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ABSTRACT

We present unresolved single stellar population synthesis models in the near-infrared (NIR) range. The extension to the NIR is
important for the study of early-type galaxies, since these galaxies are predominantly old and therefore emit most of their light
in this wavelength range. The models are based on a library of empirical stellar spectra, the NASA Infrared Telescope Facility
(IRTF) spectral library. Integrating these spectra along theoretical isochrones, while assuming an initial mass function (IMF), we
have produced model spectra of single age-metallicity stellar populations at a resolution R ∼ 2000. These models can be used to fit
observed spectral of globular clusters and galaxies, to derive their age distribution, chemical abundances and IMF. The models have
been tested by comparing them to observed colours of elliptical galaxies and clusters in the Magellanic Clouds. Predicted absorption
line indices have been compared to published indices of other elliptical galaxies. The comparisons show that our models are well
suited for studying stellar populations in unresolved galaxies. They are particularly useful for studying the old and intermediate-
age stellar populations in galaxies, relatively free from contamination of young stars and extinction by dust. These models will be
indispensable for the study of the upcoming data from JWST and extremely large telescopes, such as the E-ELT.
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1. Introduction

To understand the formation and evolution of the Universe, we
analyse the light emitted by observed objects, like galaxies.
This light is the spectral energy distribution (SED) and pro-
vides insights into, for example star formation histories, chemi-
cal abundances, and the distribution of mass in stars. By study-
ing galaxies in diverse environments at different redshifts, we
can understand the mechanisms that drive galaxy formation and
evolution.

Galaxies beyond the Local Group are typically studied by
interpreting their integrated light, rather than the light of indi-
vidual stars. An approach used to study these unresolved galax-
ies is through evolutionary population synthesis modelling. This
method (e.g. Tinsley 1980; Bruzual & Charlot 2003; Vazdekis
et al. 2010) is based on the assumption that galaxies consist
of a number of single stellar populations (SSPs). Each SSP
represents a single burst of star formation with a uniform ini-
tial chemical composition. With this technique it is possible to
produce SEDs which can be used to derive physical proper-
ties from observations allowing determinations of star formation
tracers, stellar content and evolution, chemical abundances, ini-
tial mass function (IMF) slopes, and other characteristics (e.g.

� Appendices are available in electronic form at
http://www.aanda.org
�� Model spectra are available at the CDS via anonymous ftp to
cdsarc.u-strasbg.fr (130.79.128.5) or via
http://cdsarc.u-strasbg.fr/viz-bin/qcat?J/A+A/582/A97
and at smg.astro-research.net

Gonzalez et al. 1993; Peletier 1993; Trager et al. 2000; Yamada
et al. 2006).

These studies have mainly focused on the optical wavelength
range leaving the near-infrared (NIR) range almost unexplored.
Observations of both stars and galaxies taken in these wave-
lengths are scarce and therefore, so are the stellar and SSP mod-
els. The NIR presents alternatives and opportunities that are not
available in the optical, because the NIR is highly sensitive to K
and M stars and is less affected by hot young stars and by dust
extinction. Due to its sensitivity to cool stars, the NIR is well
suited to study specific stellar populations, such as stars on the
asymptotic giant branch (AGB), especially the thermally pulsat-
ing AGB (TP-AGB), and on the tip of red giant branch (RGB)
stars (Salaris et al. 2014). This makes the NIR particularly attrac-
tive for studying intermediate-age galaxies (0.5−2.0 Gyr), whose
light is mostly due to TP-AGBs (Maraston 2005; Marigo et al.
2008; Bruzual et al. 2014).

Current models in the NIR (Mouhcine & Lançon 2002;
Maraston et al. 2009) are based on available empirical (Pickles
1998; Lançon & Wood 2000) and theoretical libraries (e.g.
Lejeune et al. 1997, 1998; Westera et al. 2002). Neither type
of library, however, is ideally suited for stellar population mod-
elling. Theoretical spectra have considerable problems in re-
producing molecular bands (e.g. Martins & Coelho 2007), and
since these are dominant in many cool stars, they cannot be
used at present to make accurate predictions for absorption line
indices in the NIR. The empirical library of Lançon & Wood
(2000) has a spectral resolution (R ∼ 1000), but is limited
to cool stars; hence Mouhcine & Lançon (2002) also include
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theoretical stars in their stellar population models. The models
from Maraston et al. (2009), on the other hand, are entirely based
on a theoretical stellar spectral library. Given these limitations,
the observations made by Rayner et al. (2009) and Cushing et al.
(2005), compiled in the IRTF spectral library, have allowed us
the opportunity to improve SSP models at R ∼ 2000, containing
a larger sample of cool and late-type stars than its predecessors.
Conroy et al. (2009), Röck et al. (2015) used some spectra of this
library, showing the advantages of using this library in the NIR.

Our aim is to offer an improved tool for stellar population
studies in the NIR J, H, and K-bands (0.94−2.41 μm). This
will be particularly valuable for future science conducted with
the observations of telescopes such as E-ELT and JWST, which
will focus on the NIR. Hence, we present the following series
of papers. In the first paper (Meneses-Goytia et al. 2015, here-
after Paper I) we characterised one of the model ingredients, the
IRTF spectral library, by determining the stellar parameters of
the stars and the resolution of the library, as well as the relia-
bility of the flux calibration. In Paper II, the present work, we
introduce our modelling approach and its predictions. The third
paper (Meneses-Goytia et al., in prep., hereafter Paper III) will
show the comparisons of our models with observations of early-
type galaxies from full-spectrum fitting and line-strength index
fitting approaches.

In this paper, we present our SSP models in the NIR range.
In Sect. 2 we describe the construction of our models, which
follow a similar approach to Vazdekis et al. (2010), and also de-
scribe the ingredients. The model predictions and a discussion
are given in Sect. 3. Finally in Sect. 4, we present a summary
and final remarks.

2. Single stellar population synthesis models

Stellar population synthesis is a powerful technique for study-
ing galaxy evolution, allowing us to determine galaxy ages and
chemical abundances. Using a given set of isochrones at a cer-
tain age and metallicity and an assumed initial mass function
[IMF, Φ(m)], we find for every point in the isochrone with a
given effective temperature (Teff), gravity (log g) and metallic-
ity ([Z/Z�]), a spectrum of a star by interpolating the spectra of
the stellar library. With this we obtain individual stellar spec-
trum of a distribution of stars, which we integrate weighting
each spectrum by its luminosity in a chosen wavelength and the
number of stars given by the IMF in that mass bin. We then ob-
tain a synthetic spectrum (SED) of a galaxy with a particular
set of parameters (i.e. age and metallicity). A general scheme of
the steps taken in SSP modelling are shown in Fig. 1, based on
Tinsley (1980).

SEDs provide a versatile tool for analysing observables, be-
cause they can be compared to observed galaxy spectra (when
convolved to the adequate resolution) or used to obtain spe-
cific information, such as integrated colours or line-strength in-
dices. This kind of constructing approach has been previously
employed by Vazdekis et al. (2010, 2003) in the optical range us-
ing the MILES (3540−7410 Å, Sánchez-Blázquez et al. 2006a)
and CaT (8349−8952 Å, Cenarro et al. 2001) empirical stellar
libraries.

The SSP SED, S λ(t, [Z/Z�]) is calculated with the following
prescription:

S λ(t, [Z/Z�])=
∫ mt

m1

S λ(m, t, [Z/Z�])N(m, t)FH(m, t, [Z/Z�])dm (1)

[Z/Z�] = log(Z/Z�) (2)

N(m, t) = Φ(m)Δm (3)

Fig. 1. Basic outline for SSP modelling, after Tinsley (1980).

Here S λ(m, t, [Z/Z�]) is the empirical spectrum which corre-
sponds to a star of mass m and metallicity [Z/Z�] (where Z� =
0.019 from Grevesse et al. 2007) alive at the age t assumed for
the stellar population t, N(m, t) is the number of stars of mass m
at age t, which depends on the adopted IMF for the galaxy, m1

and mt are the stars with the smallest and largest stellar masses,
respectively, which are alive in the SSP (the upper mass limit de-
pends on the age of the stellar population), and FH(m, t, [Z/Z�])
is the flux of the star in the H-band. Before integrating the spec-
tra of the stars, each requested stellar spectrum is flux normalised
by convolving its flux with the filter response curve of the H-
band from the photometric system of Bessell & Brett (1988). In
this way, we ensure that each spectrum has the correct luminos-
ity as given by the isochrone.

To obtain the empirical spectrum of each star (point) in the
isochrone, we followed a similar interpolation scheme as that
used in Paper I (see Sect. 3.1). The interpolator uses our set of
input stellar spectra to interpolate (or extrapolate) to the desired
values of stellar parameters. In order to improve the interpola-
tion in regions with sparse parameter coverage (e.g. cool bright
giants), a subset of interpolated stellar spectra is used as sec-
ondary input sources. After the first iteration, we selected the
synthetic stellar spectra for which the Teff agrees with the in-
put value within 1σ (∼200 K). These interpolated stars are then
added to input library after which a second round of interpola-
tion is performed on those stars with ΔTeff ≥ 1σ. Subsequently,
the (J − K) colour of this subset is compared to the expected
colour determined from the relevant isochrone. All stars with
Δ(J − K) ≤ 1σ (∼0.1 mag) are classified as useful stars and are
added to the input library, after which a final round of interpo-
lation is conducted for the remaining stars. This approach was
particularly useful for phases of the isochrone where the IRTF
spectral library presents a deficiency of parameter cover like cool
bright giants.

