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An interaction between chiral molecules is derived in terms of the orientations of their long molecular
principal axes. In analogy with Maier-Saupe and Goossens the derivation is based on the electric
multipole expansion. The molecules are assumed to behave as if they were cylindrically symmetric, i.e., the
system is locally nematic. As an example the chiral molecules are represented by Kuhn models, and the
relevant coupling constants are calculated explicitely. An expression for the free energy is obtained in the
molecular field approximation. It is shown that, if only the induced dipole-dipole and the
dipole—quadrupole dispersion energies are taken into account, a temperature-independent cholesteric pitch
is obtained. This result is traced back to the symmetric character of the interaction. In order to explain the
experimental situation one has to introduce, in analogy with Keating, an asymmetry producing interaction.
The proposed model is discussed and its thermodynamic properties are calculated in the molecular field
approximation. It is found that the magnitude of the reciprocal pitch varies nearly linearly with
temperature in agreement with experiment. Interpretational difficulties related to the use of the multipole

expansion are discussed.

I. INTRODUCTION

Nematic mesophases of elongated organic molecules
are characterized by orientational order of the long
molecular axes along a common “director” represented
by a unit vector n. In the well-known molecular sta-
tistical theory of Maier and Saupe, ! this tendency for
parallel alignment is ascribed to the anisotropic part
of the dipole-~dipole dispersion interaction between
neighboring molecules, In the simplest version of this
model a molecule is represented by a linear polariz-
ability (harmonic oscillator) along the direction of its
long rotation axis specified by a unit vector a. This is
allowed because the molecules in a nematic behave as
if they were cylindrically symmetric. The interaction
energy between two neighboring molecules ¢ and j for
fixed &; and a4, averaged over all positions of j on a
sphere of radius R;; with { as center, is then of the
simple form Vi, = —J(a;* a,)°. In the spirit of the
Maier-Saupe interpretation, the coupling constant J
contains a factor R3}. The usual mean field treatment
based on this type of pair interaction immediately leads
to the Maier—Saupe results,

Here, we are concerned with a molecular statistical
treatment of one-component cholesteric mesophases.
In such systems the director n varies as a function of
position, r, in the same way as it would in a nematic
twisted uniformly about an axis normal to n. With ref-
erence to a right-handed Cartesian coordinate system
withn(0) as zaxis and the twist axisas x axis, the com-
‘ponents of n(r) can be representedbyn, =0, n,= - singx,
n,=cosgx. The endpointsof the vectorsn(x, 0,0) form a
helix of wave number g=27/p, where p is the pitch;
g>0 corresponds to a right-handed and ¢<0 to a left-
handed helix, It is well known that cholesteric liquid
crystal structures are formed only when the molecules
are chiral (optically active), i.e., different from their
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mirror image. In fact, this requirement forms the ba-
sis of the molecular theory of Goossens? and of the con-
tinuum theory of de Gennes®; the latter pertains to di-
lute solutions of chiral molecules in a nematic. Goos-
sens’ interpretation of the origin of the cholesteric he-
lix forms a logical extension of the idea of Maier and
Saupe for nematics in the sense that it carries the mul-
tipole expansion in powers of (1 /R;,) one step further by
including the dipole—quadrupole dispersion energy; it is
this term that produces the cholesteric twist, Although
Goossens has contributed considerably to our under-
standing of the cholesteric structure, his theory should
be extended from a groundstate theory to a statistical
theory.

The first purpose of this paper is, therefore, to pre-
sent a molecular statistical theory of a cholesteric
based on the general idea of Goossens, Instead of the
planar molecules with four possible orientations of
equal statistical weight employed by Goossens, we in-
troduce a modification that allows the molecules to ro-
tate freely about their long principal axes of inertia,
This is consistent with the fact that a cholesteric be-
haves locally like a nematic, i.e., that the molecules
behave as if they were cylindrically symmetric. On
the basis of this assumption an explicit expression can
be derived for the electrostatic interaction between two
chiral molecules in terms of the orientation of their
long rotation axes a; and a;, and their relative position
R;;. This is done in Sec, II. The results are illus-
trated for a specific molecular model in Sec, I, A
molecular field treatment for a cholesteric, analogous
to that of Maier—Saupe for nematics, is presented in
Sec. IV. In accordance with a proper interpretation of
Goossens’ ground state theory, our statistical treat-
ment leads to a pitch that is independent of temperature.
Quite apart from the strong temperature dependence
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due to possible presmectic fluctuations, experiments
show, however, that for a one-component cholesteric
the absolute magnitude of the “intrinsic” pitch de-
creases with increasing temperature. The second
question we wish to raise is, therefore, the following:
Is it possible to obtain a temperature-dependent cho-
lesteric pitch by extending the line of thought initiated
by Maier—Saupe and Goossens? This question forms
the subject of Sec, V. It is shown that inclusion of
higher multipole terms, which produce an asymmetry
in the intermolecular interaction, leads to a tempera-
ture dependence determined by (134/132)3, where the P’s
are Legendre polynominals and the bars indicate ther-
mal averages. The results are related to the explana-
tion offered by Keating? in terms of twiston modes with
anharmonic restoring forces, set up in analogy with the
thermal expansion of a solid, The main difference be-
tween our model presented in Sec. V and models for the
cholesteric state as proposed by Priest and Lubensky®
and Wulf® lies in the nature of an asymmetry producing
interaction.

