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INTERPOLATION IN FRAGMENTS
OF INTUITIONISTIC PROPOSITIONAL LOGIC

GERARD R. RENARDEL DE LAVALETTE

Abstract. We show in this paper that all fragments of intuitionistic propositional logic based
on a subset of the connectives A, v, —, 1 satisfy interpolation. Fragments containing < or
—17 are briefly considered.

§1. Introduction.

1.1. A fragment [C] of IpL (intuitionistic propositional logic) is a subset of the
set of formulae of IpL built up from the propositional variables and constants
(Tand L) by means of connectives from the set C only. If C = {c,,c,,...}, then we
write [¢,,¢,,...] for [C]. In this note, we mainly consider the primitive connectives
A, v and —; one can, however, also think of defined connectives ¢, where A =
A(Py,...,P,) is some formula, with ¢,(B,,...,B,):= A(By,...,B,). Examples of de-
fined connectives are 1 (1A =A4-> 1) and — (A B=(A—- B) A (B- A)). So
e.g. [ A, v, —] contains all formulae of IpL, and [«] is the fragment containing
all formulae built up with < only.

1.2. The interpolation theorem for IpL reads as follows:

Let A and B be formulae of IpL such that A+ B. Then there is an interpolant I for
AR B, ie.

i) A-1and I+ B; and

ii) all propositional variables of I occur both in A and in B.

This theorem is a consequence of the interpolation theorem for intuitionistic
predicate logic, first proved by Schiitte in [S62].

1.3. In this paper, we consider relativizations of the interpolation theorem to
elementary fragments (fragments based on primitive connectives or —1), and we show

interpolation holds in all elementary fragments.

There are many fragments of intuitionistic propositional logic for which inter-
polation fails, e.g. [ A, —»,71,6] with §(4,B,C)=(Av 1A)A(A—=>B)A(T1A-C)
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1420 GERARD R. RENARDEL DE LAVALETTE

(first proved by J. Zucker in [Z78]; see also [R81]). For intermediate logics the
situation is the same (see [P85]). In classical logic, however, interpolation holds in
all propositional fragments (proved by F. Ville: see [KK71] or [KK72, the exer-
cises to Chapter 1]).

Another notion of fragment is considered in [R86], where a strong version of
interpolation is proved for the subset NNIL (No Nestings of Implication to the
Left) of formulae of IpL, defined inductively as follows: all propositional variables
and constants are in NNIL; NNIL is closed under A and v; and if 4 € NNIL
and P is a propositional variable, then P - 4 € NNIL.

1.4. The rest of this paper is organized as follows: in §2 we fix the notation and
present a sequent calculus for IpL, §3 consists of three lemmata about elementary
fragments, §4 contains Schiitte’s method to prove the interpolation theorem for
IpL, which is used subsequently to show interpolation for all elementary frag-
ments, and in §5 we discuss the consequences of not adding the constants T and
1 to the fragments. §6 is rather tentative: it reports on unsuccessful attempts to
prove interpolation for some fragments containing the connectives « and —1—.

1.5. Acknowledgements. The author is indebted to M.H. L6b, who pointed out to
him an error in a previous version of Theorem 4.5.

§2. Preliminaries.

2.1. Notation. All formulae are in intuitionistic propositional logic, with A, v,
—, 71 asconnectives and the constants T and L. P, Q, ... are propositional variables;
together with T and L we call them atoms. A4, B, C,... are formulae; I',4,I"’,... are
finite (possibly empty) sets of formulae. We write I', 4 for the union of I'and 4; T, A
stands for I', {A}.

