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ASYMPTOTICALLY PERIODIC BEHAVIOUR IN THE
DYNAMICS OF CHAOTIC MAPPINGS*

H. E. NUSSEf

Abstract. We will prove that, for a chaotic mapping f belonging to a suitable class of C'** functions,
the set A,(f) has Lebesgue measure zero, with A, (f) a nonempty set consisting of points whose orbits do
not converge to an asymptotically stable periodic orbit of f or to the absorbing boundary. Moreover almost
every point is asymptotically periodic with period p, for some positive integer p.

Further, we will show that the same conclusions hold for maps with nonpositive Schwarzian derivative
under some additional assumptions.

Key words. iteration of chaotic mappings, asymptotically stable periodic orbit, absorbing boundary
point, (direct) domain of attraction, asymptotically periodic point, critical point, Schwarzian derivative

AMS(MOS) subject classifications. 26A16, 26A18, 28A75, 58F13, 58F15, 58F21, 58F22

1. Introduction and statement of the results. Many established results in the study
of iteration of mappings, initiated by Lorenz [11], May [13], [14] and Li and Yorke
[10], can be found in e.g. the monographs by Collet and Eckmann [4] and Preston
[21] and in the article by Nitecki [19].

There exist a lot of numerical investigations dealing with iterations of mappings,
see e.g. Stein and Ulam [24], Metropolis, Stein and Stein [16], Hoppensteadt and
Hyman [9], Gumowski and Mira [7] and Coste [5]. The numerical results of density
functions suggest, for some examples, that almost every point in the interval approach
to an asymptotically stable periodic orbit.

In the paper “Periodic three implies chaos,” Li and Yorke [10] mentioned the
question, whether (for some nice class of functions) the existence of an asymptotically
stable periodic point implies that almost every point is asymptotically periodic.

First, we shall reformulate a result obtained by Guckenheimer [6], Misiurewicz
[17] and van Strien [25], see also Collet and Eckmann [4] and Preston [21].

Let f be a chaotic C*-mapping from a compact interval [a, b] into itself. Assume
that f satisfies the following conditions: (i) f has one critical point ¢ which is
nondegenerate, f is increasing on [a, ¢] and f'is decreasing on [ ¢, b], (ii) f(a) = f(b) = a,
(iii) f has a negative Schwarzian derivative, i.e. f"(x)/f'(x)=3/2[f"(x)/f'(x)} <0
for all xe[a, b]\{c}, (iv) f has an asymptotically stable periodic orbit, (v) f'(a)>1.
Then the set of points, whose orbits do not converge to the asymptotically stable
periodic orbit, has Lebesgue measure zero.

Remark. If one omits condition (v), then the conclusion above need not be true,
e.g. if f'(a)<1 and f(f?(c))=f?(c), f'(f*(c))>1 (cf. Guckenheimer [6]).

Now we will recall a result which is due to Henry [8]: Let f:]0, 1[ > R be defined
by f(x) = Ax(1—x) for some A >4. For almost all (in the sense of Lebesgue measure)
x €10, 1[, some iterate of x under f is not in ]0, 1[.

This paper deals with iteration of chaotic maps from a nontrivial interval into
itself which may have many critical points. It will turn out that the two results mentioned
above are special cases of the obtained results in this paper.

Our first result is the following theorem.

* Received by the editors May 29, 1984; accepted for publication (in revised form) July 26, 1986. This
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THEOREM A. Let f be a mapping, of class C'** for some positive real number a,

Jrom a nontrivial interval X into itself. Assume that f satisfies the following conditions:
(i) The set of asymptotically stable periodic points for f is compact (if this set is

empty, then there exists at least one absorbing boundary point of X for f).

(ii) The set of points whose orbits do not converge to an asymptotically stable periodic
orbit of f or to an (or the) absorbing boundary point(s) of X for f is a nonempty compact
set, and f is an expanding map on this set.

Then we have

(1) The set of points whose orbits do not converge to an asymptotically stable periodic
orbit of f or to an (or the) absorbing boundary point(s) of X for f, has Lebesgue measure
zero.

(2) There exists a positive integer p such that almost every point in X is asymptotically
periodic with (not necessarily primitive) period p, provided that f(X) is bounded.

Consequently, the set of aperiodic points for f, or equivalently, the set on which
the dynamical behaviour of f is chaotic, has Lebesgue measure zero.

Further we will show that the conditions in Theorem A are invariant under the
conjugation with a diffeomorphism; hence the conditions seem to be satisfactory for
theoretical purposes. On the other hand, we observe that the conditions (i) and the
second part of (ii) cannot be checked a priori; hence the conditions seem to be
unsatisfactory for practical purposes.

Now we will state our second result.

THEOREM B. Assume that f is a chaotic C*-mapping from a nontrivial interval X
into itself satisfying the following conditions:

(i) f has a nonpositive Schwarzian derivative, i.e.,
[ 3 [f”(x)
f'(x) 2Lf'(x)
(ii) The set of points, whose orbits do not converge to an (or the) absorbing boundary
point(s) of X for f, is a nonempty compact set,

(iii) The orbit of each critical point for f converges to an asymptotically stable periodic
orbit of f or to an (or the) absorbing boundary point(s) of X for f,

(iv) The fixed points of f* are isolated.

Then we have

(1) The set of points whose orbits do not converge to an asymptotically stable periodic
orbit of f or to an (or the) absorbing boundary point(s) of X for f, has Lebesgue measure
zero,

(2) There exists a positive integer p such that almost every point in X is asymptotically
periodic with (not necessarily primitive) period p, provided that f(X) is bounded.

COROLLARY. Assume that f:R—>R is a chaotic polynomial mapping satisfying the
following conditions:

(i) The orbit of each critical point of f converges to an asymptotically stable periodic
orbit of f or to an (or the) absorbing boundary point(s) for f;

(ii) Each critical point of f is real.

Then we have

2
]éo forall xe X with f'(x)#0,

[ satisfies the assumptions (i)-(iv) of Theorem B.

We note that the Schwarzian derivative can be computed for any C* mapping,
and that the condition ‘“nonpositive Schwarzian derivative” is not invariant under
conjugation with a diffeomorphism.

Finally, we note that, for any fixed mapping from a nontrivial interval into itself
with finitely many critical points, it may be difficult to check condition (iii) of Theorem
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B by using a calculator, since the periods of the asymptotically stable periodic points
may be very large.

2. Simple examples. This section is devoted to some very simple examples; we
restrict ourselves to those examples appearing in the literature.

Example 1. X =[—1,1], f: X »> X is defined by f(x) =3.701x>—2.701x. It can be
verified that f has two asymptotically stable periodic orbits with period three.

Since f has a negative Schwarzian derivative and f'(1) =f'(—1)> 1, we have by
Theorem B (or by the corollary) that almost every point in X is asymptotically periodic
with period three.

Example 2. X =R, f:X > X is defined by f(x) = ax>+ (1—a)x with a> 4. Note
that f has no asymptotically stable periodic points and note that ]—oo, —1[ U ]1, ocf is
the union of the direct domains of attraction of the two absorbing boundary points of
X for f. By the theorem, the set of points whose orbits are bounded has Lebesgue
measure zero.

