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Off-shell scattering by Coulomb-like potentials

H. van Haeringen

Natuurkundig Laboratorium der Vrije Universiteit, Amsterdam, The Netherlands
and Institute for Theoretical Physics, P. O. Box 800, University of Groningen, The Netherlands

(Received 5 September 1978)

We derive closed expressions for and interrelationships between off-shell and on-shell scattering
quantities for Coulomb plus short-range potentials. In particular we introduce off-shell Jost
states and show how the transition matrices are obtained from these states. We discuss some
formulas connecting the coordinate and momentum representatives of certain quantities. For the
pure Coulomb case we derive analytic expressions for the Jost state and the off-shell Jost state for

I = 0in the momentum representation.
1. INTRODUCTION

In this paper we study off-shell scattering by a potential
which is the sum of the Coulomb potential and a local central
potential of short range. We derive many interesting expres-
sions, notably for the Jost functions, the off-shell Jost func-
tions, and the on-shell and off-shell “Jost states.”” These
quantities are closely connected with the transition matrix
which plays such an important role in scattering theory.

First, in Sec. 2, we confine ourselves to a general local
short-range central potential. Here we derive many interre-
lationships between the above quantities. Only a few of these
are well known, e.g., the defining expression for the (off-
shell) Jost functions in terms of the (off-shell) Jost solutions
in the coordinate representation. We give the momentum
representation equivalents of these expressions which have a
somewhat simpler form.

Some of the equations given in Sec. 2 are also valid for
Coulomblike potentials. However, some have to be modified
for such potentials with a long range. To this end we consider
in Sec. 3 the pure Coulomb case. By working out a number of
explicit expressions we pave the way for the treatment of the
general case of Coulomb plus shortrange potentials, which
will be given in Sec. 4. We also prove the validity of two
conjectures made in Ref. 1.

Furthermore, in Sec. 3 we derive some interesting ana-
lytic expressions, notably for the / = 0 Coulomb Jost state
and the off-shell Jost state in the momentum representation.
In these expressions we encounter a certain hypergeometric
function which appears in many other Coulomb quantities.
Only its argument is different for the various different cases.

We will use mainly the notation of Refs. 1 and 2. In
particular the energy is k 2 with Imk |0 and the energy depen-
dence of G, G, and T will be suppressed. However, instead of
the Jost solution f{k,r) and the off-shell Jost solution f(k,g,r)
of the radial differential equations we will use the Jost solu-
tion {r|kl 1) and the off-shell Jost solution {r|kql 1) of the
partial-wave projected equations. Here g is an off-shell mo-
mentum variable for which we assume Img>>0. We shall also
consider the Hankel transforms of the above Jost solutions.
Theseare denoted by {p|kl 1> and {p|kql 1>, respectively. We
call |kl 1> the Jost state and |kg/ 1) the off-shell Jost state.

2. THE SHORT-RANGE POTENTIAL CASE

In this section we confine ourselves to a local central
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potential V' (»), having a short range. Let us first recall Fuda’s
definition of the off-shell Jost solution’: f(k,q,r) is that solu-
tion of the inhomogeneous differential equation

. A A U Y
(k e V(r))f,(k,q,r)

= (k*— igrh | gr), @1
which satisfies the asymptotic condition

lim f,(k,g,P)e =% = 1.
We introduce the “state” |kg/ 1) by

(rlkgl 1)=Q2/m)"*(qr) fi(k.q.0). (2.2)

This may be compared with the “state’ |k/ 1 that we intro-
duced before,

Pk Y S=Q/m) 2 (krY f (K ). (2.3)

Let H,= Hy, + V,be the partial-wave Hamiltonian, then we
obtain from Eq. (2.1),

(k*— H))|kql 1> = (k* —q")|ql 10, (2.4a)
that is,
G, kgl 1> =Gy 'lgl 10 (2.4b)

Here |g/ 1), is the Jost state corresponding to ¥ =0. In the
coordinate representation one has

<rlgl 150 = /)i Agr).

Furthermore, we denote the scattering state for ¥ =0 and
energy k * by |kl >, or by |k > when no confusion arises, e.g.,
T)|kly = Tk >. It should be noted that Egs. (2.4) are valid
only in the coordinate representation. We shall call {r|kg/ t>
the off-shell Jost solution of the “inhomogeneous Schro-
dinger equation” corresponding to Egs. (2.4).