In this work, we choose an empirical stellar library in the
NIR (Sect. 2.1), a single IMF (Sect. 2.2), and three different sets
of isochrones (Sect. 2.3) which allow us to produce three sets of
SSP models1. In Table 1, we present these ingredients.

1 Models SEDs, integrated colours, and line-strength indices available
online at smg.astro-research.net
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Table 1. Single stellar population model properties and parameter
coverage.

Property Characteristics Notes

Stellar library IRTF spectral library
Wavelength range 0.93−2.41 μm J, H and K-bands
Resolution 5.9 Å at 1.22 μm See Paper I

7.6 Å at 1.62 μm
9.3 Å at 2.02 μm
9.7 Å at 2.27 μm

Wavelength frame vacuum

IMF Salpeter (1955) S
Stellar mass range 0.15−100.0 M�

Metallicity range −0.70 dex ≤ [Z/Z�] ≤ 0.20 dex See text for discussion
of the models at limits

Age range 1−14 Gyr

Isochrones Marigo et al. (2008) Mar
Girardi et al. (2000) Gir

Pietrinferni et al. (2004) BaS

2.1. The IRTF spectral library

A stellar spectral library is a crucial ingredient of SSP mod-
els since it provides the behaviour of spectra of individual stars
as function of effective temperature, gravity and composition.
Depending on the wavelength coverage of the libraries, we can
analyse different stellar phases. Here we chose a stellar library
with a wavelength range covering the J, H and K-bands of the
Near-infrared. In these regions, AGB stars dominate the light
of intermediate age populations and RGB the light of old stel-
lar populations (Frogel 1988b; Maraston 2005; Conroy & Gunn
2010).

We use the empirical stellar spectra library observed with
the medium-resolution spectrograph SpeX at the NASA Infrared
Telescope Facility on Mauna Kea (Rayner et al. 2009; Cushing
et al. 2005). This library is known as the IRTF spectral library
and is a compilation of stellar spectra that fall into two ranges of
the IR, from which we only focus on the spectral region for the
J, H and K-bands (0.94−2.41 μm). These spectra were observed
at resolving power of 2000 (R = λ/Δλ) and were not continuum-
normalised allowing for the retention of the strong molecular ab-
sorption features of cool stars. Keeping this shape also allowed
absolute flux calibration by scaling the spectra to published Two
Micron All Sky Survey (2MASS) photometry. For details on the
observations, data reduction and calibrations, we refer the reader
to Cushing et al. (2005) and Rayner et al. (2009). The integrated
colours obtained from the spectra are consistent with those ob-
tained by 2MASS (see Paper I for more information). An at-
mospheric absorption band between 1.81 and 1.89 μm causes a
loss of flux in the H-band. This loss is accounted for below in
Sect. 2.3.

The 210 stars that constitute this library include late-type
stars, AGB, carbon and S stars. Spectral types range from F to T
and luminosity classes from I to V , as shown in Fig. 2.

In Paper I, we determined the stellar parameters of the stars.
Most of these stars have metallicities close to solar but stars with
metallicities down to −2.6 dex are also included. However, we
adopt a lower limit of [Z/Z�] = −0.70 dex in the generation of
SEDs since lower metallicities are not fully sampled (Fig. 11 of
Paper I). Figure 2 presents these parameters and demonstrates a
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Fig. 2. Parameter coverage of the IRTF spectral library (values from
Paper I).

problem of most empirical libraries, including the IRTF spectral
library: a deficiency of very cool, low-mass stars and cool bright
giants (e.g. Vazdekis et al. 2010; Conroy & van Dokkum 2012).
Therefore, it is important to bear in mind that the models for
metallicities −0.70 dex and 0.20 dex are made using consider-
able extrapolations, which means that they may be less accurate
than the other models. At the low metallicity end, the isochrones
are not easily populated at the main-sequence (MS) and MS turn-
off (MSTO) however, these warm stars are easier to extrapolate
from the stellar library. At the high metallicity end, where cool
bright giants number is low, the interpolation scheme previously
described is crucial to overcome this limitation.

2.2. Initial mass function

The IMF describes the mass distribution of stars formed in one
single burst. In this work, we adopt a power-law IMF described
by Salpeter (1955) using a mass range of 0.15−100 M�.

In this paper we neither defend nor argue against the univer-
sality of the IMF. Nonetheless, in future work, we will address
the effect of different IMFs on the SEDs, integrated colours and
line strength indices.

2.3. Isochrones

An isochrone is the locus in the Hertzsprung-Russell diagram
of all stars with the same initial chemical composition and with
same age. The shape of the isochrone depends on the adopted
prescriptions for stellar evolution. As previously mentioned, the
NIR is very sensitive to stellar populations that contain TP-
AGB and RGB stars, therefore it is important to analyse the
impact that the different prescriptions that are used to compute
stellar evolution have on SSP models by using three different
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Fig. 3. Location of the different evolutionary stages in the BaSTI
isochrones.

sets of isochrones from two different groups. As a reference, in
Fig. 3 we show the Pietrinferni et al. (2004, hereafter BaSTI)
isochrones at solar metallicity and different ages to be used as
a reference for locating the different evolutionary stages in the
isochrones.

For one set of models, we use isochrones developed by
Girardi et al. (2000, hereafter G00). These evolutionary tracks
were computed with updated opacities and equation of state,
including convective overshooting. The evolutionary phases go
from the zero age main sequence to the Thermally Pulsating
Asymptotic Giant Branch (TP-AGB) regime or carbon ignition.

Another set of models use the isochrones developed by
Marigo et al. (2008, hereafter M08). These isochrones improved
the physical processes used by their predecessors (G00), for
TP-AGBs by using variable molecular opacities instead of the
scaled-solar tables for complete AGB models. Their calibration
allows the isochrones to be fairly reliable for the TP-AGB phase
and have reasonable lifetimes at metallicities of the Magellanic
Cloud (MC) clusters.

The third set of isochrones used are the AGB-extended
isochrones of BaSTI. These cover the full thermally pulsating
phase, using the synthetic AGB technique at the beginning of
the TP phase, where the full evolutionary models stop. The TP-
AGB phase is then followed by increasing the CO core mass
and luminosity. Mass loss of the envelope is included and when
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Fig. 4. Comparison of different isochrone sets used, at solar metallicity
and different ages.

this reaches a negligible mass, the synthetic evolution stops.
After this point, the tracks evolve at constant luminosity towards
their white dwarf cooling sequences. We note that the BaSTi
isochrones as published do not include stars with M < 0.5 M�.
The lack of low-mass dwarfs in the BaSTI-based models may
cause some discrepancies with other models, in for example,
IMF-sensitive spectral features. The contribution of these dwarfs
to the NIR light is ∼20% (see also, e.g. Frogel 1988a).

In Fig. 4, we compare the three sets of isochrones at so-
lar metallicity and three ages. It is noteworthy that in all three
isochrone sets, the temperature of the MSTO exceeds 7500 K,
the temperature of the hottest stars in the IRTF spectral library,
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Fig. 5. Comparison of colour−magnitude changes of the isochrones due to our parameter-colour empirical transformations, in a 10 Gyr isochrone
at solar metallicity. The black line represents the original isochrones and the red line the transformed isochrone.

for ages younger than 1.0 Gyr. We therefore only model SSPs
with ages from 1.0 to 14.0 Gyr. When comparing the different
isochrone sets at 1.0 Gyr (middle panel), we notice the effects
of the different prescriptions used by each group. For instance,
the MS for M08 and G00 is virtually identical, but for BaSTI
the onset of the MS is at higher temperature because it starts
at higher masses. Furthermore, MSTO for BaSTI takes place at
lower temperatures and lower masses than G00 and M08. At and
after the MSTO, and up to the end of the subgiant branch, the
three sets behave similarly. However, in the region between the
RGB and the AGB, we can see the different prescriptions for
the TP-AGBs: G00 and BaSTI share a similar extension to the
red. Additionally, the extension to higher temperatures after the
AGB termination in M08 is the onset of the white dwarf cooling
sequence. Moreover, the differences when reaching older ages
like 10.0 Gyr (lower panel) are minor and only noticeable in the
RGB and AGB region, while for M08, the TP-AGB phase is
warmer than G00 and BaSTI but these are the populations that
most affect the NIR.

An additional characteristic of all these isochrones is that the
authors provide their own results for the transformation from the
theoretical to observed planes. The three sets of isochrones ob-
tain their magnitudes and colours from convolving spectra from
empirical and/or theoretical stellar libraries with the response
curve of several broad-band filters. By using different libraries
or versions of the libraries, the isochrones have different colour-
magnitude diagrams, as seen in Fig. 5. Because of these differ-
ences, we use our own transformations to obtain homogeneous
empirical magnitudes and to compare the results of these dif-
ferent sets without concern for the possible bias of the colour
transformations on the results. We follow the colour-temperature
relations for dwarfs and giants of Alonso et al. (1996, 1999)
and then apply the metal-dependent bolometric corrections of
Alonso et al. (1995, 1999). We adopt BC� = −0.12 and a solar
bolometric magnitude of 4.70. With this, we calculate magni-
tudes and fluxes in the JHK photometric system of Bessell &
Brett (1988). Figure 5 shows, in three different panels, a com-
parison of the original isochrones at 10 Gyr and solar metallicity
and those with our colour-temperature empirical transformation.
The main changes in magnitudes and colours are found in the
lower, un-evolved main sequence and the AGB region.