Example 3. Let f be a chaotic map of class C* from a compact interval [a, b]
into itself with the following properties (cf. Collet and Eckmann [4, p. 119]): (1) f has
one critical point ¢ which is nondegenerate, f is strictly increasing on [a, c] and strictly
decreasing on [c, b]; (2) f has a negative Schwarzian derivative; (3) the orbit of ¢
converges to an asymptotically stable periodic orbit of f with smallest period p, for
some positive integer p. Since the existence of an asymptotically stable fixed point in
[a, f?(c)[ has not been excluded (see Collet and Eckmann [4, p. 95]) the following
cases can occur:

(a) f has an asymptotically stable fixed point in [a, f*(c)[ and f has an asymptoti-
cally stable periodic orbit which contains the critical point in its direct domain of
attraction.

(b) f has an asymptotically stable fixed point in [a, f*(c)[ and the orbit of the
critical point converges to this stable fixed point. Furthermore f has 2" unstable periodic
points with period n for each positive integer n.

(¢) f has no asymptotically stable fixed point in [a, f*(c)[; consequently, the
critical point is in the direct domain of attraction of the asymptotically stable periodic
orbit. (This occurs if e.g. f has at most one fixed point in [q, c].)

The map f satisfies the conditions of Theorem B and we have that almost each
point in the interval [aq, b] is asymptotically periodic with period p.

3. Definitions and notation. Fix a nontrivial interval X cR. Let f: X > X be a
differentiable (noninvertible) mapping. For any positive integer n, the nth iterate of
£, denoted by £, is inductively defined by " = f o f" !, with £° as the identity mapping.
For any point x € X the orbit of x under f is the set {f"(x); ne NU {0}}.

Assume that Y is a nonempty subset of X. Fix a positive integer n. The image of
Y under f", denoted by f"(Y), is the set {f"(x); x€ Y}, the pre-image of Y under
f", denoted by f"(Y) or by (f")7'(Y), is the set {xe X; f"(x)e Y}. Y is called a
positively f-invariant set if f(Y)< Y; Y is called a negatively f-invariant set if f '(Y) <
Y; and Y is called a (completely) f-invariant setif f(Y)< Y and f '(Y) < Y. We write
C1(Y) for the closure of Y, Bd (Y) for the boundary of Y, and Int (Y') for the interior
of Y.

Let D be any subset of Y. We denote the complement of D in Y by Y\D, and
we denote the Lebesgue measure of D, when D is a Lebesgue measurable set, by
w(D). D is a component of Y, if it is a maximally connected subset of Y. Assuming
that D is a component of Y, then D is called trivial when u(D)=0, i.e., D consists
of one point.
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A fixed point x of f is called Lyapunov stable if for every open (in X') neighbour-
hood V of x, there exists a neighbourhood U of x such that f*(U)< V for each
positive integer k. A fixed point x of f is called asymptotically stable if the following
conditions hold: (i) x is a Lyapunov stable fixed point of f; (i) there exists an open
(in X) neighbourhood U of x such that U\{x} does not contain fixed points of the
mapping f or f>. A fixed point x is called unstable if it is not asymptotically stable.

Assume that x,€ X is an asymptotically stable fixed point of f. The domain of
attraction of x, is the set of points whose orbits converge to x,; this set is open in X.
The direct domain of attraction of x, is the component of the domain of attraction of
X, containing x,. If the closure of the direct domain of attraction is contained in the
interior of X, then we have: (i) the direct domain of attraction of x, is mapped into
itself under the map f; (ii) the boundary of the direct domain of attraction is mapped
into itself under the map f; moreover, for u in the boundary of the direct domain of
attraction of x, we have: either u is a fixed point of f, or f(u) is a fixed point of f, or
u is a fixed point of f2.

A point x € X is called a periodic point for f with period p, for some positive integer
p, if fP(x)=x (i.e. if x is a fixed point of the mapping f7). The period is called a
primitive period, if it is the smallest one. A point x € X is called an asymptotically stable
periodic point for f with period p, if x is an asymptotically stable fixed point of the
mapping f*.

A periodic point x for f with period p in the interior of X is called one-sided
asymptotically stable if there exists a positive real number & such that either
lim,-o f™(y)=x for all ye[x, x+¢&[ and |f?(y) —x|>|y — x| for all ye]x—e, x[, or
lim,.o f™(y)=x for all ye]x—eg, x] and |f7(y) —x|> |y —x| for all ye]x, x+e¢[.

A point x € X is called an eventually periodic point for f with (eventually) period
p, for some positive integer p, if there exists a periodic point g for f with period p and
a positive integer n such that f"(x) =gq.

A point x € X is an asymptotically periodic point for f if lim, . f"™(x) exists for
some meN; a point x is an aperiodic point for f if the following two conditions are
satisfied: (1) x is not an asymptotically periodic point and (2) the orbit of x is bounded.
The map f is called chaotic if there exists at least one aperiodic point for f.

A point x € (RU {+00}U {—00})\ X is called an absorbing boundary point of X for
f with period p, for some p € {1, 2}, if there exists an open set U = X such that f”*(y) > x
for k- oo for all y € U. Assume that x, is an absorbing boundary point of X for f with
primitive period p with p=1 or p=2. The set {y € X; f™(y) = x, for k- o} is called
the domain of attraction of x,. The component of the domain of attraction of x, which
has x, as a boundary point is called the direct domain of attraction of x,.

A point x€ X is called a critical point for f if f'(x) =0. For any critical point x
for f, the value f(x) is called a critical value for f. The set consisting of all critical
points for f is called the critical set of f.

We write the symbol LI for disjoint union, the symbol (] to indicate the end of a
proof, and finally

Per (f): the set of periodic points for f,

Crit (f): the set of critical points for f,

p(q): primitive period of g, with q € Per (f).

4. Preliminaries.
A. We fix a nontrivial interval X cR; let f: X > X be a fixed chaotic mapping.
In this subsection we assume that f satisfies the following conditions:

(4.1) (i) feC'**(X,X) forsome a>0;
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(ii) the set of asymptotically stable periodic points for f is compact;

(iii) the boundary of X has a neighbourhood, denoted by U, (x,), consisting
of two components of the union of the domains of attraction of the
asymptotically stable periodic points for f and the absorbing boundary
points of X for f.

The set of asymptotically stable periodic points for a mapping is not necessarily
finite, even if the periods are bounded or the set of asymptotically stable periodic
points has a compact closure in X. The set consisting of the asymptotically stable
periodic points for f and the possible present absorbing boundary points is finite,
because (1) if the set of asymptotically stable periodic points is not empty then it is
finite since it is discrete and it is assumed to be compact and (2) there are at most two
absorbing boundary points. Consequently, the smallest common multiple of the primi-
tive periods of the asymptotically stable periodic points is well defined, provided that
f has at least one asymptotically stable periodic point.

We will study the set of points in X, whose orbits do not converge to an asymptoti-
cally stable periodic orbit of f, or to an (or the) absorbing boundary point(s) of X for
f In other words, we will study the complement of the union of the domains of
attraction of the asymptotically stable periodic points for f and the domain(s) of
attraction of the absorbing boundary point(s) of X for f. We define:

4.2) Let D, be the union of the direct domains of attraction of all asymptotically
stable periodic points for f and the absorbing boundary points of X for f.
We write A, for X and we write A, for the complement of D, in X. We
define by induction A, ={xe A;; f*(x)€ A,} for each positive integer k.
For each keN we define D, ={x € A; f*(x) € D,}. Finally we set A.(f)=
Nr—o Ax.

We note that A.(f) includes the aperiodic points for f, and that the sets A.(f)
and X\A.(f) are completely f-invariant sets. If X is compact, and f is a chaotic
mapping then A.(f) is a nonempty compact set.

