-

View metadata, citation and similar papers at core.ac.uk brought to you byf’f CORE

provided by Shinshu University Institutional Repository

SPECTRAL ANALYSIS OF NON-COMMUTATIVE HARMONIC
OSCILLATORS: THE LOWEST EIGENVALUE AND NO CROSSING

FUMIO HIROSHIMA AND ITARU SASAKI

ABSTRACT. The lowest eigenvalue of non-commutative harmonic oscillators Q(«, 3)
(a>0,8>0,a8 > 1) is studied. It is shown that Q(«a, 8) can be decomposed into
four self-adjoint operators,

Qa,B)= P Qo
o=%4,p=1,2
and all the eigenvalues of each operator Q. are simple. We show that the lowest

eigenvalue of Q(«, ) is simple whenever o # (. Furthermore a Jacobi matrix
representation of QQyp is given and spectrum of ()5, is considered numerically.

1. INTRODUCTION

The non-commutative harmonic oscillator is introduced by A. Parmeggiani and
M. Wakayama [PW01, PW02, PWO03] as a non-commutative extension of harmonic
oscillators. We also refer to [Parl0] which is a first account about non-commutative
harmonic oscillators and of their spectral properties. It is defined by

d? d
Q=Q(p)=A4A® <—%@+%£E2> +J® (93%+%>, (1.1)

as an operator in H = C? ® L*(R). Here A,J € Maty(R), A is positive definite
symmetric, and J skew-symmetric. Furthermore A+i.J is positive definite. It is shown

in [PW02, PWO03] that A and J can be assumed to be A = <8‘ g) J— (0 —01)7
a>0, >0, af>1. (1.2)

We fix A and J as above, and throughout this paper we assume (1.2). Under (1.2),
Q is self-adjoint on the domain D(Q) = C* ® (D(d?/dz*) N D(z*)) and has purely

and « and [ satisfy

discrete spectrum Ey < Ey < Ey < --- 7 oo. When a = f3, Q( B) is equivalent
to the direct sum of a harmonic oscillator. Then E; = Ej1 = (1 + j)va? —1 for
j=0,2,4,---. In the case of o # [, however, the spectrum of Q( , ) is nontrivial,

and exploring properties of the spectrum is the main purpose of the present paper.
An eigenvector associated with the lowest eigenvalue £ = Ej is called a ground
state in this paper. A long-standing problem concerning eigenvalues of Q(a, ) is to
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determine their multiplicity explicitly. Let o # . Let E,, = E,(«, ) denote the n-th
eigenvalue of Q(«, ). The map ¢, : (o, 8) — E,(a,5) € R is called an eigenvalue-
curve. To consider the multiplicity of eigenvalues is reduced to considering crossing
or no crossing of eigenvalue-curves.

We state a short history concerning studies of the multiplicity of eigenvalues of Q.
In [PWO03] it is shown that the multiplicity of any eigenvalues of () is at most three and
an alternative proof is given in [Och01]. At a numerical level it is found in [NNW02]
that eigenvalue-curves cross at some points but the lowest eigenvalue is simple. The
multiplicity of eigenvalues of @ is also considered in [IW07], where it is derived that

1 -1 1 -1
(n — 5) min{a, f} aﬁaﬁ < By 1 < By, < (n — 5) max{a, f} aﬁaﬂ
forn =1,2,3,---. From this we can see that the multiplicity of E is at most two if

B < 3a or a < 303. In [Par04] it is shown that E is simple but for sufficiently large
af. Furthermore in [HS12] it is proven that the lowest eigenvalue is at most two and
all the ground states are even for (a, 8) € D, where D 5 = {(a, 8)|a, B > v/2}, and
it is also shown that E is simple for (o, ) € D for some subset D C D 5. Recently
Wakayama [Wak12] breaks through in studying the multiplicity of £, in that he proves
that if all the ground states are even, then F is simple whenever o # 3. Combining
[Wak12] with [HS12], it is immediate to see that E is simple for (o, 8) € D, /5.