For sets of formulae F, G we define

F=G:=VYAe FiBe G(A = B)and VB e G3A4 € F(B = A),
where A = B stands for A+ B and B+~ A. We also put
NF:={A; A--- A A,|A,,...,A, € F},
F-G={A->B|AeF,BeG},
F:={"A|AeF}.
We define a(A) [a*(A4)], the set of all [strictly positively occurring] atoms in A, by
a(T)=a™(T) ={T},
a(l)y=a*(L)={l},
a(P) = a*(P) = {P},
a(A A B)=a(A v B) = a(A - B) = a(A) v a(B),
a(mA) = a(A),
a*(AAB)=a*'(Av B)y=a*(4) u a*(B),
a*(A - B)=a*(B),
a*(M4) =g
p(A) [p*(A)], the set of all [strictly positively occurring] propositional variables in
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A, is defined by
p(A4)=a(4)—{T, 1}, p*(A)=a"(4)—{T, 1}

2.2. The derivation system. We use the following sequent calculus, denoted by
SC:

(P) TI,PFP
(T) TI+T,
(1) TI,L+C
-4 TI+B I,4,B-C
AR —FaaB (AL A ABFC
I+ 4, ILA-C TI,B-C
i :1 s > ,
VR FrgV g, =12 (vD ILAvBFC
rA-B -4 TI,B-C
R o L —FaSBrc
roA- L re4
R b r=arE

The main formula of a rule is the newly formed formula of the conclusion: 4 A B for
(AR)and(A L), A, v A,for(vR),4 v Bfor(vL),A— Bfor(»R)and(—-L),—4
for (R) and (ML)

SC has the following derived rules:

(CUT) Cut Elimination. If '~ 4 and I', A+ B then I' -~ B.

(WEAK) Weakening. If '~ A then I', 4+ A.

(SUB) Substitution. If I' — A then I'[P:= B]+ A[P:= B].

The proofs are standard (as for related systems, e.g. in [S62] and [T75]).

Note that the subformula property only holds in the following version:

if B occurs in a cut-free derivation of I F A,
then B = 1 or B is a subformula of I', A;

the addition B = 1 is made necessary by the presence of (—R), in which L is
eliminated. The following consequence is important in the context of this paper:
Let II be a derivation of I' = A. Then we have:
1) if B is a formula occurring in I, then all connectives in B occur in I', A; and
il) if ce { A, v, >,71} and (cR) or (cL) is a rule applied in I1, then ¢ occurs in T, A.
For later use (4.5,4.6), we define a variant SC* of SC and prove it equivalent
to SC.
2.3. SC*is SC with (v L) and (»L) replaced by:

rA-C T,B-C
ILAv B-C

ILA-B+A TI,B-C
(-L)* O BEC (A> B¢T).

(vL)* (Av B¢r),
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We write I' =* A for: '~ A is derivable in SC*.

24. LeMMA. ' A if and only if I' * A.

ProoOF. We write I'—, A for “I' - A has a derivation with length at most n”; idem
for I' =* A. By induction over n one easily proves:

(1) if [Av BAFH,C,thenI', A+, C;
) if 'Av B,BF,C, then I', B, C;
3) if [A—-> B,B-,C,thenI', B, C;
4) if 'H,C,then T, 4+, C,;
5) if FTEXC,then I, A} C.

We turn to the “if” part of the lemma. Assume I' —* 4, i.e. I' -} A for some n;
we show I' -, A by induction over n. If n = 1 then I' —* A is an axiom, hence I' -
A;if n > 1and I' =* A is (an axiom or) the conclusion of (v L)* or a rule different
from (—L)*, then the result directly follows from the induction hypothesis (using
that every instance of (v L)* is an instance of (v L)). If I' —* A is the conclusion of
(—»L)*, then the premises are of the form I, B—» C+*B and I'", CH* A where
I''=T —{B- C}. Now apply (5) to obtain I, B— C, CF¥_, A, and then the
induction hypothesis.

