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THE CONTINUOUS SPIN RANDOM FIELD MODEL:
FERROMAGNETIC ORDERING IN d > 3*

CHRISTOF KULSKE

WIAS, Mohrenstrasse 39
D-10117 Berlin, Germany
E-mail: kuelske@wias-berlin.de

Received 10 August 1998

We investigate the Gibbs-measures of ferromagnetically coupled continuous spins in
double-well potentials subjected to a random field (our specific example being the ¢* theory),
showing ferromagnetic ordering in d > 3 dimensions for weak disorder and large energy
barriers. We map the random continuous spin distributions to distributions for an Ising-
spin system by means of a single-site coarse-graining method described by local transition
kernels. We derive a contour-representation for them with notably positive contour activities
and prove their Gibbsianness. This representation is shown to allow for application of the
discrete-spin renormalization group developed by Bricmont/Kupiainen implying the result
ind > 3.

Keywords: Disordered systems, contour models, cluster expansions, renormalization group,
random field model.

1. Introduction

The study of phase transitions in continuous spin lattice models has a long
history. An important prototypical example of a random model in this class is the
continuous spin random field model, where ferromagnetically coupled real valued
spins fluctuate in randomly modulated local double-well potentials.

In the present paper we study this model for weak disorder in dimensions d > 3
proving ferromagnetic ordering. Our aim is more generally to describe an expansion
method mapping multiple-well continuous spin models to discrete spin models with
exponentially decaying interactions by means of a single-site coarse-graining. Then
we make use of information about the latter ones. This transformation can be
regarded as an example of a useful (and moreover non-pathological) single-site
“renormalization group” transformation. While it is already interesting in a trans-
lation-invariant situation, it is particularly useful for non-translational invariant
systems since it allows to “factorize” the degrees of freedom provided by the fluc-
tuations of the spins around their local minima.

It is ten years now since the existence of ferromagnetic ordering for small disorder
at small temperatures was proved for the ferromagnetic random field Ising-model
(with spins o, taking values in {—1,1}) by Bricmont—Kupiainen [5], answering a
question that had been open for long in the theoretical physics community. The
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“converse”, namely the a.s. uniqueness of the Gibbs-measure in d = 2 was proved
later by Aizenman and Wehr [1]. For an overview on the random field model
from the perspective of theoretical physics, see e.g. [19]. Given the popularity
of continuous spin models it is however certainly desirable to have a transparent
method that is able to treat the additional degrees of freedom present in such a
model.

Bricmont and Kupiainen introduced in [5] the conceptually beautiful method
of the renormalization group (RG) to the rigorous analysis of the low temperature
behavior of a disordered system, that turned out to be very powerful in this situ-
ation although there is no scale-invariance in the problem. The heuristic idea is:
map the initial spin-system onto a coarse-grained one that appears to be at lower
temperature and smaller disorder. Then iterate this transformation. This idea has
to be implemented in a suitable representation of contours (that are the natural
variables at low temperatures). (For a pedagogical presentation of such a RG in
application to the proof of stability of solid-on-solid interfaces in disordered media,
see also [8, 17].) An alternative treatment of disordered lattice systems with finite
local spin-space was sketched by Zahradnik [22], however also using some iterated
coarse graining.

It is also clear that in the more difficult situation of continuous spins, spatial
renormalization will be needed. However, continuous spins being more “flexible”
than Ising spins make it difficult to cut the analysis in local pieces. It is then to
be expected that the difficulties to control the locality of a suitably defined renor-
malization group transformation acting directly on continuous spins in a rigorous
way would blow up tremendously compared with the discrete spin case of [5]. (The
amount of technical work needed in their proof is already not small!) For an exam-
ple of a rigorous construction of an RG-group for a continuous spin-lattice system,
see [2, 3] for the ordered Heisenberg—Ferromagnet. (This might give some idea of
the complexities of such a method.)

Indeed, despite the conceptual beauty, technical difficulties have kept the number
of rigorous applications of the RG to low-temperature disordered lattice spin systems
limited. Moreover, usually a lot of technical work has to be repeated when extending
such a method to a more complex situation, while it would be desirable to make
use of older results in a more transparent way.

We will therefore describe a different and more effective way to the continuous
spin problem: (1) Construct a single-site “RG”-transformation that maps the con-
tinuous model to a discrete one. Obtain bounds on the first in terms of the latter
one. In our specific ¢* double-well situation this transformation is just a suitable
stochastic mapping to the sign-field. (2) Apply the RG group to the discrete model.
As we will show, the discrete (Ising-) model in our case has a representation as a
contour model whose form is invariant under the discrete-spin RG that was con-
structed in [5]. So we need not repeat the RG analysis for this part but can apply
their results, avoiding work that has already been done.

In the last few years there has been an ongoing discussion about the phenomenon
of RG pathologies. It was first observed by Griffith, Pearce, Israel (and extended
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in various ways by van Enter, Fernandez, Sokal [13]) that even very “innocent”
transformations like taking marginals on a sub-lattice of the original lattice can
map a Gibbs-measure of a lattice spin system to an image measure that need not
be a Gibbs-measure for any absolutely summable Hamiltonian. (See [13] for a clear
presentation and more information about what pathologies can and cannot occur,
see also the references given therein.) On the other hand, as a reaction to this, there
has been the “Gibbsian restoration program” initiated by the late Dobrushin [11]
whose aim it is to exhibit sets of “bad configurations” of measure zero (w.r.t. the
renormalized measure) outside of which a “renormalized” Hamiltonian with nicely
decaying interactions can be defined. This program has been carried out in [7] for
a special case (again using RG based on [5]).

Since we will be dealing with contour representations of finite volume measures
that provide uniform bounds on the initial spin system we do not have to worry
about non-Gibbsianness vs. Gibbsianness to get our results. Nevertheless, to put
our work in perspective with the mentioned discussion, we will in fact construct a
uniformly convergent “renormalized Hamiltonian” for the measure on the sign-field,
for all configurations. In other words, there are no pathologies in our single-site
coarse graining and the situation is as nice and simple as it can be.

Let us introduce our model and state our main results. We are interested in the
analysis of the Gibbs measures on the state space ) = RZ" of the continuous spin
model given by the Hamiltonians in finite volume A

7 q q -
B =8 Y e mt e E (o

{z,y}tCA zEN;yEIA
d(z,y)=1 d(z,y)=1

+ Y Vime) =Y nem, (1.1)
zEA TEA

for a configuration my € Q) = R® with boundary condition mss. Here we write
OA = {x € A% 3y € A : d(z,y) = 1} for the outer boundary of a set A where
d(z,y) = ||z — yl|1 is the 1-norm on R?. ¢ > 0 will be small. Given its history and
its popularity we will consider mainly the example of the well-known double-well
¢*-theory. As we will see during the course of the proof, there is however nothing
special about this choice. We use the normalization where the minimizers are =m*,
the curvature in the minima is 1, and the value of the potential in the minima is
zero and write (m2 — (m)2)?

Vim,) = e ) Smg , (1.2)
where the parameter m* > 0 will be large. We consider i.i.d. random fields (7)) ez4
that satisfy

(i) 1 and —n, have the same distribution,
2
(ii) P, > ] <e 27,
(ili) [na| <4,
where 02 > 0 is sufficiently small. The assumption (iii) of having uniform bounds is
not essential for the problem of stability of the phases but made to avoid
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uninteresting problems with our transformation and keep things as transparent
as possible.

The finite volume Gibbs-measures ,uAmaA’"A are then defined as usual through
the expectations
" 1 - _ETONA (1
pRONIA(f) = W /RA dma f(ma,mpe)e”Ea (ma) (1.3)

for any bounded continuous f on 2 with the partition function

dmAe_EZLBAM(mA) . (1.4)
RA

MYAMA
AN =

We look in particular at the measures with boundary condition m, = +m* (for all
z € Z%) in the positive minimum of the potential, for which we write ,uj{m*’"".

To prove the existence of a phase transition we will show that, for a suitable range
of parameters, with large probability w.r.t. the disorder, the Gibbs-expectation of
finding the field left to the positive well is very small. Indeed, we have as the main

result:

Theorem 1. Let d > 3 and assume the conditions (i), (ii), (iii) with o small
enough. Then, for any (arbitrarily small) v > 0, there exist qo > 0 (small enough),
80,01 > 0 (small enough), 1o (large enough) such that, whenever § < &g, g(m*)? > 19
and q(m*)3 < 8, we have that

P [limsup,u;t;n*’m]v [mwo < %] > ’Y] < e (1.5)

for an increasing sequence of cubes Ap.

Remark. Note that the quantity g(m*)? gives the order of magnitude of the
minimal energetic contribution of a nearest neighbor pair of spins with opposite
signs to the Hamiltonian (1.1); it will play the role of a (low temperature) Peierls
constant. Smallness of ¢ (to be compared with the curvature unity in the minima
of the potential) is needed to ensure a fast decay of correlations of the thermal
fluctuations around the minimizer in a given domain. The stronger condition on
the smallness, ¢ < const(m*)_%, however is needed in our approach to ensure the
positivity and smallness of certain anharmonic corrections.

Let us now define the transition kernel T, ( | ) from R to {—1,1} we use and
explain why we do it. Put, for a continuous spin m, € R, and an Ising spin
oy € {-1,1}

1
To(oz|my) == 5(1 + o, tanh(am*my)), (1.6)
where a > 1, close to 1, will have to be chosen later to our convenience. In other

words, the probability that a continuous spin m, gets mapped to its sign is given
by 2(1 + tanh(am*|m,|)) which converges to one for large m*. The above kernel
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defines a joint probability distribution ,um"”""" (dmp)T (dop|ma) on R x {—1,1}A
whose non-normalized density is given by

—ETOATA (1) H Ta:(o—a:‘mw)' (1.7)
zeEA

Its marginal on the Ising-spins op

(T (ux‘bam)) (doy) = /R HR (dma )T (do [ ma) (1.8)

will be the main object of our study.

To prove the existence of a phase transition stated in Theorem 1 we will have
to deal only with finite volume contour representations of (1.8), as given in Propo-
sition 5.1. Nevertheless, it is perhaps most instructive to present the following
infinite volume result in the Hamiltonian formulation to explain the nature of the
transformation.

Theorem 2. Assume the hypothesis of Theorem 1 and let n be any fized real-
ization of the disorder. Suppose that u" is a continuous spin Gibbs-measure obtained
as a weak limit of ,uma"’"" along a sequence of cubes A for some boundary condition
m € {—m ,m*}Z . Then, for a suitable choice of the parameter a > 1 (close to 1)
in the kernel T the following is true.

The measure T (u™) on {—1, I}Zd is a Gibbs measure for the absolutely summable
Ising—Hamiltonian

&2 m* 2
HIng( ) = _% Z( qAZd) 920y
w’y

—am Z (a — qAza) wynway Z Sc(oc;ne) (1.9)
z,y C:|C|>2

where Aga is the lattice Laplacian in the infinite volume, i.e. Aga., , = 1 iffz,y € V
are nearest neighbors, Aga., , = —2d iff v =y and Aga., , = 0 else.

The many-body potentials are symmetric under joint flips of spins and random-
fields, ®c(oc,nc) = ®o(—oc, —nc), and translation-invariant under joint lattice-
shifts. They obey the uniform bound

[®c(oc,ne)| < e 71¢ (1.10)
with a positive constant 7.

Remark 1. As in Theorem 1, 4 can be made arbitrarily small by choosing
qo, 90,01 small and 7y large. More information about estimates on the value of ~y
and 4 can in principle be deduced from the proofs.

Remark 2. By imposing the smallness of § we exclude pathologies due to
exceptional realizations of the disorder variable n (“Griffiths singularities”) in the
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transformation T'. (We stress that this does not simplify the physical problem of the
study of the low-temperature phases which is related to the study of the formation
of large contours.) Starting from the joint distribution (1.7) it is natural to consider
the distribution of continuous spins conditional on the Ising spins; here the Ising
spins o, will play the role of a second sort of external fields. Then, as it was
explained in [7], possible pathologies in the transformation 7' would be analogous
to Griffiths-singularities created by pathological Ising configurations. In this sense,
Theorem 2 states that there are neither Griffiths singularities of the first type (w.r.t.
7) nor the second type (w.r.t ). The treatment of unbounded random fields would
necessitate the analysis of so-called “bad regions” in space (where the realizations
of the random fields are anamolously large). This should be possible but would
however obscure the nature of the transformation 7T'.

