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1. Introduction

The spinorial geometry technique is an effective tool to solve the Killing spinor equations
of supergravity theories [2]. It is based on the use of gauge symmetry of the Killing spinor
equations, on a description of spinors in terms of forms and on an oscillator basis in the
space of spinors. Recently, it has been adapted to investigate backgrounds with near
maximal number of supersymmetries. In particular it was found that IIB supergravity
backgrounds with 31 supersymmetries, N = 31, are maximally supersymmetric [3]. This
was extended in [4], using a different method, to show that ITA N = 31 supergravity
backgrounds are also maximally supersymmetric. Later the spinorial geometry approach
was applied to lower-dimensional supergravities! with similar results [5].

In this paper, we shall show that the N = 31 backgrounds of eleven-dimensional
supergravity [6], termed as preons in [7], admit locally an additional Killing spinor and
so they are maximally supersymmetric. Although this result is similar to those in type 11
supergravities mentioned above, there are some differences. To establish the type II results,
the algebraic Killing spinor equations of type II supergravities have been instrumental. The
remaining parallel transport equations were not explicitly solved and instead the result

!Technical innovations developed for this paper have been applied to establish the results in lower
dimensions. This project precedes those in [5].



followed by an indirect argument. The eleven-dimensional supergravity does not have an
algebraic Killing spinor equation. So to show that the N = 31 backgrounds are locally
isometric to the maximally supersymmetric ones, the parallel transport equation

Dae" =0, r=1,...,31, (1.1)
has to be solved explicitly. For this, one investigates the first integrability condition
Rape” =[Da,Dple" =0, (1.2)

where R is the supercovariant curvature. The stability subgroup, Stab(e), of 31 spinors €
in the holonomy group SL(32,R) is Stab(¢) = R3! [8-10]. Thus the integrability condition
leaves undetermined 31 components of R represented by 31 two-forms u'yz. The task
is to show that these components vanish as well and so the (reduced) holonomy of the
supercovariant connection for 31 Killing spinors is in fact {1}. To do this, we shall use
a modification of the procedure outlined in [3] which utilizes the normal v of the Killing
spinors € and which is explained in the next section. Then we shall use the Bianchi
identities, the field equations and the explicit expression of R in terms of the fields of
eleven-dimensional supergravity to show that the supercovariant curvature vanishes, R =
0. The latter condition is sufficient to demonstrate that the N = 31 backgrounds are
locally isometric to the maximally supersymmetric ones. The maximally supersymmetric
backgrounds have been classified in [11], and has been shown to be locally isometric to
Minkowski space R!®!, the Freund-Rubin [12] spaces AdS; x ST and AdS; x S*, and the
Kowalski-Glikman plane wave [13], see also [14].

On non-simply connected spacetimes, the vanishing of the supercovariant curvature,
R = 0, does not always imply the existence of 32 linearly independent solutions for the
parallel transport equation (1.1). There is also the additional subtlety of the existence
of different spin structures on non-simply connected spacetimes. Since we show that the
N = 31 backgrounds are locally isometric to the maximally supersymmetric ones, one may
be able to construct N = 31 supersymmetric backgrounds by identifying one of the maximal
supersymmetric ones with a discrete subgroup of its symmetry group. A large class of such
backgrounds were constructed in [15] after identification with a cyclic subgroup of the

symmetry group. None of these preserve 31 supersymmetries.?

This may indicate that
non-simply connected backgrounds with N = 31 supersymmetries do not exist but some
further investigation is required to establish this. The absence of N = 31 supersymmetric
backgrounds will be in agreement with a conjecture in [16] which was formulated under
the assumption that the Killing spinors must lie in certain representations of subgroups of
Spin(10,1).

We also show that the N = 15 solutions in type I supergravities are locally maximally
supersymmetric. This easily follows from our result in IIB [3] and the investigation of the
Killing spinor equations of the heterotic supergravity in [17].

The paper has been organized as follows. In section two, we explain the procedure
we use to investigate backgrounds with 31 supersymmetries and collect some useful formu-

lae. In addition, we show that there are two cases to examine depending on the stability

2We thank J. Figueroa O’Farrill for helpful discussions on this point.



subgroup of the normal v to the 31 Killing spinors in Spin(10,1). In section three, we
investigate the N = 31 backgrounds whose normal v has stability subgroup SU(5), and in
section four we examine the N = 31 backgrounds whose normal v has stability subgroup
(Spin(7) x R®) x R. In both cases, we establish that the N = 31 backgrounds are locally
isometric to the maximally supersymmetric ones. In section five, we examine the N = 15
backgrounds of type I supergravities. In section six, we present our conclusions.