Finally we prove the “only if” part, by induction over the length of a derivation of
' A. Assume I' = A4, so I' , A for some n. If n = 1 then I' -+ A is an axiom, hence
I'*A4;if n > 1and I' - A is (an axiom or) the conclusion of an instance of (v L)*
or a rule different from (v L), (—»L), then the result directly follows from the
induction hypothesis. There are three cases left:

i) '~ A is the conclusion of (v L) with premises of the form I'', Bv C, B A4
and I, Bv C, C+A where I'"'=T — {B v C}:apply (1), (2), the induction
hypothesis and (v L)*.

ii) '~ A is the conclusion of (—»L) with premises of the form I B and I,
ChH A where I'":=T — {B— C}: apply (4) to obtain I'', B— Ch,_, B, then the
induction hypothesis and (—L)*.

iii) I' = A is the conclusion of (— L) with premises of the form I, B— C+ B and
I''yB—C,CtH Awhere I'":=T — {B— C}: apply (3) to obtain I'", C+,_, A, then
the induction hypothesis and (—L)*. O

§3. Elementary fragments. Before turning to interpolation, we derive some
properties of elementary fragments.

3.1. LemMA. (i) [A, -] = A[~]

(ii) Let A€ [—]. Thena*(A) = {X} for some atom X, and A = (A - X) > X.

(iii) {4 € [ A, »]|a*(A) is a singleton} = [-].

PRrOOF. (i) Formula induction, using

(AAB)-»(CAD)=(A—>(B->C) A(A—-(B—-D).

(ii)) We have A = A4; - (4, >+ > (A4, X)--*) (n > 0) for some atom X, so
a*(A) = {X}. Also

A=A, A AA)>X=(A A r"A4)2 X))o X))o X=A4-X)- X.
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(i) Formula induction, using (i), (ii) and
(A= X) > X)A(B-X)»X)=(A->B-X) - X. O

3.2. LemMA. (i) [ A, v,->]1 = ALV, -]

(ii) There is amapping = suchthatif Ae [ A, v,>]andBe[v,—>],then A = B
€[v,—], A= B=(A— B)and p(A = B) = p(A - B); as a consequence we have
(A, v,=2]>[v,»]=[v,>]

Proor. (i) Formula induction, using the following equivalences:
(AAB)V(CAD)=(AVC)ABVC)A(AV D) (BvV D),
(AAB)-»(CAD)=(A—->(B—-C) A(A—>(B- D).

(i) Let Ae[ A, v,—»]and BE[v,—]. By (i) we have A=A, A --- A A, with 4,
e[v,—-](@ =1,...,n); from the proof of (i) it follows that p(4) = p(4; A --- A A,).
Now put

A=B=A4,->(4,> > (4, B)--"),
and one easily sees that (ii) is satisfied. O

3.3. Lemma. (i) [A, v,71] = A[v,7]

(ii) There is a mapping Y suchthatif Ae [ A, v, ],then$Ae[v,T1], 44 =14
and p(YA) = p(—1A); as a consequence we have —1[ A, v,1] =[v,1].

PrOOF. Analogous to that of 3.2, using the equivalence

A —1(A A B)y="1"7(T1A v —1B)
and the definition
A= (mA4;, v .- v4,)
forde[A,v,1]JwithA=A4, A--- A A,and 4;e[v,71] (= 1,...,n). d

§4. Interpolation in elementary fragments.

4.1. LEMMA (ScHUTTE [S62]). Interpolation holds in [ A, v, —,71].

PROOF. Let A - B. Then there is a derivation in SC of 4 - B. With induction over
the length of the derivation it is shown that any partition I', 4 - C of a sequent in
the derivation has an interpolant I, i.e.

=1, L A-C; p(I') N p(4,C) 2 p(I).

From this the lemma follows (take I' = {4}, 4 = ¢ and C = B).
The method to obtain the interpolant I for I', 4 — A can be rendered as follows:

(iPl)  I[T]4,P+P, (iP2)  I,P[P]AFP,
(T)  I[T]4FT,

(l1l) TI[T]4, L-C, (il2) I, L[Ll]4FC,
. I(L]4-A T[I,]4+B

(AR I, ALIAFAAB

iy [hlA4-C  IILIBarcC

I, AILJAV B AFC
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r,A[l,]JA-C TI,B[L]4+C

iv L2
(vLly I AvB[vIL]AFC
. [[IJAFA T[L,]B,AFC
(i—L1) :

