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TWO-NUCLEON CLUSTER SPECTROSCOPIC FACTORS: 

A SEARCH FOR THE BOUND-STATE PARAMETERS 
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Kernfysisch Versneller lnstituut, Ri/ksuniversiteit Groningen, 
974 7 AA Groningen, The Netherlands 

Received 23 August 1981 

A method is presented to extract relative two-nucleon spectroscopic factors from experimental data with DWBA cal- 
culations using a macroscopic form factor. The radius and diffuseness of the macroscopic bound-state weU are adjusted 
such that macroscopic and microscopic form factors are almost identical for all L-values with L ~< 6. A common area exists 
in the (r o, a) plane where this condition is satisfied. 

The main difference in the expressions for the 
cross section of  single-nucleon transfer reactions (SNT) 
and two- (and in general multi-) nucleon transfer re- 
actions (TNT) is the fact that for SNT the dynamical 
and structure parts factorize, whereas this is not the 
case for TNT. For SNT the ratio between the experi- 
mental and calculated (e.g. in DWBA) cross sections 
yields, apart from a normalization constant and sta- 
tistical factors, the spectroscopic factor which can 
directly be compared with the results of  model cal- 
culations. To calculate the dynamical part one as- 
sumes the transferred particle to be bound to the 
nucleus represented by a potential well with size pa- 
rameters which are believed to be well established 
and a depth adjusted to reproduce the experimental 
separation energy. 

For TNT the shape and magnitude of  the angular 
distribution depend on the coherence properties of  
the overlap between the initial and final state. A set 
of model wavefunctions and in particular their co- 
herence properties may be tested by employing the 
resulting transition amplitudes in a microscopic 
DWBA calculation and comparing the angular dis- 
tribution obtained with experimental data. Due to 
the coherence effects, in general, no unique informa- 
tion on the individual amplitudes of  the various con- 

1 Present address: CERN, CH-1211 Geneva 23, Switzerland. 
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figurations can be extracted from this comparison. 
In multi-nucleon transfer reactions, as a-transfer re- 
actions (see e.g. ref. [1 ] ) it is frequently assumed 
that the factorization of  the cross section may also 
be carried out and the form factor is then calculated 
in a macroscopic approach, namely under the assump- 
tion that the transferred cluster is structureless. 

In this letter the macroscopic approach is applied 
to (a, d) reactions on 28Si and 32S and to the 32S(d, 
a)30p reaction. Here the relative intensities of  the 
DWBA cross sections for different L-values appear 
to be a function of  the size parameters of  the bound- 
state well. For all L-values with L ~< 6 a common 
area was found in the (ro, a) plane where the radial 
dependence of  the macroscopic and microscopic form 
factors is almost identical. The details of  the analyses 
will be presented in a forthcoming publication [2]. 

In DWBA calculations (e.g. with DWUCK IV [3] ) 
the cross section for the (a, d) or (d, a) reaction is 
given as 

daIJ  1 

dYZ/DWBA ~ I LS~M 2 L + 1  

× fd3R X-*(k f )FjLsT(R)yM(R)x+(k i  ) 2. (1) 

Here F is the two-nucleon form factor, and x(ki) and 
X(kf) are the distorted ingoing and outgoing waves. 
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In the microscopic approach two-nucleon transfer 

amplitudes t37,7 = (nl  ll]1 ;n212]2), are deduced 
from the shell-model wave functions. In order to con- 
struct the form factor F a transformation is made 
from individual to centre-of-mass (c.m.) amplitudes 
~vJLST following the Bayman-Kal l io  method [4] .  
This method assumes a relative s-motion between 
the transferred nucleons. 