In this paper we settle down the question concerning the multiplicity of the lowest
eigenvalue of @, i.e., we prove that F is simple for all values of o and 3 (« # f3), see
Theorem 3.1. Moreover no crossing between eigenvalue-curves associated with an odd
eigenvector and an even eigenvector can occur, as proved in Corollary 5.2.

This paper is organized as follows. In Section 2, we decompose Q(«, 3) into four self-
adjoint operators: Q(a, ) = @a:ﬂ:,p:w Qop- It is shown that each @), is equivalent

to some Jacobi matrix @op, and all the eigenvalues of (), are simple. In Section 3,
we show that the lowest eigenvalue of Q(«, ) is simple. In Section 4, we construct
a unitary transformation U,, such that e~tUow QopUov i positivity improving, and it
is shown that the ground state is in a positive cone. In Section 5, we show that
@_p — @+p > Aa, 5), p=1,2, for some A(a, ). In particular, if A(a, 5) > 0, then
there is no crossing between the n-th eigenvalue-curve of ()_, and that of @;,. In
Section 6, we show some numerical results.

2. DECOMPOSITION OF (v, 3) AND JACOBI MATRIX

2.1. Decomposition of Q(«, ). Let a = \%@ + L) and a* = \/Li(a: — 4) be the
annihilation operator and the creation operators, respectively. In terms of a and a*,

() can be expressed as
1
Q=A(a"a+ 5) + g(aa —a*a®). (2.1)

Let H, (resp. H_) be the set of even (resp. odd) functions in #H, and P, (resp. P_)
be the orthogonal projection onto H, (resp. H_). Let |n) be the n-th normalized
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eigenvector of a*a, i.e., |n) = \/Ln—'(a*)” 0) with [0) = 7~ /4e**/2. Let C|n) be the

one-dimensional subspace spanned by |n) over C. Hence the Wiener-Ité decomposition
L*(R) = 6,2, C|n) follows. The total Hilbert space is

2~ { ()Y(> ‘ X,Ye?'i@@} gé)%"’ M, — (gm)

We use this equivalence without further notice. Since a|n) = +/n|n — 1) and a* |n) =
vVn+1|n+ 1), we see that aa : H,, — H,_2 and a*a* : H, — H,yo. Furthermore
a*a leaves H, invariant. Then we have Q) : H, — H,—o & H, & Hpio. From these
observations, we can find the invariant domains of ). We denote the orthogonal
projection onto C |n) by |n)(n|, and define orthogonal projections on H by

o= ("0 = (g ) 22

Note that 1 =7 (Pi(n)+ Py (n)). In order to decompose @, we define the following
orthogonal projections:

Tiy = (Pi(4n) + Py(4n +2)), Tiy = (P,(4n) + P(4n +2)),
T, = i(a(zxn +1)+ P (4n+3), To= i(a(zxn +1) + Pi(4n + 3)).

Since |2n) is even and |2n + 1) is odd, one has T’y + T o = P and T 1 + T 5 = P_.
We set H,p, = Ran(7T,,). Then #H is decomposed as

H= P Hop (2.3)
o=+,p=1,2

Theorem 2.1. The operator Q) is reduced by Hyp, 0 = £, p=1,2.
Proof. Recall that A C B means that D(A) C D(B) and Av = Buv for all v € D(A).
We see that a?Pj(n) D Pj(n — 2)a?, a*a*Pj(n) D Pj(n + 2)a*a* and a*aPj(n) D
P;(n)a*a for all n = 0,1,2,---, and j =1, ]. Clearly it holds that AP;(n) = P;(n)A,
JPi(n) = P/(n)J and JP (n) = P;(n)J. Then QT,, D T,,Q and the theorem
follows. O

Let us set Qop = Q[#,,- Then it holds that
Q= P Qo (2.4)

o==,p=1,2

2.2. Jacobi matrix representation of (),,. We construct a unitary operator im-
plementing the equivalence between (),, and a Jacobi matrix. Set
Ui = Y _(Pr(8n) + Py(8n+2)) = Y (Py(8n+4) + P,(8n + 6)). (2.5)
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n[O0]1]2[3[4][5]6][7]8]9]10]11]12
L E L E L I EEEER R
RO EELOEEE L