2. Supercurvature and Killing spinors

As we have mentioned, a consequence of the Killing spinor equations is the integrability
condition (1.2). In [3], it was proposed to solve this condition directly. This has been
facilitated by first using the gauge symmetry of the Killing spinor equations to choose the
direction of the normal spinor v of the N = 31 Killing spinors. In turn the gauge symmetry
orients the hyperplane of the 31 Killing spinors along particular directions. This simplifies
the expression for the Killing spinors and then using spinorial geometry the condition
Re" = 0 gives rise to a linear system for the various components of the supercurvature.
The linear system can be solved to give the conditions on R imposed by supersymmetry.
Although this is the original way that we have tackled the problem, it turns out there is a
simpler way to explore the integrability condition (1.2). For this let ¢, r=1,..., N, be a
basis in the space of Killing spinors and extend it as (¢",€%), ¢ = N + 1,...,32 to a basis
in the space of spinors. Then observe that the supercovariant curvature for a background
with IV Killing spinors can be written as

RuNab = Unnrp €V + Uninpg €511 (2.1)
where vP are normal to the Killing spinors, a,b =1,...,32 are spinor indices,
B(e",v?) =0, (2.2)

and U are spacetime dependent two-forms. (Throughout this paper we use the conventions
of [18].) Clearly (2.1) satisfies the integrability condition (1.2) because of (2.2). Since the
holonomy of the supercovariant connection is contained in SL(32,R), one finds that

UMnNpg B(€,v?) =0. (2.3)

Taking into account this condition, the number of independent two-forms U that appear
in (2.1) is 322 — 32N — 1 which is the dimension of the stability subgroup SL(32 — N, R) x
(@NR3*N) of N spinors in SL(32,R), see [8—10, 19].

In many cases of interest, the Killing spinors can be (locally) expressed in terms of a
convenient basis n" as

€ =fn, (2.4)

where f is an N x N invertible matrix of spacetime functions. If (n",7P) is a basis in the
space of spinors, then (2.1) can be written as

_ D ~ q
RMN,ab = UMN,rp MgVy + UMN,pq ThV), » (2.5)



where U and u are related in a straightforward way.
The supercurvature can be written as

5
1
Rarwap = Y 11 (Thin) s az.a, (D042 )0, (2.6)
k=1""

where T% depends on the frame e and four-form field strength F of eleven-dimensional
supergravity. The relevant expressions® can be found in [20, 11]. It is also known that

1 (—1)k! AL As.. A
77a€b - ﬁ Z TB(% I‘A1AQ-..A;€0) (P 1z k)ab . (2’7)
k=0 ’

This in particular implies that
(_1)k+1

(THN) AL Az Ay = T[UMN,z‘p B(',T 4y Ay... 4, V") + unin pg B, T 4y 4,...4,%))(2.8)

subject to the condition (2.3) which can now be rewritten as
upNpg B, v7) = 0. (2.9)

The conditions (2.8) are equivalent to those that arise from the direct solution of the
integrability condition (1.2). The advantage is that (2.8) is more easy to handle.

The conditions (2.8) and (2.9) can be easily adapted to backgrounds with 31 super-
symmetries to find

—1 k+1

(T]]\C4N)A1A2~~Ak - TUMN,TB(HT7FA1A2-~AICV) . (2'10)

The second term in the r.h.s of (2.8) vanishes because of (2.9). This formula is consistent
with the requirement that the holonomy of the supercovariant connection for N = 31
configurations is in R3!,

Apart from the restrictions required by holonomy and described above, the superco-
variant curvature R satisfies additional conditions which arise from the field equations, the
Bianchi identities of the Riemann curvature R of the spacetime and of the four-form field
strength I’ of eleven-dimensional supergravity, and the explicit expression of the compo-
nents of R in terms of the fields. We can derive some of them by observing that TVR /v is
a linear combination of field equations and Bianchi identities, and so it necessarily vanishes.
In turn this leads to the vanishing of the following linear combinations of the components
of R:

2 4
(TM[PI)P2P3] B %(TMN)PIPZPS =0, (TJ?4[P1)P2P3P4] + i(T&N)P1~-P4 =0,
1
(T]A\l/[[Pl)P2~~P5] - ﬁE}Dl...pE)Ql QG(T]%Ql)QT”Qﬁ =0. (2.11)

3There are some apparent typos in the expression for R in [11].