Let us now motivate the form of T, and comment on the structure of the Hamil-
tonian. Introducing quadratic potentials, centered at £m™,

Q%" (my) == g(mw —o,m*)? +b (1.11)

with b > 0 (close to zero) to be chosen later, we can rewrite the transition kernel in

the form
e~ Q% (ma)

Z(Dx::tl e_QE’": (TI’L'c) ’

The crucial point is that the joint density (1.7) contains a product over z over the

Ty (00]ma) = (1.12)

quantities
e—V(mx)Tx(o_wlmw) — Q" (mm)(l +w(my)) (1.13)

where, using (1.12), we can write the remainder in the form
e_V(me)

Zachj:l eiQ(rm (mg) *

Now, if the initial potential V(m,) is sufficiently Gaussian around its minima and

(1+w(my)) :=

(1.14)

the quadratic potential Q7= is suitably chosen, w(m,) should be small in some
sense. If w(m,) were even zero, we would be left with op-dependent Gaussian
integrals that can be readily carried out. They lead to the first two terms in the
Ising—Hamiltonian (1.9), containing only pair-interactions. This can be understood
by a formal computation. The modification of the measure for “small” w(m,) then
gives rise indeed to exponentially decaying many-body interactions, as one could
naively hope for.

Expanding [],c4(1 4+ w(m,)) then leads in principle to an expansion around a
Gaussian field.* However, one problem with this direct treatment is that resulting
contour activities will in general be nonnegative only if w(m;) > 0 for all m,. But

note that the latter can only be true for the narrow class of potentials such that
aThe author is grateful to M. Zahradnik for pointing out the idea to decompose e~V (m=) into a
sum of two Gaussians and a remainder term that should be expanded. However, contrary to [23] we
write the remainder in a multiplicative form which allows for the transition kernel interpretation.
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V(m,) < Const m2 for large |m,|. Thus, w(m,) will have to become negative for
some my e.g. for V compact support or in the ¢*-theory. While it is not necessary
to have positive contour activities for some applications (see [4, 23]) it is crucial for
the random model: A RG, as devised in [5], needs non-negative contour weights.”
We are able to solve this problem and define positive effective anharmonic weights
by a suitable resummation and careful choice of the parameters a, b of the quadratic
potential Q°=; these will be kept fixed. This choice is the only point of the proof
that has to be adapted to the specific form of the initial potential V. Later the
positivity of weights will also be used for the control of the original measure in
terms of the Ising-measure (see Proposition 5.2).

In Sec. 2 it is shown how non-negative effective anharmonic weights obeying suit-
able Peierls bounds can be defined. Section 3 finishes the control of the anharmonic-
ity around the Ising model arising from the purely Gaussian theory (i.e. w(m,) = 0)
in terms of a uniformly convergent expansion. Section 4 treats the simple but in-
structive case of the Ising field without the presence of anharmonicity, showing the
emergence of (generalized) Peierls bounds on Ising contours. In Sec. 5 we obtain our
final contour model for the full theory and prove Theorems 1 and 2. The Appendix
collects some facts about Gaussian random fields and random walk expansions we
employ.

2. Anharmonic Contours with Positive Weights

We will explain in this section how (preliminary) “anharmonic contours” with
“anharmonic weights” that are non-negative and obey a Peierls estimate can be
constructed. We start with a combinatorial Lemma 2.1 and a suitable organization
of the order of Gaussian integrations appearing to derive algebraically the represen-
tation of Lemma 2.3. We will make no specific assumptions about the potential at
this point that should however be thought to be symmetric “deep” double-well. Our
later treatment is valid once we have the properties of “positivity” and “uniform
Peierls condition of anharmonic weights” that are introduced in (2.19) and (2.20).
These are then verified for the ¢*-theory in an isolated part of the proof that can
be adapted to specific cases of interest.

We will have to deal with the interplay of three different fields: continuous spins
m, (to be integrated out), Ising spins o, and (fixed) random fields 7,, subjected to
various boundary conditions in various volumes. In some sense, the general theme
of the expansions to come is: keep track of the locality of the interaction of these
fields in the right way. For the sake of clarity we found it more appropriate in this
context to keep a notation that indicates the dependence on these quantities in an
explicit way in favor of a more space-saving one.

Now, since we are interested here in a contour-representation of the image

measure T’ (MT“’"A> under the stochastic transformation (1.6), let us look at the

bVag;uely speaking, the method keeps lower bounds on the energies of all configurations, but also
upper bounds on the energies of some configurations (that are candidates for the true ground-
states). This can be seen nicely in the groundstate-analysis of the models treated in [8]. To do an
analogue of this for finite temperatures, non-negative (probabilistic) contour weights are necessary
in this framework.
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non-normalized weights on Ising-spins given by
ZOM I (gp ) = R dmpe Fx N ma) H Ty (0oz|ma) (2.1)
R zEA

MOANA __
ZA

so that we get the desired Ising-probabilities dividing by = Za,\ e{—1,1}A
ZXIaA,nA (UA)~

To describe our expansions conveniently let us define the following quadratic
continuous-spin Hamiltonians, that are made to collect the quadratic terms that
arise from the use of (1.13) to the above integral. We write, for finite volume

vz,

Mov,Nv,0 q q -
Hy oV (my) = 5 > (mw_my)2+§ > (ma—iny)’

{z,y}CcV zEViyedV

d(z,y)=1 d(z,y)=1
a *
+5 Z(mw —m*o;)? — Z MMy - (22)
zeV zeV

Here and throughout the paper we shall write G for the outer boundary inside A,
ie. 0G = {z € ANG®;d(x,G) = 1}. The notion “nearest neighbor” is always meant
in the usual sense of the 1-norm. The fixed Ising-spin oy € {—1,1}V thus signifies
the choice of the well at each site. From the point of view of the continuous fields
it is just another parameter.

With this definition we can write the non-normalized Ising-weights (2.1) in the
form

ZTBA’UA(UA) _ 67b|A‘/ dmAeiH;haAvnA,vA(mA) H(l + w(mg)) . (2.3)
RA zEA

If the w(m,) were identically zero, we would be left with purely Gaussian integrals
over Ising-spin dependent quadratic expressions. This Gaussian integration can be
carried out and yields

MGATIA T . MINTATA
—H AT (my) inf e Hy (ma)

dmpe Chr xe

RA

(2.4)

with a constant Cj that does not depend on o, (and na). The latter fact is clear
since op (and na) only couple as linear terms (“magnetic fields”) to ma while
they do not influence the quadratic terms. Note the pleasant fact that no spacial
decomposition of the Gaussian integral is needed here and no complicated boundary
terms arise.

Now the minimum of the continuous-spin Hamiltonian in the expression on
the r.h.s. of (2.4) provides weights for an effective random field Ising model for
the spins oy; its (infinite volume) Hamiltonian is given by the first two terms in
(1.9). The treatment of this model is much simpler than that of the full model,
all this will be postponed to Sec. 4. There it is discussed in detail how this model
can be transformed into a disordered contour model by a mixed low- and high-
temperature expansion. However, since this model provides the main part of the
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final contour model that is responsible for the ferromagnetic phase transition some
readers might want to take a look to Sec. 4 to understand the form of our final
contour-representation in a simpler situation.

Our present aim is to show how the anharmonic perturbation induced by the
w-terms can be treated as a positive-weight perturbation of the purely Gaussian
model.

Let U = Ut U (-U")CR, where U™ is a suitable “small” neighborhood of
the positive minimizer of the potential m* that will be determined later and that
will depend on the specific form of the potential. The first key step to define
non-negative activities is to use the following combinatorial identity on the set
U={xeA;m, €U}

Lemma 2.1. Let ACZ? be finite and connected. For any set UCA we can write
the polynomial [[,c (14 wz) in the |A| variables (wy)zen in the form:

[Ta+w) =1+ > I II teeu| Il Qogu+ws)= ] toau

TEA G:0#GCA Gi o z€0G; z€G; z€G;

conn.cp o

(2.5)
The proof is given at the end of this section. Application of Lemma 2.1 gives us
the expansion

eb|A\Z£haAﬂ7A (CTA)
:/ dmAefH:\haAmA’aA(mA) + Z / dmAe*HflaAmA’aA(mA)
RA G:0£GcA ' RY
X H H Lin,ev [H (Im,gu +w(ms)) — H Lngu| - (2:6)
G z€0G; zeG; zeG,

conn.cp of G

Note that the expression under the integral factorizes over connected components
of G := GUIG.

To introduce the anharmonic (preliminary) weights we need a little preparation.
To avoid unnecessary complications in the expansions it is important to organize
the Gaussian integral in the following conceptually simple but useful way: We
decompose the nonnormalized Gaussian expectation over the terms in the last line
into an outer integral over msg and a “conditional integral” over ma\pq given mag-
The latter integral factorizes of course over connected components of A\JOG; in
particular the integrals over A\G and G become conditionally independent. W.r.t.
this decomposition they appear in a symmetric way.

To write down the explicit formulae we need to introduce:

Some notation. The V' x V-matrix Ay is the lattice Laplacian with Dirichlet
boundary conditions on VCA, ie. Ay, = 1 iff 2,y € V are nearest neighbors,
Avgey = —2diff 2 =y € V and Ay, y = 0 else. Ily is the projection operator
onto Qy (in short: onto V), i.e. Iy = lg=yev. We also use the redundant but
intuitive notations mp|y = Iympa = my for the same thing. 1y is the vector in
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RA given by ly,z = lzev. For disjoint Vi, VoCA we write Oy, v, for the matrix with
entries Ov, vy;0y = 1 iff 2 € V1, y € V5 are nearest neighbors and dv, v,y = 0 else.
We write Ry := (¢ — AV)_1 for the corresponding resolvent in the volume V. Here
and later we put ¢ = %.

For the sake of clarity we keep (at least for now) the dependence of all quantities
on continuous spin-boundary conditions, random fields, Ising-spins, as superscripts.
Then we have:

Lemma 2.2. For any subset GCA the random quadratic Hamiltonians (2.2)
have the decomposition

MAATATA o MOATIA,TA MHA,MIG,TIA\OGTA\OC
Hy (ma) = AHg'y (mac) + AHA\aG (mavaa)

+ inf HY'oM ™ (m)y ) . (2.7)

LN
Here the “fluctuation-Hamiltonians” are given by
AHpg """ (moac)

1

= §< (maG — NI |aG) , (Mag(a — gAx) Mlae) ™!

x (maG — mﬁla"’m’“‘ac) >6G (2.8)

and the “conditional fluctuation-Hamiltonian” (i.e. conditional on mag)

MAA,MOGNA\OG:TA\OG
AHA\SG (mavoc)

1 ~
= §< (mA\aG - mr\agc’;mac’m\ac’“\ac) . (a—qAnoc)

MO, MOG MA\OGTA\OG
X (mA\aG - mA\aG > >A\G . (29)

As centerings are occuring: the “global minimizer”
mT@A»"?A,UA = Rj <cm*o'A —+ n?A + 81\731\777,31\) (2.10)

and the “conditional minimizer”

mﬁlammac,%\acﬂ/\\ac
A\OG

* Na\oG ~
= Rp\oc <Cm oanoG + % + On\oa,06Mac + 3A\6G,6AmaA> - (211

The proof is a consequence of Appendix Lemma A.1(iii) which is just a state-
ment about symmetric positive definite matrices. Lemma 2.2 can be seen as an
explicit expression of the compatibility property for the Gaussian local specifica-
tions defined through the Hamiltonian (2.7) in the volumes A\OGCA. Indeed, the
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Gaussian measure defined with the quadratic form (2.8) describes the distribution
on A projected onto OG. (Since we will use this formula later for subsets of A it
is convenient to make the A explicit at this point, too.) The Gaussian measure on
A\OG defined with (2.9) is the conditional measure given mag.