I, ~ALL]JA—B,4FC

A[IJI+A  T,B[L,]4FC

oy 404 114k C

I, A—B[I, - 1,JAFC

[[I4+ A . A[IIT+ A
(i— L1y [/] (i1 L2) L]

Ir(ij4,1A+~B’ I, A[CI]A+B’

We explain this notation with an example. (i A R) means

if'-1,andI,,A-Aand I'~1,and I,, 4B
then'1, Al,and I, A I,, A+ A A B;

so (i A R) indicates how an interpolant for I', A+~ A A B can be obtained from
interpolants for I', A Aand I', 4+ B.

For rules not mentioned here (( A L), (v R), (=R) and ((1R)), the interpolant for
the conclusion is the same as for the premise. X ’ O

4.2. With Schiitte’s method (i.e. the method used in the proof of Lemma 4.1), it is
easy to prove interpolation for [1] and for the fragments containing A ([A],
(A, Vv [A =LA LA, v, 21 [A, v, [A, =] LA, v, =)D

This is not evident for fragments containing v or-—,butnot A ([v],[-=], [V,
-], [v,7], [=,7], [Vv,—,7]), as (i v L1) and (i » L1) introduce A in the
definition of the interpolant. To illustrate this, we present the following example
where Schiitte’s method is applied to a proof of (P v Q) > R+ (P v Q)= R:

P,(Pv Q)—R[P]-P Q,(Pv Q)-R[Q]IFQ
P(Pv Q)—»R[PIFPvQ R[R]JP-R " Q(PvQ-RQIFPvQ R[RIQFR
(Pv Q)-»R[P-R]JPFR ., . : (P v Q)-R[Q—-R]QFR

"(Pv Q)= R[(P->R) A (Q>R)]P v QFR
(PvQ)=»R[(P->R)A(Q@—>R]-(PVvQ)—R

Since 7 is definable in fragments containing — (using the constant 1), we have
[-,]=[-]and [Vv,—-,71] =[V,—], so the only fragments for which inter-
polation still has to be shown are [v],[—],[ v, —»]and [ v,71]. We take a closer
look at these four fragments in the rest of this section.

4.3. Interpolationin [ v Jistrivial: if A, Be[v]and A+ B,thenA =P, v ** v
P,, B=Q, v ---v Q, with Vi <mij < n(P, = Q)), so.p(A) < p(B) and 4 is an
interpolant. (By a similar argument, interpolation in [ A ] is trivial.)

4.4. THEOREM (ZUCKER [Z78]). Interpolation holds in [ —].

PRrOOF (somewhat different from Zucker’s). Let A4, B € [—] with A - B. Schiitte’s
method gives us an interpolant I in the fragment [ A, —»]. By induction over
the length of the derivation of 4 B one can show that p*(I) < p*(4), so by
Lemma 3.1(iii) there is an I’ equivalent to I in [—]. O

4.5. THEOREM. Interpolation holds in [ v,—].
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ProoF. Let 4, Be [ v, —] with A B. By Lemma 2.4 there is a derivation II in
SC* of 4+* B. We define inductively the subtree II™ of IT:

a) AF*Bisin IT"; and

b) if the conclusion of a rule is in IT*, then so is (are) the premise(s), with the
following exception:

if the rule involved is an instance of (—L)* with a subformula occurrence
of A as main formula, then only the right-hand premise is in IT*.

(*)

By induction over the structure of II™ one easily observes (using the peculiar
definition of (v L)* and (—L)*) that

every sequent in I1" is of the form Ay, I' =* C, where Ay is a
(1) strictly positive subformula occurrence of A and I' U {C} a collection of
subformula occurences of B.

In other words: the sequents in IT* contain no negative subformula occurrences of
A and exactly one strictly positive subformula occurrence of A4, namely in the
premise.