FiGUure 1. RanT, is supported on “W’
n[0]1]2[3[4]5]6]7]8]9]10]11]12
S E L EE L EE I R
N EE L EEE L I E R

F1GURE 2. RanT), is supported on “W’
n[0]1]2[3[4][5]6]7]8]9]10]11]12
L EEELEEE L R
NEEE L EE L R e

Ficure 3. RanT_; is supported on “W”
n[0]1]2[3[4][5]6][7][8]9]10]11]12
I EELEEEL I EEEREE EE
NELEEELEEE L R

FI1GURE 4. RanT_, is supported on “IW’

This operator is unitary on H,; and we have

e — * 1 S * ok
Q+1 = U+11Q+1U+1 = T+]_ <A(a a —+ 5) - 5(@@ +aa )) T+1, (26)
0 1 . .
where S = 1 0) In a way similar to that of U,; one can define the unitary

operators U,o,U_1 and U_5 on H.o, H_1 and H_,, respectively, such that

_ 1
Q+2 = U;%Q.HU_Q = T+2 <A(CL*6L + —) - (CLCL + (Z*CL*)) T+2,

2

1
Q_l = U__llQ_lU_l = T_1 <A(a*a + —) -

5 (aa+a*a*)) T4,

NN N NN

_ 1
Qao=U,Q U =T, <A(a*a + ) —

5 (aa+a*a*)) T .

For sequences a = (ag, a1, a9, -+ ) and b = (bg, by, , b, - - - ), we define the Jacobi matrix

b() ao O
a b1 a
J(a,b) = ar  be , (2.7)



SPECTRAL ANALYSIS OF NCHO 5

which acts in the set of square summable sequences, ¢* := (*(Ny), where Ny = NU{0}.
Set ay = (a,(0),a,(1),---) and byp = (bsp(0), bsp(1), -+ ), where

ar(n) = —/(2n+1)(2n +2), a_(n) = —/(2n +2)(2n + 3),
a(l+4n) for even n
b = b =b
+1(n) {ﬁ(l + 4n) for odd n, +(n) +1(n) (a,B)—(B,a)
a(3 +4n) for even n
b_ = b_ =b_ )
1(n) {B(B + 4n) for odd n, 2(n) i (a,8)—(B,cx)
For 0 = + and p = 1, 2, we define the Jacobi matrix @Up by
~ 1
Qap - §J<a07 bap)‘ (28)

Let €, = (0n,)729 € £* be the standard basis of £*. Note that the space H; is spanned

by the vectors { (|4g>) , (\471?{— 2>) n=0,12, } We define the unitary operator
0 |4n + 2)

compute the matrix element of Q,; as @+1 = Y+1Q+1YJ:11. Similarly one can define
the unitary transformations such that the following theorem holds.

Yo Ho — 2 by Yy, (|4n>) = ey, and Y ; < 0 ) = €,41. Then one can

Theorem 2.2 (Jacobi matrix representations). For o = +,p = 1,2, the operators
Qop are unitarily equivalent to the Jacobi matriz QQyyp.
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Remark. In the case of a = f3, @01 = @02 for 0 = +. Explicitly, each @gp is expressed
as

o —V1-2 O
—V12 58  —V34
V34 9o —/5-6
Q. =1 -Vv56 138 —VT38
1732 VT8  17a  —/010 ’
O —v/9-10 218 '
B —/1-2 O
—V/1-2 5o —/34
—/34 98 —/5-6
@ _1 -v56 13a  —V78
27 2 VT8 178 —/9.10 ’
V910 2l ’
3a ,\/ﬁ O
V2.3 18 —V45
R —V45  1lo —6-7
Q_1=73 V6T 158 —/89 ,
—/8:9 19« —/10-11
O —/10-11 233
33 —V2-3 O
f\/ﬂ Ta ,\/R
~ -V45 118 —V6.7
Q_o=73 V67 150 —/89
—/89 193 —/10-11
—/10-11 23a

Theorem 2.3. Each eigenvalue of Qup, 0 = £, p = 1,2, is simple.