We would like to have a closed expression for |kg/ 1. It
is easily seen from Eq. (2.4b) that G, G ;; !|g/ 1), is a particu-
lar solution of an inhomogeneous differential equation. If
one adds to this quantity an arbitrary solution of the corre-
sponding homogeneous differential equation it remains a so-
lution of (2.4). Now we have, again in the coordinate repre-
sentation only,

(k> — H)|klI 1> = (k* — H)|klL>=0. @2.5)

Furthermore, any solution is a linear combination of |k/ 1>
and |kl1>. Therefore, using G, = Gy, + G; T; G, we obtain,

kgl 1> = (1 + GuTIgl 130 + e[kl 1> + c,lkIL>. (2.6)
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In order to determine ¢, and ¢, we consider the asymptotic
behavior of the right-hand side. By using

rGr> = — dmk {ro |k XCkl—|r >,
we obtain, for »— o,
<r|Gor Ty|ql 150 = <r|G VMgl 10

~ — Yk el YK — | Vgl |10,
r—o.

Since {r|kql 1) has by definition the same asymptotic behav-
ior as {r|gl 1>, namely,

lim {r|kql tDgre — " = 2/m)"?,

r—» oo

we find
¢ = sk <kl — [Vilgl 1D,
¢, =0.

It is convenient to rewrite ¢, in terms of the off-shell Jost
Sfunction f{k,q). Fuda* has given a closed expression which in
our notation reads,

fitkg) =1+ ymg(a/k)fik )}k — |V, |gl 15 (272)

Some equivalent expressions are

fik,g) =1+ 4mq(q/k ) fik )KL | T, |ql 1), (2.7b)
=1+ 4mq(g/k) fi(k) o{qlL | T, k1), (2.7¢)
=1+ 4mq(q/k) fitk) o(qlL|V,|kI+ ). (2.7d)

By substituting ¢, in Eq. (2.6) and using (2.7a) we obtain the
convenient expression,

kgl 1> = (1 + Go; T))|ql tDo + |kl 1)(k /g)' +1

fitk)

From now on we shall suppress the argument & of the
Jost function, so we write f; instead of f(k ).

(2.8)

When the potential has a short range the off-shell Jost
function and solution are continuous in ¢ = k, (cf. Ref. 3)

lin}(f/(k,q) =Jn (2.9
9
lin}( |kgl t> = |kl ). (2.10)
g—
By taking the limit g—k in Eq. (2.8) we obtain
[k 1> = (1 + Gy, THIkI 1D /3 2.11)
We multiply both sides of this equation by ¥V, and get
Vi kIt = Tkl 1D f; 2.12)

This equality turns out to be very useful below.
Multiplying Eq. (2.8) by ¥, and using Eq. (2.12), we
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obtain

Vi kgl 1> = T,|ql tDo + T, |kl tDo(k /g)'

X [fi(k,q) —1]. (2.13)

Further we get some closed formulas for the Jost function
from Eqs. (7) by taking ¢ = k. We have

fi=hikk) =1+ Sakfickl — | V| Kl 1D,
and therefore

St =1 = dmk (ki — |V, K1),
=1 — ok (K | T, |KI 1)
=1 — 4k o(kIL |V, |ki + )

=1—imk (kly |T; |kl). (2.14)
By using Eq. (2.12) we obtain from Eq. (2.14),

fi= 1+ Smk (kI |V, |kl 1y = 1+ ok CklL| V, | kI ).,
(2.15)

We shall need the connection between {p|kl 1) and
{p|V |kl t>. From Eq. (2.11) we have

|kEYF = |kl 10 + Go T Kkl 1,

= |kl tDo + Go V |k 1Df . (2.16)
Therefore,
<okl 1) = plkd t)of; + <p|Goy Vi [KI T). .17)
The free “state” {p|kl t>, is given explicitly by
!
Ikl 1= 2 @K i (2.18)

Tk pr—k*’
By inserting this in Eq. (2.17) one easily obtains

DIV |kl 1y = (k* — pXplkl 1) + 2(mk ) ' (p/k) £,
(2.19)

which is the relation we wanted.