We would like to stress the following decoupling properties of the conditional
expressions. Equation (2.11) for the conditional minimizer decouples over connected
components V; of A\OG since the resolvent R\ ¢ is just the direct sum of the Ry, ’s.
So we have that

mammac,n/\\a@
UWINVIE

nv; ~
= R‘/i (Cm*avi + — + 3‘/1.,31/1.777,3‘/1. + avhaAmaA
i q
. MaA,Mav; MV, 0V
=:my, (2.12)

is a function depending only on what is appearing as superscripts, namely random
fields and Ising-spins inside V; and continuous-spin boundary condition on 9V;.
(The dependence on the global boundary condition mgy is of course only through
m, for d(z,G;) = 1. We don’t make this explicit in the notation.)

Also, the conditional fluctuation-Hamiltonian on A\OG decomposes into a sum

over connected components of its support A\JG:
AHmaA,macmA\BG»UA\aG

AOG (mavog) = 3 AHy ™00 ()
%

where

MoA, MOV, MV, ,0V;
AH T ()

1 7 v oV
_ §< (mVi _ m:;:ammav,/,?]\qﬁvl) ’ (a —gAy,)

% (mV _ mz/nammav MV 0V ) >V . (2.13)

Putting together the connected components of A\G we can thus write

MYA,MIG,TIA\OGTA\OC
AH 56 (mavoc)

. MON,MOG N\ GO ANG
= AHA\aC: (mA\G)

+ Z AHGON OG0T (Y (2.14)

conn. Cp of G

So, the sum over G’s in (2.6) can be written as

/ dmpeHn N ma)
G:0#AGCA

X H H 1y, cvu H (1mL€U +w mx H 1m¢€U

G z€0G; reG; zeG;

conn.cp of G
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s MINMATA () YA T A
_ Z e lnfmk Hy (mA)/dmaGefAHacfl‘\ (mag)

G:0AGCA
'ﬁw,aA,m,ac,nA\a,frA\a
X 1 dm = Ny (@)
myeU | AM\\GE
z€0G

MYN-MAG,; NG TG,
x H / dmg,e” e (ma.)
G

conn.cp of G

X [H (I, v + w(me)) = [ Lmegv| - (2.15)

z€G; z€G;

Now we note the pleasant fact that the Gaussian integral over A\G is independent
of all of the superindexed quantities (since they appear only in the shift of the
quadratic form), so that it can be pulled out of the myg-integral. It gives

MGA GG N T S _
INYeRPNNE A-G|

/dmA\aeiAHA\a (mA\E) _ (QW)T(det(a — qAA\ﬁ))_% . (2_16)

Let us look at the last two lines now. Conditional on mgg we define anharmonic
activities by the formula

i

- YA OGN, TG
I ON>MOG; NG, 0G; d —AH T t(ma;)
. = ma,e i

X

H (lmeU“‘w(mx)) - H Lin.gu | - (2'17)

z€G; z€G;

We write IgLaA’mOG’"G’UG =1 for G = 0. So we have obtained the following repre-
sentation for the non-normalized Ising-weights:

Lemma 2.3. With the above notations we have

7 —inf,,, Hy oM TA TN (ph
eb|A\ZX10A,nA (UA) —e m/ A A

< 3 em™ detla— b, g)

G:0CGCA
_ MYATIATA
X /dmaGe AHpca (moc) H Lm,ev
z€IG
d MG, NG, ,0G,
% H IG-aA 80G;NG;,0G; ) (2.18)
e}

conn.c;) of G
Let us pause for a minute and comment on what we have obtained. For the
purely Gaussian model (i.e. the w-terms are identically zero) the contributions for
G # () vanish. So the above formula is a good starting point for the derivation
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of the signed-contour representation whose main contributions are provided by the
minimum of the Gaussian Hamiltonians in the first line. The main other non-trivial
ingredient are the preliminary anharmonic activities IgL oA MoGNG9G | Rirgt, of all,
the whole construction only makes sense, if we are able to prove a suitable Peierls
estimate for them, to be discussed soon. They factorize over connected components
G; of the set G. The conditioning on myg has allowed us to have them local in
the sense that they depend only on random fields and Ising-spins inside G;. Note
that such a factorization does not hold for the remaining integral over G (that
would mean: over connected components of 9G), as it is clear from (2.8). Indeed,
the fields myg fluctuate according to the covariance matrix in the total volume
A. So to speak, their (stochastic) dependence is mediated by the Gaussian local
specification defined with (2.8). Furthermore, the dependence of their mean-value
in this local specification is (weakly) on all Ising-spins and random fields in A.
Both kinds of dependence will have to be expanded later in Sec. 3 when the integral
over 0G is carried out. This will be done by enlarging the “polymers” G and
performing a high-temperature expansion. Finally, the determinants provide only
trivial modifications of the weights that we will obtain; they can easily be handled
by a random walk expansion.

Let us stress the following nice feature of the above representation: “Low-
temperature contours” (see Sec. 4) will be created only by the global energy-
minimum in the first line. Consequently there will be no complicated boundary
terms for these “low-temperature” terms (that could be easily produced by a
careless expansion).

Our further treatment of the expansion will be done under the assumption of
the following two properties:

Positivity of anharmonic weights.
Igammacmc,dc >0 (219)

for all connected G, and Mg € U2, mag € UG, ng € [-6,6]¢, og € {—1,1}C.

Uniform Peierls Condition for anharmonic weights.
IghaAvaGy'r]Gyo'G S elGl (220)

for all connected G, and man € U2, mpg € U, ng € [-6,6], og € {—1,1}€
with € > 0.

Rather than trying to be exhaustive in the description of potentials that satisfy
these conditions we will use the rest of this section to fix some properties that imply
them and discuss in detail the explicit example of the ¢*-theory in Lemma 2.6. This
should however indicate how the above two conditions can be achieved in concrete
cases by suitable choices of the neighborhood U and the constants a and b occuring
in the quadratic potential. The expansion will be continued in Sec. 3.

Let us start by fixing the following almost trivial one-site criterion. It makes
sense if we are assuming the nearest neighbor coupling ¢ to be small.
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Lemma 2.4. Suppose that w(my) > 0 for m, € U.

(i) Assume that we have uniformly for all choices of superindices

__atddg o, MAN™MAG G TG 2
/dmwe 2 (Me=Me )w(mx)lmer

> /dmze—%(%—m?"’”’"”'m'm>21%@. (2.21)

Then we have the positivity (2.19).
(ii) Assume that

/ dmge™ #0ma =m0 () L er + (14 w(me)) Ln,go) < e.

(2.22)
Then we have the uniform Peierls estimate (2.20) with the same e.

Proof. Since we always have —1 < w(m,) < oo the assumption 1,, cpw(my) >
0 implies that

/deefAHgaA,maGmc,ac(mc) H (1mw€U + w(my))
zeG

> /dee—AHG’:“aAymanncva(mG) H w(mx)lmmEU >0. (223)
zeG

We reduce the estimation of the integrals to product integration by the pointwise
estimate on the quadratic form

allvg|3 < (ve, (a — ¢AG)ve)e < (a + 4dg)|lvell3 - (2.24)

This gives

_ MYN- MG NGOG
/dee Alg (ma) H w(mw)lszU
zeG

> H/dmxe_a+;1dq(mx_m;na/xnnacmc,ac)2w(mz)1mmeU (2.25)
zeG

and, on the other hand,

_ MYN>MOG NGOG
/dmce Alg (me) TT Lmaev
zeG

MgA,m NG T 2
< H/dmwe_i(mm_m* ) gt (2.26)
zeG

This proves (i).
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The Peierls estimate (ii) follows from dropping the second product in the defi-
nition of I and using (2.24) to write

Iﬁbammacﬂlc,ffc
G

< /dmce_AHthaA,macmc,ac(mc) H (1 + w(me))lm, gv + (M), cv)

zeG
<11 /dmwe_%(m”_mjmmamc’m)2((1 +w(mz))lm, gv + w(Mmg)lm, cv)
zeG
(2.27)
O

Next we compute how big the nearest neighbor coupling ¢ and size of the random
fields ¢ can be in order that any boundary condition in U yields a minimizer of the
Gaussian Hamiltonian on G that is “well inside” U. We have:

Lemma 2.5. Let 0 < A; < Ay and UT = [m* — Ay,m* + A], U = Ut U

N 1
(—=UT). Assume that q < o (% — 1) and 6 < %. Then we have that

‘mglammacmc,ﬂc: _ m*0$| < A (2.28)
for all G, tpp € UX mag € U2 ng € [-6,6]%, o € {~1,1}C.

Proof. Note the linear dependence mmoAmoGMG:96 = mmonmoanc=0,06 4

(Rg%;> . Let us thus choose the condition for g s.t.
x

|mon e ne=0.06 _ m*g, | < %. (2.29)
This condition is in fact achieved for a one-point G = {z} and the boundary con-
ditions having the “wrong sign” with modulus m* + A, as we will formally see as
follows. Let us assume that o, = —1 and write this time for simplicity dG for the
boundary in Z? (including possible sites in the outer boundary of A in Z%). Then
we have, due to the positivity of the matrix elements of Rg that

m;hammac;mc=070c

< —RG;x,mcm* + Z Rgmycm* + (Rcac7aglac(m* + AQ))w . (2.30)
yeG\{z}

We employ the equation Rg(clg + 0¢.oclac) = lg to write the last line of (2.30)
as
m* — 2RG;x,xcm* + Ao — AQ(RGclg)w . (2.31)

We note that Rg., , is an increasing function in the sets G > x (which can be seen
by the random walk representation, see Appendix (A.9)). Further (Rgle), is an
increasing function in G. So the maximum over G of (2.31) is achieved for G = {z}.
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With Risyie 0z = ng the value of (2.31) becomes —m* + (2m* + Aj) %‘;d which

gives the upper bound
2d

Mmon,MoG,NG=0,0G\{z},0c=—

1
< (2m*+ A . 2.32
s S 4 ) o (232)
In the same way we obtain
mon,MoG ,Ma=0,0G\{z},0c=—1 x> _A 2d 233
My +m” > 2 0q (2.33)

Equating the r.h.s. with A;/2 gives the r.h.s. of the condition on ¢ stated in the
hypothesis.

For the estimate of the random field term note that 0 < Rg.z,y < Rza,,, and
> oyeza Ruagy = 1 which give us
d 0 A
> Rewy 2| <23 Rpay = < 2k (2.34)
q q a 2
yeG y€eZd
g

At this stage the treatment has to be made specific to the concrete potential
and we specialize to our example, the ¢*-theory with potentials given by (1.2). The
following Lemma summarizes how we can produce positivity and an arbritrarily
small anharmonic Peierls constant. More specific information can be found in the
proof.

Lemma 2.6. For fized g > 0 we put
Ut = [m* — (eom*)5,m* + (egm*)5]. (2.35)
Then we have
(i) For any value of eg,m*, q,d there exists a choice of parameters a and b such
that the anharmonic weights obey the positivity (2.19).
Furthermore there exist strictly positive constants a(m*,€gp), b(m*, eo), go(m*,€o),
and §o(m*, €9) such that the following is true.

(ii) For all ¢ < qo(m™*,€0) and & < do(m*,€e9) we have the Peierls estimate
(2.20) with a constant €(eg, m*) that is independent of g, 4.

(iii) If eo is small enough this constant obeys the estimate €(eo, m*) < 1§ when-
ever m* > mf(eo) is large enough.

The above constants can be chosen like

*

2+ eo%m”‘fg)2
4

a(m™,ey) = ~1

Wl

a(m*, eg) (egm™)
20

a(m*, €p)
2d

—1
a(m*, 0) = (200 3m F+9) , dolm”,e0) =

(2.36)

2
3

and b(m*, €g) ~ et E with m* 4 oo.
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Proof. We will take time to motivate our choices of the parameters that are
made to ensure the validity of the assumptions of Lemma 2.4. Let us write the
neighborhood U™ in the form Ut = [(1 — €;)m*, (1 + €1)m*] and show why the
choice of €; given in (2.35) comes up. The zeroth requirement on a and b we have
to meet is w(my)lm,ev > 0. So, let us choose the Gaussian curvature a > 1 to
be the smallest number s.t. we have, for all m, € UT, that the Gaussian centered
around m* is dominated by the true potential i.e.

a(mg —m*)?2

e 2 < e Vime) (2.37)

with equality for m; = (14 €1)m*. This amounts to a = %, as in (2.36). Then
we have on Ut for the Gaussian centered around —m*

a(mg+m*)? 24e1)2(2—e1)2+1—(14e1)2 &
_ ( ;’ ) < ei( 1) ( lg ( 1) m 26*V(mx)

e < (2.38)
which gives us the estimate
-1
Ct+e?@—e)?+1-(+4e1)? .
1+ w(mg) > e |14 et (2.39)

on UT. Any choice of e’ bigger than the denominator thus ensures w(m,)
1m,ev > 0.