Now we will investigate some properties of the defined sets A.(f) and D; for
keNU {0}.

LemMmA 4.3. For any nonnegative integer k, we have

(i) Ap=Ar LD,

k
(i) A=AcULI D,

iz
Proof. Let k be any fixed nonnegative integer. Then
A ={xeA fk(x) €Ay}
={xe Ay, f(x)e A, for all j,0=j =k},
i.e., Ap4, is the set of points, which will be mapped into A, under the map f k
D ={x¢c A fk(x) € Dy}
={xe Ay f(x)2 D, for all j,0=j=k—1, f*(x) € D},

i.e., D, is the set of points in A, that will be mapped into D, under the map f K
(i) Axs1N D=, trivial. Splitting the set A, in the following way:

Ac={xe Ay fX(x)e AU{xe Ay f¥(x)e Dy},
we get Ak = Ak+1 U Dk'
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(ii) Axr1N(USo D;) =, trivial. Splitting the set A, as follows:
Ao={xe Ay f¥(x)e A}U{xe Ag; f*(x) € A\A,},

we obtain

k
Ag=Ar UDyU U {xe Ay f/(x)e A, forallj,0=j=i—1, f'(x)e Dy}
i=1

k k
=Ak+1UD()U U {xeAi;fi(x)€D0}=Ak+1U U D,'. ]
i=1 i=0

LemMA 4.4. For any positive integer k and any nonnegative integer n, we have:
i) f(A) = ANS(X),

(i) [ (Dusi) = D, N f(X).

Proof. Fix any n, k as in the lemma.

(i) By definition we have A, ,={xec A, ;"7 (x)eA,}. It follows that
An+k = {x € An; fk(x) € An} Since fk(An+k) Cf(X) we obtain fk(An+k) = An nf(X)

(ii) By definition we have D, ={x€ A,,«; " (x) € Do}. It follows that D, , =
{xe A,; f4(x) € A, and f"(f*(x)) € Do}. Since f*(Dysi) = f(X), we get f(D,.s) =
D, Nf(x). O

Note that, for each positive integer k, the set A, is the pre-image of A; under
f¥, but the set D, is a subset of the pre-image of D, under f*.

LEmMMA 4.5. There exists a positive integer R such that Ag is compact.

Proof. Evidently, there exist m e N such that Ugyx)< Ui-o D;. Then the set A,
is bounded. By definition, the set A,,,, is closed. Hence, A; is compact with R=
m+1. 0O

LEMMA 4.6. Let n be any fixed positive integer. Let S be a component of A,. We
assume that the interior of S is nonempty. For any k €N we have

k—1
IfSNU D,,;=<, then S is a component of A, .
j=0

Proof. Fix any neN. Assume that S is a nontrivial component of A,. Recall from
Lemma 4.3 the following properties: Aq=A,,,LILJ~y D; and A,,=A,,,LID,, for
each m eNU {0}. Obviously, we have A, = A,.+kl_ll_|,'-°;& D, for every keN. Assume
that keN for which hold that SﬂLl,'Zol D,,;=(. Then S is a component of A, 4,
since it is a nontrivial component of A,. 0O

LeEmMMA 4.7. Let S be a nontrivial component of A,,, for some fixed n €N, such that
SN Uga(x)=J. Assume that there exists a nonnegative integer k such that SN\ D, # &
and SN LJ,';O D,.j-1=. Then S is a component of A, and there exists a component
D of D, such that D < Int (S).

Proof. Fixany neN. Let S be a nontrivial component of A,,, such that SN Ugy(x)=
. Then the boundary points of S are pre-images of unstable periodic points for f. In
other words, the boundary points of S are eventually periodic points for f. Hence
Bd (S)N X\A(f)=O.

Let keNU{0} be given such that SNy D,+; 1= and SN D,,, #J. By
Lemma 4.6 we have that S is a component of A, . Since A,y = A,ir1l Dpyr, We
have that S is not a component of A, ;.

We conclude that S is a component of A,,, and that D<Int(S) for some
component D of D,,. 0O

LemMA 4.8. For any positive integer k we have:

(i)  Bd(DJ)={xeA;f“(x)eBd(D,)},
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(i)  Bd(Ax+1)=Bd (A)UBd (D),

(iii)  Bd(Aw)=UkoBd (D),

@iv) Bd (Ay) is positively f-invariant.

Proof. Apply Lemmas 4.3, 44, 4.6 and 47. O

Remark 4.9. (i) Assume that f has at least one asymptotically stable periodic
point. Let the integer p be the smallest common multiple of the periods of the
asymptotically stable periodic points for f. For any component S of A, for n= R with
R as in Lemma 4.5 we have that each boundary point of S is an eventually periodic
point for f with (eventual) period 2p.

(ii) If f has no asymptotically stable periodic points, then each boundary point
of such a set S as in (i) is eventually periodic with period two.

In order to be able to determine the Lebesgue measure of the complement of the
union of the domains of attraction of the asymptotically stable periodic points for f
and the absorbing boundary points of X for f, we give the following definition.

DEeFINITION 4.10. The mapping f is called eventually expanding, if we can find
positive integers N and M such that |(f")'(x)|>1 for all x € A,,.

We first formulate a lemma which says that the property “eventually expanding”
is invariant under conjugation with a diffeomorphism.

LEMMA 4.11. Let h: X >R be a diffeomorphism. If f is eventually expanding, then
the mapping g:h(X)->R defined by g(x)=hofoh '(x) is eventually expanding.

Proof. Assume that h: X >R is any fixed diffeomorphism, and that f is eventually
expanding. Let the positive integers N and M be as in Definition 4.10. By Lemma
4.5 let k be the smallest nonnegative integer such that A,,., is compact. We put
K=min {|fN)(x)]; x€ Ay}, e;=min{|h'(x)]; x€ Ay} and c;=min {|h7")'(x)];
x € h(Ap+1)}. Select the smallest s €N such that ¢, K°c,> 1. For each x€ h(A,,.,) we
now get, using the chain rule:

g™yl =1k efe BNy (ol =Ih o.fN o b7y ()]
=IO o B G - TLIGNY O o B[ ol

= K°c,> 1.

Hence g is eventually expanding. 0O

We will give a second definition of an expanding mapping on suitable subsets of
X. This definition is similar to one commonly used for expanding diffeomorphisms in
the theory of dynamical systems. Recall that a subset A of X is called positively
Jf-invariant if f(A)< A.

DEFINITION 4.12. Assume that Ac X is a closed positively f-invariant set. f is
called an expanding map on A, if we can find a constant C >0 and a constant K >1
such that |(f")'(x)|= C- K" for every positive integer n and each point x € A.

In spite of the fact that the set Ay, in Definition 4.10 is not a positively f-invariant
set, we will show that Definitions 4.10 and 4.12 have something to do with each other
by taking A = A,(f) in Definition 4.12. Before we can do this, we have to prove that
AL(f) is a compact positively f-invariant set.

LeEMMA 4.13. AL(f) is a compact positively f-invariant set.

Proof. The positive invariance follows from the definition (4.2) of A.(f); the
compactness follows from Lemma 4.5. 0

Note that A.(f) is a compact (completely) f-invariant set.

LEMMA 4.14. The following conditions are equivalent:

(i) fis an expanding map on A.(f).
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(ii) fis eventually expanding.