The second and third of these equations are consequences of the Einstein and F' field
equations, respectively. We shall also use the additional conditions

(Tuw)e = Tiyn)ey,  (Tan)ee = Teglun s (Thyw)por =0,  (212)

which can be easily derived by inspecting the explicit expressions of T* in terms of the
physical fields in [11] and by using the Bianchi identity of F'. Observe that the first condition
in (2.11) is a consequence of the first condition in (2.12). It will turn out that (2.11), (2.12),
the expression of T in terms of the physical fields and the conditions (2.10) are sufficient
for the proof that we shall present.

It has been known for some time that there are two kinds of orbits of Spin(10, 1) in the
space of Majorana spinors of eleven-dimensional supergravity. One has stability subgroup
SU(5) and the other has stability subgroup (Spin(7) x R®) x R [21, 22]. Therefore, there
are two cases of N = 31 backgrounds to explore depending on in which orbit the normal
v of the Killing spinors lies. This is similar to the N = 31 IIB backgrounds in [3]. The
Killing spinor equations for the associated N = 1 eleven-dimensional backgrounds have
been solved in [23]. We shall investigate the two N = 31 cases separately.

3. SU(5)-invariant normal

3.1 Integrability conditions

To derive the conditions that the integrability of the Killing spinor equations imposes on the
supercurvature, without loss of generality, we choose the normal of the 31 Killing spinors
as

v=1+eis5, (3.1)
in the “time-like” spinor basis of [18]. Then the Killing spinors can be written as
¢ = [, (3.2)

where f is a 31 x 31 invertible matrix of real spacetime functions and 7® is a basis of 31
linearly independent Majorana spinors. This basis can be chosen as

0
n =v=1+e12345, .
k_ . 41929394 5+k _ 41929394
n" = —ilex — Iek €qiqagzaq) s 1 = e+ Iek €q1q2q3qa >
Kl 1 . NV 1 :
n =€k — gequlqmjeqwzqa s 0 =i(en + gequlqmjeqwzq‘%) ) (3.3)
where k,l = 1,...,5. Observe that the linearly independent Majorana spinor i — ie19345 is

not orthogonal to the normal v and so it has been excluded from the basis. It is convenient
for what follows to set 80 = n° and then choose a ‘holomorphic’ basis for the rest of the
spinors as

P — 7704 + ina+5 , 907 = ,’704 _ Z"I’]OH_S ’
s — naﬁ + iﬁo‘ﬂ ’ s —



i.e. decompose 31 = 1535010410 in SU(5) representations and so r = (0, o, @, a3, af3).
This has the advantage that the conditions (2.10) can be expressed in an SU(5) covariant
manner.

To find the conditions that arise from the integrability condition (2.10), it is necessary
to compute the spinor bi-linear forms. These have been presented in appendix A. It is then
straightforward to see that (2.10) implies that

1 .
upno =—(Tyn)os  umnN. = (Thn)as UMNa8 = ﬁl(TﬁN)aﬂ . (3.5)

In addition, (2.10) gives

(T%)oa = i(T)a
(T%)0p = —iga5(T" )0,
(T%)opip, = —i(T*)p,5, »
(T3)0a,§ =0,
(T)gm = 3V263,3,8,"* (T)ar0s
(Tg)a5152 = _2(T1)[51952]0¢’
(T4)0B15253 = _%\@i6513233a1a2 (T2)0110127
(T4)OO¢B152 = 2i(T1)[51952]a7 B
(T4)a1a2a3a4 = _2\/560410420430445(T1)57
(T4)01515’25’3 = 3(T2)[515295’3]a’
(T4)Oé1042’71’72 = 07 ~
(T5)0a1a2a3a4 = 2ﬂi€a1a2a3a4B(Tl)B7
(T)oaps e = 3(T°)(31a9s)a
(T*)oarasinfe = —2(T")090s (5 95s]an »
(T%) a0 = 2V 2060, 05 (T )0
:(rjj)“ﬁlﬁwgm = —V265,5,5,5," (T")ar

1
( )041042515253 = _6(T )[519|a1|[§2953]o¢27 (36)

where we have suppressed the two-form indices. Observe that all 7% have been expressed
in terms of 7! and T2. The above conditions are equivalent to the integrability condi-
tion Re” = 0. Clearly, they do not imply that R = 0. It now remains to impose the
conditions (2.11) and (2.12).