Since in this work we focus on the NIR range, we normalise
the flux in the H-band for the stars when integrating the stellar
population. As previously mentioned in Sect. 2.1, the IRTF spec-
tral library is missing flux in the H-band due to an atmospheric

absorption feature between 1.81 and 1.89 μm. To quantify this
loss, we calculate the flux in this band in the Pickles (1998) stel-
lar spectral flux library, with and without the flux loss in the at-
mospheric absorption band. That gives us a loss factor indepen-
dent of stellar type and luminosity class of ∼0.02% in average.
The loss is taken into account when we weight each interpolated
stellar spectrum with its corresponding flux in H-band. Although
this loss is negligible, we include this correction since we choose
the H-band as the anchor of our models.

3. Model predictions and discussion

In this section we present the results of the SSP synthesis mod-
els created using the method described in Sect. 2. The parameter
coverage of the IRTF spectral library allows us to generate SEDs
from 0.93 to 2.41 μm (covering the J, H and K-bands) for ages
between 1.0 and 14.0 Gyr and [Z/Z�] from −0.70 to 0.20 dex.
With a similar procedure as that used for the spectral resolution
of the IRTF spectral library (Paper I), we calculate the resolu-
tion of our models. Table 1 compiles the properties and parame-
ter coverage of our models. We use the following nomenclature
throughout the paper to describe our models, e.g. MarS models
use the M08 isochrones (Mar) and the Salpeter (S) IMF.

It is worth pointing out the treatment we followed when C-
stars are present in the population. M08 isochrones provide the
C/O ratio which is a flag for carbon stars are present in young
populations (<∼1.58 Gyr). For these young MarS models, we let
the interpolator use the C-stars present in the IRTF spectral li-
brary when the C/O ratio ≥1. For older populations, we did not
use carbon stars. On the other hand, for the GirS and BaSS mod-
els, since the isochrones do not provide the C/O ratio, we let the
interpolation freely use the C-stars only for populations younger
than 1.6 Gyr.

We now describe our resulting models: SEDs, integrated
NIR colours and a pair of line strength indices in the K-band.
These properties allow us to calibrate our models and establish
their robustness when comparing them with well-defined obser-
vations of MC clusters.

3.1. Spectral energy distributions

In Fig. 6 we present SEDs of the SSP models at solar metallic-
ity and 10.0 Gyr, using the three sets of isochrones described
in Sect. 2.3. The main spectral features are labelled. All models
are qualitatively similar, although the residuals (bottom panel)
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Fig. 6. SED of our three SSP models at solar metallicity and 10 Gyr (upper panel) and ratios when comparing to each other (lower panel).
Interesting spectral features (from Rayner et al. 2009) are marked in the upper panel.

show in depth the differences and similarities between mod-
els. The GirS model presents shallower CO absorption features
(between 1.60−1.75 μm and after 2.29 μm) when compared to
MarS. This is due to the stronger relative contribution of TP-
AGB stars in the MarS model. Even though the BaSS model
has a similar treatment of the TP-AGB phase as GirS, BaSS ex-
tends to even cooler stars and therefore has deeper CO features
than both the GirS and MarS models. The BaSS models have
an overall temperature difference by being cooler than the MarS
and GirS models. The ratios shown in this figure (lower panel)
indicate differences smaller than 2−3%, which implies a limited
impact of the varying isochrones (for the old populations).

Figure 7 presents solar metallicity models at different
ages (1, 7 and 14 Gyr). The upper panels show the SEDs and
the lower ones present the ratios when comparing different ages.
All three models at 1 Gyr show the presence of C-stars that have
distinct features at ∼1.1, 1.4 and∼1.75 μm (indicated by boxes in
the 1 Gyr SED), consequence of the presence of CN and C2 (for
details on these features, see Aringer et al. 2009 and Loidl et al.
2001). This kind of stars is no longer present at ages older than
1.6 Gyr. For the MarS models, at older ages (middle panel), the
absorption features, especially CO, become weaker, due to the
diminishing presence of TP-AGB stars at older ages. We also see
that the BaSS model at 1 Gyr contains cooler TP-AGB stars than
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both GirS and MarS. However the extension to more evolved
phases is present at all ages for the MarS models. This later
phase is not seen in the isochrones for the GirS and BaSS mod-
els and therefore these models present a difference in spectral
slope from MarS. In the lower panel, we see a similar trend for
the MarS model SEDs, with the CO absorption features in the
K-band becoming even weaker at 14 Gyr since the stars at the
TP-AGB phase are slightly warmer than at 7 Gyr. For the GirS
and BaSS models, there is a more regular slope since the fea-
tures become stronger towards the red. This is because at these
wavelengths the TP-AGBs are slighter warmer at older ages and
the main difference is the cooler temperatures of the MSTO and
SGB. In the middle panel of this figure, we also observe the
small differences due to the usage of different isochrones for this
old populations.

Figure 8 is similar to Fig. 7, but here we show the dif-
ferences between the models at different metallicities. Telluric
absorption features are present in all models at ∼1.40 μm and
between the H and K-bands. The main characteristic that can
be seen from both figures is that the SEDs become redder as
a function of metallicity (middle panel) since at higher metal-
licities, the opacities of the stars increase, and the temperatures
are cooler. However, when comparing SEDs at solar and 0.2 dex
(lower panel), the differences diminish quite strongly showing
that the models evolve very little after ∼5 Gyr. It is important

to bear in mind that for solar and super solar models, the IRTF
spectral library presents some limitations regarding the presence
of cool bright giants.

In general, the differences seen in the SEDs at different
ages and metallicities are expected to be a consequence of the
different contributions of the RGB and TP-AGB stars to the
spectra. RGB stars are old stars which have a stronger con-
tribution at older ages and also as a function of redder wave-
lengths. Figures A.1 to A.6 in the Appendix A are the same
as Figs. 7 and 8 except zoomed into the wavelength ranges
corresponding to J (1.04−1.44 μm), H (1.46−1.84 μm) and K
(1.90−2.48 μm) bands respectively. The spectra in these plots
are given a constant offset in order to facilitate study. Thanks
to the detailed analysis of atomic lines and molecular bands
by Rayner et al. (2009) for the IRTF spectral library stars,
and the compilation of Ivanov et al. (2004) in the J, H and
K-bands, we are able to easily identify several absorption fea-
tures in our model SEDs using Figs. A.1 to A.6 where we ob-
serve the presence of features in the spectrum, i.e. the absorption
line-strengths. We see that there are different trends for these
line-strengths (see Fig. 6) as a function of age and metallicity.
However, these trends can only be investigated in detail when the
line-strength indices are calculated. In Sect. 3.3, we present the
trends of some line-strength indices in the K-band as a function
of age.
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3.2. Integrated colours

After obtaining the SEDs, we calculate the integrated colours of
each model spectrum by integrating the spectral flux in the NIR
colour bands using using the Vega spectrum from Colina et al.
(1996) as a zero-point. We used the response curves of the J, H
and K filters of the Johnson-Cousins-Glass photometric system
given by Bessell et al. (1998).

As explained in Sect. 2.3, we find a flux loss in the H-band
which is taken into account also for the calculated magnitudes,
increasing them by 0.0002 mag. Additionally, our wavelength
range does not completely cover the filter response curve for
the K-band, which extends to 2.48 μm. Following a proce-
dure similar to that for the H-band flux loss, we calculate the
magnitude in this band in the Pickles (1998) stellar spectral
flux library, with and without a complete filter response curve.
With that, we obtain an average necessary gain of ∼0.07%
or 0.0007 mag. However, both factors are negligible making the
integrated colours of our models directly comparable with ob-
servations and other authors’ models.

Figure 9 shows the behaviour of the integrated colours
of the models as a function of age and compares them with
observations of clusters in the Magellanic Clouds (MC) from
González et al. (2004, G04) and Pessev et al. (2008, P08); and
in the Milky Way from Cohen et al. (2007, C07). For these three
samples we chose those clusters with metallicities of ∼−0.9 dex

or higher. It is worth mentioning that the ages and metallicities
of the G08 sample were determined by creating “superclusters”
by combining the photometry of the individual stars, comparing
these with SSP models, and thereby obtaining average parame-
ters, whereas the ages and metallicities of the P08 MC clusters
were calculated by comparing individual clusters to SSP mod-
els. This approach of parameter determination presents a circu-
lar method when using this kind of data to determine the accu-
racy of other SSP models. For the C07 sample, we used ages
determined by Marín-Franch et al. (2009) when available and
their average age of 13 Gyr otherwise. All of our models cover
the colour−colour range in (J − K) and (J − H) for the clus-
ters within 2 sigma. It seems, however, that the MarS models
are better able to reproduce the range in (J − H) and (H − K)
colours of the individual clusters at younger ages. This is most
likely due to the longer TP-AGB lifetimes in the M08 models.
The effect of the AGB stars is even more evident at very low
metallicities where the lifetimes of the AGB stars are consid-
erably longer than for more metal-rich populations. Compared
to the MarS models, the GirS and BaSS models do not in-
clude a detailed prescription of the AGB phase. In this fig-
ure we also notice the presence of the AGB stars at solar and
higher metallicities because, in these models, due to their re-
spective isochrones, the AGBs exist in these populations. For
the BaSS models, the TP-AGBs phase seems to start at ages
younger than 1 Gyr, which we currently cannot model given
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the limitations in parameter coverage of the IRTF spectral li-
brary. For older ages, the RGB stars are the main component of
the light of these populations. The colours of these old popula-
tions show a linear behaviour (given the small range in colours)
at constant metallicity. However, a point of interest is that for
old populations, the RGB phase and the differences in tem-
perature of the each model isochrones contribute to trend of
these SSPs.