Proof. (i)=>(ii): Assume that f is an expanding map on A.(f). Select constants
C and K as in Definition 4.12. Let N be a positive integer satisfying C- KN >1;
assume N is minimal. We write Uy for an open neighbourhood of A, (f) such that
[(fV)'(x)|>1 for all xe Uy. Choose the positive integer M minimally such that
Ay < Uy, which exists because the A, form, from a certain nonnegative integer, a
decreasing sequence of compact sets. We conclude that f is eventually expanding.

(ii)=>(i): Assume that f is eventually expanding. Using (4.1) (iii) and Definition
4.10, we find positive integers N and M such that A,, is closed and |(f™)'(x)|>1 for
all x € Ay;. We write ¢ =min {|f'(x)|; x€ Ay} and K,=min {|(fV)'(x)|; x€ Ay }. Note
that ¢>0 and K,>1. If ¢>1 it is obvious that f is an expanding map on A(f). So
we assume from now on c=1.

Let a positive integer n be given. We write n = sN + t for some nonnegative integers
s, t with 0= t= N —1. Recalling that A(f) is a positively f-invariant set, we have for
each xe A.(f):

(") (x)|Zz Kie' =[KY NN - eV = [KY N [Kio] .

Choosing C =[c/K,]" and K = K}/™, we get the result that f is an expanding map
on A.(f). O

B. Let f: X > X be a chaotic mapping of class C* from an interval X into itself.
In this subsection we assume that f has a nonpositive Schwarzian derivative Sf, i.e.,

S 3 [f"<x)]2 _ ,
Sf(x) 700 2L =0 for all xe X\Crit (f)
From results due to Singer [22] (see also Collet and Eckmann [4]) we have:

(i) The nthiterate f" of f has a nonpositive Schwarzian derivative, for each n eN;

(ii) If the Schwarzian derivative of f is negative, then |£’| has no positive local
minima in the interior of X (this follows from the fact that f' and f" must have
opposite signs at a critical point of f’). This second result also holds for maps with
nonpositive Schwarzian derivative.

LEMMA 4.15. Assume that Y < X is a nontrivial closed interval such that Int (Y) N
Crit (f) = . Then |f'| assumes its minimum value at a point of the boundary of Y.

Proof. Let Y be as in the lemma. We have either f'(x)>0 for all xeInt(Y) or
f'(x)<0 for all xeInt(Y).

First we consider the case f'(x)>0 for all xeInt(Y). We write m=
min {f'(x): x € Y}. Suppose that f'(z)>m for each ze Bd (Y). Let [a, b] be a com-
ponent of the set {xe Y: f'(x) = m}.

Let £ >0 be such that [a—¢, b+e]<Int (Y), and m <f'(x) <f'(z) and f"(x) #0
forall xe[a—¢,a[U]b,b+e], ze BAd (Y). Such an ¢ exists, because otherwise [a, b]
would not be a component of {xe Y: f'(x) = m}.

Let a; be the slope of the straight line /, through the points (a — ¢, f(a—¢)) and
((a+b)/2, f((a+b)/2)); let a, be the slope of the line I, through the points ((a+
b)/2,f((a+b)/2)) and (b+¢, f(b+¢)). We write @ =min {a,, a,}. Let (x,, f(x,)) and
(x4, f(x4)) with a — e =x, <x,=b+¢ be the intersection points of [, with the graph
of fwithl,=l,ifa=a,and I, =1 if a = a,.

Let §>0 be such that m+286=a. We write ; for the line through ((a-+
b)/2, f((a+b)/2)) with slope m + 8. Let (x,, f(x,)) and (x5, f(x3)) with x; <x, <x3;<x,4
be the intersection points of I; with the graph of f.
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From the construction above we have:
S(xs) —f(x,) =a, S(x3) — f(x5) —m+3, S(x4) = f(x3) >a and S(x2) = f(xy) > a
x4—x1 X3"'x2 x4_.x3 xZ‘—xl
Since m+ 6 <m+28 =a we obtain

S(x0) = f(x1) . S(3) —f(x2) _f(x4) —f(x3) . S(x2) —f(x1)

X4_x1 X3_x2 X4"‘X3 x2—x1

<a(m+8)—a-a<a’-a’=0;
this implies

(xa=x) O =x5) _ flxa) =S (%) f(x3) = fx5)

(%= %3) (2= x1) " f(xa) =f(x3)  f(x2) = f (1)

Following Allwright [1] (see also Collet and Eckmann [4] and Preston [21]) we have,
since Sf(x)=0 for all xeInt(Y),

a=y) W3 =y2) _fa)—f1)  f(3) —f(3)

Ya=y3)(y2—»1) :f()’4) =f(y3) f()—f(y)

for all y,, y,, y3, ya€Int (Y) with y,<y,<y;<y,. Since (*) contradicts (#*), we
conclude that f’ assumes its minimum value at Bd (Y).

Now we consider the case f'(x) <0 for all x € Int (Y). Because Sf(x) = Sg(x) for
all xeInt (Y) with g =—f, we get that ' assumes its maximum value at Bd (Y) using
the obtained result for —f".

Conclusion: |f’| assumes its minimum value at the boundary of Y. O

The direct domain of attraction of each (one-sided) asymptotically stable periodic
orbit of f with period =3 contains at least one critical point of the map f. This property
follows from the next lemma.

LeEMMA 4.16. For each (one-sided) asymptotically stable periodic point q for f with
inf {x: x € Per (f)} < q <sup {x: x € Per (f)} we have: the direct domain of attraction of
the orbit of q contains at least one critical point of f.

Proof. 1f f has a negative Schwarzian derivative, then it is the result due to Singer
[22]. In the case that Sf(x) =0 for at least one x in X\Crit (f), combine Singer’s proof
and Lemma 4.15. [

COROLLARY 4.17. Let q be an (one-sided) asymptotically stable periodic point for
f with period p(q).

(i) If the direct domain of attraction of the orbit of q contains no critical point of
f, then p(q) =1 or p(q)=2; moreover q is one of the end-points of the set of periodic
points for f.

(ii) Fix some positive integer N. If f has N critical points, then f has at most N +2
(one-sided) asymptotically stable periodic orbits.

Proof. The proof is left to the reader. 0O

Remark. If the orbit of each critical point of f converges to an asymptotically
stable periodic orbit of f or to the possible present absorbing boundary of X for f,
then it follows from Corollary 4.17 that f has at most two one-sided asymptotically
stable periodic points.

LeEMMa 4.18. For each periodic point q for f with period p(q) =% and (f*"?)'(q)=1
we have: either q is one-sided asymptotically stable or q is asymptotically stable.

Proof. Let q be as in the lemma. Suppose that q is neither one-sided asymptotically
stable nor asymptotically stable. Then (f>” ()" does not assume its minimum value at
the boundary of small interval around g. This contradicts Lemma 4.15. [

(*)

(%)
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5. Proof of Theorem A. Since the proof of the theorem is quite long, we will do
it in several steps. Let f be a chaotic map that satisfies conditions (4.1). Assuming that
f is an expanding map on A,(f), we now can formulate some lemmas that lead to
the result that the Lebesgue measure of the set A.(f) is zero.

First, we will show that for each nonnegative integer n, we may write D, as a
disjoint union of finitely many intervals, that are open in X, and A, as a disjoint union
of finitely many (trivial or nontrivial) intervals that are closed in X.

LEMMA 5.1. Assume that f is eventually expanding. For any nonnegative integer n,
there exist nonnegative integers N(D, ), N(A,) and T(A,) such that the set D, consists
of N(D,,) components and the set A, consists of the union of N (A,,) nontrivial components
and T(A,) trivial components ( points).