To have property (i) in Lemma 2.4. we have to choose e
it is implied by

b even bigger. Obviously

dm e,%(mx,m?a/\ﬂ"acﬂlcvﬂcf1
inf w(mg) > J dma TTidg el (2.40)
mg €U fdmxe* 5L (Me—mg ) lmeU
But note that we always have
| |m;ﬁaA,maGmG,Uc| _ m*| < mmax(m*7 (5,q, a) (2'41)

max(

m*,d,q,a) that is finite for any fixed m*,d, q,a and that is
estimated by Lemma 2.5. So the trivial choice

with a constant m

X _Cten?@—en?ti-(+en? a2
eb(m™6,q,a) . _ (1 te s m

dmge % (m==m)?]
X <1+ sup S dmac” s $U (2.42)

S

|| <mmax(m*,6,q,a) [ dmge” "2 ma €l

gives some finite number and ensures the positivity of the anharmonic activities.
This proves (i).

Let us now turn to quantitative estimates on the Peierls constant. To start with,
the above definition of b is of course only useful if b will be small. Now, the r.h.s. of
(2.42) is small whenever the centering of the Gaussian integrals is “safe” inside U
and the neighborhood U is big enough to carry most of the Gaussian integral. We
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apply Lemma 2.5 with Ay = e;m* and A; = 42

= 4&. The hypotheses of the Lemma
then give us the conditions ¢ < gg and § < &g with

_a (W), sam (2.43)
© =355\ a » 0T Ty '

Then we have

_a m/_m’,r?LBA,TILaG,’!]G,UG 2
[ dmge 3 (Ma—ma ) megU
4d YA MYG NGO

fdmxe* a+2 q(mx*mx NG HNG G)z

lmeU

i P[6lz Ve
< a + 4dg { 10 } ' (2.44)
a
1

~P[6l > va+ 2|

This shows that b ~ e—const: (€1m")? tends to zero rapidly if e;m™ is getting large

Let us now see what Peierls constant we get according to Lemma 2.4 (ii). This
will explain why the neighborhood U™ should in fact be of the form (2.35)

Our choice of U and a yields that we have, for all m, € U™, that

—V(m )+M e1(me—m*)?
e © 3 < e€1(ma

< . (2.45)
. 2 .
This gives 1 + w(m,) < ebrei(me—m™)"  From this we have
7 2
_a m/_mZI’aA’m’OG’nG’dG
/dmxe 3 (m ) (1 4 wma)) Lo, cues
b 2 e% mIOATIOG GG |y %)2
a— 2€¢;
o _edgm?
< eb eT00(a—2¢1) (2.46)
a — 261

and hence

/ dmge 3 me =m0 TR (4 )L, e

a531n*2 27-(- 96 m
[ 6100(0 2e1) — |:|G| < \/_ ! :|] . (247)
a— 261 V a

Indeed, the Lh.s. is O(e3m*?) + O(e;) and thus imposes the condition that e3m*?

3
be small! This estimate essentially cannot be improved upon. It determines the
dependence of the Peierls constant € on €; and m
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Finally, the integrals over U¢ are much smaller: Indeed, for the bounded part of
U*¢ we estimate

(1—e)m? a MYN> MGG >TG |2
/ dmge™ 5 (Me—ma (1 4 w(mg))
0
(1—e1)m™ _ s
_a oy ONTIGIG G2 a(mg—m™)
S/ dmge™ 8(me=me ) eV (me)+ T
0
* ThaAvmannvacf
xT
(1—e)m m@A myGiNGoG *
X / dmge=a(m —me Jme—m™) g=V(ma) — (2.48)
0

We have for the last integral

(1—e)m” . YA MGG G .
dmwe_a(m —My )(mz—m )e_V(mm)
0

(mem® e
</ dmge =10 (Me=m")g=V(me)
0

(1—er)m”™ aegm* * (mg—m*)?
</ iy ()~ ezt (2.49)
0

The maximizer of the last exponent is m, = m*+ m% which is outside the range

of integration (due to our choice of the 10 before (2.43)). Estimating for simplicity
the integral by the value of the integrand at (1 — e;)m* just gives

1

(1 61) MGA M yNGHo *
/ dmge=z(Me—max oAmOGIG G)2(1 + w(mg)) < mre~ (315 (em™)?
0

(2.50)
For the unbounded part of U¢ where m > m*(1 + €1) we have with our choice of a
that 1 + w(m,) < 1. This gives us

/<1 . dmae §mammI ISR () | (i)
—+e€1)m*

< \/7 |:G \/_961777/ :| e—const(61m*)2 (251)

Collecting the terms gives our final estimate on the Peierls constant

107)6( mz ) [ — 2
e a—2e1) _—
a — 261

Fmre-(—fam)? | 3,/%7719 [G > \/596181 H . (2.52)

From here the lemma follows. O
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Proof of Lemma 2.1. We expand [[,c5 (1 4+ ws) = 1432, pza,cn [Loen, Wa-
Let A(Ao)C(A\U)\ Ao denote the maximal set amongst the sets AC(A\U)\Ap that
are connected to Ag. (We say that a set A is connected to a set Ag iff, for each
point u in A, there exists a nearest neighbor path inside A U Ay that joins u and
some point in Ag.) Equivalently, this A(Ag) is the unique set ACA\Ag s.t. =z € U
for all z € A and x € U for all x € I(Ag U A).

We collect terms according to the sets G = Ag U A(Ag). Denoting by G; the
connected components of G and by L; = Ag N G; we have then

[Mao+w) =1+ > ] taw J[  lee [] we

zEA Ao:@#AocAweA(Ao) z€0(AoUA(Ag)) TE€Ag
=1+ > I > 1D tewu II teeu JJ we
G:@#GCA Gy . Li:(i);éLicGi weG,;\Li zedG; z€eL;
conn.cp o

(2.53)

Adding and subtracting the term for L; = () we have

Z H Legu H Wy = H (1:E€U+wx) - H legu (2.54)

L;:0#L;CG; z€G;\L; €L, zeG; zeG;

which proves the lemma. O

3. Control of Anharmonicity

We start from the representation of Lemma 2.3 for the non-normalized Ising
weights. We assume positivity and Peierls condition for the anharmonic (I-) weights
as discussed in Sec. 2 and verified for the ¢*-potential. Carrying out the last re-
maining continuous spin-integral we express the last two lines in (2.18) in terms of
activities that are positive, obey a Peierls estimate and depend in a local way on the
Ising-spin configuration o and the realization of the random fields 7. We stress
that all estimates that follow will be uniform in the Ising-spin configuration and the
configuration of the random field.

The result of this is:

Proposition 3.1. Assume that the anharmonic I-weights (2.17) satisfy the
Positivity (2.19) and the uniform Peierls Condition (2.20) with a constant €. Suppose
that € is sufficiently small, q is sufficiently small, a is of the order one, q(m*)?
sufficiently large. Suppose that 6 < Const m* and |U| < Const m* with constants of
the order unity.

Then, for any continuous-spin boundary condition max € U?Y and any realiza-
tion of the random fields ny € [—6,8]*, the non-normalized Ising weights (2.1) have
the representation

& _inf_, HTOATIATA (1
ZXlaA,nA (UA) _ eib‘Al(Qﬂ)% (det(a - qAA))*%e fmA H, (m}y)
x Y e (Gioa,ne) (3.1)

G:0CGCA
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where the activity p appearing under the G-sum is non-negative and depends only
on the indicated arguments. p factorizes over the connected components G; of its
support G, i.e.

P (G oa,na) = | [ 7700 (Gi 06, m6) (3.2)

3
and we have p™%r¢ (G = 0;0¢,1c) = 1.
p has the “infinite volume symmetries” of:

(a) Invariance under joint flips of spins and random fields p(G;oc,ng) =
p(G; —oG,—na) if G does not touch the boundary (i.e. dgpG = 0)

(b) Invariance under lattice shifts p(G;o6,nc) = p(G +t; 06+t M6+t) if G, G+
tCA do not touch the boundary.
We have the uniform Peierls estimate

§0ne (G 0, m) < eI (33)

with

1 1 logl\*
a = const X min < log —, log — 4
q € \ logm*

Remark 1. Note that the first line of (3.1) gives the value for vanishing
anharmonicity (i.e. w(my) = 0).

Remark 2. For any fixed Ising-spin o and realization of random fields 1, the
sum in the last line is the partition function of a non-translation invariant polymer
model for polymers G. Note that there is no suppression of the activities p in the
above bounds in terms of the Ising-spins. From the point of view of the polymers
G the Ising spins and random fields play the similar role of describing an “external
disorder”.

Proof of Proposition 3.1. To yield this representation we must treat the
last two lines of (2.18). We cannot carry out the mgg-integral directly but need
some further preparation that allows us to treat the “long range” parts of the expo-
nent by a high-temperature expansion. Depending on the parameters of the model
(to be discussed below) we will then have to enlarge and glue together connected
components of the support G. For any set GCA we write

G ={z e Ad(z,G) <r} (3.4)
for the r-hull of G in A. Then we have, under the assumptions on the parameters
as in Proposition 3.1.
logm™

log ()
true. For each fized subset GCA, continuous-spin boundary condition may € U,

Lemma 3.2. There is a choice of r ~ Const

such that the following is
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fized Ising-configuration o € {—1,1}* and random fields ny € [—6,6]* we can
write

—AHJOATATA (g ) Mo, MG ,NG,0G
/dmage 9G,A Impeevoe Ig

loG| P oy A
= (2m) % Vdet(Hog(a — Q) Mloc) Y p"2¢(G,Gio6,m5), (3.5)
G:GCA
GTCG
where the actwity appearing under the G-sum depends only on the indicated argu-
ments and obeys the uniform bounds

0 < p™00n8 (G, G5 06,ng) < e 16 (3.6)
with

1, 1 logg
a = Const X min { log —,log - <—q>
q € \ logm*

It factorizes over the connected components G; of the set G, i.e.

p"oone (G, Gioq,mg) = [ [ P00 (G N Gi, Gis o6, ma,) - (3.7)

For G not touching the boundary (i.e. oaG = 0) p is invariant under joint flips of
spins and random fields and lattice shifts.

Remark. Later it will be convenient to have the determinant appearing on the
r.h.s.; in fact it could also be absorbed in the activities under the G-sum.

Proof of Lemma 3.2. Let us recall definition (2.8) of the “fluctuation-Hamilto-
nian” (involving the global minimizer (2.10)) which gives the Hamiltonian of the
projection onto dG of an Ising-spin and random-field dependent Gaussian field in
A. Our first step is to decompose this projection from A onto JG into a “low
temperature-part” and a “high temperature-part”. For fixed G we will consider
definition (2.8) where A will be replaced by G"; for r large enough the resulting
term “low-temperature”- term is close enough to the full expression, so that the
rest can be treated by a high-temperature expansion.

We write dpA := {z € B;d(z, A) = 1} for the outer boundary in a set BCZ<.
Recall that, with this notation 0A = 9r A, so that 974(G") = Jaa (G") U I(GT).

Then the precise form of the decomposition we will use reads:

Lemma 3.3. With a suitable choice of r ~ Const }zi("f; we have
q
7 (m r,0 r),nGr,oGr
AHZEN™ T (mag) = AHyg g% 72 717 (mpg)
+ > Hyg gr(mog,o6r,nar; Cyoc,nc) , (3.8)

CCA
CNOG#D;CN(GT)C#D
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where the functions appearing under the C-sum depend only on the indicated argu-
ments and obey the uniform bound

|H5E o (mag, oGr,ner; Coc,ne)| < e @1¢! (3.9)

uniformly in maq € UPC and all other quantities for the C’s occuring in the sum
n (3.8). Here & = const log %.