3.2 Solving the conditions

We shall first show using (2.11), (2.12) and (3.6) that 7" vanishes. For this observe
that (3.6) together with the skew-symmetry of T, (2.12), implies that

(TOQa),[ﬁ = _iT()laO 98y = 0. (37)

Using the symmetry property of 72 in (2.12), this leads to

(T3)0a = iTaps =0, (3.8)



and hence the (2,1) and (1,2) parts of 7! vanish. Turning to the field equations, using the
Einstein equation in (2.11) and (3.6), we find that

Too® = Toas =0, (T2)5" = —2iT01a5. (3.9)
Similarly, the gauge field equation in (2.11) leads to
Thg, =0. (3.10)

The only remaining component of T is the traceless part of T&a 5 Its relation to 72 is

2 1
(TOéB)'YS = _ZTO(XB g,yg . (311)
Tracing this expression with g'yg and using the symmetry in the two pairs of indices of T2,
this gives
2 1 . 1
(Tag)ﬂ = =5l 5 = 19,310, = 0. (3.12)

The last equality follows from (3.9). Therefore T* = 0.

It remains to show 72 = 0 as well. An inspection of the conditions we have derived
above reveal that the only non-vanishing components are (T(zﬂ),ﬂ; and (Tazﬁ),-yg. The former
vanishes because of the Bianchi identity of T3, (2.12), involving skew-symmetry in two
holomorphic and three anti-holomorphic indices, and the the relation of 7% to 72 in (3.6).
To continue, first observe that from (3.9) and 7" = 0, we find that

(T2,)537=0. (3.13)

Next we shall use the expression of 7! and T° in terms of the fluxes F' which can be found
n [11]. The condition 7" = 0 implies that F' A F' = 0 which in turn implies that

(Tin)ror = s(VuENPor — VNFMPQR) - (3.14)

Now consider the case where all five indices are holomorphic. This component of T° is
subject to two additional conditions. The first follows from the Bianchi identity for the
gauge field, which states that

(Tp3) 28384 = 15 (VaFpy-5, + 4V (3, Fg,p,8400) = 0. (3.15)

The second condition follows from the relation between 7% and T2 in (3.6) and the trace
condition on T2 in (3.13). It implies that

(Tos) sl = §(VaFpps + Vg, Foypapia) = 0- (3.16)

Comparing (3.15) and (3.16), we deduce that V,F3,..3, = 0. From this it follows that
the T3 component with five holomorphic indices vanishes, and this implies that (To%ﬁ)ﬁ/g =0.
Therefore T2 = 0.

As we have already mentioned a direct inspection of (3.6) reveals that all T* are
determined in terms of 7! and 72. Thus 7% = 0 and so R = 0. Therefore, the reduced
holonomy of N = 31 backgrounds with an SU(5)-invariant normal is {1}, and so these
backgrounds are locally isometric to the maximally supersymmetric ones.



4. (Spin(7) x R®) x R-invariant normal

4.1 Integrability conditions

The null case can be investigated in a similar way. For this we use the null basis of [18]
and choose the normal spinor as

v=14e1234 . (41)

A basis in the space of Majorana spinors orthogonal to v is

L+ e1234, (1 —e1231), iles — era3as),
ep + 5EP0102036010203 , z'(ep _ §€P01U2036010203) ,
€p5 + %6p01020360102035 > Z'(ep5 B %6p01020360102035) )
i(€p1p2 + %eplpzmuzemm)7 €pips — %eplpzuluzemm ,
i(€py pos + %e”lpwl“?e“wﬁ,), €prpos — %Empzmuzemuzs ) (4.2)

For the analysis we shall present below, it is convenient to introduce a new SU(4)-covariant
basis as

0% =i(es — e12345), 0T =i(1 —eiasa), 67 =1+ ea34,
2 _
0P = 3—\/'_ep“1”2“36010203 , 0= \/§ep,
2 _
P= \3/;6p01020380102035 5 ep - \/58,;5 )
0777 =V2e,5, 07 =V2ep5, MNuv,po=17234. (4.3)

It is then straightforward to show using (2.10) and the form bi-linears of appendix A
that

Uh = 4Z(T2)H1M ’ U :7 TS\/E(Tl)— ’ u-g = 2\/51.(1;’32—## ) u—P = i\@(TQ)—FM
u, = —16(T),, o ™ up i = 8V2(T?) sy €po™ F2u_pypy = 8(T?)_po (4.4)

where the two-form indices of u and T% have been suppressed. In addition, we find
that (2.10) implies the following relations between the T*:

0
(T%)4- = (T%)4p = (T%)4; = 0,
(T%); = (

|
=

—~
N
[\
~—
hs)
q
I



(T%)—zp = —(T%)—p,
(T9)-po = 1(T*)-4 00
(T3)hpo = (T2)p07
(T3)hp5 = i(Tz)u“(Sp&’

(T3;010203 = 260102037(T1)ﬁ7
(T )0'10'2ﬁ = 25 [0'1( )0'2]7

1
(T%)_po + gepo’”“2 (T%) g, = 0,

(T4)+—hp = _(Tl)pv
(T4)+—pa = (1T2)p07
(T4)+—p5 = —(TQ)H“(S,)&,

4
(T4)+ﬂPU = (T4)+ﬂpﬁ = (T4)+U10203 = (T4)+J102/7 =0,
(T4)—hp0 = (1T3)—pm
(T4)—hp5 = Z(TS) #5p67
(T4)—010203 = 2(T2) Pe 010203 )
(T4)—01025 = 26p[01( )l loa]
(T4)h010203 = _2(T )pe 0102037
(T4)h0102ﬁ - 25p[01( )02]7

(T4)010203U4 = §(T2) €o1020304 5

(1;4)01020'3/3 = 35p[01( )0203] )
(T )§1P25152 = 072
(T )+—hp0 = (T )pov
5 1 2\ W
(T )+—hp6 = E(T )u Ops 5
(T5)+—010203 = 2(T1)p6 0102037
(T5)+—0102p - 25;)[01( )02] )
5 (T5)+h010203 = (T5)+h0102ﬁ =0,
(T )-‘:-01020304 = (T5)+010203ﬁ = (T5)+0102ﬁ1ﬁ2 =0, ,
(T5g—h010203 _2(T ) PE 010203 3
(T )—h0'10'2/7 = 25 [0’1( )| |o'2]7
(T5)—U1020304 = (*(Ts) " 2(T1)—)601020304 )
(1;5)—010203ﬁ = 35 [01( )| |02<173] )
(T )—U1Jzﬁ1ﬁ2 = _2501[p15ﬁ2]02(T )—7
(T5)h01020304 = 7(T2) M€010203047

(T5)h010203ﬁ - 35p[01( )0203] )
(T55)h0102ﬁ1/32 =0, .
(7; )01020304/3 = 2601020304(T )/3 71
(T )01020351/32 = 65P1[01502|p2(T )03] . (4.5)

Observe that all components T% of the supercurvature R are determined in terms of T,
T? and T°.



4.2 Solving the conditions

We shall now use (2.11), (2.12) and the explicit expressions of T% in terms of the physical
fields which can be found in [11] to show that R = 0. Since all the components of R
in this case depend of T, T? and T3, let us first show that 7' = 0. Due to (4.5) and
the skew-symmetry of (T]b ~) P, the only possible non-vanishing components of T up to
complex conjugation are (T, ,)ps, (1), .5, (Thy) = (Ths)—.

p1p2 p1p2
First consider the condition on 72 in (2.12). Taking @ = f, this implies that T satisfies
G10 A
(Tplwz)" - (Tplwz)& - O’ (Tplmz)— - _%6p1p2010'2 (T;162)—’ (Tplf?)— = %(Ti )—gP?T'
(4.6)

Next turn to the conditions in (2.11). From (Thz[_)pﬁ] — %(TfN)—pEN =0, we find

(Tps)— = —(T,")~0ps (4.7)
which implies that
(T)5)- = 0. (4.8)
In addition (T, ,,)- + %(Tg’l N =Y =0 implies that
A 1
A
(T;)lj\) p2— — _2(Tf}1p2)— =+ 1(T§1p2)—uu . (49)

Combining this result with the condition (sz[a)—h] - %(T;‘N)a—nN = 0, which yields

1
(Tfix))\p?_ = _4(T[}1p2)— + Z(Tglpz)—uua (4.10)

we find (T),,)- = 0. Hence T" = 0.

We now turn our attention to 72. From (4.5) and the symmetry property in (2.12),
it follows that (Th;x)p+ = (TP, )N = (TJ%u)MN = 0. Furthermore, (T3 x)po = (T ) MmN
are self-dual, and (T}, y)ps = (T2 )mn are determined in terms of the trace.

Let us first consider the case where all four indices are of SU(4) type. From (TPQN)gN =

0 and (T[:Z 1p2)51 ao5) = 0, we find respectively
A o\ A
(Tp2)\)5' = Tlﬁgp5(T20' ))\ 9 (Tp21p2)5'15'2 = _2(T52'1[p1)(12]5'2 ° (411)
By taking the trace of the second equation, we conclude that these expressions vanish.