In Fig. 10 we present (J − K), (J − H) and (H − K)
colour−colour diagrams of our models for different metallicities
and ages older or equal than 2 Gyr, and compare them to obser-
vations of bright early-type galaxies by Frogel et al. (1978, F78).
Our three models are able to cover most of the colour range of
this type of galaxy, with the MarS models matching the range in
galaxy colours more closely. The presence of TP-AGBs and their
extension to cooler temperatures at younger ages in the MarS
models allows the colours to extend to the redder end of these
galaxies. The age-metallicity degeneracy is present in the three
sets of models

In Tables B.1 to B.3 in the Appendix B, we present the inte-
grated colours of each model set in the Johnson-Cousins-Glass
photometric system given by Bessell et al. (1998).

3.3. Line-strength indices

Spectral features are another source of information that can be
obtained from a model SED and compared with observations

to determine stellar population properties. In this work, we
focus on absorption line-strength indices in a region of the
K-band. These indices are the atomic Na I, Ca I, Fe I and
Mg I features, as well as the molecular CO feature. We ap-
ply the definitions of Frogel et al. (2001) for Na I and Ca I,
Silva et al. (2008) for the Fe I doublet, Fe I = (Fe Ia + Fe Ib)/2,
and Mg I, and Mármol-Queraltó et al. (2008) for DCO (see
Table 2).

Figure 11 presents the line-strength indices as a function of
age of the models. As we can see, the indices follow a similar
trend as the integrated colours, displaying the distinctive peak of
the AGB phase in the MarS and GirS models. In the MarS mod-
els at older ages, the indices show an opposite behaviour as a
function of age to the GirS and BaSS models. This is due to the
AGB lifetimes, which cause these cool stars to dominate, hence
the indices are higher than in the absence of these stars. All the
indices are proportional to the mean effective temperature of the
stars that compose the populations, except for Mg I since this
feature is strongly driven by the stellar surface gravity (Viti &
Jones 1999) These trends are presented in detail for the IRTF
spectral library in Cesetti et al. (2013). Therefore, these indices
would allow predictions of the stellar content in galaxies, espe-
cially to determine the presence of TP-AGBs. This can be seen
by the characteristic peak of these stars in the indices at younger
ages.

We also present the indices DCO and Na I as a function of
(J −Ks) and (J −H) respectively for the three models in Fig. 12.
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The models are compared to observed elliptical galaxies from
Mármol-Queraltó et al. (2009, hereafter MQ09), of which 12 are
field galaxies (circles) and two more belong to the Fornax clus-
ter (squares). We obtained the indices from the spectra of these
galaxies. The colours of models and the galaxies are compared in
the 2MASS photometric system. To make a proper comparison,
the model and the galaxy spectra were convolved to a uniform
velocity dispersion of 350 km s−1. For the galaxies, we took into
account their instrumental resolution (7.2 Å) and their intrinsic
individual velocity dispersion, and for our models, the resolution
in the K-band at 2.27 μm of 9.7 Å.

Figure 12 shows that the MarS models best reproduce the
range of DCO and colour of the observed galaxies, while GirS
and BaSS are not able to cover the high DCO indices of part of the
sample. This shows that the AGB population seems to be needed
to reach the high observed DCO values. MQ09 have tested this
by investigating indices in both the field and in the Fornax clus-
ter. Fornax galaxies should have a smaller AGB fraction. This
interpretation would agree with our models here. However, it is
in principle also possible that the [C/Fe] or [O/Fe] abundance
ratio is higher than solar, so that the observed DCO in all galax-
ies is higher than in the models. This is unlikely, however, for
all galaxies since it would also be the case for the smallest
galaxies of the sample, for which C/Fe from optical indices is

not overabundant (Sánchez-Blázquez et al. 2006b). Rather, it is
likely that both [C/Fe] increases and the presence of AGB stars
decreases with velocity dispersion of galaxies. Therefore, the
high values and flat trend of DCO could be a combined effect of
the increase oin[C/Fe] with increasing velocity dispersion men-
tioned above and the decreasing importance of the AGB phase
with increasing metallicity seen in our models, coupled with
the increasing metallicity of early-type galaxies with increas-
ing velocity dispersion at fixed age (e.g. Trager et al. 2000,
2008; Sánchez-Blázquez et al. 2006b). It will be interesting to
test this by measuring the line-strength features of atomic C
found in the J and H-bands and their behaviour as a function
of metallicity, and compare this with DCO. Such comparisons
would allow one to distinguish different episodes of star for-
mation in a galaxy and even shed some light onto its chemical
evolution.

This figure additionally shows that none of the three mod-
els are able to reproduce Na I as a function of (J − H). This
could be due to the known [Na/Fe] overabundance seen in galax-
ies when Na indices are measured in the optical and NIR (e.g.
Jeong et al. 2013). In addition, the under-prediction of Na I
by the models (Conroy & van Dokkum 2012) could be due
to an IMF effect, specifically the presence of more dwarfs in
the population. It is noteworthy that these galaxies span a large
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models were convolved to a velocity dispersion of 350 km s−1-before measuring indices.

range in velocity dispersion between ∼90 up to ∼310 km s−1

(Mármol-Queraltó et al. 2009). Given recent work that the IMF
is closely linked to their velocity dispersions (mass; Cappellari
et al. 2012), a comparison with models with different IMFs and
α-enhancement conditions would be appropriate. In our follow-
ing paper (Paper III), we will address this issue in more detail
where we will also present the behaviour of other indices in the
K-band for these galaxies.

In Tables B.1 to B.3 in the Appendix B, we present the
line-strength indices of each model set, at velocity dispersion
of 350 km s−1.

4. Comparisons with other authors

Other authors have also made SSP models in the NIR range
(e.g. Conroy & van Dokkum 2012; Maraston et al. 2009) us-
ing combinations of different empirical and theoretical stellar li-
braries. We compare our models with the models of Conroy &
van Dokkum (2012, hereafter C12) and Maraston et al. (2009,
hereafter M09). The C12 models go from the optical to the NIR,
for which the MILES library was used for the former part whilst
90 stars of the IRTF spectral library were used for the later part.
For this sample they assume solar metallicity which in principle
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Table 2. Index definitions used in this work.

Bandpass (Å)
Index blue central red

Na Ia 21 910−21 966 22 040−22 107 22 125−22 170
Ca Ia 22 450−22 560 22 577−22 692 22 700−22 720
Fe Iab 22 133−22 176 22 251−22 332 22 465−22 560
Fe Ibb 22 133−22 176 22 369−22 435 22 465−22 560
Mg Ib 22 715−22 755 22 790−22 850 22 850−22 874
DCO

c 22 872−22 925 22 930−22 983
22 710−22 770

References. Definitions by (a) Frogel et al. (2001) , (b) Silva et al. (2008)
and (c) Mármol-Queraltó et al. (2008).

is valid. However, in our models we determined the stellar pa-
rameters of this library (Paper I) allowing us to make use of all
the IRTF stars. The C12 models use two sets of isochrones de-
pending on the stellar evolution stage: for the AGBs they use
the M08 isochrones and for the RGBs the Dartmouth isochrones
(Dotter et al. 2008). On the other hand, the M09 models use
a theoretical library (BaSeL models from Lejeune et al. 1997,
1998; Westera et al. 2002) with a resolution of 20 Å, comple-
mented with the Lançon & Wood (2000) library of cool stars at
R ∼ 1000. For the isochrones, M09 uses a different treatment, es-
pecially for the AGB phase, where the fuel consumption theorem
is used (Renzini 1981). As we previously mentioned, theoretical
libraries have limitations when reproducing molecular features
(Martins & Coelho 2007).

In Fig. 13 we compare the SEDs at solar metallicity and
11 Gyr of our models, C12 and M09. Since our models and C12
share, for the same wavelength range, the spectra of the IRTF

spectral library, we took into account the resolution of 9.7 Å in
the K-band which we measured (Paper I), and in order to have
a better comparison, we convolved all the model spectra to the
lowest resolution of the M09 models. To improve the compari-
son, we also normalised the spectra to unity at 1.65 μm. Overall,
our models show the same continuum slope (within 10%) as the
models of the other authors. When comparing in detail with C12
we see a change in slope at ∼1.4 μm and ∼2.2 μm across the
wavelength range and comparing with M09, our models present
an overall flatter slope.

We analyse in detail the absorption spectral features of Na I,
Fe I, Ca I, Ma I and CO lines found in a section of the K-band,
between 2.19 and 2.42 μm (see Table 2) in Fig. 14. The CO
features in the M09 and C12 models are shallower than in our
models, which reflects a smaller contribution of AGB/RGB stars
when compared with our models. When doing this analysis, we
noticed a shift in the lines of the M09 models. This could be
due to either the combination of different resolutions or of air-
vacuum wavelengths of the two stellar libraries.

In Fig. 15 we compared the models by M09 at young age
(1.5 Gyr) with our three models. The main difference between
our models and M09 is the different prescriptions used for
creating a population. The fuel-consumption theorem and the
isochrone treatment in the M09 models produce a higher num-
ber of C-stars in young populations which can be seen from the
depressions given by these stars at around 1.15 μm, 1.45 μm
and 1.75 μm.

We also compared the line-strength indices in the K-band for
Na I and DCO of our three models with C12, at solar metallic-
ity. This index-index comparison is presented in Fig. 16, which
shows that our models have stronger DCO than the C12 mod-
els. This was already seen in the SED comparison, where the
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Fig. 14. Zoom in of a section of the K-band (2.19−2.42 μm) for the comparison of our three models with those of Conroy & van Dokkum (2012,
C12) and Maraston et al. (2009, M09), at solar metallicity and 11 Gyr. The spectra are normalised to unity at 1.65 μm and convolved to 20 Å.