Now we prove, by formula induction:

for every strictly positive subformula occurrence A, of A, there is an
(2) I=1(Ag,IT%) such that (i) I € [ v, —1], (ii) p(I) € p(4) N p(B), (iii) Ao+ 1,
and (iv) for every sequent Ao, I'=* C (A ¢ I') in I1* we have I, I' - C;

from this the theorem follows (take A4 for A4,).
(I) Ag = P, P an atom. Take

P if Pep(B),
T otherwise;

uanﬂ={

then (i), (ii) and (iii) are trivial. For (iv), we argue as follows: if P € p(B), then I(P,IT")
= P = A, and (iv) holds trivially; if P ¢ p(B), then P ¢ p(I", C) by (1), and with A4,
I'+ C we get (using Ao = Pand (SUB)) T, '~ C.

(I1) A, = A, v A,. Now put

(A, v Ay, %)= I(A;, TT) v I(A,, T);

(1), (ii) and (iii) are evident, and (iv) is proved as follows by induction over the length
of a subderivation of IT* containing only sequents of the form 4, v A,, '*C
(A, v A, ¢ I'). We distinguish three cases, writing I for I(4, v A,, IT").

(a) The sequent is an axiom; then sois [, I' — C.

(b) A, v A,, I' =* C is the conclusion of a (v L)*-rule:

A, TH*C A, TH*C
A Vv A, TH*C '

by the induction hypothesis (2), we have I(4,,IT*), I'+C and I(A4,,11"), '+ C;
hence we have I, I' = C by (v L)*.
(c) A, v A,, I'+*C is the conclusion of a rule with premise(s) containing
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A, v Ay, eg (vL)*:
Ay v A,, I',DF*C Ay v A, T'EF*C
A v A,, T',D v EF*C ’
by induction, we now have , I'', D Cand I, ", E+ C,hence I, I'', D v E+ C by

(v L). Similarly for other rules.
(III) AO = Al g Az. Let

I, A > A,F* A, A, [F*C,
I, A, > A,F*C,

(=L)*

(i=1,...,n;n>0) be all the instances of (—»L)* in IT* with 4; — 4, as main
formula. By 2.4 we have I, A, > A, A, (i=1,...,n), and with 4.2 we find
interpolants J; (i = 1,...,n)in [ A, v, »] with

©) LEJ,

(4) Ji» Ay = Ay - Ay,

©) p(J) € p(I}) 0 p(4; > Ay).
Now put

(A, > A, T :=(Jy v --- v J,) = I(A,,IT).

We show (i)—(iv) of (2), writing I for I(4, — A,,IT").

(i) holds by Lemma 3.2(ii).

(ii) By (5) and (1) we have p(J;) < p(B) N p(A) (i = 1,...,n),s0 p(I) < p(A) ~ p(B)
by the induction hypothesis (2) and Lemma 3.2(ii).

(iii) By (4) we have J, A, > A,+ A, (i=1,...,n), hence J, v --- v J,, A, -
Ay*= Ay also A, 1(A,,IT%) by the induction hypothesis (2). This gives A, —
A=y v v J,) = I(Ay, IT), so with Lemma 3.2(ii) we get A, - A, L.

(iv) Let A; - A,, ' =* C be a sequent in IT*. Three cases:

(a) It is an axiom: thensois I, I' — C.

(b) It is the conclusion of one of the (»L;)*, so I' = I}, C = C;. Now I} J; by
(3),s0 I;+=J; v --- v J,; also, by induction hypothesis (2), I(A4,, IT"), I': - C;, hence
we have (J; v -+ v J,) > I(A,,II), I} C,, ie. (by Lemma 3.2(ii)) I, I} C;.

(c) It is the conclusion of another instance of a rule, with 4, —» 4, as main
formula: now (iv) follows with induction, as under (Ilc) above. O

4.6. THEOREM. Interpolation holds in [ v,—].

PROOF. Analogous to that of Theorem 4.5 above. We only present the differences.