Proof. Let A be any eigenvalue of Q.. Then any vector u = (1), € ker(Q41 — A)
satisfies the recurrence relations:

Upi1 = ap(n) " {A = by (n))up —ay(n — Du,_1}, n € N, (2.9)
u_y = 0. (2.10)

Note that a4 (n) # 0. Solutions of system (2.9)-(2.10) are uniquely determined by the
term ug € C, i.e.,

uy = a4 (0)"H (A — by1(0))ug (2.11)
uy = ap (1) 7N = ba (1))a (0) 7 (A = b41(0)) — @ (0) }ug (2.12)
(2.13)
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Hence the set of solutions of (2.9)-(2.10) forms a one dimensional subspace. Therefore
the multiplicity of any eigenvalue of ()1 is one. Proofs for other cases are similar. [J

Let Aysp(n) = Aop(n, a, B) be the n-th eigenvector of Q,p. Then {A,p(n)}re, =
Spec(Qyp) and Agp(n) < Agp(n+ 1) for n = 0,1,2,---. The following result follows
immediately from the above theorem.

Corollary 2.4. For each 0 = £+ and p = 1,2, eigenvalue-curves
{(ar, B) = Aop(n) = Aop(n, 0, B),n =0,1,2,3,---}
have no crossing, i.e., for arbitrary (o, f) and n # m, Agp(n, o, B) # Aop(m, @, B).
3. SIMPLICITY OF THE LOWEST EIGENVALUE OF Q(«, f3)
In this section, we state the main theorem in this paper.

Theorem 3.1. Assume that o > 1 and o # 5. Then the lowest eigenvalue of Q(av, B)
is simple and the ground state is even.

In order to show Theorem 3.1 we introduce a remarkable result given by Wakayama
[Wak12].

Theorem 3.2. Assume that (1) o # 5; (2) all the ground states of Q(«, B) are even,
i.e., ker(Q(a, B) — E) C H,y. Then the lowest eigenvalue of Q(a, ) is simple.

Let Q, = Qo1 D Qpo, 0 = +,—. Then @ is decomposed into the direct sum of even
part and odd part, Q@ = Q4+ © Q_. Let E, = inf Spec(Q,).

Lemma 3.3. [t follows that B, < F_.

Proof. Let &_ = 2—1) be a normalized ground state of ()_. Note that ®_;, j =1, 2,
—2

are odd functions. We set

+1 x>0
0(z) =< —1 r <0 (3.1)
0 =0

We define an even function ®_ € ‘H, by

o= (1) b =

Since ®_ is also an eigenfunction of @), it is a Schwartz function (see [Par10, Theorem
3.3.13]). So 6®_; is a distribution over the real line. Since the distributional derivative
of 0 is 2y, where §y is the Dirac mass concentrated at the origin, then (0®_;) =
00" ; + 260P_;. Since ®_;(0) = 0 and Jp being a measure, we get 6o®_; = 0. Hence
(0®_;) = 09" ; € L*(R), which shows that #®_; € D(—d/dx) and

~ d ~ d g
@/, = [(afan)e (3058 ) = (- pagas). Sui=12
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Thus one has

B, < (5,,@&3,) —(0_,Q0_)=E_. (3.2)
Therefore £, < E_ follows. U
Lemma 3.4. [t follows that B, < E_.

Proof. Assume that £y = E_. Then by (3.2) we have E, = <E>_,Q&>_>, which

implies that d_is a ground state of Q4. In other words, d_ is an eigenvector of
@ with eigenvalue E. Thus ®_; and ®_, are in the Schwartz class. We normalize
® as ||®|| = 1. From the fact that ®_, is odd (resp. <I>_j is even), it follows that

d_(0) = (8) = ®_(0) (resp. dJCCI) ;(0) = (8)) Therefore CID,j satisfies the ordinary

differential equations:

T, 0 0 10\ (o,
d o, 0 0 0 1 d_,
wle | =l 1 o _2| |5 (3.3)
~ 1Y 2 b o )|
oL, E 5B oL,
‘5—1(0) 0
o 2(0) 0
= 3.4
<I>’_1(O) 0 (3:4)
' ,(0) 0
Since the right hand side of (3.3) is smooth in (<I> LDy, D iy P’ ' 0y ), the differential
CI) 1(1’) 0
equation (3.3) with initial condition (3.4) has the unique solution CI)’ () = ol
Sz
B i 2(7) 0
which contradicts ||®_|| = 1. Therefore, £, < E_. O