CO features were shallower in C12 than in our models. CO is
strongly related to the presence of cooler stars in a population.
Since the SSP models are related to how the isochrones popu-
late different stellar phases, our models using the three sets of
isochrones have a strong contribution of cool and AGB stars that
allows us to reproduce the CO line strengths of local elliptical
galaxies, as seen in Fig. 12. In contrast, the C12 models display

a smaller contribution of AGB/RGB stars than observed in our
models.

We made a comparison of the integrated colours of our mod-
els at solar metallicity to the available literature values of other
authors such as Bruzual & Charlot (2003, BC03) and Vazdekis
et al. (2010, V10), as well as C12 and M09. The BC03 mod-
els are based on the G00 isochrones and the BaSeL theoretical
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Fig. 15. Comparison of our three models with the models of Maraston et al. (2009, M09), at solar metallicity and 1.5 Gyr. The spectra are
normalised to unity at 1.65 μm and convolved to 20 Å.

spectral library. The integrated colours of V10 come from photo-
metric predictions based on the transformations of Alonso et al.
(1996, 1999) for the G00 isochrones. In Fig. 17, we present
the colours of our three models MarS, GirS and BaSS, and
compare them with BC03, C12, M09 and V10. When compar-
ing with other authors, our models follow the general trend.
However, there is a large scatter in the colours of published mod-
els; for example BC03 and M09 have the bluest (H −K) colours
and are not in good agreement with giant ellipticals. We no-
tice that at younger ages (1−2 Gyr), the integrated colours of
our MarS models are redder than most models. This is due to
the treatment of TP-AGB stars by the M08 isochrones, which
peak around these ages. As expected given the similar ingredi-
ents, our GirS and the V10 models behave quite similarly. Our
BaSS model for (J − K) also behaves quite similarly to V10 and
for intermediate ages, to BC03.

5. Summary and final remarks

In this series of papers, we aim to to provide an improved tool
for stellar population studies in the NIR range, primarily for the
J, H and K-bands. This wavelength coverage is strongly influ-
enced by cool late type stars (e.g. AGB and RGB stars) which
are relevant for a diverse age-range of stellar populations, in-
cluding early-type galaxies (Sect. 2). We use a single empiri-
cal stellar library with a trustworthy flux calibration (Sect. 2.1)
with homogenous stellar parameters (Paper I) and empirical
transformations from the theoretical to the observational plane
(Sect. 2.3). Therefore, our models are the first at intermediate
resolution purely based on empirical spectra in the NIR range.
The comparisons presented here show the power of our mod-
els for the analysis of old stellar populations like early-type
galaxies.
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Fig. 16. Comparison of line-strength indices Na I and DCO for our three
models (MarS, GirS and BaSS) at solar metallicity with Conroy &
van Dokkum (2012, C12). All models were convolved to a velocity dis-
persion of 350 km s−1 before measuring indices.

In this work we present SSP models synthesised with the
IRTF spectral library, for ages from 1 to 14 Gyr and [Z/Z�]
from −0.70 to 0.20 dex, over a wavelength range from 0.94
to 2.41 μm.

By using three different sets of isochrones, we can see
the relevance of different prescriptions for stellar evolution
and their influence on the SEDs, integrated colours and in-
dices. We have shown that the choice of isochrones is very
important in determining the output for young ages, where the
AGB dominates.

The colour−colour trends that our models show are a good
match to the colours of elliptical galaxies. We also compare
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Fig. 17. Comparison of integrated colours for our three models (MarS,
GirS and BaSS) at solar metallicity with literature values: Bruzual
& Charlot (2003, B03), Vazdekis et al. (2010, V10), Conroy &
van Dokkum (2012, C12) and Maraston et al. (2009, M09).

indices of observed galaxies by smoothing the SEDs of our
models and the observations to the same velocity dispersion
(Fig. 12). Our models reproduce the DCO index of elliptical
galaxies, giving confidence to the predictive power of our mod-
els. Our model SEDs compare well with other models in the
literature, taking into account that detailed predictions for line
strengths in this wavelength region in the literature are very
scarce.

The models presented in this work use a Salpeter IMF (see
Sect. 2.2). Nonetheless, we are aware that even though re-
cent studies provide evidence that the IMF is largely invariant
throughout the Local Group (e.g. Kroupa 2014, and references
therein) this may not apply outside of it, especially for ellipti-
cal galaxies (e.g. Cappellari et al. 2012). We will make a deeper
analysis of the impact of different types of IMFs on stellar pop-
ulation studies in a future publication.

Our models can be used to study the SEDs of galaxies in a
versatile way with full-spectrum fitting or focusing on selected
features. Our models, based on a empirical stellar spectral li-
brary with moderate resolution, reproduce the NIR observations
of clusters and galaxies, as desired. In Paper III, we will use both
approaches to analyse the spectra of a sample of field and cluster

galaxies, and derive their stellar population properties such as
ages and metallicities.
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Appendix A: Zoom in to individual bands

In this section, we present the spectral energy distribution of our single stellar population models over the J, H and K-bands. Figures A.1 to A.3
present the SEDs at solar metallicity and different ages. Figures A.4 to A.6 present the SEDs at solar metallicity and different ages.
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Fig. A.1. Same as Fig. 7 except over the J-band (1.04−1.44 μm).

A97, page 17 of 26

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201423838&pdf_id=18


A&A 582, A97 (2015)

0.96

0.98

1.00

1.02

1.5 1.6 1.7 1.8

R
at

io
s

Wavelength (μm)

14.0 Gyr / 7.00 Gyr

0.9

1.0

1.1

R
at

io
s

7.00 Gyr / 1.00 Gyr
14.0 Gyr / 1.00 Gyr

0.5

1.0

1.5

2.0

F
/F

1.
65

 μ
m

+
co

ns
ta

nt
MarS

1.00 Gyr
7.00 Gyr
14.0 Gyr

1.5 1.6 1.7 1.8

Wavelength (μm)

GirS

1.5 1.6 1.7 1.8

Wavelength (μm)

BaSS

Fig. A.2. Same as Fig. 7 expect over the H-band (1.46−1.84 μm).
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Fig. A.5. Same as Fig. 8 expect over the H-band (1.46−1.84 μm).
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Appendix B: Integrated colours and line-strength indices from our models

These are the integrated colours and the line strength indices from the spectral energy distributions of the our single stellar population. The SEDs
were convolved to a velocity dispersion of 350 km s−1 before calculating indices.

Table B.1. Integrated colours and abundances for the MarS models as a function of age and metallicity.

Age (Gyr) [Z/Z�] (J − K) (J − H) (H − K) Na I (Å) Fe I (Å) Ca I (Å) Mg I (Å) DCO (mag)

1.00 −0.70 0.987 0.700 0.287 2.290 1.412 2.129 0.028 1.190
1.12 −0.70 1.004 0.716 0.288 2.361 1.443 2.200 0.048 1.200
1.25 −0.70 1.014 0.723 0.290 2.290 1.430 2.139 0.040 1.194
1.41 −0.70 0.996 0.732 0.264 2.225 1.333 2.145 0.127 1.200
1.58 −0.70 1.054 0.787 0.266 2.686 1.546 2.533 0.104 1.242
1.77 −0.70 1.012 0.755 0.256 2.657 1.518 2.471 0.090 1.233
1.99 −0.70 0.982 0.737 0.245 2.548 1.436 2.382 0.118 1.227
2.23 −0.70 0.962 0.726 0.235 2.500 1.401 2.349 0.125 1.223
2.51 −0.70 0.935 0.703 0.231 2.349 1.281 2.235 0.157 1.212
2.81 −0.70 0.914 0.690 0.224 2.282 1.233 2.188 0.174 1.209
3.16 −0.70 0.908 0.685 0.223 2.262 1.208 2.179 0.186 1.208
3.54 −0.70 0.902 0.678 0.223 2.176 1.138 2.139 0.220 1.205
3.98 −0.70 0.906 0.684 0.222 2.243 1.189 2.174 0.197 1.209
4.46 −0.70 0.848 0.644 0.204 2.014 1.014 2.009 0.250 1.195
5.01 −0.70 0.840 0.640 0.200 1.985 0.990 1.984 0.264 1.194
5.62 −0.70 0.835 0.634 0.201 1.969 0.959 1.963 0.268 1.190
6.31 −0.70 0.833 0.633 0.199 1.946 0.939 1.944 0.270 1.188
7.08 −0.70 0.830 0.631 0.198 1.935 0.921 1.931 0.273 1.186
7.94 −0.70 0.824 0.628 0.195 1.917 0.900 1.917 0.276 1.183
8.91 −0.70 0.822 0.626 0.196 1.911 0.880 1.904 0.278 1.182

10.00 −0.70 0.828 0.628 0.199 1.922 0.879 1.908 0.280 1.181
11.22 −0.70 0.827 0.627 0.199 1.930 0.869 1.909 0.282 1.180
12.59 −0.70 0.822 0.624 0.197 1.910 0.840 1.887 0.284 1.177
14.13 −0.70 0.815 0.620 0.195 1.898 0.820 1.873 0.291 1.175