IT" is defined in 4.5, but now with the exception

if the rule involved is an instance of (1 L)*
(*) with a subformula occurrence of A4 as
main formula, then the premise is not in IT*.

This IT* satisfies (1) of 4.5, and we prove the following analogue of (2):

Jfor every strictly positive subformula occurrence A, of A, there is an
(6) I=1(Ao,IT)with(i)1e[v,71], (i) pI) < p(4) N p(B), (iii) Ay I, and
(iv) for every sequent Ay, I'=*C (Ao ¢ ') in IT* we have I, '+ C.
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Ao=Por A, =A; v A,. Asin4.5.
Ay ="14,. Let
;- A,
L) —41 7t
L) =4 c

(i=1,...,n;n > 0) be all the instances of (L) in IT* with —1 4, as main formula,
By 4.2 we find interpolants J; (i = 1,...,n)in [ A, v,—1] with

(7 ;= J,

®) JiF Ay,

) p(J;) < p(I3) N p(4,).
Now put

ICVALITY) =4y v --- v J).

We show (i)—(iv) of (6), writing I for I(—1 A, II").

(i) holds by Lemma 3.3(ii).

(ii) By (9) and (1) we have p(J;) < p(B) n p(4) (i = 1,...,n)so p(I) < p(A) n p(B)
by the induction hypothesis (6) and Lemma 3.3(ii).

(ii1) By (8) we have J— A, (i=1,...,n), hence J; v --- v J, = A;. This gives
A, F(J; v - v J,), so with Lemma 3.3(ii) we get 14, F I

(iv) Let 1 A,, ' =* C be a sequent in IT*. Three cases:

(a) It is an axiom: thensois I, I' + C.

(b) It is the conclusion of one of the (1L,)* so I' =1TI;, C = C;. Now [} J;
by (7), so I+J, v---v J,; hence we have —1(J; v --- v J,), I} C;, ie. (by
Lemma 3.3(ii)) I, I; + C,.

(c) It is the conclusion of an instance of another rule, with —14; as main for-
mula: now (iv) follows by induction, as under (Ilc) in 4.5. O

§5. Fragments without T or L. To make life simpler, we considered T and L as
constants which are present in every fragment. If we do not choose to do so, we
have to be slightly more careful, as we shall now explain.

5.1. T is definable in fragments containing —»(by P— P), A and — (by
—1(P A 1P)), or v and 71 (by 71—1(P v —1P)); similarly, L is definable in frag-
ments containing 71 and A, 71 and v, or 71 and —. In such fragments we have
e.g. the following derivable sequents:

P>P-Q—Q, PA—IPFQATIQ,

and an interpolant I for any of these must satisfy p(I) = &, which is impossible
without constants. The obvious remedy is to strengthen the premise in the formu-
lation of the interpolation theorem by adding any of the following conclusions:
p(A) N p(B) # &, or not(A+ 1) and not(-B).

§6. Other fragments, open problems. In this last section we consider fragments
containing <> and 711, and sketch some attempts to prove interpolation.
6.1. The only fragments based on A, v, = and < are [«], [A, =, <]
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(=[A,»]and [ A, Vv,>, o] (=[ A, v,>]) for
A (A—>B)= A A B,
(AANB)e> A= A- B,
B~ (Av B)=A-B,
(A>B)—(Av B)=A A B.
So [«] is the only new fragment. We conjecture that interpolation holds, but a
proof has not been found. We sketch two approaches.

6.2. The sequent calculus SC(«) for [«] is defined as the axioms (P), (T) and
(L), plus the following rules:

I'A-B I'BHA

(=R) rFAoB
4 TI,B-C B T,AFC
(HL) )
I Ao BFC I Ao BFC

Tosee thataformula 4 € [« ]isderivable in SC(«)if and only if it is derivable in
SC (considering A < B as an abbreviation of (4 — B) A (B — A)), one argues as
follows. Define SC* as the union of SC and SC(«), show that the cut rule is a
derived rule in SC*, observe that

(A>B)A(BoA)A—B and A« BF(4A— B) A (B— A)

are derivable in SC* and conclude, for sequents I' — 4 in [«]: I' - A derivable in
SC(«)if and only if I' - A derivable in SC™ if and only if I' - A4 derivable in SC.

