air-water flow; 

D# dimensionless turbulent diffusivity: D# = Dt/(V1*r1); 

d jet diameter (m) measured perpendicular to the flow direction; 

dab air bubble diameter (m); 

do jet nozzle diameter (m); 

d1 jet diameter (m) at the impact with the receiving pool of liquid; 

F air bubble count rate (Hz) defined as the number of detected air bubbles divided by the scanning 

time; 
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Fmax maximum bubble frequency (Hz) at a given cross-section; 

Fr Froude number defined as : Fr = V/ g * d1 ; 

Fr1 impingement Froude number : Fr1 = V1/ g * d1 ; 

Mo Morton number defined as : Mo = g*µw
4/(ρw*σ3); 

Qw water discharge (m3/s); 

Qair air discharge (m3/s); 

r radial distance (m) from the centreline; 

r1 jet radius (m) at impingement point (e.g. of plunging jet); 

Tu turbulence intensity defined as: Tu = u'/V; 

t time (s); 

tch bubble chord time (s) defined as the time spent by the bubble on the probe tip; 

ur bubble rise velocity (m/s); 

u' root mean square of longitudinal component of turbulent velocity (m/s); 

V velocity (m/s); 

Ve onset velocity (m/s) for air entrainment; 

V1 impingement velocity (m/s); 
We1 Weber number at impingement : We1 = ρw * V1

2 * d1/σ; 

x distance along the flow direction (m); 

x1 streamwise distance (m) between the channel intake and the impingement point; 

YCmax distance (m) normal to the support where C = Cmax; 

YFmax distance (m) normal to the support where Fab = (Fab)max; 

µ dynamic viscosity (Pa.s); 

ρ density (kg/m3); 

σ surface tension between air and water (N/m); 

 

Subscript 

air air flow; 

w water flow; 

1 upstream flow conditions: e.g. impinging jet flow conditions immediately upstream of impact; 
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Other symbol 

∅ diameter (m). 

 



CHANSON, H., AOKI, S., and HOQUE, A. (2004). "Physical Modelling and Similitude of Air 
Bubble Entrainment at Vertical Circular Plunging Jets." Chemical Engineering Science, Vol. 59, No. 
4, pp. 747-754 (ISSN 0009-2509). 

Page 18 

Fig. 1 - Photograph of air bubble entrainment at a vertical circular plunging jet (V1 = 3.3 m/s, x1 = 0.5 m, Model 

2) 

 

 

 



CHANSON, H., AOKI, S., and HOQUE, A. (2004). "Physical Modelling and Similitude of Air 
Bubble Entrainment at Vertical Circular Plunging Jets." Chemical Engineering Science, Vol. 59, No. 
4, pp. 747-754 (ISSN 0009-2509). 

Page 19 

Fig. 2 - Sketch of air entrainment at vertical circular plunging jet 
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Fig. 3 - Distributions of void fraction C for identical inflow conditions (x1/do = 4.0, Fr1 = 8.5) - Comparison 

between experimental data and Equation (3) (for Model 1) 

(A) (x - x1)/d1 = 1.6 (B) (x - x1)/d1 = 2.5 (C) (x - x1)/d1 = 4.1 

0.00

0.10

0.20

0.30

0.40

-2.00 -1.50 -1.00 -0.50 0.00 0.50 1.00 1.50 2.00

Model 3
Model 2
Model 1
C Theory

y/r1

C (x-x1)/r1 = 1.6

 

0.00

0.10

0.20

0.30

0.40

-2.00 -1.50 -1.00 -0.50 0.00 0.50 1.00 1.50 2.00

Model 3
Model 2
Model 1
C Theory

y/r1

C (x-x1)/r1 = 2.5

 

0.00

0.10

0.20

0.30

0.40

-2.00 -1.50 -1.00 -0.50 0.00 0.50 1.00 1.50 2.00

Model 3
Model 2
Model 1
C Theory

y/r1

C (x-x1)/r1 = 4.1

 

 



CHANSON, H., AOKI, S., and HOQUE, A. (2004). "Physical Modelling and Similitude of Air 
Bubble Entrainment at Vertical Circular Plunging Jets." Chemical Engineering Science, Vol. 59, No. 
4, pp. 747-754 (ISSN 0009-2509). 

Page 21 

Fig. 4 - Distributions of dimensionless bubble count rate F*r1/V1 for identical inflow conditions (x1/do = 4.0, 

Fr1 = 8.5) 

(A) (x - x1)/d1 = 1.6 (B) (x - x1)/d1 = 2.5 (C) (x - x1)/d1 = 4.1 
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Fig. 5 - Dimensionless distributions of void fraction and bubble count rate for identical inflow conditions (x1/do 

= 4.0, Fr1 = 7) at (x-x1)/r1 = 4 
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Fig. 6 - Pseudo-bubble chord length distributions (chab = V1 * tch) - Fr1 = 9, x1/do = 4 - Comparison between 

Model 1, 2 and 3 data 

(A) (x-x1)/r1 = 1.65 
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(B) (x-x1)/r1 = 4.1 
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