The connection between the off-shell quantities, corre-
sponding to the one of Eq. (2.19), can be obtained from Eqs.
(2.8), (2.13), and (2.19),

plVilkgl 1) = (k> — p)}plkgl 1)
+ 2(mg) (/) [fk.9)
—(k* =g/’ — ¢)). (2.20)
It is interesting to consider the limit of {p|k/ 1 for
p—> 0. This limit could be used for an alternative definition

of f; (cf. Refs. 5 and 6). By using the fact that
rlkl 1> =0 (r '~ ') as r—0, we obtain

@I Vilkl 1y = @/myi=! f SV 157 dr
0
:cp’_zfj,(x)V,(x/p)xl"dx, P>,
0
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In this way we find that

limp ~'(p| V; |kl 1> =0, (2.21)
P

when the potential is nonsingular, i.e.,
Vin=0(r—9, a<2, r-0
It is easily seen from Egs. (2.19) and (2.21) that

Si=4mk!t lim p? 1 p| ki't). (2.22)
P oo

This may be compared with the usual definition of f,,

L=/ /(2L )!)lin(l)(kr)’ FIrlky. (2.23)

Similar equations hold for the off-shell Jost function and
solution. The analog of Eq. (2.23) is (Ref. 3)

fitkg) = (/2" Q) 1Y/ Q1)) limlgr)'* rlkgl 1.
(2.24)

The oft-shell analog of Eq. (2.22) follows by using Eq. (2.8).
We have [cf. Eq. (2.21)]

limp* = '(p |Gy, T, gl 1y = limp~'(p| T, gl 15, =0,
P— > pP—x

and so we obtain from (2.8),

fitk,g) = 4mg' * 'lim p? ~(plkql 1. (2.25)
p— >

This expression can also be derived with the help of Eq.
(2.20).

It is interesting to note that Eq. (2.25) is obtained in a
different way, by using Eq. (2.24) in the expression

Plkgl 1> = /)i~ fm JiprKrlkal 157 dr, (2.26)
0

and applying the equality
[ w4 s = g+ LA,
’ FG+3+30)
O<Red </+2. 2.27

On the other hand, we shall now derive Eq. (2.24) from
Eq. (2.25). We have

Crlkgl > = (/m)? i'lim j”j,@,mkq, e = #p? dp,
€0 Jo
(2.28)

where e ~ ¥ has been inserted to guarantee the convergence
of the integral. It turns out that, when 7 goes to zero,
{p|kq! 1> may be replaced by its asymptotic value, which is
given by Eq. (2.25). Then we obtain from (2.28), using the
new variable of integration x = pr,

lirré(qr)i+ Wr|kql 1> = f,(k,q)2/7)*i"

xlimj Jix)xle =" dx.  (2.29)
€10 Jo
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In order to evaluate the integral here, we note that

L e *J,(Bx)x" dx
— (aZ _+_BZ) - {1/72) —(1/2)v
X1 +p+vP [ “a(a? + By ),

a>0, B>0, Re(l+u+v)>0.
(2.30)

Here P 7 (4 ) is the Legendre function of the first kind “on
the cut”: — 1< ¢ < 1. Its value for £ = O is given by

(1 +wP  M0)=F(—vv+ Lu+13)
T+ 3G+ 3

= : 2.31)
FrQ+u+iwrd+yu—1iv

By using this expression we get

0 1 i 1
lim e, (x)x"dx =2" M’
€10 Jo [‘(,12__'_%#_%1,)

Re(l +p +v)>0,
and so
hm e ele(x)xl dx = 77.1/2217 lr (1 + %)
€10 Jo
=m2 -7 1QnyI. (2.32)

By inserting this in Eq. (2.29) we just obtain Eq. (2.24).

We note that the above limiting procedures constitute
in fact a generalization of the well-known Riemann-Lebes-
gue lemma, i.e.,

lim |f(x)e™dx =0,

y— =+t

where fis any summable function.

3. THE COULOMB CASE

Some of the expressions derived in Sec. 2 do not hold
when the potential has a Coulomb range. Especially Egs.
(2.9), (2.10), (2.14), and (2.15) need modification. In this
section we shall derive the analogs of these equations for the
case of the pure Coulomb potential. Further we shall develop
some explicit expressions, in terms of hypergeometric func-
tions, for the particular case when / = 0. In Sec. 4 we shall
derive interesting formulas for the case when the potential is
the sum of the Coulomb potential and a short-range poten-
tial, by using the results obtained in Secs. 2 and 3.