It is not immediately clear how to prove interpolation for [«] with SC(«): the
“interpolation rules” to be used in Schiitte’s method are e.g.

I'[I,]JA+A T[L]B, A+-C
I'll, AI,LJA> B, AFC

AILITHA  T,B[L]4+C
IAo B[I,>L,]AFC

(i > L1)

(i L2)

so we get interpolants containing A and —.
6.3. Another candidate method to prove interpolation for [<], which works in
classical logic (see [Z78]), is: show A(p)+ A(A(T)). Unfortunately, this does not

hold for all 4 € [«<>]: to see this, take A(p):=(p « q) < (p < r), then A(A(T)) =
A(g & r)=q < r, but

(p < q) = (p—r)q < ris not derivable;

to see this, take p:= 1 and q:= —1—1r. Despite these unsuccessful attempts, we state
the following conjecture: interpolation holds for [«<].

6.4. Fragments with— 1. We introduce a new connective ~ for double negation.
The sequent calculus SC(~) is based on sequents I' = 4 or I' - (think of this last
sequent as being equivalent to I'— 1), and contains the axioms and rules of SC
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(possibly with sequents I' - ), together with

L =4 R) r, A=
A YT L T
r, A r,—A-
R Sy TS A
W) =
( re=4’

The cut rule is a derived rule of SC(~), and it is easy to see that
~AF—T71A4 and 1A ~A4

are derivable in SC(~). For fragments containing ~ but not —1, the rule ((71R) can
be skipped, but (L) is still needed because of (~R). To extend Schiitte’s method,
the following “interpolation rules” are needed:

r[I4a-4 A[IIT - A

i _ulara i—L2) oA
R IR = (L) =arnar
_ 114, A- . I, A[I14F

~Ly 44T ~12) ——fulaT
G~LY) Fra~ar (~L2) T ~14r

Unfortunately, this extension of Schiitte’s method may (by (i —1L2)) introduce —1
in the definition of an interpolant for 4+ B with 4 and B in some fragment con-
taining ~, but not —1. Closer inspection learns that (i —1L2) is only needed in
fragments containing =1 or —, so interpolation holds in the rather trivial fragments
[~],[~ A1, [~ v]and [~, A, v]. For the other fragments, the question arises:
which fragments containing ~ and — satisfy interpolation?

6.5. Uniform interpolation. Finally we state the following open problem: does IpC
satisfy uniform interpolation, i.e. are there, for every formula 4 and every P < a(A),
a uniform right interpolant Iy = Iz(A4, P) and a uniform left interpolant I, = I, (4, P)
such that

A lIgand I F A,
a(lg), a(l.) = P,
for all B with A+ B and a(A4) n a(B) < P we have Iz B, and
for all B with B+ A and a(A) n a(B) < P we have B-1,?
In classical logic, the left and right variant are equivalent. Uniform interpolation

holds for classical propositional logic, but not for classical predicate logic (see
[H63]), and hence not for intuitionistic predicate logic.

REFERENCES

[H63] L. HENKIN, An extension of the Craig-Lyndon interpolation theorem, this JOURNAL, vol. 28
(1963), pp. 201-216.

[KK71] G. KreiseL and J. L. KRIVINE. Elements of mathematical logic (model theory), North-
Holland, Amsterdam, 1971.



1430 GERARD R. RENARDEL DE LAVALETTE

[KK72] , Modelltheorie, Springer-Verlag, Berlin, 1972.
[P85] M. PoRrEBSKA, Interpolation for fragments of intermediate logics, Bulletin of the Section of
Logic, Polish Academy of Sciences, vol. 14 (1985), pp. 79-83, and Reports on Mathematical Logic,

vol. 21 (1987), pp. 9-14.
[R81] G.R. RENARDEL DE LAVALETTE, The interpolation theorem in fragments of logics, Indagationes

Mathematicae, vol. 43 (1981), pp. 71-86.