Proof of Theorem 3.1. Assume that « # . By Theorem 3.2, it is enough to show
that ker(QQ — E) C H,. By Lemma 3.3, we have £, < E_. Hence all the ground
states are even. Therefore the theorem follows. OJ

4. POSITIVITY OF GROUND STATE

e () |+ 0

= {En () S on )
¢+ — ia ’4n> +ib 0 S 0b S0n>0
’ =0 ! 0 —0 ! ‘4n+2> e ==
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Then €t is a positive cone of H ; and %, a nonnegative cone of H,;. We say
that ¥ is nonnegative iff ¥ € %", which we denote by ¥ > 0, and ¥ is strictly
positive iff ¥ € €, which we denote by ¥ > 0. A bounded operator T on H,; is
positivity preserving if and only if T6," C €,", and positivity improving if and only if
Te C €.

Proposition 4.1. Suppose that a bounded self-adjoint operator T is positivity improv-
ing on Hyp and ||T|| is an eigenvalue. Then the multiplicity of ||T|| is simple and the
corresponding eigenvector is strictly positive.

Proof. See [Far72]. O

Theorem 4.2. For allt >0, 0 = + and p = 1,2, e 19 is positivity improving on
Hop- In particular, the lowest eigenvalue of Qyp s simple and corresponding eigen-
vector 1s strictly positive.

Proof. We prove the theorem only for the case of o = + and p = 1. For other cases the
proof is similar and is left to the reader. We shall show below that e *?+1 is positivity
improving. We define

1 S
Hy = A(a*a + §)T+1, V= §(aa +a*a")T,. (4.1)

Note that Q4 = Hy — V. Since a|n) = /n|n — 1) and a* |n) = v/n+1|n+ 1), and
Hy is the multiplication by a(n + %), we see that e *H0 is positivity preserving. Since

<|4n>) and <| 4n(—)l— 2>) are analytic vectors of V| we see that

0
v (M) =3 Saa sy (5) () e, “2)

j=0

et <| o 2>) _ i ;(aa +ataty (;)] <| o 2>) c %t (4.3)

J=0

From this 'V, C € follows. Let U, ® € 6, . By the Trotter-Kato product formula,
we have

(\Il,e_tQ“q)) = lim (W, (e "Ho/3eV/i)id) > 0. (4.4)

J]—00

Therefore '@+ is positivity preserving. Next we show that e~t@+! is positivity improv-
ing. We can assume that o < 8 without loss of generality. Let P<; be the projection
defined by

Py = <Z4n<k [2n) (4n| 0 )
- 0 D pso< 4+ 2) (4n 4 2|
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It is immediately seen that U > P-, U for any ¥ € €' and !"/70¥ > (1+tV/j)¥. For

k' >k, we set v = <|4§>) and v = (‘4(]1,9 Then we have

(v.7@) = lim (o, (e 056 Vy0) > T (o, (e 0 Py
j—o0 J—00

T jooo ’ -
> o~ H1/208 Ty (of, (P (14 £V/5))0) .
j—r00 -

Note that et (1 + tV/4) is still positivity preserving. For all £ = 2k" — 2k, we have

lim (v, (P (1 +tV/5))v) > Tim (o', ;Co(tV/§) ) > Tim (o', ;Cu(t(a")? /) v)
J—00 J—00

j—00

— / tt— =1 (j—C—1 ,
— ¢ Tim ;Cyj (v’, (a*)2k —4kv> ! Tm iG -1 .(.7 ) (vﬂ (a*)2k —4kv)
Jj—o0 Al j—00 ]K

t* :
= 7 (v (@) 0) >0,

where ;Cj denotes the binomial coefficient. Thus we have (v’ ,e‘tQ“v) > (. Simi-

larl [47) , e 1@+ 0 > 0 is derived for all n. Thus e~*@+! is positivity
Y 0 |4n + 2)

improving. U

5. NO CROSSINGS

Recall that E,(a, ) be the n-th eigenvalue of Q(«, ), and the map (a, ) —
E.(a,5) € R is an eigenvalue-curve. It will be shown here that the spectrum of @
is Spec(Q) = U,—x po12 SPec(Qpo), and all the eigenvalues in Spec(Q)y,) are simple.