In the first place we note that the important equations
(2.11) and (2.12) do hold for the Coulomb case, i.€.,

[kl 1>, = (1 + Gy, Tkl 1D, 3.1
and so
Vc( lkl T>C = Tcl lkl T>0fcl (32)

We shall prove Eq. (3.1) in an independent way. To start
with, we observe that the existence of the quantity

H. van Haeringen 2522



Gy T |kl 1o = G,V |kl 1), is easily confirmed by using
PGy | P> = — 3wk |kl Lkl — |7 . 3.3)

One can also show in this way that G, T,|kl\ >, is not de-
fined, i.e., that it contains a divergent integral.

In order to prove Eq. (3.1), we note that its right-hand
side equals some solution ¥ of the equation (k* — H )¢ =0
(in the coordinate representation). Further, by using Eq.
(3.3) and by considering the asymptotic behavior (r— o) of
the right-hand side of (3.1), we find that it must be propor-
tional to |k/ 1. The next step is to consider the behavior for
small r. By again using (3.3) one has

<r|Gcl Vcllkl T>0=0(1nr)’ l=0’ r_')O’

=0@~Y, 150, ro0. (3.4)

Therefore,

limA * ' <r|Gy T, |kl 15 =0, [=0,1,-
r—0
By using Eq. (2.23) the proof of Eq. (3.1) now follows easily.

In a previous paper? we have derived the Coulomb ana-
log of Eq. (2.9), by using an explicit expression for £, (k,g).
The following equality holds,

lirr;wfd(k,q)=ﬁ1, k> 0. (3.5)
q K
Here
_ i1 Ty/2
a)E(q k)7 A fo Img>0.  (3.6)
g+k/ I'(A+iy) folkg)

The Coulomb analog of Eq. (2.10) is now easily obtained by
using Eqgs. (2.8), (3.1), and (3.5),

limo|kgl 1, = kI 1>, k>0. (3.7
g—k

It is interesting to note that we are now able to prove the
validity of two conjectures from a preceding paper.' The first
one, Eq. (40.]), is in fact just (3.7). The second one, Eq.
(40.k), is easily proved by using Eqgs. (40.h)—(40.j) of Ref. 1
and Eq. (2.8).

We note that Egs. (2.7a) and (2.7d) are valid in the
Coulomb case, whereas Eqs. (2.7b) and (2.7¢) are not. By
using Eqgs. (2.7a) and (3.5) we have obtained the interesting
equality,
fa ' =lim(@* — 47k (ki— |V,

g ~k

ql T)O)) k>0

Obviously, this can be considered as a Coulomb analog of the
short-range potential formulas given in Eq. (2.14).

(3.8)

It would be interesting to have available explicit expres-
sions for the above quantities. Only a few such formulas are
known. The quantities {r|k/ t>_and f_(k ) for | = 0,1,2,...
have been known for a long time. We have obtained a num-
ber of interesting analytic expressions for f.(k,q),
1=0,1,2,--- (see Ref. 7). Further, <{p|T,|p"> is known in
closed form for / = 0* and for / = 1 only.’ Below we shall
derive analytic expressions for <p|kl 1>, {p|kql 1>, and for
<p|T.;|q! )0, in the case I = 0 only.
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Before we start with the derivations we would like to
make some remarks on the interrelationships between the
above quantities. It isimportant to note that {p| T, |¢/ 1 ),can
be considered as the general object from which all other
quantities can be obtained in a simple way. This is true as
well for Coulomblike potentials, and of course also for short-
range potentials. Indeed, by taking ¢ = k we have
(p|T., |kl 1), from which {p|k/ 1)_ follows with the help of
Eqgs. (2.12)and (2.19). Once {p|k! 1), isknown, (p|kgl 1), is
obtained by using Eq. (2.8). The ordinary off-shell Coulomb
T matrix (p|T,,|p’) follows from { p| T, |¢! 1), by noting
that

2T, [P'” =T, lp'I1)o+(— ),Tcl|( —p) 1o

(3.9)

Furthermore, £, (k,q) can be obtained from {p|kg/ 1) and/,,
from (p|k/ 1), by using Eqgs. (2.25) and (2.22), respectively.
Finally we note that application of the Coulombian asymp-
totic states (see Ref. 10)to (p|T, |¢/ 1),and {p| T, |’} yields
f.(k,q) and (p|kl + ), respectively. Since, therefore,
(p|T.,|q! 1), appears to be the object of central important,
we are interested in the general structure of an analytic ex-
pression for this quantity.