[R86] , Interpolation in a fragment of intuitionistic propositional logic, Logic Group Preprint
Series, no. 5, University of Utrecht, Utrecht, 1986.

[St=+ K. ScHUTTE, Der Interpolationssatz der intuitionistischen Prddikatenlogik, Mathematische
Annalen, vol. 148 (1962), pp. 192-200.

[T75] G. TAKEUTI, Proof theory, North-Holland, Amsterdam, 1975.

[Z78] J. 1. ZUCKER, Interpolation for fragments of the propositional calculus, preprint ZW 116/78,

Mathematisch Centrum, Amsterdam, 1978.

DEPARTMENT OF PHILOSOPHY
UNIVERSITY OF UTRECHT
3584 CS UTRECHT, THE NETHERLANDS



	Cover Page
	Article Contents
	p. 1419
	p. 1420
	p. 1421
	p. 1422
	p. 1423
	p. 1424
	p. 1425
	p. 1426
	p. 1427
	p. 1428
	p. 1429
	p. 1430

	Issue Table of Contents
	Journal of Symbolic Logic, Vol. 54, No. 4, Dec., 1989
	Volume Information [pp.  i - vii]
	Front Matter
	The Roots of Contemporary Platonism [pp.  1121 - 1144]
	Coding Over a Measurable Cardinal [pp.  1145 - 1159]
	On Hyper-Torre Isols [pp.  1160 - 1166]
	Descriptive Set Theory Over Hyperfinite Sets [pp.  1167 - 1180]
	Near-Equational and Equational Systems of Logic for Partial Functions. II [pp.  1181 - 1215]
	The Formal Language of Recursion [pp.  1216 - 1252]
	Definability in Terms of the Successor Function and the Coprimeness Predicate in the Set of Arbitrary Integers [pp.  1253 - 1287]
	Recursively Enumerable Sets Modulo Iterated Jumps and Extensions of Arslanov's Completeness Criterion [pp.  1288 - 1323]
	Some Restrictions on Simple Fixed Points of the Integers [pp.  1324 - 1345]
	A Proof of Morley's Conjecture [pp.  1346 - 1358]
	The Classification of Excellent Classes [pp.  1359 - 1381]
	Large Resplendent Models Generated by Indiscernibles [pp.  1382 - 1388]
	Algorithmic Information Theory [pp.  1389 - 1400]
	The Consistency Problem for Positive Comprehension Principles [pp.  1401 - 1418]
	Interpolation in Fragments of Intuitionistic Propositional Logic [pp.  1419 - 1430]
	The Number of Pairwise Non-Elementary-Embeddable Models [pp.  1431 - 1455]
	The Equivalence of the Disjunction and Existence Properties for Modal Arithmetic [pp.  1456 - 1459]
	A General Treatment of Equivalent Modalities [pp.  1460 - 1471]
	Reviews
	untitled [pp.  1472 - 1477]
	untitled [pp.  1477 - 1479]
	untitled [pp.  1479 - 1480]
	untitled [pp.  1480 - 1481]
	untitled [pp.  1481 - 1483]
	untitled [pp.  1483 - 1484]
	untitled [pp.  1484 - 1485]
	untitled [pp.  1485 - 1486]
	untitled [p.  1487]
	untitled [pp.  1487 - 1489]
	untitled [p.  1489]
	untitled [pp.  1490 - 1493]
	untitled [pp.  1493 - 1494]
	untitled [pp.  1494 - 1496]
	untitled [pp.  1496 - 1497]

	Fifth Southeastern Logic Symposium [p.  1498]
	Association for Symbolic Logic [pp.  1499 - 1535]
	Index of Reviews [pp.  1536 - 1541]
	Authors of Reviews [p.  1542]
	Notices [pp.  1543 - 1544]
	Errata [p.  viii]
	Back Matter