1.00 −0.40 1.170 0.804 0.365 2.414 1.668 2.196 −0.117 1.180
1.12 −0.40 1.134 0.787 0.346 2.379 1.600 2.201 −0.073 1.184
1.25 −0.40 1.110 0.781 0.328 2.323 1.526 2.189 -0.026 1.187
1.41 −0.40 1.057 0.775 0.282 2.247 1.427 2.199 0.072 1.198
1.58 −0.40 1.044 0.773 0.270 2.391 1.297 2.450 0.219 1.229
1.77 −0.40 0.998 0.743 0.254 2.244 1.184 2.324 0.248 1.217
1.99 −0.40 0.986 0.736 0.249 2.237 1.183 2.303 0.243 1.215
2.23 −0.40 0.970 0.729 0.241 2.215 1.168 2.281 0.247 1.214
2.51 −0.40 0.977 0.731 0.245 2.194 1.139 2.290 0.260 1.212
2.81 −0.40 0.958 0.720 0.238 2.174 1.129 2.249 0.255 1.209
3.16 −0.40 0.928 0.704 0.223 2.119 1.091 2.189 0.265 1.204
3.54 −0.40 0.918 0.698 0.219 2.105 1.078 2.169 0.270 1.203
3.98 −0.40 0.911 0.694 0.216 2.110 1.074 2.162 0.265 1.202
4.46 −0.40 0.906 0.693 0.213 2.091 1.054 2.148 0.270 1.200
5.01 −0.40 0.908 0.693 0.215 2.100 1.044 2.149 0.275 1.199
5.62 −0.40 0.904 0.690 0.213 2.097 1.034 2.142 0.275 1.197
6.31 −0.40 0.894 0.683 0.211 2.088 1.004 2.127 0.277 1.193
7.08 −0.40 0.896 0.684 0.212 2.088 0.993 2.127 0.279 1.192
7.94 −0.40 0.894 0.682 0.211 2.091 0.983 2.119 0.282 1.190
8.91 −0.40 0.890 0.680 0.210 2.083 0.968 2.112 0.287 1.189

10.00 −0.40 0.892 0.681 0.211 2.093 0.958 2.114 0.286 1.188
11.22 −0.40 0.894 0.681 0.212 2.099 0.948 2.120 0.293 1.187
12.59 −0.40 0.887 0.678 0.209 2.110 0.937 2.120 0.292 1.185
14.13 −0.40 0.885 0.677 0.208 2.109 0.922 2.117 0.294 1.184

1.00 0.00 1.120 0.783 0.337 2.207 1.301 2.158 0.062 1.185
1.12 0.00 1.128 0.788 0.340 2.246 1.341 2.174 0.057 1.185
1.25 0.00 1.140 0.795 0.345 2.248 1.319 2.205 0.046 1.186
1.41 0.00 1.148 0.802 0.346 2.239 1.289 2.221 0.064 1.187
1.58 0.00 1.107 0.803 0.304 2.224 1.122 2.406 0.327 1.227
1.77 0.00 1.067 0.782 0.284 2.229 1.143 2.376 0.323 1.224
1.99 0.00 1.046 0.768 0.278 2.197 1.112 2.349 0.338 1.218
2.23 0.00 1.036 0.761 0.275 2.170 1.077 2.310 0.352 1.213
2.51 0.00 1.030 0.760 0.270 2.197 1.106 2.315 0.348 1.213
2.81 0.00 1.025 0.755 0.270 2.149 1.060 2.264 0.370 1.211
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Table B.1. continued.

Age (Gyr) [Z/Z�] (J − K) (J − H) (H − K) Na I (Å) Fe I (Å) Ca I (Å) Mg I (Å) DCO (mag)

3.16 0.00 1.009 0.746 0.263 2.128 1.032 2.224 0.378 1.207
3.54 0.00 1.024 0.757 0.267 2.183 1.063 2.279 0.368 1.208
3.98 0.00 1.015 0.750 0.264 2.157 1.030 2.242 0.383 1.204
4.46 0.00 1.006 0.744 0.262 2.142 1.010 2.222 0.392 1.202
5.01 0.00 1.004 0.743 0.261 2.147 1.012 2.215 0.395 1.202
5.62 0.00 1.005 0.742 0.263 2.142 0.990 2.207 0.405 1.201
6.31 0.00 0.977 0.724 0.252 2.119 0.953 2.154 0.416 1.195
7.08 0.00 0.973 0.722 0.250 2.138 0.955 2.163 0.417 1.195
7.94 0.00 0.974 0.722 0.251 2.153 0.956 2.161 0.420 1.194
8.91 0.00 0.973 0.723 0.250 2.171 0.947 2.181 0.416 1.192

10.00 0.00 0.963 0.715 0.247 2.158 0.927 2.138 0.426 1.190
11.22 0.00 0.967 0.718 0.248 2.192 0.933 2.178 0.427 1.190
12.59 0.00 0.961 0.714 0.247 2.172 0.896 2.151 0.439 1.188
14.13 0.00 0.963 0.715 0.247 2.203 0.902 2.168 0.435 1.188

1.00 0.20 1.181 0.812 0.368 2.191 1.320 2.117 0.016 1.176
1.12 0.20 1.157 0.810 0.347 2.205 1.388 2.097 0.022 1.176
1.25 0.20 1.124 0.789 0.335 2.149 1.315 2.050 0.059 1.175
1.41 0.20 1.116 0.790 0.326 2.144 1.307 2.062 0.075 1.177
1.58 0.20 1.181 0.850 0.330 2.269 1.130 2.486 0.343 1.229
1.77 0.20 1.031 0.759 0.271 2.172 1.076 2.297 0.340 1.211
1.99 0.20 1.018 0.752 0.266 2.198 1.091 2.290 0.339 1.210
2.23 0.20 1.003 0.744 0.259 2.152 1.048 2.226 0.363 1.206
2.51 0.20 0.990 0.736 0.253 2.095 1.003 2.167 0.383 1.203
2.81 0.20 0.993 0.740 0.252 2.090 0.986 2.199 0.386 1.200
3.16 0.20 0.986 0.735 0.251 2.112 0.999 2.149 0.394 1.201
3.54 0.20 0.978 0.734 0.243 2.153 1.025 2.176 0.386 1.201
3.98 0.20 0.974 0.731 0.243 2.113 0.979 2.150 0.405 1.198
4.46 0.20 0.969 0.728 0.240 2.108 0.964 2.151 0.409 1.196
5.01 0.20 0.959 0.720 0.239 2.084 0.930 2.117 0.421 1.192
5.62 0.20 0.960 0.721 0.239 2.085 0.913 2.128 0.430 1.191
6.31 0.20 0.958 0.721 0.236 2.129 0.927 2.173 0.423 1.191
7.08 0.20 0.954 0.717 0.237 2.118 0.891 2.143 0.443 1.188
7.94 0.20 0.953 0.718 0.235 2.248 0.975 2.206 0.415 1.192
8.91 0.20 0.943 0.712 0.231 2.224 0.929 2.184 0.439 1.188

10.00 0.20 0.940 0.708 0.232 2.174 0.866 2.144 0.463 1.184
11.22 0.20 0.938 0.708 0.229 2.190 0.855 2.161 0.470 1.182
12.59 0.20 0.942 0.710 0.231 2.190 0.837 2.160 0.477 1.181
14.13 0.20 0.944 0.713 0.230 2.244 0.852 2.236 0.462 1.181
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Table B.2. Integrated colours and abundances for the GirS models as a function of age and metallicity.

Age (Gyr) [Z/Z�] (J − K) (J − H) (H − K) Na I (Å) Fe I (Å) Ca I (Å) Mg I (Å) DCO (mag)

1.00 −0.70 0.906 0.667 0.238 2.221 1.229 2.159 0.203 1.213
1.12 −0.70 0.900 0.663 0.237 2.205 1.214 2.144 0.206 1.212
1.26 −0.70 0.891 0.661 0.229 2.140 1.171 2.098 0.217 1.207
1.41 −0.70 0.875 0.658 0.217 2.042 1.102 2.028 0.239 1.201
1.58 −0.70 0.922 0.689 0.232 2.187 1.178 2.177 0.241 1.216
1.78 −0.70 0.898 0.673 0.224 2.119 1.122 2.116 0.249 1.209
2.00 −0.70 0.883 0.665 0.218 2.061 1.075 2.065 0.259 1.204
2.24 −0.70 0.877 0.662 0.214 2.035 1.052 2.044 0.263 1.201
2.51 −0.70 0.869 0.657 0.212 2.016 1.036 2.024 0.266 1.199
2.82 −0.70 0.861 0.651 0.209 1.986 1.010 1.996 0.271 1.197
3.16 −0.70 0.858 0.649 0.208 1.980 1.000 1.987 0.272 1.195
3.55 −0.70 0.853 0.646 0.207 1.969 0.984 1.976 0.274 1.194
3.98 −0.70 0.851 0.644 0.207 1.961 0.972 1.967 0.277 1.193
4.47 −0.70 0.839 0.635 0.203 1.934 0.942 1.938 0.279 1.189
5.01 −0.70 0.839 0.636 0.203 1.933 0.933 1.935 0.282 1.188
5.62 −0.70 0.830 0.629 0.201 1.916 0.907 1.911 0.281 1.185
6.31 −0.70 0.830 0.629 0.200 1.914 0.899 1.907 0.285 1.184
7.08 −0.70 0.828 0.628 0.200 1.905 0.883 1.898 0.288 1.182
7.94 −0.70 0.828 0.627 0.200 1.907 0.870 1.894 0.290 1.181
8.91 −0.70 0.826 0.625 0.200 1.897 0.854 1.880 0.293 1.179

10.00 −0.70 0.823 0.623 0.200 1.897 0.840 1.873 0.294 1.177
11.20 −0.70 0.821 0.622 0.198 1.898 0.832 1.876 0.294 1.175
12.60 −0.70 0.818 0.620 0.198 1.894 0.811 1.864 0.298 1.173
14.10 −0.70 0.814 0.617 0.197 1.887 0.794 1.857 0.297 1.171