Remark. Note that the first part (“low temperature-part”) decomposes of
course over the connected components (G"); of G, i.e.

(Mogpcri08,Gr)mar,oGr
AHpg ér (mac)

(m r),;:0 7Y, )M(GT);1T(GTY;
= ZAﬂag?qa(gTG:(Ga)Al(G : “r “@n (macﬁ(Gr)i) . (3.10)

Proof of Lemma 3.3. The Lh.s. and the first term on the r.h.s. of (3.8) differ
in two places: The matrix and the centerings. We expand both differences using
the random walk representation.

The decomposition of the matrix into the matrix where A is replaced by G™ and
a remainder term can be written as

(Iloc Rallog) ' = (og Ra-Ilag) !

- Z Do, moaR(- — -5C)0nbg,06, (3.11)

CCA\OG
CN(GT)C#D,CNG2#£0

where the A x A-matrix R(- — -; C) has non-zero entries only for z,y € C that are
given by

lvI+1
Rz — y;C) = > <c+12d> . (3.12)

paths v from = to y
Range(y)=C

For the proof of this formula see the Appendix (A.8) ff. and (A.13). where more
details about the random walk expansion can be found.

Simply from the decomposition of the resolvent Ry = Rgr + (Rpy — Rgr) and
the random walk representation for the second term follows the formula for the
centerings

mT@AmA,UA maAﬂ?cr oor 4 Z m(C;oc,nc) (3.13)
cca
CN(GT)e#0
with
mg?"’"cr 76" .= Rgr <Cm*0'gr + 77% + 80"’,6Am6A) (3.14)

and “high-temperature” terms given by the matrix product

m(C;oc,nc) = R(- — -;O) (cm*UA + % + 8(;,3,\7”713/\) . (3.15)
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From the bound on the resolvent (A.12) we have uniformly

-|C]
4 (C; 00, nc)| < Const(m* + 4) (1 + 2%) . (3.16)

This quantity is in turn bounded by, say, (1 + ﬁq)*lclﬂ if we have that |C| > r

with 7 := Const—28™ S0 we have r ~ Consti2&™
log(1+35%;) log()

To write both type of summations over connected sets C' in the same form we
note that

for small q.

Z Dac,mocR(- — -5 C1)0naa,06
C1CA\OG
C1N(GT)C#£0,C1NG2#0
= Z Oac,a\ocR(+ — -3 C2\0G)0z\ 0¢,061¢,\06G conn. (3-17)

CoCA
Co2NOG#P;CoN(GT)CH#D

which gives us the same range of summation for both sort of terms. The expansion
then produces triple sums over connected sets C. Collecting terms according to the
union of the occuring C’s we obtain the desired decomposition with

THT .
HaG,GT (maG7 OGr,1Gr; C; oc, 770)

q _oar
= —§<(mac —mad ), Oaa,maaR(- — -3 C\IG)0z\ 06,06 1c\0G conn.

x (mac —mge ) + q{(mac — m3%), (MogRarlac) 'm(Cioc,nc))

—4 Z ((maa —myg" ), Oac,mocR(- — -5 C1\0G)
C1,C9CA;C1UC=C
C;MOG#D;C;N(GT)CH£D

N[

D

Cg,C3CA;CoUC3=C
C;NOG#D;C;N(GT)C#D

X On\06,06101\0G conn. ™ (C2; 00y, M0,)) +

x (m(Ca; 004, n0,), Mog Rarag) ' m(Cs; 00y, M0, )
q _
-3 Z (m(C2;0¢,,M0c, ), Oaa,a\0G
C1,Cq,C3CA;CLUCQUC3=C
C;NOG#D;C;N(GT)CAD
X R(- = -3 C1\0G)In\0¢,0¢10:\06 conn.™(C3; 0 ¢35 M03)) (3.18)
with the short notation mggf = mglf.”""m’”c" ’ o The bounds are clear now from

the bounds on the resolvent, the choice of r and the (trivial) control of the C;-sums,
i.e. provided by

e—allS1]+]S2|+18s]) — (36_a +3e72x 4 e—3a)\C\ < e—constalC|

all subsets S;,S9,S3CC
U;8;=C

(3.19)
0
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To proceed with the proof of Proposition 3.1 and high temperature-expand the
HHYT_terms we use the subtraction of bounds-trick to ensure the positivity of the
resulting activities. We thus write for fixed G

HT
Hyg gr(mag,ogrmgriCioc.nc)

- ccA
e CNOG#P;CN(GT)IC#D
—alc
=22 CCAC conn. to (GT); € alel

— | | e CROG#D;CN(CT)C#D

(G7);conn.cp. of G™

n(G",C)e” 41! —HES gr(mag.ogr ,ch';C,UcmO))

CcA (
; rye
X e  CnaG#B;Cn(GT)C#D ,

(3.20)

where n(G", () is the number of connected components of G™ that are connected
to C (i.e. have (G"); N C # (). The exponential in the last line can then be cluster-
expanded and gives

cmac;é@ccc'é\(cmr;é@ (n(GT,C)e_&‘C‘ —85% or (macyacmncr;C,dc,nco
e i i

= Z ng,GT(maG‘;UGmnGT?Ka UKvnK) (321)

KCA;K=0 or
KNOG#D,KN(GT)C#D

—alK|  Here we use the convention

with 0 < Pga@»(maG,UGT,UGT;K, oK,NK) < e
that pggvcr(mac,agr,ngr; K =0, UK,UK) =1.

Note that the resulting activities factorize over connected components of K UG”;
this is due to the (trivial) fact that the number n(G", C) that enters the definition of
the contour activities depends only on those components of G” that C' is connected

to. We put

- —a|C|
CCA;C conn. to (GT); €

P50 (9G, G) = H e CROG#0;CN(GT)C#0 (3.22)

(G7); conn.cp.of G”

and note that

1> p5°(0G,G") > e~ 1G7le ™" (3.23)
We can finally carry out the integral on dG to get the form as promised in the
proposition. In doing so it is convenient to pull out a normalization constant and
introduce the normalized Gaussian measures on 0G corresponding to the Hamilto-
nian on the r.h.s. of (3.8), given by

/ N(aﬁg:?gﬁm 0oneTIIGT TG () f (o)

(Mmagpar-09,Gar)ngr.ogr
- dmage” *Moc e (mo6) ¢ (mag)

(om ~Gr 09 Grimgrogr
H OA A ’
falm’aGefA 2G,G" (me)

. (3.24)
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So we can write

—AHPOA AN () MaN, MG, NG,TG
/dmace 9G,A Ly,cevocls

= (2n)"% /det(Moc(a — ¢Agr)~Tlpg) 3 pE(8G, GT)

KCA;K=0or
KNAG#D,KN(GT)C#£D

(Mogpcr08,Gr)MGr,oGr
X /uaG,GT (dmog) 1pm,ecvoc

X phe.ar(Mmoc, oar,nar; K, ok, i ) 1G04 001976 (3.25)
This has in fact the desired form (3.5) with the obvious definition
poon (G, Grog,mg) = pP°(0G, G)

(Moypcmi 00, Gr)mGr,oGr
X //‘60,0"' (dmag) lmaceUaG

Im6A7m8G777G7‘7G
G

(3.26)

0T .
X paG,GT(man oarynar; K, 0k, 1K)

with K = G\G" on the r.h.s. Note that these activities factorize over connected
components of G.

In view of the trivial bound (3.23) on the geometric activity (3.22) and the
normalization of the measure, the bounds follows from the HT-bounds and the
bounds on the anharmonic activities I. The value of the “Peierls constant” & is
now clear from & = Const min{(2r + 1)~%log 1, &}, assuming that both terms in
the minimum are sufficiently large. |

To finish with the proof of Proposition 3.1 is now an easy matter. Using the
formula for the determinant from Appendix (A.3) we can write

1

e p— r _1
Bea— gy ot (Moele —ade)Mac)

_ 1 y det(Ilse (a — qAGr)_lnag)
det(a — qAA) det(Hag(a — qAA)flﬂag)

x det(a — qAg). (3.27)

Remember that the correction given by the middle term on the r.h.s. stems from
the lack of terms with range longer than r in the quadratic form of (3.24) that we
had cut off. The random walk representation then gives the following expansion
whose proof is given in the Appendix.

Lemma 3.4.

det(Mpg(a — qAgr) " sg) 23

CCcA
—e CNAOG#D;CN(GT)C#£D

det(Hag(a— qAA)fll_.[ag) - ’

Edet ©)

(3.28)

where 0 < ed¢4(C) < e~ with o ~ const log %,
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Next we use subtraction of bounds as in (3.20) to write

_ cca Edet(c)
e CNAaG#D,CN(GT)E£D
__ _geo,det 9G.G" det K 3.29
=p (0G,G") pBG,G"'( ) (3.29)
KCA;K=0 or
KNOG#D, KN(GT)C#D
™ —consta -~

where 1 > pgeordet > =G and 0 < paet . (K) < e—constalK| Qg we get

. MYANMATA ’
e —1 —inf Hy (m/y)

z (det(a — gAp)) " Ze

X Z (2%)_%\/det(a—qAG) Z PmaaAé(G?é;Uéané)

PN ZTor (g0) = (27)

G:0CGCA c;;;écéx
TC
X pEedet(9@, GT) > pae o (K). (3.30)

KCA;K=0or
KNOG#D,KN(GT)C#D
This can be summed over G, G’, K (collecting terms that give the same GUK ) to
yield the claims of Proposition 3.1. g

4. The Effective Contour Model: Gaussian Case

It is instructive to make explicit the result of our transformation to an effective
Ising-contour model at first without the presence of anharmonic potentials where
the proof is easy. In fact, as we will explain in Sec. 5, the work done in Secs. 2 and 3
will then imply that a weak anharmonicity can be absorbed in essentially the same
type of contour activities we encountered in the purely Gaussian model.

We remind the reader that in the purely Gaussian case the Ising-weights
(T (")) (04 ) are obtained by normalizing exp(— inf,, , cga Hy' 2" 7* (my)) by
its op-sum. For simplicity we restrict now to the boundary condition m, = m* for
all z (that is everywhere in the minimum of the positive wells).

We will now express the latter exponential as a sum over contour-weights. To
do so we use the following (by now standard) definition of a signed contour model,
including +-boundary conditions.

Definition. A contour in A is a pair I' = (I, o) where TCA (the support of T')
and the spin-configuration oy € {—1,1}* are such that the extended configuration
(oA, +1za\4) is constant on connected components of ZNT.

The connected components of a contour I" are the contours I'; whose supports are
the connected components I'; of ' and whose sign is determined by the requirement
that it be the same as that of T on ;.

A contour model representation for a probability measure v on the space {—1,1}4
of Ising-spins in A is a probability measure N on the space of contours in A s.t. the
marginal on the spin reproduces v, i.e. we have

v({foah)= D N{IY). (4.1)

r
oA(D)=0p
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Recall that, in the simplest low-temperature contour model, arising from the
standard nearest neighbor ferromagnetic Ising model, N({I'}) = Const x p(T') is
proportional to a (non-negative) activity p(I') that factorizes over connected com-
ponents of the contour and obeys a Peierls estimate of the form p(I') < e~7ILI.
There is a satisfying theory for the treatment of deterministic models with addi-
tional volume terms for activities that are not necessarily symmetric under spin-flip,
known as Pirogov—Sinai theory. For random models then, while the activities will be
random, there also have to be additional random volume-contributions to N({I'}),
even when the distribution of the disorder is symmetric, caused by local fluctuations
in the free energies of the different states. The fluctuations of these volume terms
are responsible for the fact that, even in situations where the disorder is “irrele-
vant”, not all contours carry exponentially small mass but the formation of some
contours (depending on the specific realization) is favorable. It is the control of this
phenomenon that poses the difficulties in the analysis of the stability of disordered
contour models and necessitates RG (or possibly some related multiscale method).