For  harmonic-oscillator radial wavefunctions the 
relation between the quantum numbers for the rela- 
tive (v, X) and c.m. motion (N, A) of  the cluster and 
those for the individual nucleons (ni, li) is given by 

2(v + N )  + X + A = 2(n 1 + n2) + l 1 + l 2 . (2) 

It is commonly assumed that eq. (2) is also valid for 
Woods -Saxon  wavefunctions. Assuming that  only 
two nucleons in a 0s state contribute to the cross sec- 
tion implies that  for each L-value (L = A) only one 
N-value remains. Further assuming no L - S  coupling, 
eq. (1) may be writ ten [2] as an incoherent sum of  
contributions with different L value 

d° l  Jet ~ , [ G L ' 2  M~ [BMI 2 (3) 
d ~ /  L 

All structure information represented in c.m. coordi- 
nates is contained in G and hence for the calculation 
of NMIBM[ 2 no further structure information is 
needed [5].  For a set of  bound-state parameters r 0 

L and a this factor may be calculated as (do/d~2)macro 
with a DWBA code like DWUCK IV. In the compari- 
son with experimental  data one determines, apart 
from a normalization constant aC, the experimental 
intensities A 2 for each L-value. The experimental  
cross section for reactions with AS = 1 can thus be 
written as 

(do/dg2)eJxp = eC(2J + 1) -1  

X {A2L(dO/d~)Lacro+ A2+2(da/dgt)Lm+a2o} , (4) 

where c~ is the product  of  statistical factors. 
In the microscopic case the cross section is also 

a sum of  contributions with different L-value. It 
should be noted here that the Bayman-Kal l io  meth- 
od includes relative s-motions other than zero allow- 
ing several N-values for a particular L-value. The form 
factor may be represented as G L UL (R ) where U L 
is the normalized form factor used in the calculation 
of B,  M and the cross section can be writ ten [21 a s  

L 

(do/dfZ)Jxp = aC(2J + 1) -1  

X (G2L(dO/d~2)Lmicro + G2+2(do/d~2)Lm+2o}. (5) 

The square brackets indicate the cross section calcu- 
lated with a normalized form factor the shape of  
which is determined by  the transformation from in- 
dividual to c.m. and relative cluster coordinates. 

Any macroscopic form factor which satisfies 
U L (R) matt° = U L (R) micr° , yields identical cross sec- 
tions (do/d~2) L in eqs. (4) and (5). Then the A 2 , ob- 
tained, e.g. by a fitting procedure to the data, might 
be interpreted as experimental two-nucleon spec- 
troscpic factors and are related to G 2 by ~020 A 2 
= G 2. The factor a g  o [2,5] contains all structure de- 
pendence on the light-particle combination and is 
equivalent to D 2 in the usual zero-range approxima- 
tion for SNT reactions. Such factors are usually ab- 
sorbed in the normalization constant.  

In the following we present a procedure to obtain 
the r 0 and a values that yield approximately iden- 
tical microscopic and macroscopic form factors. Ma- 
croscopic form factors were generated by taking a 
deuteron with quantum numbers N, L and J in a 
Woods-Saxon  well with a depth yielding the appro- 
priate binding energy. Those values of  r 0 and a were 
accepted for which the maxima, the minima, and 
the zero-crossing of  the macroscopic form factors 
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Fig. 1. Areas in the plane formed by the geometrical parame- 
ters of the cluster Woods-Saxon well. Region I results from 
the restriction U~acr°(R) = umicr°(R) for all L-values from 
L = 0 to L = 6. Region II results from imposing the well- 
matching prescription. For details see text. The cross indi- 
cates the actually chosen values. 
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Fig. 2. A comparison of microscopic angular distributions and the corresponding macroscopic ones for a number of states in the 
(a, d) and (d, a) reactions. The data points represent the microscopic values, the solid line represents the best x2-fit to them. 
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are w i t h i n  0.1 f m  o f  t h e i r  m i c r o s c o p i c  c o u n t e r p a r t s .  