Hence the equations imply that (17, ,,)s16, = (T55)s5 = 0. Furthermore, (T[?;IPQ) 0

implies that (ng) 45 = 0. Therefore T? with only SU(4) indices vanishes.
Next we consider the case where one of the indices equals —. From (TpZN)_N =0 and

(Tz[m)pzps] - %(TEN)FHPZPSN = 0, we find that

p3c1l] —

(sz)UU = _4(Tp2 )—A7 (Tz[pl )p2p3] = %GMPZPS&(TE&))\)\ . (412)

In addition, we explore the relations of 7% which arise from (T[?Ep1) paps—] = 0, (T[?Eﬁ) p1pa—] =
0, (TPQ[—)O'10'2] - %(T,?N)—UlazN =0 and (TPQ[_)6162] - %(TsN)—?Tl&zN = 0 to find

3 2
(Th[pl)p2p3]_ - 2(T—[p1)pzp3] )

,10,



(Th35)P1P2— = 4(T2[ )pz]& + Q(Tz‘)mpz - Q(Thg[pl)pz]&— )
(Tpsh)—UlUZ = (Tp2 )0102 - ( plo )| loa] — I(TES\)é(sE)\powz >
(T;)h)—ﬁ&z - (Tp2 )0102 - ( [0’1)| |G2] — 2(T3)\)—565152>\6’ (4'13)

From the two expressions above with three holomorphic indices it follows that

(Tz[pl)PZPS] = 16P1P2P3 (TEO') (4-14)

Combining this with (4.12), we conclude that these expressions vanish, and therefore
(T2 )ox = 0. Then, the definition for (73 ho )p1pa— and its complex conjugate imply that
(TE )ox = 0. Therefore T2 with three SU(4) indices also vanishes.

The only remaining non-vanishing components are (72,)_, and (T2 ,) 5. First, note
that (772 p)_o is symmetric in the interchange of p and o, while in terms of F' it is given by

(sz)—tf = (Tip)—oh = %V—Fp—oh ) (4.15)

which is skew-symmetric in the interchange and so (772 p)—o = 0. Similarly, (12 p)-5 =
(T2,)—, while

(T2 )6 = (T?)) 5t = ¢V-Fpgs = —§V_Fs_py = —(T%5)—,. (4.16)

Hence this component also vanishes. Therefore we conclude that 72 = 0.
It remains to consider 72, and in particular the components (7°),,— and (7°),—

The vanishing of (T3, ) WN for M = —,h, p, p implies that
(Ti—)/u/— - (Tin)uv— - (T—?-p)lﬂ/— - (Tiﬁ)uv— =0. (4.17)
From the vanishing of (T}, N)_WN for M = —, p, p, we also get
(Téh);w— - (Tﬁ{i})uv— - (Tngﬁ)w/— =0. (4.18)

Next, note that

1
(Tép)—a'lUQ = (Téal) —G2p = 4(T§U1 )o” = Gpos » (4.19)

and on symmetrizing this expression in 1,5 and taking the trace, we find (72,,),"—~ =0
and hence (Tép)_(—m—,2 = 0.
Combining the Bianchi identity for /' with
3
(T—pl)p25152 = %(V—FP1P25’15’2 - vpl F—p25152) =0, (4'20)

we find that V,, F,5,5, = 0 and hence (T}, ,,) 5,5, vanishes. (T3 ,))o,0,— = 0 due to the

duality condition in (4.5). Finally, the Bianchi identity for F' together with

%(V Fp)\l/\QU Vp}71—/\1/\25') = 07
(Tg—)PA1A2 - %(va—pM)\z V—FEPMM) =0, (4'21)

— 11 —



imply that V,F_ s = V5F_,,, = 0, and hence (Tf‘ri—,)_,\l,\2 = 0. Hence (73),,— = 0.
In order to show that the remaining components of (7°) uv— also vanish, note that

(T3, 3),™ =0 for M = —,1,p,pin (2.11) implies
(T3 e = (T3 pr— = (T3 - = (T3 ) - =0, (4.22)
and the vanishing of (T, )—us" for M = —, p implies
(T2)po— = (Ti)uo— =0 . (4.23)
Next, as we have shown that V,F_,,z = 0, this implies (Tg’1 pQ)W— = 0, and hence
(T;%ﬁz)w?— = 0. Also, (T?%,,)—5,p = 0 from (4.19). Lastly, by taking traces of the constraint
(T[:/ilm)"l&?_] = 0 and using (TP3101)/7252— - (Tp%&g)plm— = 0, we find (Tpslﬁ2)0'15'2— = 0.