To write down the Peierls-type estimates to come for the present model we intro-
duce the “naive contour-energy” (i.e. the d— 1-dimensional volume of the plaquettes
separating plus- and minus-regions in Z¢) putting

E () = > lotoy+ >, lo=1 (4.2)

= z€el,ycdA
{z,y}CL,d(z,y)=1 P
again taking into account the interaction with the positive boundary condition.
Then the result of the transformation of the purely Gaussian continuous spin
model to an effective Ising-contour model is given by the following:

Proposition 4.1. Suppose that q is sufficiently small, g(m*)? sufficiently large,
a is of the order 1 and 6 < Const m™ with a constant of the order 1.
Then there is a op-independent constant Ka(np) s.t. we have the representation

+m*1gp.mp,0
OAIATA (1

—inf era Hy _ KA(UA)G Yccvt(og) Sga“ﬂ(nc)—ZcCV—({,A) 5§298 (ne)
x> po(Tsr) (4.3)
UA(F1;=UA

for any o, with VE(op) = {x € A;o, = £1}. Here

(i) nc — S528(nc) are functions of the random fields indexed by the con-

nected sets CCA. They are symmetric, i.e. SG*8(—nc) = —S5*8(ne)
and invariant under lattice-shifts. For C = {z} we have in particular
SSaUB(na:) = %qunw,

(i) The activity po(I';nr) is non-negative. It factorizes over the connected com-
ponents of T', i.e.

po(L'snp) = IT  ro@inr.). (4.4)

I';conncp.of T’
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ForT not touching the boundary (i.e. gL’ = 0) the value of po(T';nr) is independent
of A. We then have the “infinite volume properties” of

(a) Spin-flip symmetry, i.e. po((L,on);nr) = po((L, —oa); —1r).
(b) Invariance under joint lattice shifts of spins and random fields.

Peierls-type bounds. There exist positive constants BGaus, 8 s.t. we have the
bounds }
0 S pO(I"UL) S e*ﬁES(F)*ﬁGauﬁ‘El (45)

uniformly in nr € [—8, 8|5 where the “Peierls-constants” can be chosen like

6 - q(m*)Q a2
2 (a+2dg)?—q¢*’
N _ 1 o logg .
Bcaus = Const x min | log 7 qm Togm* —m*d. (4.6)

The non-local random fields obey the estimate
S ()| < eI (4.7)
for all |C| > 1 with 3y = Const x log %.

Remark 1. This structure will be familiar to the reader familiar with [5] or [8]
(see p. 457). Indeed, the above model falls in the class of contour models given in
(5.1) of [5] (as written therein for the partition function). This form was then shown
to be of sufficient generality to describe the contour models arising from the random
field Ising model under any iteration of the contour-RG that was constructed in
[5]. (The additional non-local interaction W (T') encountered in [5] is not necessary
and can be expanded by subtraction-of-bounds as in (3.20), giving rise to enlarged
supports I', as it was done in [8].)

Remark 2. There is some freedom in the precise formulation of contours and
contour activities, resp. the question of keeping information additional to the sup-
port and the spins on the contours. [5] speak of inner and outer supports, while
in [8] it was preferred to define contours with activities containing interactions.
The latter is motivated by the limit of the temperature going to zero (making the
interactions vanish). Since we do not perform such a limit here, we present the
simplest possible choice and do not make such distinctions here, simply collecting
all interactions from different sources into “the support”.

Remark 3. The magnitude of 8 ~ Const gm*? is easily understood since it
gives the true order of magnitude of the minimal energetic contribution to the orig-
inal Hamiltonian of a nearest neighbor pair of continuous spins sitting in potential
wells with opposite signs. This term appears again in the estimate on Sgaug (up to
logarithmic corrections) together with a contribution of the same form as Bo. The
latter comes from a straight-forward expansion of long-range contributions. The last
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term in (4.6), m*d, is a trivial control on the worst realization of the random fields;
it could easily be avoided by the introduction of so-called “bad regions”. These are
regions of space where the realizations of the random fields are exceptionally (and
dangerously) large in some sense and, while comparing with [5] or [8], the reader
might have already missed them. Indeed, a renormalization of the present model
will immediately produce such bad regions in the next steps. Of course, we could
have started, here and also in the presence of anharmonicity, with an unbounded
distribution of the 7,. In the latter case we would have to single out regions of
space where the behavior of our transformation to the Ising-model gets exceptional
(i.e. because we lose Lemma 2.5.) We chose however not to treat this case here in
order to keep the technicalities down.

Proof. An elementary computation yields the important fact that the minimum
of the quadratic Hamiltonian (2.6) with any boundary condition m is given by

2 *\2 *\2
o AN TA O A _ a (m ) M
mfgw Hy (mp) = 72(] (on, Ryoa)a + 5

Al

am®*

(N + Naae)(gm), Raoa)a

1 . - . -
(N + laaey (gm), Ra(n + flacae) (@m))) a

2
Iy w2 (4.8)

TENYEIN
d(z,y)=1

T3

with g aey (1) := Oa 00 denoting the field created by the boundary condition.
We subtract a term that is constant for oo (and thus of no interest) and write

am*

<ian[T\haA’nA’gA (mA) — ianﬁlaA’nA’lA(mA)) — <7]A,RA1A>A
ma mAa
Cl2 m* 2 am*
=- %((UA:RAUAM — (1a, Rala)a) — (na, Raoa) s
—am™(fla(ac) (M), Ra(oa — 1a))a - (4.9)

The first term on the r.h.s. gives rise to the low-temp. Peierls constant; the next
term is a weakly nonlocal random field term (suppressed by the decay of the re-
solvent) and the last term the symmetry-breaking coupling to the boundary. As
in Sec. 3 we use the random walk representation Ry = Y oy R(- — -;C) (see
Appendix (A.11)) and decompose according to the size of C’s.

As the first step for the contour representation we associate to any spin-configu-
ration o5 € {—1,1}* a preliminary (or “inner”) support in the following way.
Choose some finite integer » > 1, to be determined below, and put

L'i(oa) == {x € A;Jy € A s.t. d(z,y) < r where 0, # 0y}

U{x € A;d(z,0A) <r+ 1 where o, = —1}. (4.10)
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The second term makes this definition A-dependent by taking into account the inter-
action with the boundary leading to the (desired) symmetry breaking for contours
touching the boundary. For given o, the activities po(I';nr) to be defined will be
non-zero only for supports I' D I'"(04). The range 7 will be chosen below in such
a way that the terms corresponding to interactions with range larger than r have
decayed sufficiently so that they can be high-temperature expanded in a straight-
forward way. This choice then also determines the value of the Peierls-constant for
the low-temperature contributions.

Keeping the small C’s of diameter up to r define the (preliminary) “low-tempera-
ture activities”

LT,ﬁLaA(

p oA)

ZCCA;diam(C)SJi% (o, R(—3C)oc)—(1c,R(—+C) 1) +am (fgne) (1), R(—+C)loc *1c)>}

(4.11)

Note that the “inner support” (4.10) can be trivially rewritten as

[ (0p) = U cu U C (4.12)

CCAj;diam(C)<r C conn. to A
co#logandog#—1¢ diam(C)<rjoc#1lco
which shows that it is just the union of all connected C’s with diameter less or equal
r that give any contribution to the sum occuring in the exponent of (4.11). So we
can rewrite

) GAITIA T ) T «
—infm, HOATTA (mp ) finm  HPOATTATA (mp )+ S (g RATA) A

€

*
am

= >~ ccAdiam(0)<r (MCR(—+5C)oc)
O'A)e oo F#const

— pLT,’FnaA(

e e S vty (Mo R =30 10) =225 50 1 (ne R(-—+30)16)

2 CCAsdiam(C)>r
e o #const

a2(m*)2 *
[0 (00 R( 10050 A0 RE = O+ B (6 R( =+ 1O

2" ccAsdiam(C)>r am™ (fgac) (M), R(- —;C) (oo —1c))

e Ca(A)CA£D . (4.13)

The terms in the first line depend only on quantities on 't (¢4) and factorize over
its connected components. They will give contributions to the activities pg. The
terms in the second line are the small-field contributions to the vacua given by

*

§Gau8 (1) = %Woﬁ(' —;0)1¢). (4.14)

The terms in the last two lines are small (since only C’s with sufficiently large
diameter contribute) and only non-zero for C’s intersecting with T (04 ) or touching
the boundary. They can be expanded.

Let us see now what explicit bounds we get on the low-temperature activity
(4.11). Keeping only C’s made of two nearest neighbors z,y = = + e we have the
upper bound



1300 C. KULSKE

(I2 m* 2
Z %«UC’;R(' — -;C)O‘c>—<lc,R(~ —)~;C)lc>)
CCAjdiam(C)<r q
2 *\2
< - m Z Rz — y;C = {2, y})1ls, %0, - (4.15)
T eyt on)d@y=1

Computing

1 > AN 1
R(x—>x+e,C—{$,$+e})*c+2dk:§5 <c+2d> C(e+2d)2 -1

(4.16)
with ¢ = a/q we get an upper bound on the Lh.s. of (4.15) of

72/8 Z ]-a,:;éoty

{w»y}C£+ (oa),d(z,y)=1

where (3 is given by (4.6). Applying a similar reasoning on the boundary term,
thereby using that R(xz —;C = {z}) = C%d, gives the bound

> am™ (fo(ae) (M), R(- = -3 C)(oc — 1¢))
CCAjdiam(C)<r

2a
< —q(m*)? > lo,——1- 4.17
) a+2dq z€lt (ap),y€0A ” ( )
d(z,y)=1

Since the modulus of the prefactor in the last line is larger than 23 we get an
energetic suppression of

pET0n (g ) < e~ 2BE: (X (04):00) < o=BE(T{(on).o)=BRr+ )~ ITT(en)l - (4.18)

Using Zy R,y < 1/c for the next term in (4.13) we have immediately

*

am "
Y e, R( =5 C)ac) <m T (on)]. (4.19)
q CCA;d;am(C)gv-
oc const

This finishes the Peierls estimate for the low-temperature contributions.

Let us come to the treatment of the “high-temperature parts” in (4.13) now,
proceeding algebraically at first. Using subtraction-of-bounds as in Sec. 3 (3.20) we
get the high-temperature expansion

G.2 ’IIL* 2 *
> CCAsdiam(C)>r |: (2q Y (o0 R(- =+ 5C)oc)— (10, R(- —;C) 1))+ &= (ne,R(- —-30)oc)
e o F#const

_ ﬁgeo(EJr(o.A)) Z pHTl(K, O'K,T]K) (420)

KCA;diam(K)>ror K=0
o i #const
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if the terms in the exponential on the L.h.s. are sufficiently small. To control them
we just use the bound (A.12)

Y Rz —y;C) < % < 2d >|C|_1 : (4.21)

et c+2d

This gives the deterministic bound upper bound on the first two terms in (4.13) of

a2 m* 2
(2q ! (oo, R(- = +;C)oc) — (16, R(- — -;C)1¢)| < e I°! (4.22)
if we have
*2
a < log (1 + %) 1- log(am™”) 1 (4.23)
g (1] -1)10g (1+%) | ©

which is in turn bounded by ag := § log(1 + 249) — 1 for the C’s in the above sum
if we put
5 log(am*?)

T =
log (1+ 5% ) log

(4.24)

Remember here that we are interested in the regime of % small and m*? even larger.
Assuming (4.24), with |n,;| < § the random field contribution is estimated by

am*

b
. [(nc, R(- = +;C)oc)| < %e*%‘c‘, (4.25)

where can use that mfl* < Const. The estimates on SG*'"(nc) are obtained in the
very same way.