F o r  f o r m  f a c t o r s  w i t h o u t  n o d e s  t h e  s a m e  c r i t e r i a  

we re  u s e d  fo r  t h e  v a l u e s  a t  h a l f  m a x i m u m .  W i t h  t h e s e  

r e q u i r e m e n t s  t h e  s h a p e s  o f  t h e  f o r m  f a c t o r s  t u r n e d  

o u t  t o  be  a l m o s t  i d e n t i c a l .  I t  a l so  t u r n e d  o u t  t h a t  

t h e  s h a p e  o f  UL(R) is a l m o s t  i n d e p e n d e n t  o f  t h e  con-.  

f i g u r a t i o n  7 .  T h i s  n o t  o n l y  is a s u p p o r t  f o r  t h e  re-  

s t r i c t i o n  to  z e r o  re la t ive  s - m o t i o n  in  t h e  m a c r o s c o p i c  

c a l c u l a t i o n s  b u t  a lso  i n d i c a t e s  t h a t  t h e  r e s u l t s  o f  t h i s  

s e a r c h  are  p r a c t i c a l l y  i n d e p e n d e n t  o f  t h e  m i c r o s c o p i c  

w a v e f u n c t i o n s  (i .e.  t h e  v a l u e s  of /3) .  F o r  t h e  2 8 S i ( a ,  

d ) 3 ° P  r e a c t i o n  a t  E a  = 50  M e V  t h e  L - v a l u e s  r a n g e d  

b e t w e e n  0 a n d  6 a n d  t h e  a b o v e  r e q u i r e m e n t s  c o n -  

s t r a i n e d  t h e  p o s s i b l e  ( r 0 , a )  v a l u e s  t o  a r ea  I in  fig.  1. 

A n  a d d i t i o n a l  r e s t r i c t i o n  i m p o s e d  b y  t h e  w e l l - m a t c h -  

ing  p r e s c r i p t i o n  o f  De l  V e c c h i o  e t  al. [6]  r e s u l t e d  

Table 1 
Comparison be tween relative two-nucleon spectroscopic factors, G~, calculated from the FPSDI interaction and the  values A~  
obtained by fitting the  calculated microscopic angular distr ibutions with those calculated with a macroscopic form factor. The 
G 2 and A 2 are nolmal ized to uni ty  for the  highest-J  transfer.  

E x (MeV) a) j l r  a) (G~) rel (G~÷2)rel ~ A 2 j e l  ~ A 2 ,rel  
v,~ Z Smacr t~  L÷2 s macr 

2s Si(a, d)3°P 

0 1 ÷ 0.448 0.237 0.61 ± 0.04 0.29 ± 0.03 
0.71 1 ÷ 0.029 0.617 b) 0.82 ± 0.02 
1.45 2 ÷ 0.283 - 0.316 ± 0.005 - 
1.97 3 ÷ 0.041 6.1 × 10-4 0.0370 ± 0 .0004 <0 .002  
2.54 3 ÷ 0.015 0.426 b) 0.66 ± 0.02 
2.72 2 ÷ 0.058 - 0.0583 ± 0.0007 - 
2.84 3 ÷ 0.007 0.334 b) 0.488 ± 0.015 
3.02 1 + 9.7 × 10 .-4 1.4 × 10 -3 (9.2 ± 0.8) × 10 -4 (8.2 ± 0.9) × 10-4 
7.20 c) 7 + c) 1 - 1 - 

32 S(d, ~)3Op 

0 1 ÷ 0.157 0.051 0.076 ± 0.005 0.048 ± 0.006 
0.71 1 + 0.012 0.071 0.015 ± 0.004 0.057 ± 0.007 
1.45 2 ÷ 3.3 × 10 -4 - (2.10 +- 0.14) × 10-4 - 
1.97 3 + 0,528 0.009 0.34 ± 0.04 0.10 ± 0.08 
2.54 3 ÷ 0.025 0.009 0.019 ± 0.002 0.014 ± 0.008 
2.72 2 ÷ 0.039 - 0.045 ± 0.005 - 
2.84 3 ÷ 0.045 0.024 0.039 ± 0.004 0.046 ± 0.015 
3.02 1 ÷ 0.028 0.012 0.0155 ± 0.0017 0.014 ± 0.002 
4.34 5 + c) 1 - 1 - 