For the moment we restrict ourselves to the case / =0
and we suppress /. Let us first recall the expression for
{p|T.|p"> given in Ref. 8,

P|T\p"> = ik (mpp')" [Fifad’) + F((aa’)™)

— F (a/a") — F,(a'/a)]. (3.19)
Here
F, = (Liy; 1 +iy;2)
and
a:(p — k), a'_—_(pl — k).
@+k) @ +k)

By using a well-known integral representation for the hyper-
geometric function,

1
F @)= iyL £ Y1 — 1) dt, (3.11)

we are able to evaluate

AT
where [cf. Eq. (2.18)]

<plgtdo = 2(mg)"' (0’ — g7,
After a number of manipulations we arrive at

P|T.|qtDo= —2k(mpg)"[F,lab) — F (b /a)

T.|p)p'lqt)p™ dp’,

T,

Img > 0.

— F, (@) + F.(1/a)], (3.12)

with

bE—(q—k).
(g+k)
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Equation (3.9) provides us with a check on this result. It can
be seen by inspection that we have indeed

:Eg((pl T, |1qt>0+ <p| T, |(—q)1>)

=2ip|T.|p", (3.13)
note that b—1/b when ¢ is replaced by — g.

Further, we clearly have from (3.12),
lim(p|T. gtyo=p|T. k1)
-

= Ymp)'[F,, (@) — F,,(1/a)]. (3.14)

By using Eq. (3.1) one easily obtains

P Velk 1), = 2apy fIFfa) — F(1/0)],  (3.15)

and with the help of Eq. (2.19),

Pk 1. = 2ap) ' (p* — k) [p/k — Fo(a) + F(1/a)].
(3.16)
Finally we note that {p|kq1). can now easily be given. We
only need to insert the known expressions for the terms on
the right-hand side of Eq. (2.8). In particular, we have
flkg)=b"" (3.17)

Let us, for completeness, write out this expression for the
Hankel transform of the Coulomb off-shell Jost solution for
=0,

2k
mpg(p* — k)

plkgtye = W(pzz_ a

X [F(ab)— F (b /a)—p/k+b ~7

x{p/k — F.(a) + F,(1/a)}]. (3.18)
By using Eq. (2.13) or Eq. (2.20) we have
| V.|kqtd, =2k (mpq)" [FyAb /a) — F,f(ab)
+ b~ {F,(a) — F,(1/a)}]. (3.19)

By taking here the limit g—k we get, with o = £,b",

limodp|Ve|kqtde =@ Ve[k e
q—»

Such a relation holds in fact for all . Indeed, with the help of
Egs. (2.19), (2.20), (3.5), and (3.7) the proof of

mfb #<p| Vet kgl 15, = | Vot | K 150
G-k
l - 0,1,2,"',

i$ easily obtained.

(3.20)

A final remark concerning the generalization of the
[ = Qexpression for {p| T.|gt >, to general values of / is appro-
priate here. In view of Eq. (3.12) it can be expected that
p|T,,lg! 1D where ! = 0,1,2,---, can be expressed in terms of
simple functions and the hypergeometric function F,, with
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exactly the same arguments as in (3.12), notably ab, b /a, a,
and 1/a.

4. THE COULOMBLIKE POTENTIAL CASE

In this section we assume that the potential is the sum of
the Coulomb potential and a short-range potential,
V = V_.+ V,. We shall discuss the necessary modifications
of the equations given in Sec. 2 by using the appropriate
results obtained in Sec. 3. In particular, we will derive the
analogs of Egs. (2.9), (2.10), and (2.14).

We shall use the well-known two-potential formalism.
The T operator corresponding to V=V, + V._is given by

T=T.+1+ T.G)t (1 + G,T), 4.1)
where 7 is the solution of
ts=V,+ VG 1 (4.2)

The partial-wave analogs of these equations have exactly the
same form. For the partial-wave “outgoing” scattering state
|kl + > the following equation can be obtained,

|k1+>= |kl+>c +Gcl tc:l|kl+>c (43)

In order to derive relations for the ‘“Jost states,”” we use
Egs. (2.11) and (2.12). These are also valid for a Coulomblike
potential. We insert (4.1) in (2.11),

[kl 1D F7 " = (1 + Gy T)) |kl 10,

and obtain

!kl T>fIA '= |kl T>cfc71 + Gcl tcsl|k1 T>cfc7 :

= (1 + Gcl tcsl)lkl T>cfc7 l' (44)
Further, by inserting (4.1) in (2.12),
ViIkItY £ = Tkl 10
we get
V1|k1 T>f17 h= Vcl|kl T>cf07 ! + G07 ! Gcl tcsl|k1 T>cfc7 l'
4.5)

We are now going to derive a connection between the
Jost function f; and the Coulomb Jost function f,. To this
end we write Eq. (4.3) in the coordinate representation. In
the resulting equation we insert the equality {cf. Eq. (3.3)]

r|Gy|r>= —smk{r |kl + ), Lkl r >.