Proof. We assume that f is eventually expanding. Since f is chaotic, we have that
Int (A,) # & for each neN and Crit (f) # .

We write Ugqyx) for the open neighbourhood of the boundary of X as in (4.1)
(iii). Assume that m is a nonnegative integer such that Ugqx), < UL, D;. We fix positive
integers N and M as in Definition 4.10. It is no restriction to assume that M = m +1.

Write U ={D; D component of L' D;, D NCrit (f) # &}. The set U consists
of finitely many components of the set LM y" D;, since Crit (f) N X\ Uga(x) is compact
and Crit (f) # . Let N(U) denote the number of elements of U.

Let n be any nonnegative integer. Let N(D,) denote the number of components
of the set D,. Recall that D, has finitely many components, and that f is a monotone
mapping on the components of X\U. Using that f(D,.,)=D,Nf(X) (see Lemma
4.4), one obtains that (N(U)+1)"- N(D,) an upper bound for the number of com-
ponents of the set D,. Consequently, the set A, has finitely many components. [

According to Lemma 5.1, we write for each nonnegative integer n:

N(D,) N(A,)
(5'2) Dn= I_I Dn;i, An= |_| An;il—!W(An) With W(An)

i=1 i=1

is the set consisting of the T(A,) trivial components of A,.
Further, we write

(5.3) The number p for the smallest common multiple of the periods of the
asymptotically stable periodic points for f multiplied by two, provided that
f has at least one asymptotically stable periodic point, and p =2 if f has no
asymptotically stable periodic points.

In the next lemma we prove that there exists a positive integer P such that, for
each positive integer n that is sufficiently large, we have the property: “if A is a
nontrivial component of A,, then A is not a component of A, p”’; or putting this in
another way: “if A is a nontrivial component of A,, then ANUZS D, # &.”

LEMMA 5.4. Let f be eventually expanding, and let M be as in Definition 4.10 and
p as in (5.3). Then for each integer n= M, and for each nontrivial component A of A,
there exists an integer j, 0= j = p and a component D of D, ; such that D < A.

Proof. Let the mapping f and the integers M and p be as in the lemma. Let the
integer N be as in Definition 4.10. Fix any integer n= M. Pick some nontrivial
component S of A,. It is no restriction to assume that SN Ugyx) =, where Upq(x)
denotes the open neighbourhood of the boundary of X as in (4.1)(iii).

There exists an integer i, 0 = i = n, and a point x; € Bd (D,) such that x; € Bd (f'(S)).
Choose i minimal with this property. Assume that u € Bd (S) satisfies f'(u) = x;. Let
ve Bd (S) be such that v # wu.
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We write f°(S)=[8, x;] where 8 =/'(v). Recall that f” is a monotone mapping
on a neighbourhood of x; “and from Remark 4.9 that f?(f?(x;)) =f?(x;). For each
positive integer m, there exists a one-sided neighbourhood of x;, say U,,(x;), such that
fT(x)e A, for all xe U,(x;), for all 0=r=m; consequently f'(v) # x;.

By a similar argument as above there exists an integer k, i = k=n (because i was
chosen minimally), and a point y, € Bd (Do) such that frv)= = yx. Note that x; # yy.

For real numbers a, B we write [a Bl= [a,B]if =B and [a Bl=[B,alifaz=p.

Suppose that f’([yk,fk i(x; )])ﬂ Dy=g for all integers j,0=j=<p then

f d Vies SN (x; nn LM, D; = & for all nonnegative integers j. In particular we now have
Q) U0 =)
(i) ST =7 ()

(iii) P restricted to [ FPe), fPH (s )] is strictly monotone.

This implies £***(S) N D, # &; and this contradicts the above result that f7**(S)N
D, = for all nonnegative integers j. We conclude that there exists an integer j,0=j=p
such that f7([y, £ (x, )]) N Dy # .

From the facts y, € Bd (Dy), yx& Do, f*7'(x;)e Bd (Dy), and f*(x;)¢ D, we
conclude that there is a component of D,, say D, such that D < f’ (fyk, (%)) for
some integer j, 0=j=p. 0O )

Assume that D and A are as in Lemma 5.4. If we could show that w(D)/u(A)=¢
for some fixed & >0, then from the properties (i) u(A,)=e 'Y " w(D,) and (ii)
llm,,_,ooZ"“’ u(D,,)=0 (see proof of Lemma 5.6) the desired result follows. In the
lemma that is stated below, we show that there exists such a uniformly defined lower
bound.

LEMMA 5.5. If f is eventually expanding, then we can find a number € >0 such that
Jfor each nonnegative integer n, for each nontrivial component A of A,,, and any component
D of D, satisfying D< A, we have u(D)/u(A) = e.

Proof. Assume that f is eventually expanding. Let the integers N and M be as
in Definition 4.10; using (4.1)(iii) without any restriction, we may assume that the set
Ay is compact. We set K =min {|(f")'(x)|; x € Ap}. Note that K >1.

Let the integer n> M be fixed. By Lemmas 4.6 and 5.4 we can fix an integer /(n),
1=I(n)= N(D,), and an integer k(n), 1=k(n)= N(A,), such that D,.;,)< A,.xn),
where N(D,) and N(A,) are as in (5.2).

Set for each integer j, M+1=j=n:

Aj—ik-n =f(Ajkp)  and  Dj_y-1y =f(Djp)-

Applying the mean value theorem, we can find for each integer j, M +1=j = n, real
numbers g; € A;.i(;y and d; € D;,;;), such that

|f,(aj)| : M(Aj;k(j)) = /-“(Aj—l;k(j—-l))a
|f’(d,)| : M(Dj;r(j)) = f"(l)j—l;l(j—l))'
This leads to

M(Dn;l(n)) _ f’(aj) . f"(DM;I(M))
(5'5.1) M(An;k(n)) j=M+1 f’(d,) ,U'(AM;k(M))
or
' #(Duimy) _ f _{ _|f(a) H _#(Dyim)
(5'5.1) ,u‘(An;k(n)) j=ll\—'1[+l ! ! f'(dj) M(AM;k(M)).
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Let a > 0 be fixed. Assume that the mapping f' is Holder continuous with positive
constant H and positive exponent a. We get for M+1=j=n

(5.5.2) Il_ f@)||_|f(d)-f(a)|___ Hldg-a|® _ H- [p(A)]"
e f'(d) f'(d) “min{|f'(x)|; xe A} min {{f'(x)|; xe Ap}

From the property |(f")'(x)|= K for all xe A, it follows that
(5.5.3) ,U«(An;k(n))é K~ (nmMYN w(An).