In passing we verify that all activities constructed so far are invariant under joint
flips of spins and random fields (inside A). The boundary terms can be expanded
similarly giving

> ccasdiam(C)>r am™ (figacy (M), R(- =-;C)(cc—1c))
e CNA(A)CA£D

=237 ccAydiam(C)>r am™ (gac) (M), R(- —-;0)1¢c)
= e CNI(A)EA#D

> ccAjdiam(C)>r am  (fgacy(m),R(- =;C)(ec+1c))
X e Cna(A)CA£D

=23 ccAjdiam(C)>r 9 (fgac) (M), R(- —=-;C)1c)
= e CNI(A)EA#D

X Z pHTQ(K7 UKJ?K) (426)

KCA;diam(K)>ror K=0
KNa(A)C#£0
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This gives

. FUGASTIA O . Y T o
e*lnfmA HA NN A(mA)+mfmA HA ONTIA A(mA)+°Z’

(A, RAIA)A

+23° ccAadiam(C)>r am™ {fig(ac) (M), R(- —-;C)1c)

e CNA(AC)£D
- aun” > ccasdiam(cy<r (nc,R(-—=-;C)oc)
:pLT7m6A(0-A)e 4 oo Fconst
% e S Xocv+m (e RE=O)1e) = 24= Yooy — (1 (no R(—=+0)1o)
~oeo T+ HT1
ng (£ (UA)) Z P (K#TKﬂ?K)
KCAjdiam(K)>ror K=0
o ¢ Fconst
HT2
X E P (K1, 0Ky, MK, ) (4.27)

K1 CAjdiam(K1)>7or K1=0
K1Nd(A)C#D

which proves the desired representation (4.3) with the obvious definition

*
am

2= 3" ocAdiam(0)<r (NC R(-—5C)oc)

po(T;mp) == Mm% (on )e 7o Fconat P (L (o))

x 2.

Kq,K1CA;KQUKULT (0p)=T;diam(K;)>ror K;=0
7K, #const, K1NO(A)C#D

xpHTl(K();O-KovnKo)pHTQ(Klyo-KlvnKl)' (428)

The form (4.6) of the Peierls constant BGaus is now clear from ,@Gaug = Const
min{B(2r + 1)7%,ap} — m*J, assuming that both terms in the minimum are
sufficiently large to control the entropy in (4.28) and the slight modification in
the exponential bounds on pH™! arising from the subtraction of bounds. O

5. The Final Contour Model — Proof of Phase Transition

We put together the results of Secs. 3 and 4 to obtain the contour representation
of the full model. It is of the same form as the Gaussian model of Sec. 4, while a
modifaction of the Peierls constant 3 accounts for the anharmonic contributions.
More precisely we have:

Proposition 5.1. Assume that the anharmonic I-weights (2.17) satisfy the
Positivity (2.19) and the uniform Peierls Condition (2.20) with a constant €. Suppose
that € is sufficiently small, q is sufficiently small, a is of the order one, q(m*)?
sufficiently large. Suppose that § < Const m* and |U| < Const m* with constants
that are sufficiently small.

Then the measures T(uj{m*lam”/\)

on {—1,1}* have the contour representation

T(MXm*IBAynA)(UA)

1

S, — _ S,
= —rm eZocvioy Sole) ocy @ Sl N p(Dygp) - (5.1)

contour,A r
oa(D)=0p



THE CONTINUOUS SPIN RANDOM FIELD MODEL 1303

with the contour-model partition function

Z;t);xntjt\)ur,A — Z eZCCV+(FA) SC(YIC)_ZCCV*(FA) Sc(nc) p(r; ,'72) ) (5.2)
r
For the partition function (1.4) we have Zj\rm*la"’”" =Cfm Z:;;K’;ur,/\ with a trivial

constant containing the contributions of Gaussian fluctuations that satisfies, a.s.

1 +,mA En(% -1 1 1
T log O = ——=[(a—qAza)” oo — 5[10g(a —qAza)oo —b+ 3 log(27) .

lim 5
(5.3)

Atzd |A|
The quantities appearing in (5.1) are as follows.

(i) ne = Sc(ne) are functions of the random fields indexed by the connected
sets CCA that are symmetric, i.e. Sc(—nc) = —Sc(ne). In particular we
have Sy (n:) = %Q;qnx. They obey the uniform bound

ISc(ne)| < m*secnmalCl (54)

for all C' with agina = const min{log %, log %(lloggj* )d}.

(i) The activity prsing(T; r) is non-negative and depends only on the indicated
arquments. It factorizes over the connected components (as in (4.4)). For
T not touching the boundary it does not depend on A and has the infinite
volume symmetries of (a) invariance under joint flips of spins and random

fields and (b) invariance under lattice shifts.

There exist (large) positive constants /5’,,8 s.t. we have the Peierls-type bounds:

pIsing(F; 772) é eiﬁEs(F)iﬁlm (55)

*\2
uniformly in ng. Here 3 = q("; ) (a+2;:)2_q2 is the same as in (4.8) and

- 1 , { logi ¢ 1 { logi ¢
3 = Const x min ¢ log a,qm* 4 ,log — 4 -m*s. (5.6)
€

log m* log m*

Proof. Assuming the control of the anharmonicity, summarized in Proposi-
tion 3.1, the proof is easy. For any fixed op we can cluster-expand the last sum in
(3.1). Dropping now the dependence on the boundary condition mgp = +m*1ga
in the notation we have

log Y pGioa,ne)= Y, €(Cioo,m0)

G:pCGCA C:0cCCA
= Y &Cleme)+ Y, @Ci—le,me)
CcVt(oa) CCV~(oa)

+ Y. @Csocime), (5.7)

CCAj;oc#const
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where the sum is over connected sets C' and we have the bounds |e(C;o0¢,n0)| <
e—const |Cl with o given in Proposition 3.1. Together with the representation (4.3)
for the purely Gaussian model this gives

TGATIATA

e~ imyera Ha )N 5(Groa,ne)
G:0CGCA
= Kx(na)e Y ocvt (o) SEMEMEIHECiIo MO =Koy - (o) (SE™  (n0)+E(Cilom0)
e ZCCA;Uc#const &(Csocmc) Z pO(F7 ’I’]L) . (58)
r
LINCOELIN

Note that the C’s in the exponential in the last line are in particular connected to
I". Using subtraction-of-bounds as before we can expand those terms and, as we did
before in Secs. 3 and 4, rewrite the last line in terms of a new (and final) contour
summation as

e 2oCc o £eonst E(C500n0) Z PO(F§ 772) — Z p(r; 772) . (5.9)
oA (M=o oA(M=o4

The values of the Peierls constants for the final activities on the r.h.s. follow from
the statements of the Propositions 3.1 and 4.1 with a slight loss due to the control
of entropy.

Finally, to see the statement for the free energy, we start from (3.1) and recall
the construction of the activities in the purely Gaussian case, using the explicit
expression (4.11) for the energy minimum in the Gaussian model in terms of the
resolvent we obtain, with some trivial control on boundary terms, using the SLLN
applied on the random fields the desired formula

1 1 g
y 1, A _ i ~ R inf HTI’LBAJ’IAJA
At AT 10BN ARG TAT o T2 ()
lim —— log det(a — gAy) — b+ ~ log(27)
— lim - - 9
Ty ogdet(a — qAp 5 oglm
Eng - 1
= _TO [(a — qQAga) 1}0,0 3 [log(a — qAZd)]o,O
1
—b+ 3 log(2m) . (5.10)

O

The following result provides control of the original measure in terms of the
coarse-grained one up to two corrections:

Proposition 5.2. Assume the conditions of Proposition 5.1 and suppose that
map € (UT)?A. Then we have

*

TZ :| < (T(MTBAMA))[O—Q:D _ _1] +e—consta _’_e—const(m*)27
(5.11)

MaA,NA
/u'A |:m$0 S



THE CONTINUOUS SPIN RANDOM FIELD MODEL 1305

where

11 logl)*
a = const X min < log —, log — 4
q € \ logm*

is given in Proposition 3.1.

Remark. The first error term on the r.h.s. accounts for the anharmonicity, the
next one for the Gaussian fluctuations.

Proof. We carry out the transformation that led to Lemma 2.3 while carrying
through the indicator function lmwo <m* to get

_Eﬁ‘aAv"A(mA)
dmAlmeS%e A

RA
. e*b|A‘ Z e, infm;X H/’\"aAanAyG'A (m;\)

OA

Nf=

X l > (2m) = (det( 9B ya)”

G:GCA
G3zq
—AHPON AN (1) Mo, MOGNG TG
X /dmage 9G,A 1TI’LOGEU6GI o

+ Z (2m) 29 (det(a — AA\E))_%

G:GCA
2G3zq

_AHTOATATA s
% /dmace 8G.A (mac)lmaceU"’Glszg%IGam 8G1NG,0G

FTOATIATA
+ E /dmace Hoca (maG)lmaceUOG

G:GCA
G;a‘o

MONTOG A\ GG
d _ 7AHA\E (mA\G)1
X mA\Ge

ma‘og%
% IénaA7m6G,"]G,UG‘| (512)
with Igz, = Ig )ﬂﬂo Ig;)wo (superscripts are dropped now) where we have defined
_ MYA-MHG NG > G
Iélzo . /dee AHg (ma) H me@U +w(mw))1m£ <m
zeG
_ MIN-MOG NG TG
18 = /dee AHg ") ] Linagu 10, <o - (5.13)

zeG
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We use the same notations without the subscript x¢ on the Lh.s. to denote the
integrals without the 1 py<mt on the r.h.s. so that we have Ig = IG I2 Note
that it is not clear anymore that 1.z, is positive for any sign o, and dominated by
I. To bypass this little inconvenience we argue as follows. Let us slightly enlarge b
in Sec. 2 by putting a factor 2 in front of the fraction of integrals in Definition 2.42.
This leaves b very small and all subsequent arguments based on a fixed choice of b
remain valid. Going back through Lemma 2.4, we see that this definition implies
that even Ig ) < 2*|G|Ié;1 ) (which can be seen as a strengthening of the positivity
of I). But from this we have in particular that

Igw, =15) — I, <1I1Y) <1 <2Ig. (5.14)

We use this estimate on the last G-sum in (5.12) and bound the second G-sum
in (5.12) by the corresponding expression without the indicator. Carrying out the
meg-integral as described in Sec. 3 we get from this the bound

3 (2m) "5 (det(a — qAy 5)

G:GCA
G3zq

—AH N A (mpg) MaA,MOG NGOG
X/dmage 8G.A Impeevoc e 0. v

+ Z (271')@((16’5(& - qAA\a))_%

—AHTIA AT (o) Mo, MG ,NG,0G
X /dmage 8G A lmacEU"’Glmxog%IG

<2-(2m)7 (det(a—qAn) 2 Y pMC(Gioa,ne).  (5.15)
Gizo€GCA

Using the positivity of the activities in the last line we can use the usual Peierls
argument on the fixed-o contour model appearing in (3.1) that controls the anhar-
monicity. So we estimate

> "0 (Gs06,m6)

G::E()EECA

IA

> PM0n(Gosocynce) Y, P (Groa,me)
Go:woGG_QCA G:GCA

< oot N pM00a0 (G, 1) (5.16)
G:GCA

where the first sum is over connected sets Gy and we have used Proposition 3.1 for
its estimation.

To treat the first G-sum in (5.12) we note that the expectation outside the
anharmonic contours is given by the one-dimensional Gaussian probability:
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YA TA

—AH ’ m
/deGe 8G A ( ac)lmmoﬁm—*

1

— (2m)"5™ (det(a — g 5, )

- 1
XN[m;nfgémacynA\Gv MG, ( _qAA G> :|(1mz0<%> (5.17)

Z0,Z0

(z—a)?
with the notation N[a; o> f_ M We use the uniform control on
the expectation value glven by Lemma 2.5 and the fact that the variance occuring in
(5.17) is of the order one, in any volume. If 0., = +1 we have from this, uniformly
in all involved quantities that

MOA,MOG M)\ GO -1 —const(m*)?
N [mA\BG INCUINYR <a— qAA G) ] (lmmoﬁ"é*) <e (m7 (5.18)

Zo,Zo
so it can be pulled out of the mag-integral. For o5, = —1 we use the trivial bound
1 to write
""BAV']AVUA
Z /dmage Hy&'a (mac)lmaceUBG
G:GCA
CFzg
MOATRIG TN\ GO A\G
—A _ (mA\E)
X /dmA\Ee AN\G lszSW’T’*
*)? IA\G| 1
< <efconst(m ) ]-Gg:[):l —+ 1510:,1) Z (27'() 2 (det(a_qAA\a))*E
G:Gca
GZzqg
_ TMYATATA -
% /dmace AHuSN (mac)1maG€U8GIgaA,mag,nc,aG
_ t *\ 2 1
< (e const(m™)” 1 lam:_l) 3 (em) < (det(a — WAy g)
G:GCA
_ MHANATA -
X /dmaGe AHac A (mOG)1m8G€UaGIgLaA,macmG,ac. (5.19)

Now it is simple to put together (5.12), (5.16)—(5.19) and rerunning the next steps
of the transformation yields the claim. O

Applying the information of [5] we obtain the main result of the paper.