We note that <kll|z,|kl 4+ >, is a well-defined quantity
since £, is a short-range operator. By using

It |k + 5. =079, a<2, r—0,
we obtain from Eq. (4.3)
Crlkl + > = Crlkd + >e — Sk Crlkd +

X c<k‘1l ‘ tcsi ‘ kl + >c

r—0.

+0(r1+27a),

The Jost functions can be obtained from the scattering states
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by considering their small-r behavior. We have (e.g., Refs. 5
and 6)

limr~ Pkl 4 ) = £ 'Q/m)2QikYIV/QE+ 1)L (4.6)

With the help of this relation one obtains

fli ' =fc7 t— %ﬁkaT ! c<kllltcsl |kl + >c’
as can be seen by inspection. We rewrite this equation in the
more convenient form,

fuf ' =1= 4k Lkli|t.q |kl + . (4.7a)

If we take here V. —0 we get back one of the expressions of
Eq. (2.14), since in this case ¢, —~T,, and f,—1. Just as in
(2.14) there are three different equivalent expressions,

namely
fuf 7t =1—= 4k LKLV |kl+, (4.7b)
=147k kl— |V |klt), (4.7¢)
=1 —irk Ckl— |t|kl1).. (4.7d)

These are easily derived with the help of Egs. (4.1) and (4.3).

In order to derive the analog of Eq. (2.15), we first mul-
tiply both sides of Eq. (4.4) by V. This yields

Vrl|kl T>fl— '= tcsl|kl T>cf07 1' (4‘8)
By inserting this equation in (4.7d) we get
fa'fi=1+4mk (kl—|Vy|kltT)

=14 dmk (klL|Vy |kl +),. 4.9

Obviously this is the two-potential analog of Eq. (2.15).

It is interesting to consider the analog of Eq. (3.8), i.e.,

fi ' =lim@™ ~ gk ki — | Vgl 1), k>0.  (4.10)
qA.)

In order to prove this equation, we first note that one has
from Egs. (4.1)-(4.3),

<kl - | VI = c<kl - I Vcl + c<k1 - Itcsl(l + GOI Tcl)' (411)

We insert this expression in (4.10) and use

lim(1 + Go, Te)lgl 1o = kI 1D f o g (4.12)
—

By applying finally Eqgs. (3.8) and (4.7d) the proof of Eq.
(4.10) is completed.

Now we turn to the off-shell Jost function. In Eq. (2.7a)
the following general formula,

fitkg) =1+ 4mq(@/k) fickl — |V |gl 1De,  (4.13)
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has been given.* This equation is also valid for a Coulomblike
potential. By inserting Eq. (4.11) in (4.13), and by using
(4.13) for the pure Coulomb case, we obtain

Vithg) — 117" = Vulkg) — 11 f7 ' + 4ma(a/k )

X (ki —

te(1 + Gy Tc1)|ql o

(4.14)

Herewith we have obtained a useful relation between the
Coulomb off-shell Jost function and the off-shell Jost func-
tion for a Coulomblike potential. Indeed, from Eq. (4.14)
one obtains, by using Egs. (4.12) and (3.5), the analog of the
pure Coulomb formula (3.5),

limowf,(k,q) =f, k>O. (4.15)
q—k
Here w is given by Eq. (3.6).
Finally, we are going to prove
(4.16)

limw|kgl t> = |kl1>, k>0.
g—k

This is just the Coulomblike analog of the pure Coulomb
formula (3.7). From Egs. (2.8) and (2.11) we obtain

|kql T>q:>k|kl F0 fitkg).

Application of Eq. (4.15) then completes the proof of Eq.
(4.16).

So we see that the singular behavior of the off-shell Jost
function and of the off-shell Jost state in ¢ = k is just the
same as for the pure Coulomb potential. This result is as
might be expected, since this singularity is generated by the
asymptotic part of the potential only.
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