Hence (73),7— = 0. These conditions are then sufficient to show that T2 = 0.

As we have already mentioned, T* are determined from 7%, 7% and T%. Since T' =
T? =73 =0, T" =0 and so R = 0. Therefore, the reduced holonomy of N = 31 back-
grounds with a (Spin(7) x R®¥) x R-invariant normal is {1}, and so these backgrounds are
locally isometric to maximally supersymmetric ones. Combining this result with that of the
previous section section, we conclude that all N = 31 backgrounds of eleven-dimensional
supergravity admit locally an additional Killing spinor and so they are maximally super-
symmetric.

5. N =15 in type I supergravities

The non-existence of N = 15 supersymmetric backgrounds in type I supergravities can be
easily seen by combining the results of [3] and [17]. In particular, the normal to the 15
Killing spinors has stability subgroup Spin(7) ix R®. So there is only one case to consider.
It is convenient to choose

V=ey — €134 . (51)

Then combining the conditions of the backgrounds with Killing spinors that have stability
subgroup R® and those that have stability subgroup G» in [17], one finds that the dilaton
® is constant and the non-vanishing components of H are H_;;, where ¢, = 1,...8. The
dilatino Killing spinor equation becomes

H_ ;T =0. (5.2)

The existence of a non-trivial solution for this equation is equivalent to requiring that there
are seven linearly independent spinors in the chiral or anti-chiral representation of Spin(8),
depending on conventions, with a non-trivial stability subgroup. This is not the case and
so H = 0. Similarly, the integrability condition of the gravitino Killing spinor equation
implies that the supercovariant curvature of the connection with torsion vanishes, R = 0.
Since H = 0, R = R = 0, the Riemann curvature of the spacetime vanishes. The rest of the
fluxes, e.g. gauge field strengths, can also be shown to vanish. Therefore, the spacetime is
locally isometric to Minkowski space with constant dilaton, and vanishing three-form and
gauge field fluxes.

- 12 —



6. Concluding remarks

We have shown that eleven-dimensional supergravity backgrounds with 31 supersymmetries
are locally isometric to maximally supersymmetric ones. This result together with that
of [11] (locally) classify the supersymmetric backgrounds of eleven-dimensional supergravity
with N = 31 and N = 32 supersymmetries. The Killing spinor equations of eleven-
dimensional supergravity for the N = 1 backgrounds have been solved in [23]. So far,
these are the only three cases in eleven-dimensions that the geometry of the backgrounds
has been identified for a given N. Furthermore, the result of this paper together with
those obtained in [3] and [4] rule out the existence of N = 31 solutions in eleven- and type
II ten-dimensional supergravities. In addition, a straightforward argument can rule out
the existence of N = 15 backgrounds in type I ten-dimensional supergravities. In lower-
dimensions, a similar conclusion has been reached for the cases that have been investigated
in [5]. There are many more lower dimensional cases that can be explored.

It is clear from the cases that have been examined so far that backgrounds with Ny . —1
number of supersymmetries are severely restricted. This raises the possibility that there
are much less supersymmetric backgrounds in ten and eleven dimensions than those that
may have been expected from the holonomy argument of [8—10, 19]. In the proof that the
N = 31 eleven-dimensional backgrounds admit 32 supersymmetries, we have used both
the conditions that arise from the Killing spinor equations as well as field equations and
Bianchi identities. It has been the field equations and Bianchi identities that enforced the
condition that the supercovariant curvature vanishes — the conditions arising from the
Killing spinor equations were not sufficient. Dynamical information has been necessary to
construct the proof. This is unlike the type II theories where the Killing spinor equations
were sufficient to establish the result.

Another property of the N = 31 backgrounds in eleven or ten dimensions is that the
stability subgroup of Killing spinors in Spin(10, 1) or Spin(9, 1) is trivial, i.e. stab(e) = {1}.
These are the first examples, other than those with maximal supersymmetry, that have
this property. It is encouraging that it turned out to be that such backgrounds are in fact
maximally supersymmetric. This may suggest that even backgrounds with a small number
of Killing spinors but with a trivial stability subgroup in the gauge group of the Killing
spinor equations are severely restricted, though it is possible that such new backgrounds
exist. If this is the case, the classification of supersymmetric backgrounds in ten and
eleven dimensions may be somewhat simplified. It would be worth investigating more such
examples in the future.
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A. Spacetime form spinor bi-linears