Using (5.5.2) and (5.5.3), we obtain

f'a)| ]| - H ) o
’1' ()| | Zmin (G e Ay L Arsk)]

(5.5.4)

_ H
“min {|f'(x)]; x€ Am}

[ (Ap)]" - K00/,

We write

. H

K9 . B *
min {|f'(x)|; x € Ap} Ln

and M =sN+t for some nonnegative integers s, t, 0=¢= N —1. We assume that
B = s+2; then using (5.5.4), we get

K=

(Am)1* =G,

BN _ f'(al') _ ﬂil g 1— '(ajN-H) < Bil g CRI-UN+i-M)/N
j=(s+1)N+1 f’(d]) Jj=s+1i=1 f,(djN+i) Jj=s+1i=1
x B o .. % . . NCK?
=NC ¥ K*™J7<NCK ¥ K" =—m—,
j=s+1 j=s+1 K-1
Conclusion:
(5.5.5) The series Y |1-— f_’(f_{;ﬂ is bounded.
j=M+1 f'(d)
Choose an integer L> M such that CK>~*"M”N <1 From (5.5.4) we conclude:
f,(am) > —1 .
5.5.6) Il —|=——~||=K™" for each integer m= L.
( F(dn) e

Put p,, =|1—|f'(a,)/f'(d.)|| for each integer m = L. Note that 0=p,, <1 for m= L.
For each integer m= L we have:

o0 k o0 o0
(557) 05lpu—tog(-pl= 3 Llcp § (p)r=p, ¥ RH=Fo
k=2 k k=1 k=1 K-1

Using (5.5.5) and (5.5.7), we have ¥\ _, |p,. —log (1= p,.)| is a convergent series. Now
we apply (5.5.5) again and we get that the series Y .._, log (1—p,,) is convergent. This
implieslog [[;,_, (1—p,.) is convergent; consequently [[*._, (1— p,,) > 0. We conclude:

. m|f'(a)
(5.5.8) rll_r)rgojzgﬂ ?;-(—&S >0.

Thus from (5.5.1) and (5.5.8) we have the following:

(5.5.9) There exists a real number ¢ >0 such that for all integers m= M +1, we
have u(D)/u(A)= ¢ for all components A< A,,, Dc D,, with Dc A, O

LEMMA 5.6. If f is eventually expanding, then lim,_ . n(A,)=0.
Proof. We assume that f is eventually expanding. Let the integers N and M be
as in Definition 4.10 such that A,, is compact. We put £,>0 as in (5.5.9).
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Using Lemma 5.4 and (5.5.9), we get

(5.6.1) w(A,)=ego! nip w(D,,) for each integer n= M.
By (4.3)(ii) we obtain for each positive integer n:
A=A, L t_(li D; and Ay=A,p+: il:g D,.
Consequently

n+p

n—1
AUl Di=A,p1U ] D; foreachneN.
i=0 i=0

We conclude that
n+p
(5.6.2) A=Al 4|_| D,, for each positive integer n.

The sequence {i(A,)}n-1 is monotone decreasing and bounded. So lim, . n(A,)
exists; call it y. Then, for each fixed integer k, we have: lim, .o u(A,)=v=
1im, o (A, 41). From (5.6.2) we get w(A,) = u(A, pi1)+ Y27 w(D;) for each neN.
Hence

n+p

(5.6.3) lim ¥ w(D,)=0.

n-> =,

Now we use (5.6.1) and (5.6.3); this gives
n+p
0=y=1lim w(A,)=lim {sg‘ y ;L(Di)} =0.

Conclusion: lim,_, u(A,)=0. 0O

Proof of Theorem A: (1) We assume that X — R is a nontrivial interval. Fix some
positive real number a. Let fe C'"*(X, X) satisfy the properties (i) and (ii) of the
theorem.

For each n €N we have that the compact set A,(f) is a subset of A,, with A(f)
and A, as in (4.2).

We write xo=min{xe X;xec A(f)}, yo=max{xe X; xe A, (f)}. If Crit (/)N
[x0, Yol =, then it is clear that u(A(f)) =0. From now on we assume that Crit (f) N
[x0, ¥ol # &, and that xy# y,.

We consider the following cases:

(a)  Bd(X)NAL(Sf)=;

(b)  Bd(X)NAL(f)={xo};

() Bd(X)NAL(Sf)={yo};

(d)  Bd(X)NA(f)={xo, yo}-

Case (a): Assume that Bd (X)NAL(f)=; then we have A(f)< Int(X).
Applying (4.1), Lemma 4.14 and Lemma 5.6, we obtain the result.

Case (b): Assume that Bd (X) N [x,, yo] ={xo}. We define u, =min {x €[x,, yol;
x € Crit (f)}, u, =min {f(x); u; = x = y,}, and u; = min {x € [x,, yo]; X is asymptotically
stable periodic point of f} provided that f has at least one asymptotically stable periodic
point; further we write u,, =min {u,, u,, us}. Note that u,, > x, and that f(u,,) = u,,.
The set Y,, defined Y,={xe X; x=u,,} is a positively f-invariant set. Moreover, we
have that the set Ao(f)N Y, is a subset of Int (Y;). As in case (a) we obtain that
w(A(f) N Y;)=0. Since Ax(f) =Un-of "(Ax(f) N Y1) U{xe} and the fact that the
restriction of f to the set X\ Y; is a homeomorphism, we get u(Ax(f))=0.
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Case (c): Assume that Bd (X)N[x,, yol={yo}. We define v, =max {x[x,, yol;
x € Crit (f)}, vo=max {f(x); xo=x =v,} and v;=max {x € [x,, yo]; x is asymptotically
stable periodic point of f} provided that f has at least one asymptotically stable periodic
point; further we write vy, = max {v,, v,, v3}. Note that vy, <y, and that f(vy) = v,
The set Y,, defined by Y,={xe X; x=vy,} is a positively f-invariant set. As in case
(b) we obtain w(AL(f))=0.

Case (d): Assume that Bd (X) N Ao(f) ={xo, yo}. We define u,, as in case (b),
and we define vy, as in case (c). We write Y =[u,,, vp,]. The set Y is a positively f-
invariant set, and we obtain u(A.(f) N Y)=0. Observe that the restriction of f to the
set X\ 'Y is locally a homeomorphism. Since A(f) =Un—o f "(Ax(f) N Y)U{xo, yo}
we conclude that w(A.(f))=0.

(2) Apply (1) of Theorem A and (5.3). O

6. Proof of Theorem B. In this section we fix a nontrivial interval X < R. First,
we assume that f: X > X is a chaotic mapping, for which the following conditions hold:

(6.1) (i) fe C*(X, X) and Sf(x)=0 for all x e X\Crit (f);

(ii) Crit (f)=U%-o Dy;

(iii) Ugq(x) is an open neighbourhood of the boundary of X which consists
of two components in the union of the domains of attraction of the
asymptotically stable periodic points for f and the absorbing boundary
points of X for f.

Remark. From the assumptions (6.1) and Corollary 4.17 it follows that f has no
one-sided asymptotically stable periodic points.

The first lemma gives the result that the set consisting of the asymptotically stable
periodic points for f and the absorbing boundary points of X for f is a finite set.

LeEMMA 6.2. The set consisting of the union of the asymptotically stable periodic
points for f and the absorbing boundary points of X for f is finite.

Proof. The proof is left to the reader. 0

COROLLARY 6.3. The number p, the smallest common multiple of the periods of the
asymptotically stable periodic points for f multiplied by two, is well defined.

Remark. (1) The number of critical points of f in Lemma 6.2 need not be finite.
Consequently, the result is a generalization of maps having finitely many critical points
with negative Schwarzian derivative (see Singer [22] or Collet and Eckmann [4]).

(2) Conditions (6.1) (i) and (ii) are not sufficient to imply that the number of
asymptotically stable periodic points is finite.

LEMMA 6.4. There exists a nonnegative integer N (f) such that, for each keN, we
have

(i) Axingy is compact,

(11) Crit (fk) N Ak+N(f) =(.