Now we are interested in operators, ()1 — Q11 and Q)_s — Q.o.

Theorem 5.1. Assume that

!
JoaB>14+— 5.1
of > 1+ 1650000000 (5-1)

Then Q_1 — Q11 > A, B) and Q_z — Q12 > A(a, B), where

Ale, 8) = 2min{\/a/B,/B/a}(y/af — 1 — 1/1600000000) > 0.

In particular A_1(n) > Ay1(n) + A, 8) and A_a(n) > Aa(n) + Ala, B).
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Proof. We have

20 —0 O

-0 28 —m
-7 20 =2
1 —v2 28 -3

@71 - @H =5 - 20 - ) (5.2)

Y4 28 -
0

where 7, = \/(2n 4+ 2)(2n + 3) — /(2n + 1)(2n + 2). We set

-5 2c

Sl - diag[(ﬂ/a>1/4’ (Oé/ﬂ)lM, (6/a)1/47 (a/6)1/47 o ']) (53>
Sy = diag[(ar/B), (B/a)*, () B)/4, (B)a) 4, -], (5.4)
Then we have
S Qo1 — Q11)S1 = S2(Q2 — Q42) S = (5.5)
2vaB —70 O
-0 2VaB  —m
1 o 2@ 2\;0?72 -3
- 5 ! -3 2Vaf —4 ) (5'6>
—va  2Vap

0

Weset F = J((2)%%,,0). Then S1(Q_1—Q41)5; = 2v/af—F. Since S; is self-adjoint

and invertible, we have

(Q-1 = Q1) = 2V/aB — |FINS” = (2/af — [|F|)) min{\/a/5, V/B/a}.

Similarly we have (Q_» — Q42) > (2v/aB — ||[F||) min{/a/B, \/B/a}. Hence it is
sufficient to prove || F|| < 2(1 4 1/1600000000). Let v = (v,)%, € ¢*. Then we have

| (U7 FU) | = Z(U_n’}/nvn-‘rl + 'Un'ynvn-‘rl)
n=0
NANESS (ol + I )
n=0 n=0
for any a,, > 0. So it follows that
(0,0 | < aolol? + 3 (an + 2 . 51)
Ap—1

n=1
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We split (5.7) as

No 2 o0 2
Tn— Tn—
| (v, Fo) | < aglool* + > (an +H)foal + Y (an + ) on)” (5.8)
n=1 n—1 n=Ng+1 n—1
for some Ny. We recursively define a,, by
2
ap=2, an=2—"1(n=1,2,3---,Ny), an=1(n>Ny+1). (5.9)
apn—1
We can compute the numerical value of a, from (5.9), eg. a3 = 1.464---, ay =

1.305---, a3 = 1.228---. We take Ny = 10000. Then one can easily check that a,, > 0
for all n < Ny and ay, > 1. Hence the inequality (5.8) is valid for Ny = 10000 and we
have

No o) 2
[0, Po)| < 20l + 23 [P+ D0 (an + 2o
n=1 n=No+1 Un-1
No e’
<2l +2) foalP+ D (L2 )|l
n=1 n=No+1
where we used (5.9). On the other hand, we have 2_; = l—l—m. In particular
Yn—1 is monotonously decreasing. Therefore we have
[ (0, Fo) | < (147%,) D loal?, (5.10)
n=0
which implies that [|F|| < 1+ ~%,. Note that
vy < i <1+—=1+; (5.11)
No = INo—1 (4Ny)? 1600000000 '
Therefore || F|| < 2(1 + 1/1600000000). O

The map (o, ) = Aop(n) = Aop(n, a, ) is an eigenvalue-curve. It is immediate to
see the corollary below by Theorem 5.1. .