1.00 −0.40 0.918 0.678 0.240 2.076 1.206 2.024 0.157 1.189
1.12 −0.40 0.913 0.677 0.235 2.054 1.186 2.012 0.166 1.188
1.26 −0.40 0.916 0.689 0.226 2.021 1.162 2.006 0.190 1.190
1.41 −0.40 0.956 0.716 0.240 2.116 1.241 2.084 0.174 1.197
1.58 −0.40 0.935 0.705 0.229 2.109 1.098 2.187 0.262 1.206
1.78 −0.40 0.933 0.705 0.227 2.111 1.097 2.192 0.264 1.206
2.00 −0.40 0.914 0.694 0.220 2.070 1.065 2.154 0.269 1.203
2.24 −0.40 0.906 0.690 0.215 2.055 1.053 2.138 0.271 1.201
2.51 −0.40 0.903 0.690 0.213 2.045 1.041 2.127 0.276 1.199
2.82 −0.40 0.897 0.687 0.210 2.048 1.041 2.119 0.276 1.199
3.16 −0.40 0.883 0.678 0.204 2.012 1.005 2.083 0.282 1.194
3.55 −0.40 0.877 0.676 0.201 2.000 0.990 2.066 0.286 1.193
3.98 −0.40 0.877 0.676 0.201 2.003 0.986 2.063 0.285 1.192
4.47 −0.40 0.876 0.675 0.201 2.010 0.983 2.068 0.286 1.191
5.01 −0.40 0.871 0.671 0.199 2.006 0.965 2.053 0.290 1.189
5.62 −0.40 0.872 0.673 0.199 2.013 0.962 2.056 0.291 1.189
6.31 −0.40 0.870 0.671 0.199 2.016 0.950 2.052 0.293 1.187
7.08 −0.40 0.867 0.668 0.199 2.027 0.931 2.055 0.293 1.184
7.94 −0.40 0.867 0.667 0.200 2.035 0.920 2.056 0.293 1.183
8.91 −0.40 0.867 0.667 0.199 2.040 0.914 2.058 0.298 1.182

10.00 −0.40 0.869 0.668 0.201 2.054 0.906 2.070 0.300 1.182
11.20 −0.40 0.871 0.669 0.202 2.066 0.905 2.080 0.301 1.181
12.60 −0.40 0.875 0.670 0.204 2.089 0.902 2.097 0.302 1.181
14.10 −0.40 0.879 0.672 0.206 2.110 0.898 2.114 0.303 1.180

1.00 0.00 0.945 0.687 0.258 1.955 1.124 1.898 0.179 1.169
1.12 0.00 0.939 0.684 0.254 1.943 1.110 1.889 0.188 1.168
1.26 0.00 0.937 0.690 0.246 1.929 1.095 1.895 0.206 1.171
1.41 0.00 0.934 0.696 0.238 1.921 1.083 1.910 0.228 1.174
1.58 0.00 0.956 0.715 0.241 2.035 1.015 2.154 0.349 1.201
1.78 0.00 0.953 0.713 0.239 2.068 1.031 2.168 0.351 1.200
2.00 0.00 0.931 0.700 0.230 2.038 1.011 2.127 0.362 1.197
2.24 0.00 0.930 0.701 0.229 2.049 1.006 2.138 0.365 1.196
2.51 0.00 0.930 0.701 0.229 2.042 0.994 2.127 0.374 1.194
2.82 0.00 0.933 0.702 0.230 2.030 0.979 2.102 0.386 1.194
3.16 0.00 0.936 0.705 0.230 2.057 0.985 2.122 0.391 1.194
3.55 0.00 0.944 0.709 0.234 2.064 0.967 2.124 0.397 1.193
3.98 0.00 0.937 0.706 0.231 2.054 0.953 2.104 0.406 1.191
4.47 0.00 0.933 0.703 0.229 2.073 0.961 2.121 0.402 1.191
5.01 0.00 0.936 0.703 0.232 2.050 0.930 2.082 0.418 1.189
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Table B.2. continued.

Age (Gyr) [Z/Z�] (J − K) (J − H) (H − K) Na I (Å) Fe I (Å) Ca I (Å) Mg I (Å) DCO (mag)

5.62 0.00 0.937 0.704 0.232 2.069 0.934 2.103 0.415 1.189
6.31 0.00 0.929 0.697 0.232 2.073 0.908 2.079 0.428 1.186
7.08 0.00 0.931 0.698 0.233 2.090 0.907 2.091 0.429 1.186
7.94 0.00 0.934 0.699 0.234 2.115 0.909 2.113 0.427 1.185
8.91 0.00 0.935 0.699 0.236 2.105 0.883 2.096 0.436 1.185

10.00 0.00 0.933 0.697 0.236 2.105 0.868 2.081 0.445 1.183
11.20 0.00 0.943 0.704 0.239 2.162 0.893 2.148 0.436 1.184
12.60 0.00 0.946 0.701 0.245 2.109 0.828 2.059 0.472 1.182
14.10 0.00 0.954 0.705 0.249 2.126 0.823 2.055 0.478 1.182

1.00 0.20 0.898 0.658 0.240 1.848 1.011 1.831 0.208 1.160
1.12 0.20 0.898 0.658 0.239 1.837 0.996 1.827 0.213 1.160
1.26 0.20 0.898 0.661 0.237 1.810 0.970 1.810 0.226 1.159
1.41 0.20 0.905 0.675 0.229 1.828 0.979 1.852 0.244 1.165
1.58 0.20 0.989 0.735 0.253 1.975 0.952 2.125 0.390 1.203
1.78 0.20 0.909 0.687 0.222 1.891 0.876 2.024 0.396 1.188
2.00 0.20 0.905 0.685 0.220 1.891 0.873 2.013 0.399 1.187
2.24 0.20 0.902 0.684 0.218 1.863 0.838 1.956 0.427 1.184
2.51 0.20 0.910 0.688 0.221 1.888 0.850 1.965 0.430 1.185
2.82 0.20 0.908 0.691 0.216 1.927 0.872 2.005 0.421 1.186
3.16 0.20 0.918 0.694 0.224 1.911 0.849 1.957 0.444 1.186
3.55 0.20 0.923 0.700 0.223 1.934 0.861 1.983 0.443 1.186
3.98 0.20 0.924 0.700 0.224 1.957 0.859 1.996 0.447 1.187
4.47 0.20 0.927 0.703 0.223 1.974 0.864 2.017 0.443 1.186
5.01 0.20 0.920 0.697 0.222 1.987 0.853 2.014 0.449 1.185
5.62 0.20 0.925 0.700 0.224 2.013 0.857 2.036 0.450 1.185
6.31 0.20 0.929 0.704 0.224 2.064 0.876 2.092 0.442 1.186
7.08 0.20 0.929 0.702 0.226 2.066 0.849 2.082 0.458 1.184
7.94 0.20 0.935 0.705 0.229 2.109 0.856 2.115 0.461 1.184
8.91 0.20 0.935 0.707 0.228 2.146 0.861 2.160 0.457 1.183

10.00 0.20 0.935 0.704 0.230 2.140 0.828 2.132 0.479 1.181
11.20 0.20 0.939 0.708 0.231 2.167 0.833 2.158 0.475 1.181
12.60 0.20 0.942 0.710 0.232 2.188 0.827 2.168 0.482 1.180
14.10 0.20 0.947 0.715 0.232 2.260 0.861 2.251 0.466 1.182
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Table B.3. Integrated colours and abundances for the BaSS models as a function of age and metallicity.

Age (Gyr) [Z/Z�] (J − K) (J − H) (H − K) Na I (Å) Fe I (Å) Ca I (Å) Mg I (Å) DCO (mag)

1.00 −0.70 0.867 0.659 0.208 1.891 1.067 1.907 0.216 1.186
1.25 −0.70 0.849 0.649 0.199 1.841 1.023 1.874 0.233 1.184
1.50 −0.70 0.842 0.646 0.196 1.825 1.004 1.861 0.243 1.183
1.75 −0.70 0.824 0.640 0.183 1.834 0.957 1.899 0.287 1.191
2.00 −0.70 0.821 0.637 0.183 1.825 0.948 1.882 0.293 1.190
2.25 −0.70 0.819 0.636 0.183 1.812 0.938 1.869 0.297 1.190
2.50 −0.70 0.814 0.632 0.181 1.798 0.927 1.857 0.299 1.188
2.75 −0.70 0.813 0.631 0.181 1.799 0.927 1.855 0.300 1.189
3.00 −0.70 0.810 0.629 0.180 1.797 0.925 1.855 0.300 1.188
3.25 −0.70 0.807 0.628 0.178 1.789 0.920 1.853 0.300 1.188
3.50 −0.70 0.807 0.628 0.178 1.792 0.922 1.856 0.302 1.188
3.75 −0.70 0.808 0.629 0.179 1.792 0.921 1.857 0.303 1.188
4.00 −0.70 0.806 0.627 0.178 1.788 0.917 1.852 0.305 1.188
4.50 −0.70 0.810 0.630 0.180 1.790 0.919 1.856 0.308 1.189
5.00 −0.70 0.812 0.631 0.181 1.794 0.921 1.858 0.309 1.189
5.50 −0.70 0.809 0.628 0.181 1.787 0.914 1.847 0.311 1.188
6.00 −0.70 0.813 0.631 0.182 1.795 0.918 1.855 0.312 1.188
6.50 −0.70 0.816 0.632 0.183 1.800 0.920 1.859 0.313 1.189
7.00 −0.70 0.820 0.635 0.185 1.806 0.922 1.863 0.315 1.189
7.50 −0.70 0.822 0.635 0.186 1.807 0.921 1.863 0.317 1.189
8.00 −0.70 0.824 0.637 0.187 1.811 0.922 1.866 0.317 1.189
8.50 −0.70 0.828 0.639 0.189 1.818 0.926 1.871 0.317 1.189
9.00 −0.70 0.831 0.641 0.190 1.825 0.929 1.877 0.316 1.189
9.50 −0.70 0.834 0.642 0.192 1.831 0.931 1.880 0.318 1.190