Proof. By assumption (6.1) we can find a nonnegative integer N(f) such that
Crit (f)U Uggx)< UNYD D,. Assume that N(f) is minimal. Then AN Is compact
and since A, n( and UNYD D, are complementary by Lemma 4.3, it follows that
Crit (f) N Ayin¢=. By definition we have for edch keN that the set Ay n() is
compact. By induction one obtains Crit (f*) N Ay, n¢) = for each keN. O

LEMMA 6.5. For each keN there exists N (k) eN such that |(fN*®)(y)|>1 for all
y€Bd (Avin(), with N(f) as in Lemma 6.4.

Proof. Fix the integer N(f) as in Lemma 6.4 and the integer p as in Corollary
6.3. Fix any positive integer k. We write K =min {|(f?)'(x)|; x € Bd (D,) N Per (f)}.
From (6.1) and Lemma 4.18 it follows that K > 1.

For each point y € Bd (A;in(r)) We have:
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(i) fX*ND*P(y) is a periodic point for f with period p;

i) [Py NPy ()= K> 1.

Set s, =min {|(f**N*?)(y)|; y€ Bd (Arsn()}- Choose a positive integer B
satisfying K?-s,>1. Then for each yeBd(Aiin¢) Wwe have fS*NO*P(y)e
Bd (Ax+n(n), since Bd (A;) = Bd (A;+,) and Bd (4;) is positively f-invariant for each
positive integer j (see Lemma 4.8). We obtain

(PPN DRy ()| = [(FPY (SN - (MDY () 2 KP - s> 1.
We have, by setting N(k)=(B8+1)p+k+N(f), |(fN®)(y)|>1 for each ye
Bd (Aging). [
LEMMA 6.6. There exists a number € >0 such that for each keN, and for all
Y« € Bd (Agin()) with the property

|(fk)'()’k)| =min {I(f")'(y)l; y€Bd (A nin)}
we have: w(D)>¢/|(f*)'(yi)|, with D is a component of LI{D;;0=i=k+ N(f)—1}
satisfying y, € Bd (D), and N(f) as in Lemma 6.4.

Proof. Select the integer N(f) as in Lemma 6.4, and the integer p as in Corollary
6.3. We write V for the set which consists of the union of the critical set of f
together with all its forward iterates and the set of asymptotically stable periodic
points for f. Define Vo=V N[xy,y], With xo=min{xeX;xeAnp} Vo=
max{xeX;xe A,+Nm}.

We set 8 =41inf{|x—y|; xe V,, ye Bd (Aj+nn)} Note that >0 since V, and
Bd (A,+n()) are disjoint nonempty compact sets.

Fix any k € N. Assume that a point y; € Bd (A n(p) is chosen such that |(f*)'( yk)| =
min {|(*)'(»)]; y € Bd (Ax+n(s)}- We set D for the component of the set U{D;; 0=j =
k+ N(f)—1} satisfying y, € Bd (D).

Using (6.1) (iii), and Lemma 4.16 we get that the mapping f**V*? restricted to
D has a critical point.

We write & =8/max {|(f V*?)'(x)|; x e Bd (An) UURS " D,}. Let Uc D be
an open interval with the following properties:

(1)  meBd(U),

(2)  UNCrit (f**"NO* 7y =g,

(3)  Bd(U)NCrit (f<*ND* ") =@,

We write z, for a point in C1(U) at which the map |(f**VN?*?)'| assumes its
maximum value.

Let V< U be an open interval which has either the property (i) V= U if z, =y,
or (ii)

(1)  zeBd(V),

(2)  VNCrit(fNOy =g,

(3)  BA(V)NCrit (f<*™ND*P) 5 G5 if 7, # y,.

From the choice of z, we obtain |(f**N*P)(x)|=|(fF*ND*P)(z,)| for all xe V.

Let W be the component of AN, containing y.. From Lemma 4.15 and the
choice of y, we have |[(f*)'(x)|=|(f*)'(y)| for all xe W. Applying Lemma 4.15 again
we have |[(f*)'(x)|=|(f*)'(z)| for all x in the interval WU U\V. In particular, we
have |(f*) (y)l Z|(F*) (z)l-

We conclude:
u(D)> u(U) = u(V)Z 8/|(f< NP)(20)|
=8/[(fNO Y (f (2 - 1) (2
=&/|(f*)(z")
=&/|(f*) ()l o
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LEMMA 6.7. There exists a positive integer N such that |(fN)'(x)|>1 for all xe
AN+N(), With N(f) as in Lemma 6.4.

Proof. We assume that the integers N(f), respectively p, are as in Lemma 6.4,
respectively, Corollary 6.3. Set ¢ >0 as in Lemma 6.6. Choose LeN such that ¢+ L>
w(Arine)). We write s, =min {|(f*)'(x)|; x € Bd (Arsn(p)} for each keN.

If 5,>1 then |f'(x)|>1 for all xeBd (A;+n(). Using Lemma 4.15 we have
|£'(x)|>1 for all xeBd (Ai+n(n) and we are done. So we assume that s, =1.

We set N(1)=1. Applying Lemma 6.5, we know there exists a nondecreasing
sequence {N(i)}{Z, of positive integers, defined as follows by induction: if sy =1,
let N(i+1)> N(i) be minimal such that |(f V*V)'(x)|>1 for all x € Bd (An()+np)s
and if sy¢)>1set N(i+1)= N(i).

Suppose that for some positive integer i, we have sy;)=1. Let k be any integer,
1=k=i-1. We assume that yy,€Bd (Ank+n(n) satisfies I(fN(k)),(yN(k))l = SN (k)

We set Un,) for the component of U{D;;0=j= N(k)+ N(f)—1} such that
YNk € Bd (UN(k))- Let XN (k) be a boundary pOint of UN(k) and XN (k) # YN

Then

@) Uny # Uniern  sinee [(FN )Y (xno)|> 1,
[N DY (yna)>1 and  |(N*D)(ynwsny)|=1 by using Lemma 6.5.
(ll) ;L( UN(k)) = S/SN(k) = by using Lemma 6.6.

Observe that Unu+ny<U{D;; N(k)+ N(f)=j=N(k+1)+ N(f)—1}; hence
Une+1) S Arenen -

We obtain: sy.+1)> 1, since € - L> u (A1, (), and consequently |(fN ) (x)|>
1 for all x € An(L+1)+n(p bY applying Lemma 4.15. 0O

COROLLARY 6.8. fis eventually expanding.

Proof of Theorem B. We assume that X < R is a nontrivial interval. Let f € C*(X, X)
satisfy the assumptions (i)-(iv) of the theorem.

(1) For each neN we have that the compact set A.(f) in X is a subset of A,
with A,(f) and A, as in (4.2).

We write xo=min {x € X; x€ Ao(f)}, yo=max {xe X; xe€ A.(/)}.

We consider the following cases:

(a)  Bd(X)NAL(f)=0,

(b)  Bd(X)NAl(f)={xo},

()  Bd(X)NA(f)={yd},

(d)  Bd(X)NA(f)={x0, yo}.

Case (a): Assume that Bd (X) N A.(f) =, then we have A(f) < Int (X). Then
there exists n €N such that A, < Int (X), consequently f has no one-sided asymptoti-
cally stable periodic points. Applying (6.1), Corollary 6.8 and Lemmas 4.3, 4.14 and
6.2, we obtain that f satisfies conditions (i) and (ii) of Theorem A. Consequently,
u(Ax(f))=0.

Cases (b), (c) and (d): Similar to the proof of cases (b), (c) and (d) of the proof
of Theorem A, provided that f has no one-sided asymptotically stable periodic points.