Corollary 5.2. Let

D— RxR L4 e )
{(.8) ERXRla>0,>0,0# f,Vaf > 1+ semnnnss)

Fizp=1,2. Then two eigenvalue-curves A_,(n) and Aip,(n) have no crossing in the
region D for all n.
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6. NUMERICAL RESULTS

For finite sequences a = (ag, - -+ ,any—_1) and b = (by,- -+ ,by), we define the (N + 1)-
dimensional Jacobi matrix, J(a,b), by

bo Qo 0
Qo b1 aq
J(CL, b) = aq bz (6 1)
aN-—1
O aN-1 by

For o = £ and p = 1,%\, we set a¥ = (a,(n)))) and bY, = (bop(n))n_y. Define a
finite Jacobi matrix by Qop(N) = 5J(al,b))). We set

ag
2N
2N

1 min{a"1(2N + 2), 571 (2N + )} if N is even
A (N) == —1 2 2 6.2
n(V) = 3laf —1) {min{ﬁ_l( +3),a7' 2N+ D)} if Nis odd 6.2)
A(N)=A (N 6.3
eV =AalN)| (6.3)

. 1 5 1 9 . .
AL(N) = Sap - 1) m?n{oz_l(ZN + g),ﬁ_l(ﬂ\/ + 3)} %f N R (6.4)
2 min{#~ (2N + 3),a (2N + 3)} if N is odd
A S(N)=A_ (N 6.5
2(N) RSAD) P (6.5)
and
z N)| if N is even

5.0 (N) = { 2000 61a(N) = bu(N . (66
£1(N) {%B\ai(]\fﬂ if N is odd, £2(N) = 0xa(N) (@,8)—(B,a) (6.6)

Since aff > 1, one has A,,(N) = O(N) — 400 (N — +00). Let p, be the orthogonal
projection onto e, = (0,,7)529 € (2. For a self-adjoint operator T', pu,(T), n = 1,2, -+,
denotes the n-th eigenvalue of T' counting multiplicity. For n =0,1,--- , N, we set

Aop,n (1) = :un(éjap(N)))
)\Efffzr(n) = :un<©ap(N> + 0op(N)pn),
A?X%(”) = Mn(éjap(N) — dop(N)pN).

The eigenvalues of @gp can be approximated by the eigenvalues of the (N + 1)-
dimensional matrix Q,,(/N) in the following sense.

Theorem 6.1. Fix N € N, 0 =+ and p=1,2. Let n € N be a number such that

AP () < Ay (V). (6.7
Then it follows that
Ao (1) < Agp(n) < APEY (1) (6.8)

In particular, the error is estimated as |Aop(n) — Aop,n (1)) < Aoy (1) — A¥Si(n).
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We give an example below:

Example 6.2. We set Q1 = ©+1(N) +6,1(N)pn. We apply Theorem 6.1 to the case
a=1,=2and N =10. Then A,;(N) = 5.875 and

AP (0) = 0.366917859 £ 0.000000001, A% (0) = 0.366917862 = 0.000000001,
AP (1) = 2.432911 £ 0.000001, Alower (1) = 2.432920 + 0.000001,

AP (2) = 4.7145 £ 0.0001, Alover (2) = 4.7164 = 0.0001

AP (3) = 6.2717 £ 0.0001, Alower (3) = 6.2789 = 0.0001.

Since AN (2) < Ay (N) = 5.875, by Theorem 6.1 we have numerical bounds:

0.36691785 <A,,(0) < 0.36691786,
2.43291 <\,p(1) < 2.43292,
4714 <X\gp(2) < 4.717.

This example does not include the bound on A,,(3), since the condition (6.7) is not
valid for n = 3.