In the computation of the conditions that arise from the integrability condition Re” = 0,
we have used the form spinor bi-linears of the SU(5)-invariant normal spinor v and a basis
0", (3.4), that spans the 31 Killing spinors. These bi-linears are defined as

= k'B(0r7FA1A2...AkV) e A2 N NedE (A.1)

In particular the non-vanishing components of the one-forms are

B =20, 7)=-2. (A.2)
The two-forms are
Too = —2i0%, 705 = =2ig,5, i3 =420y . (A.3)
The three-forms are
§ a3 . a3 ) )
Toaﬂ 4\/_5?%3] ; 7',?‘1’6;273 = dicyprs™ Tasy = —400,95)5 - (A4)
The four-forms are
8 a3 A A _ o
7—8[717273 46717273a5 ) 786152’7 - 415%1 96217 > T§1ﬁ253ﬁ4 - 4\/§6ﬁ1ﬁ2ﬁ3ﬁ4a )
B - caf
Tirevais = _12\/515&72973]% g (A.5)
and the five-forms are
a _ . a af 0 _ _
7—351525354 - 4\6%1’1525354& ) T0v172v3% — 12\/76[71’729’7‘3]74 v T0apys = 490‘[:Yg|ﬁ|5] ’
0 . .
Tarasazasas — _4\/526011012043014045 ) Tglléi@3ﬁ47 81€3, 353334 [ 57}/2] ;
7—315253’71% = _125%1gﬁz|’71|g»33]’72 ) (A.6)
where we have used 6°172 = §% 5%
[arae] 7 Taa ag]”

Similarly, in the computation of the integrability conditions of N = 31 backgrounds
with a (Spin(7) x R®) x R-invariant normal spinor v, we have used the spacetime form
spinor bi-linears of v with the elements of the spinor basis (4.3). In particular, we find that
the one-forms are

_=—2V2, 7P, =26, (A.7)
the two-forms are
5 = 2085, T—_b =22, TP = =227,
T u - _25P7 1o — 4\/755(17“27 T /"1/1/2 2\/76 12 ) (AS)
the three-forms are
Thhpﬁ' = —2i(5p5—7 T+_p5 = —2\/§i(5p5-, T_p_ho- = —2\/§6g,
Tp—l——o = _25g7 Tpole\ = _455\[016(/;2]’ Tp515253 = _4€p515253 ’
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—-ps . QSsPT —po _A.pT
T e = —80p TP s =A€7 s

DY
Tﬁ&hﬂlﬁz = _4\/552(?/12’ Tﬁ&h#luz = 2\/5656111#2 ) (A.9)
the four-forms are
Th+—p5 = 240z, Thmpzpsm = di€p, pspspa> T+—hp5 = 2\@i5p5 )
T_p—oloZX = _4\/555\[015£2]’ TP 16053 = _4\/56/)515253 )
TP 4 pe = =208, Tph01025\ = —45;\[015£2], T 616065 = —4€ 515054 »
T_ﬁﬁ—hﬂlﬁz = 85/€fﬂ27 T_TT—WUQ = _4€ﬁ6ulﬂ2 )
Tﬁ&—l——ﬂlﬁz = 4\66/2372’ Tﬁ&-’-—muz = _2\/5655/”“2 )
7-ﬁ&tﬂ&w??))\ = _12\/55)\[61552623]7 Tﬁ&j\alagag = 4\/56010203 [ﬁé,i\i] )
(A.10)
and the five-forms are
h—&——hpfr = _2i5p57 Thh01020304 = _4i601020304 )
7__—0102/31[_)2 = 4\/5501[516@]02’ 7_+—010203t74 = _4\@i601020304 )
T —oi1090304 = _4\/5601020304 )
T_p—h01025\ = _4\/555\[01552]7 7-_p—ht?u?z&s = _4\/§€p615263 )
™ oA = _455\[0152)2], T4 516055 = —4€ 515053
Tp010203/31f)2 = 12551 [o1 502|ﬁ2|5g3]7 Tp/\61526354 = _45§€&1626364 )
7-_ﬁ&—t?lt?zt?s)\ = 245)\[61 5§2 523]7 T_ﬁ6—5\010203 = _86010203 [ﬁég] )
Tﬁ&—&-—hﬂub = _4\@55372’ Tﬁ&-&-—hmm = 2\/§€ﬁ6mu2 )
7 sonoaoan = 12V2000, 00,02, T3, o = —AV 260,000,707 . (AL11)

The components of 77 and 777 are obtained from the above expressions by complex con-
jugation.
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