32 S(a, d) 34 C1 

0.15 3 ÷ 0.005 0.485 b) 0.85 ± 0.02 
0.46 1 ÷ 0.035 0.207 0.062 ± 0.006 0.189 ± 0.010 
0.67 1 ÷ 0.044 0.048 0.046 ~ 0.004 0.030 ± 0.005 
1.23 2 ÷ 0.028 - 0 .0268 ± 0.0003 - 
1.89 2 + 5.5 × 10 -4 - (3.78 ± 0.07) X 10-4 - 
2.18 3 + 0.015 6.7 × 10 -3 (9.0 ± 0.2) × 10 -3 (9.9 ± 0.2) × 10 -3 
2.38 4 ÷ 3.1 × 10-4 - (2.47 ± 0.03) × 10-4 - 
2.58 1 ÷ 5.5 X 10 -6 8.8 X 10 -4 b) (6.1 ± 0.2) X 10-4  
2.61 3 ÷ 1.9 × 10 -3 0.011 (1.87 ± 0.14) × 10 -3 0.0122 ± 0.0003 
3.13 1 + 0.032 0.036 (9.9 ± 1.4) X 10 -3 0.037 ± 0.003 
5.29 d) 7 + d) 1 - 1 - 

a) Taken from ref. [9] unless indicated otherwise. 
b) The contr ibut ion of  this L-value cannot  be determined.  The fi t t ing procedure prefers a negative intensity.  The A for the  other  

L-value is de termined by  fitting with only one L-value. 
c) Ref, [10] .  d) Ref. [11] .  
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in area II in fig. 1. From the overlap of  the two areas 
we have fixed r 0 = 1.15 fm a n d a  = 0.76 fm as effec- 
tive values for all of  the following macroscopic cal- 
culations. These values differ from the commonly 
used optical-model parameters [7] and indicate that 
one should be cautious by taking such parameters 
for the bound state. The corresponding areas for the 
32S(d, ~)30p and 32S(t~, d)34C1 reactions include the 
above (r 0 ,a) combination. 

Microscopic calculations, including the L - S  po- 
tential and non-zero relative s-motions, in the angular 
range 0 ° - 6 5  ° in steps of  1.67 ° have been taken as 
"data" to be compared with the macroscopic calcu- 
lations. Both A 2,~ and A2+2,~ have been determined 
in a X2-fitting procedure. Each "data" point was given 
an error of  1%. 

Fig. 2 shows the fit of  the macroscopic calcula- 
tions to the microscopic "data".  The shapes of  the 
angular distributions are well reproduced, except at 
bakcward angles for the J~ = 1 + states, for which 
L - S  coherence effects probably play a role. The rel- 
ative two-nucleon spectroscopic factors, G 2, calcu- 
lated from the FPSDI shell-model wavefunctions [8] 
and those obtained in the fitting procedure, A 2, are 
presented in table 1. The uncertainties represent the 
maximum of  the internal and external errors. The 
two sets of spectroscopic factors agree within about 
25% and no systematic deviations occur. The differ- 
ences may be due to non-zero relative s-motion and 
L - S  coupling effects, which are included only in 
the microscopic calculations. 

In conclusion, this procedure leads to macroscopic 
bound-state parameters which yield normalizations 
independent of  L and almost independent of  the mi- 

croscopic wavefunctions. The deduced A2 values 
may therefore be interpreted as relative two-nucleon 
spectroscopic factors. The macroscopic approach may 
thus be used to extract from data, analogously to 
SNT, spectroscopic information, which may be com- 
pared with the results from model calculations. 

In a forthcoming paper [2] this method will be 
applied to extract spectroscopic factors from data 
on the 28Si(ot, d)30p, 32S(d,a)30p and 32S(ot, d)34C1 

reactions and compared to the values for two sets 
of shell-model wavefunctions. 

This work is part of  the research program of the 
Stichting voor Fundamenteel Onderzoek der Materie 
(FOM) with financial support of  the Stichting voor 
Zuiver Wetenschappelijk Onderzoek (ZWO). 
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