Proof of Theorem 1. We apply statement Theorem 2.1 [5] on the measure
T(,uj{m*la"’""). Indeed, this is justified from Proposition 5.1 which implies that
this measure is contained in the class of contour measures described in [5] Chap. 5
“Flow of the RGT”, Paragraph 5.1. We note that of the three constants 3, 8, gnal
(controlling the exponential decay of the activities in terms of the volume resp. in
terms of the naive contour energy, and the decay of the non-local fields) the constant
£ is the smallest.
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So Statement 2.3 from [5] gives in our case that for d > 3, 3 large enough and
o2 small enough we have that

const

P[T(uj\-m*lamnA)[awo —_ _1] > e—constﬁ] < e o2 . (520)
We apply Proposition 5.2 and note that the two correction terms given therein
are also controlled by e~°®™**8 (with possible modification of const.) From this in
particular the estimates of Theorem 1 follow. O

Remark. We have not given an estimate on the value of vy as a function of ¢
and m*. This would of course follow from a more careful estimate of the best value
of the “anharmonicity-constant” € (which is entering ,@) as a function of ¢ and m*
(see Sec. 2) and is left to the reader.

Finally, Theorem 2 for the ¢*-theory follows immediately from:

Proposition 5.3. Assume that the anharmonic I-weights (2.17) satisfy the
Positivity (2.19) and the uniform Peierls Condition (2.20) with a constant € (that
is sufficiently small) Let pll, be any continuous spin Gibbs-measure obtained as a
weak limit of ,um"”""" along a sequence of cubes A for some (not necessarily positive)
continuous-spin boundary condition m € Uz,

Then the measure T (ul,) on {—1,1}Zd is a Gibbs measure for the absolutely
summable Ising—Hamiltonian

a2(m*)2
Hg(0) = =D S (0 g8 ) o0y
aj7y
—am Z (a —qlAga), ynwgy Z Se(oc;ne) (5.21)
z,y C:|C|>2

where the interaction potentials ®c(oc,nc) = Po(—oc, —nc) obey the uniform
bound

—const a|C|

|®c(oc,no)l <e

for all C' with

11 logl)*
a = const X min log log
logm

as in (3.3).

Remark. Note that it follows in particular that the interaction will be the
same e.g. also in continuous spin Dobrushin-states [11] (that are believed to exist)
one could construct using the boundary condition +m* in the upper half-space and
—m™ in the lower half-space.

Proof. Denote by IsmgV(UV) the usual restriction of (5.21) to the finite
volume V', obtained by keeping the sums over sets {z,y} and C that intersect V'
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and putting the spin equal to 64 for x ¢ V. Following [7] it suffices to show that,
for each 674« we have that

God "

MoA A, — —H_ 7 (ov)

ay,o Ising,V

lim lim A n(A - aav) e izd,n —, (5.22)

AtZe A 12 Z&V ZA1 Y 1(0V75A2\V) Z&V CiHISi“g'V(GV)

along (say) sequences of cubes where
- MONY A
2 on) = [P [ Lo (529)

RM €A

This is clear, since (according to our assumption of weak convergence) there is a
subsequence of cubes A; s.t. the inner limit exists and equals (T'(u,))|(ov|oa,\v)-
Summing Proposition 3.1 over the spins in A;\A2 we have then

ZZ%laAlmM (UAQ) _ e—b‘Al‘(Qﬂ-)%(det(a — qAAl))_%

TN AL TA\A T A

% Z e—infm;\l Hy, (mﬁxl)
GA1\A2
o, G .
X E p MG 060M, Tana\AsG) - (5.24)
G:0CGCA1

From here the proof is easy, given the explicit formula (4.8) for the minimum and
the absolute summability of the polymer weights, uniformly in the spins and random
fields.

For the convenience of the reader we give a complete proof for the simplest case
of vanishing anharmonicity w(m,) = 0, and vanishing magnetic fields n, = 0; it
illustrates the way boundary terms are entering. Using (4.8) we have indeed

Mo, M
Zy " (on,)

a2 (m*)2
.— Const Z o TH (a0 a Ay B (9850018 )

% et am™ (figaqe) (1), RA1 (A :0A 1\ Ag) Ay ) (5'25)

Now, using the exponential decay of the resolvent,

MaAy M, _
Zy, (ov,0a,\v)

a2 (m*)2 B ~
= Const X e (—2q : ((ov,Tap\v)s Bay (0, T4, v)) Ay

« g tam™ (la(aye) (M) Ray (9v,0a5\v)) Ay

2 *y2 2 *2
« E e%<(UvﬁA2\v)7RA1<7A1\A2>A1+°’ ) (oay\ag BAL A1 \Ag )AL

OAI\A2

% e +am™(figa, ) (M), Ra; 0p \Ag) Ay
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o2 (m*)2

) —a’dist(Az,Ai)
= Const x e™ 2a

((ov,8a5\v ), Bay (0V,5Aa5\v))a, =Const|Az]e
—a’dist(V,AS)
% e:l:Const|V\e 2

a2(m*)2 , _
X E e 7 (Tan\veRa oaay) A

TA1\A2
a2(m*)2 R
x et 2a (oA AL oAy \Ag Ay

« e+am*(fra(A16>(Yh),RA10A1\A2>A1 ) (5.26)

The terms in the last sum do not depend on oy so that we get
Z;\ViaAl sTIAL (O'V; 5'A2\V)

Yoy 21, Gy, oA )

13 3 . .
_ eiConst\A2|e_a d'St(A%Ai)iConsﬂV\e_a dist(V,A3)

a2(m*)? _ R _
e 2 ((ov,ay\v), Bay (0V,5a5\v)) Ay
X - (5.27)
a2(m*)2 - _ -
Z~ e 2q <(UV7UA2\V))RA1(GV70A2\V)>A1
ov

with uniform constants. Taking first A; T Z¢ (using that R, |, — Rza|a,) and
then Ay 1 Z¢ we get in fact the desired result in our special case.

The (random) non-Gaussian case follows easily from the cluster expansion of
the G-sum in (3.1). Indeed, since we have uniform exponential decay of the activi-
ties p%a¢ | the cluster expansion gives us quantities @2831\0(
uniform bound of the form as desired s.t. we have

oc;ne) that obey a

Z ﬁmaaAG(GQ oG, NG) = € 2-C conn.:0cOCA e "0 (eine) . (5.28)
G:0CGCA

The Gibbs potential in (5.21) is then given by the value of ®¢ for polymers C' that
are not touching the boundary. With estimates on boundary terms as in (5.26) the
claim (5.22) follows. O
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Appendix

For easy reference we collect some formulae about quadratic forms and the
random walk expansion of determinants and correlation functions we use. We start
with:

Lemma A.1. Let Qp be symmetric and positive definite. Let VCA and write,

with obvious notations,
Qs = ( Qv Qv,a\v ) . (A1)
Qanvy Qavawv
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Then we have the following formulae:

: -1
(i) Qx
B (Qv —Qv,av Qxl\‘,’ AV @A, v )t —Qy (Qav,ay —Qavy @y Qu.aw)
~ Qv av Qv — Qv av Quty vy @aw,v) ™ Qawv,aw —Qaw,v @y Qu,aw) ™
(A.2)
.. _ —1
(ii) detQa = det (IlyQy'My) ~ x det Qa\v (A.3)

(iii) For any zn we can write

1
§<mA, Qama)a — (ma, za)A

1

=5 ((mv = mit|, X

1
t3 <(mA—V - miA\Y/V’mV) ,Qa\v (mv - mf\A\\vv’mv> >A

) , (l'IVQXll_IV)f1 <mv —mi

- 1 <ZA7 QKIZA>A ) (A4)

[\

where the “global minimizer” mi* = QXIZA is the minimizer of the total energy,
i.e.

1 1
ma = o (ma, @ama)a = 5{ma, za)a - (A.5)

We write Qv = Iy Qally, Qa\v,y = lIa\v Qally. The “conditional minimizer”

mIZ\A\\\y’mV = QK\lv(zA\V +Qa\v,ymv) (A.6)
is the minimizer of the function
1 1
ma\y = §<(mA\V7mV)7QA(mA\VymV»A - §<(mA\V7mV);ZA>A (A7)

for fized my .

Remark. The quadratic forms on the diagonal of the r.h.s. of (A.2) are auto-
matically positive definite.

The proofs are easy and well-known computations and will not be given here.
Next we collect some formulae and introduce notation concerning the random walk
representation.

Lemma A.2. Denote by R the (non-normalized) measure on the set of all
finite paths on Z¢ (with all possible lengths), defined by

Iv[+1
RN = (552) (A8

for a nearest neighbor path ~y of finite length |y|. Then we have

Rp.zy = R(7y from z to y; Range(y)CA) (A.9)
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where Range(y) = {v;t =0,...,k} is set of sites visited by a path v = (V)t=o0,...k
of length || = k.

Proof. Write AR = 2d — T, where Tp.,, , = 1 iff 2,y € A are nearest neighbors
and Th,z, = 0 otherwise. Then

00 1 t+1
Rpsay = (c+2d — TA);,ly = Z <c + 2d> (TR)zy (A.10)
t=0

which proves (A.10). O
We will also use the obvious matrix notation
(R(- = -;C))gy = R(y from z to y; Range(y) = C) (A.11)

so that one has the matrix equality Ry = Y -, R(- — -;C) for any volume V.
We need to use a bound on its matrix elements at several places. Let us note the
simple estimate

1/ 24 \'“
Z R(x — y;C) < R(y starting at z, length(y) > |C] —1) = — .
c\c+2d
S
(A.12)
We will use these notations at many different places. As an example, let us prove

formula (3.11). Indeed, we have

(Mac(c — Ax) o) ™" = ¢ — (Asg + Bae,a\ o6 RavocOnoc,06)
= ¢ — (Asc + Osc,a\oaRamoa0aoa,06)
— Oaa,n\oa(Ravoe — Ramaa)Oaoa,0c
= (Mo (c — Agr) loe)
— Oaa,moa(Ravoc — Rar\aa)Oaaa,0c
= (Mpg(c — Agr) 'pe) !

- Z o, moaR(- — -5 C)0p 06,0 -
cca\ea
CN(GT)C#D,CNG2#£0

(A.13)

Here we have used Lemma A.1(i) in the first and third equality and Lemma A.2 in
the last one. Finally we give the:

Proof of Lemma 3.4. The random walk representation of the determinant is
obtained writing

1
log det(c — Ay) = log det [(c—l— 2d) (1 + " 2dTv>}

1
= It 2 Tr L 1 T A.14
[V]log(c + 2d) + rog( +c+2d v) ( )
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and expanding the logarithm. Using (A.3) we can then write

det(Ilpg(a — gAgr)~ lnac)

lo
& det(Hag(a — qAA)ill_-[BG)

detgv;ag(c - Agvv,ag) detA(c - AA)

=lo
& detGr (C — AGT‘) detA_ag(C - AA—&G)

— 1
- (Trer (Ter)! — Trgr—ac(Tar—aa)"
Ztc+2d rar(Tar)' — Trer—oc(Ter—oc)

t=1

— TI'A(TA)t + Tra_sa (TAfag)t) . (A.15)
It is not difficult to convince oneself that we have that

Trer (Ter)' — Trar—ac(Tar—ac)' — Tea(Ta)" + Tra—oc (Ta—oc)*

== > #{y: 2~ z; Range(y)CA; Range(y) N 9G # 0;

zEA

Range(y) N A\G" # 0; || = t}. (A.16)

So we get the form (3.28) putting

det Ool A -~
Zt C+2dtZ#{7 x — x; Range(y) = C;|y| =t}. (A7)

t=2

From this the bounds of the form €°t(C) < e=c0rst(1089)IC] gre clear, assuming that
c is large. O
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