10.00 −0.70 0.836 0.642 0.193 1.836 0.933 1.883 0.319 1.190
11.00 −0.70 0.840 0.645 0.195 1.849 0.940 1.894 0.319 1.191
12.00 −0.70 0.840 0.644 0.196 1.857 0.942 1.898 0.319 1.191
13.00 −0.70 0.839 0.642 0.197 1.861 0.943 1.898 0.319 1.191
14.00 −0.70 0.838 0.641 0.197 1.871 0.949 1.904 0.317 1.192

1.00 −0.40 0.920 0.691 0.228 1.942 1.172 1.941 0.158 1.181
1.25 −0.40 0.898 0.682 0.215 1.912 1.130 1.938 0.188 1.183
1.50 −0.40 0.883 0.676 0.206 1.883 1.094 1.927 0.212 1.183
1.75 −0.40 0.860 0.669 0.191 1.882 0.992 2.005 0.294 1.194
2.00 −0.40 0.857 0.667 0.189 1.874 0.986 1.997 0.298 1.193
2.25 −0.40 0.856 0.667 0.189 1.876 0.986 1.997 0.298 1.193
2.50 −0.40 0.856 0.667 0.189 1.873 0.983 1.994 0.299 1.193
2.75 −0.40 0.856 0.666 0.189 1.872 0.980 1.993 0.299 1.193
3.00 −0.40 0.855 0.666 0.189 1.871 0.979 1.991 0.300 1.192
3.25 −0.40 0.857 0.667 0.189 1.878 0.982 1.998 0.300 1.193
3.50 −0.40 0.859 0.668 0.190 1.887 0.988 2.004 0.299 1.193
3.75 −0.40 0.858 0.667 0.190 1.884 0.984 2.000 0.301 1.193
4.00 −0.40 0.860 0.669 0.191 1.891 0.988 2.007 0.300 1.193
4.50 −0.40 0.863 0.671 0.192 1.899 0.990 2.015 0.301 1.193
5.00 −0.40 0.864 0.671 0.193 1.905 0.991 2.020 0.301 1.193
5.50 −0.40 0.868 0.674 0.194 1.916 0.998 2.029 0.301 1.193
6.00 −0.40 0.872 0.676 0.195 1.925 1.001 2.037 0.302 1.194
6.50 −0.40 0.873 0.677 0.196 1.928 1.000 2.040 0.303 1.193
7.00 −0.40 0.875 0.677 0.197 1.934 1.002 2.047 0.304 1.194
7.50 −0.40 0.877 0.679 0.198 1.940 1.005 2.053 0.303 1.194
8.00 −0.40 0.881 0.682 0.199 1.948 1.008 2.060 0.303 1.194
8.50 −0.40 0.885 0.684 0.200 1.956 1.011 2.069 0.303 1.194
9.00 −0.40 0.887 0.685 0.202 1.964 1.014 2.076 0.303 1.194
9.50 −0.40 0.889 0.686 0.203 1.969 1.015 2.081 0.303 1.194

10.00 −0.40 0.892 0.687 0.204 1.976 1.017 2.088 0.303 1.195
11.00 −0.40 0.895 0.689 0.206 1.994 1.026 2.102 0.301 1.195
12.00 −0.40 0.894 0.688 0.205 1.993 1.020 2.102 0.306 1.195
13.00 −0.40 0.895 0.689 0.206 2.009 1.030 2.116 0.303 1.195
14.00 −0.40 0.897 0.690 0.207 2.015 1.030 2.124 0.305 1.195

1.00 0.00 0.994 0.724 0.269 2.016 1.166 2.020 0.178 1.184
1.25 0.00 0.961 0.708 0.252 1.984 1.103 2.039 0.222 1.186
1.50 0.00 0.939 0.701 0.238 1.942 1.083 1.984 0.264 1.186
1.75 0.00 0.920 0.695 0.224 1.923 0.984 2.029 0.375 1.198
2.00 0.00 0.920 0.695 0.224 1.913 0.971 2.020 0.383 1.197
2.25 0.00 0.921 0.696 0.225 1.910 0.965 2.019 0.387 1.197
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Table B.3. continued.

Age (Gyr) [Z/Z�] (J − K) (J − H) (H − K) Na I (Å) Fe I (Å) Ca I (Å) Mg I (Å) DCO (mag)

2.50 0.00 0.925 0.697 0.227 1.915 0.966 2.016 0.392 1.196
2.75 0.00 0.927 0.699 0.228 1.919 0.965 2.026 0.394 1.196
3.00 0.00 0.928 0.699 0.228 1.918 0.964 2.021 0.398 1.196
3.25 0.00 0.932 0.703 0.229 1.945 0.984 2.054 0.390 1.197
3.50 0.00 0.933 0.704 0.229 1.956 0.990 2.066 0.390 1.197
3.75 0.00 0.929 0.701 0.228 1.949 0.982 2.054 0.396 1.196
4.00 0.00 0.930 0.700 0.230 1.933 0.965 2.025 0.408 1.195
4.50 0.00 0.931 0.700 0.230 1.933 0.962 2.020 0.415 1.196
5.00 0.00 0.933 0.700 0.233 1.927 0.951 2.002 0.425 1.195
5.50 0.00 0.938 0.702 0.236 1.919 0.936 1.989 0.436 1.195
6.00 0.00 0.942 0.702 0.240 1.900 0.917 1.944 0.454 1.194
6.50 0.00 0.942 0.704 0.237 1.934 0.940 2.003 0.439 1.195
7.00 0.00 0.944 0.706 0.238 1.938 0.944 1.994 0.442 1.195
7.50 0.00 0.946 0.706 0.239 1.932 0.936 1.982 0.448 1.195
8.00 0.00 0.948 0.707 0.241 1.931 0.929 1.981 0.452 1.194
8.50 0.00 0.949 0.705 0.243 1.905 0.903 1.939 0.470 1.193
9.00 0.00 0.947 0.701 0.245 1.872 0.876 1.882 0.488 1.192
9.50 0.00 0.946 0.707 0.238 1.955 0.942 2.008 0.448 1.195

10.00 0.00 0.947 0.707 0.239 1.955 0.940 2.010 0.450 1.195
11.00 0.00 0.951 0.710 0.241 1.966 0.941 2.030 0.450 1.195
12.00 0.00 0.951 0.711 0.240 1.983 0.951 2.055 0.446 1.195
13.00 0.00 0.958 0.717 0.240 2.013 0.977 2.090 0.434 1.197
14.00 0.00 0.958 0.719 0.239 2.021 0.979 2.101 0.434 1.197

1.00 0.20 0.987 0.718 0.268 1.984 1.085 2.064 0.175 1.178
1.25 0.20 0.977 0.719 0.257 1.956 1.066 2.040 0.220 1.183
1.50 0.20 0.960 0.710 0.250 1.890 1.000 1.949 0.286 1.183
1.75 0.20 0.925 0.699 0.226 1.890 0.950 1.983 0.392 1.196
2.00 0.20 0.931 0.701 0.229 1.883 0.938 1.967 0.404 1.195
2.25 0.20 0.933 0.702 0.230 1.878 0.930 1.959 0.413 1.195
2.50 0.20 0.933 0.703 0.229 1.881 0.930 1.974 0.414 1.194
2.75 0.20 0.935 0.703 0.232 1.868 0.914 1.947 0.427 1.194
3.00 0.20 0.937 0.705 0.231 1.879 0.920 1.971 0.425 1.194
3.25 0.20 0.936 0.705 0.230 1.881 0.919 1.977 0.426 1.194
3.50 0.20 0.939 0.705 0.234 1.860 0.897 1.944 0.442 1.194
3.75 0.20 0.941 0.706 0.234 1.881 0.911 1.970 0.436 1.194
4.00 0.20 0.940 0.705 0.235 1.874 0.900 1.962 0.443 1.194
4.50 0.20 0.941 0.704 0.237 1.847 0.871 1.923 0.462 1.192
5.00 0.20 0.943 0.704 0.239 1.847 0.865 1.912 0.470 1.192
5.50 0.20 0.941 0.703 0.238 1.851 0.861 1.921 0.472 1.192
6.00 0.20 0.944 0.705 0.238 1.859 0.864 1.928 0.473 1.192
6.50 0.20 0.946 0.706 0.239 1.870 0.869 1.945 0.471 1.192
7.00 0.20 0.946 0.705 0.241 1.850 0.846 1.911 0.488 1.191
7.50 0.20 0.949 0.707 0.241 1.867 0.855 1.934 0.486 1.192
8.00 0.20 0.949 0.708 0.240 1.880 0.864 1.946 0.484 1.192
8.50 0.20 0.949 0.709 0.240 1.890 0.870 1.955 0.483 1.193
9.00 0.20 0.952 0.712 0.240 1.904 0.875 1.977 0.482 1.193
9.50 0.20 0.953 0.712 0.241 1.912 0.874 1.986 0.485 1.192

10.00 0.20 0.956 0.714 0.242 1.916 0.871 1.994 0.486 1.193
11.00 0.20 0.959 0.716 0.243 1.928 0.875 2.000 0.490 1.193
12.00 0.20 0.965 0.719 0.245 1.941 0.880 2.012 0.492 1.193
13.00 0.20 0.968 0.721 0.247 1.946 0.876 2.015 0.498 1.193
14.00 0.20 0.975 0.725 0.250 1.953 0.874 2.025 0.501 1.193
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