Now assume that f has at least 1 one-sided asymptotically stable periodic point.
From (6.1) and Corollary 4.17 it follows that the domain of attraction of such a
one-sided asymptotically stable periodic point consists of at most two components.
Let Y be the complement of the domain of attraction of the one-sided asymptotically
stable periodic points. The map f maps Y into itself and the restriction of f to Y has
no one-sided asymptotically stable periodic points. Since the fixed points of f2 are
isolated, we can proceed as before. Note that for each xe X\Y the point x is
asymptotically periodic with period two.
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(2) This follows from the above result u(A.(f)) =0 and Corollary 6.3. 0O

Proof of the corollary. Let f:R->R be a polynomial mapping of degree N +1 for
some N €N, such that conditions (i) and (ii) hold.

Then f has a negative Schwarzian derivative (see Collet and Eckmann [4]). We
conclude: f satisfies conditions (i)-(iv) of Theorem B. 0O

Remark. Assume that f is a mapping as in Theorem B. For each x € A,(f) we have

(i) xe Cl (U5, Crit (f")).

(ii) For every number K >1 there exists N €N such that

(Y)Y (x)|> K.
These paradoxical properties cause the subtle proof.

7. Some concluding comments. Let f€ C'(X, X) and A.(f) is defined as in (4.2).

Remark 7.1. (i) The condition “f is expanding on A(f)” does not imply “if
f"(x)=x then |[(f")'(x)|#1.”

(ii) The condition “if f"(x) = x then |(f")'(x)| # 1"’ does not imply “‘f is expanding
on A.(f).”

Question 7.2. Assume that f is expanding on A.(f), and that A.(f) is compact
in R. Is it true that the set of asymptotically stable periodic points is compact? The
question can be answered affirmatively if periods of the asymptotically stable periodic
points are bounded.

Problem 7.3. Assume that f is a chaotic C*-map from a nontrivial interval X into
itself with the following properties:

(i) f has a nonpositive Schwarzian derivative.

(ii) The set of points whose orbits do not converge to an asymptotically stable
periodic orbit, to a one-sided asymptotically stable periodic orbit or to the
possible present absorbing boundary of X, is a nonempty compact set.

(iii) The orbit of each critical point converges to an asymptotically stable periodic
orbit of £, to a one-sided asymptotically stable periodic orbit of f or to the
possible present absorbing boundary of X.

(iv) The fixed points of f? are isolated.

Is it true that the conclusions of Theorem B hold? Preston [21] mentioned a
similar question for maps with one critical point and negative Schwarzian derivative.

Acknowledgment. This paper, written during the stay at the Mathematical Sciences
Research Institute, Berkeley, revised in Groningen, is based on a part of the author’s
thesis [10] at the University of Utrecht, supervised by Hans Duistermaat. We had
several discussions, and I will take this opportunity to thank him for the critical and
stimulating remarks. [ am very grateful to the referees for their comments on an earlier
version of this paper. It is a pleasure again to thank Wilma van Nieuwamerongen for
the excellent typing of the manuscript.

REFERENCES

[1] D. J. ALLWRIGHT, Hypergraphic functions and bifurcations in recurrence relations, this Journal, 34
(1978), pp. 687-691.

[2] H. BROLIN, Invariant sets under iteration of rational functions, Ark. Mat., 6 (1965), pp. 103-144.

[3] T. W. CHAUNDY AND E. PHILLIPS, The convergence of sequences defined by quadratic recurrence-
formulae, Quart. J. Math. Oxford Ser. (2), 7 (1936), pp. 74-80.

[4] P. COLLET AND J.-P. ECKMANN, Iterated Maps on the Interval as Dynamical Systems, Birkhduser
Verlag, Boston, MA, 1980.



Downloaded 12/18/18 to 129.125.148.19. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ASYMPTOTICALLY PERIODIC BEHAVIOUR IN CHAOS 515

[5] J. CoSTE, Iterations of transformation of the unit interval: approach to an attractor, J. Statist. Phys., 23
(1980), pp. 521-536.
[6] J. GUCKENHEIMER, Sensitive dependence to initial conditions for one dimensional maps, Comm. Math.
Phys., 70 (1979), pp. 133-160.
[7] I. GumowsKI AND C. MIRA, Recurrences and discrete dynamic systems, Lecture Notes in Math., 809,
Springer-Verlag, Berlin, New York, 1980.
[8] B. R. HENRY, Escape from the unit interval under the transformation x -» Ax(1—x), Proc. Amer. Math.
Soc., 41 (1973), pp. 146-150.
[9] F. C. HOPPENSTEADT AND J. HYMAN, Periodic solutions of a logistic difference equation, this Journal,
32 (1977), pp. 73-81.
[10] T.Y. L1 AND J. A. YORKE, Periodic three implies chaos, Amer. Math. Monthly, 82 (1975), pp. 985-992.
[11] E. N. LORENZ, Deterministic nonperiodic flow, J. Atmospheric Sci., 20 (1963), pp. 130-141.
[12] , On the prevalence of aperiodicity in simple systems, in Proc. Global Analysis, Calgang: pp. 53-75.
Lecture Notes in Math., 755, Springer-Verlag, Berlin, New York, 1979.
[13] R. M. MAY, Biological populations with nonoverlapping generations: stable points, stable cycles and chaos,
Science, 186 (1974), pp. 645-647.
[14] , Simple mathematical models with very complicated dynamics, Nature, 261 (1976), pp. 459-467.
[15] R. M. MAY AND G. F. OSTER, Bifurcations and dynamical complexity in simple ecological models, Amer.
Nat., 110 (1976), pp. 573-599.
[16] N. METROPOLIS, M. L. STEIN AND P. R. STEIN, On finite limit sets for transformations of the unit
interval, J. Combin. Theory Ser. A, 15 (1973), pp. 25-44.
[17] M. MISIUREWICZ, Absolutely continuous measures for certain maps of an interval, Institut des Hautes
Etudes Scientifiques, Publ. Math., 53 (1981), pp. 17-51.
[18] P.J. MYRBERG, Iteration der reellen Polynome zweiten Grades 111, Ann. Acad. Sci. Fenn. Ser. Al Math.,
366 (1963), pp. 1-18.
[19] Z. Ni1TECK1, Topological dynamics on the interval, in Ergodic Theory and Dynamical Systems 11, Prog.
Math., 21, Birkhduser Verlag, Boston, 1982, pp. 1-73.
[20] H. E. NUSSE, Chaos, yet no chance to get lost, thesis, Rijks Universiteit, Utrecht, 1983.
[21] C. PRESTON, Iterates of maps on an interval, Lecture Notes in Math., 999, Springer-Verlag, Berlin,
New York, 1983.
[22] D. SINGER, Stable orbits and bifurcations of maps of the interval, this Journal, 35 (1978), pp. 260-267.
[23] S. SMALE AND R. F. WiLLIAMS, The qualitative analysis of a difference equation of population growth,
J. Math. Biol., 3 (1976), pp. 1-4.
[24] P. R. STEIN AND S. ULAM, Nonlinear transformation studies on electronic computers, Rozprawy
Matematyczne, 39 (1964), pp. 1-66.
[25] S. J. VAN STRIEN, On the bifurcation creating horsehoes, in Proc. Dynamical Systems and Turbulence,
Warwick, 1980, pp. 316-351; Lecture Notes in Math., 898, Springer-Verlag, Berlin, New York, 1981.