Proof of Theorem 6.1: We prove the theorem only for the case of ¢ = 4+ and p = 1.
The other cases can be similarly proven. For u,v € ¢?, we define the operator v ® v :
? = (2 by (u®v)® = (v,®)u, for ® € £2. Then operator ()41 can be expressed as

@H = @H(N) ©0+ Z bi1(n)pn + Z ar(n)(en © eng1 + ng1 © €y).
n=N+1 n=N

We can show that u @ v +v O u < eu ®u+ e v ® o for all € > 0. By using this
inequality, we have

D ai()(en @ enpr + en1 @ en) < Y fas(n)](enen © n + €, i1 © eng)
n=N n=N

= lay(N)ewpn + D (nlar(n)] + 6,2 |ay (n —1)])pa
n=N-+1

for all €, > 0. We take €9,,17 = 8 and €, = « for even N, and €9, ;1 = a and €y, = 3
for odd N. Note that |ay(N)|ey = d41(N). First we consider the case of even N.
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Then, we have

o0

Z (€nlas ()] + €21 las(n — )pn

= (engnialas (N +n+ 1)+ ey, lar (N +n))py i
0

3
|

(en+2nt1lar (N +2n+ 1) + ERI1+2n|a+(N +2n)|)pN+2n+41

I
NE

3

MS"*

€N+2n+2|a+ (N +2n+2)] + exonalas (N + 20+ 1) )prsania

(Blas(N +2n +1)[ +a™ ar (N + 20)[)py 42011

I
M¢ .

3
I
o

+ ) (@lap (N +2n+2)[ + 87 ayp (N + 20+ 1)) )prsanse.

NE

n

IN L

Since |at(n)| < 2n+ 3, we have

Z (enlas ()] + € 11las(n — D))pa

=N+1

- 3 3
<> (B@N +4n+2+ 3T a ' (2N +4n + 3PN an
n=0

+Z(a(2N—l—4n+4—l—

n=0

3 3
5) +B7Y2N +4n + 2+ 5))pN+2n+2-

By the definition of b,4(n), we have

Q1> Qui(N) @0 — 341 (N)py

15

1 — 7 3
+ 5 (6(4N +8n+5)— B(2N + 4n + 5) —a Y2N 4+ 4n + 5)) DN+2n+1
n=0
1 & 11 . 7
+ 3 a(4N +8n+9) — a(2N + 4n + 7) — B (2N +4n + 5) DPN+2n+2
n=0
1 = 3
2 Qu(N)®0 =0 (N)pw + 3 > (B—a (2N +4n+ 3)PN+2n41
n=0

1 _ 7
+t3 D (a—= BN +4n + §)pN+2n+2-

3
Il
=)
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Thus we have Q41 > (Q41(N) — 641(N)py) ® (As1(N)). We can obtain the same
iEequalitX for odd N. In a similar way, we can furthermore obtain the upper bound
Q+1 < (Q+1(N) +d:1(N)pn) ® R(N), where R(N) is an operator such that R(N) >
A, 1(N). By the min-max principle, we have

tn((Q41(N) = 041(N)pn) & A1 (N)) < pn(Q1)

< 1 ((Q+1(N) + 641(N)pn) & R(N)).

Suppose that 11, (Q1(N) + 041 (N)py) < Ay (N). Then

+1
1 ((Qe1(N) = 041 (N)pw) ® Asr(N)) = 1 (Q1(N) = 641 (N)pw),
pn((Q1(N) + 6,:1(N)p) ® R(N)) = pin(Q41(N) + 041 (N)pw).

This proves (6.8). O

7. CONCLUDING REMARKS

We can extend non-commutative harmonic oscillators to an infinite dimensional
version. Let .7 = @;2 (L7, (R") be the boson Fock space, where LZ (R"), n > 1, de-
notes the set of symmetric square integrable functions, and L?*(R%) = C. Let a(f) and
a*(f), f € L*(R), be the annihilation operator and the creation operator, respectively,
which satisfy canonical commutation relations [a(f), a*(g)] = (f,9), [a(f),a(g)] =0 =

la*(f),a*(g)], and adjoint relation (a(f))* = a*(f). Let dI'(w) = [w(k)a*(k)a(k)dk

be the second quantization of a real-valued multiplication w. The scalar field is defined

by ¢(f) = \/ig(a*(f) +a(f)) and its momentum conjugate by 7(f) = \/iﬁ(a*(f) —a(f)).
Thus we define the self-adjoint operator

H= A i)+ (7)) + 5I11°)

on C?>®.#. The spectrum of H is not purely discrete. It is interesting to consider the
existence of a ground state of H and to estimate its multiplicity.
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