A discussion of the results is presented in Sec, VI,
with particular emphasis on the difficulties encountered
by adhering strictly to the electric multipole expansion
viewpoint. An alternative suggestion is to consider the
intermolecular interaction V;; as an expansion in terms
of the angles between &;, a;, and R,;; with empirical pa-
rameters as coefficients. This is an extension of the
viewpoint presented earlier by others in connection with
the Maier—Saupe theory.’

{li. THE INTERACTION BETWEEN CHIRAL
MOLECULES

Our starting point in deriving an explicit expression
for the interaction between chiral molecules in a cho-
lesteric liquid crystal, is the electrostatic interaction
between the molecules. Considering an arbitrary mol-
ecule ¢ to consist of an assembly of point charges e;,
situated at r;+p;,, where r; denotes the position of the
center of mass of the molecule, the electrostatic inter-
action between two molecules ¢ and j reads

H _Z €151
=
Ay R I\

1/2

2
o A
ij

kyl ii

(2.1)

with

r,—-r; &l
u=|r1—rily Wi=—fF s Py =Pu—Pu .
i
Using the binominal series expansion and rearranging
the appearing terms in powers of R}} we arrive at the
following expansion for the electrostatic interaction:

-1 pe2 Akl -3 Bl o4 Rl .
HU=Z e;een R — RGPt - Wiy = RGalj+ R b+ ],
Y]

'(2.2)

where
=4 [(pF)? - 3(p% - )], (2.27)
bij=2 5 (80033 - 5(pt* uy1(p = wyy) (2.27)

We remark here that the expansion procedure only
holds if

|2R7 P8 uy+ RE(PEDE| <1 (2.3)

The interaction energy between two chiral molecules
i and j is simply obtained by the application of ordinary
perturbation theory treating H;; as the perturbation.
Neglecting the effect of the possible presence of per-
manent multipoles we find the first order contribution
to be zero. Second order perturbation theory yields
the dispersion energy

Z (0;0,lHy;lnn;)mm;| H ;10 Oj)

(2.4)
ngynj EO{OI En;n,

where |0;) and |n,;) represent the ground state and ex-
cited states of molecule 7, respectively. Substitution
of expression (2.2) into (2. 4) and neglect of terms con-
taining (R”)a and higher powers of R results in

V. Z {0,0;la;;lmny) (ngnjlag;10,05)

4T RU nganj EO;OJ En,n,
E {0,0;la;;lnmy) (nm;lb;510,0;)+c.c
Rij njynj EO;O, Enw, ’
(2.5)

. L« &1 _ Py
with au—zk', eik e“ a“ and bij_zk,l €ip ej, b”.

Next we assume that the rotations of the molecules
around their long molecular principal axes are uncor-
related, i,e., the system is locally uniaxial. For that
purpose we attach to each molecule { a Cartesian coor-
dinate system with its origin in r; and its coordinate
axes along the principal axes; then

Pir=%ip0; + ¥,,Ci+ 2128 (2.6)

where a; denotes the unit vector along the long axis (a;
may be called the “molecular director”), and b; and ¢;
denote unit vectors along the remaining principal axes.
The assumption of uncorrelated rotations around the
long molecular axis means that we are allowed to av-
erage the expression for the dispersion energy (2. 5)
over by, ¢;, b;, and ¢, under the constraints b;* ¢;=b,
*¢;=0, b;xc;=a,;, and b;xc;=a;. The averaging pro-
cedure is straightforward, though tedious. During this
process we make use of the following two relations
(see Appendix) valid for all vectors n and m, which are
not affected by the rotation of molecule i, e.g., p;; (j
#7) and u,;:

(1) (b;* n){b;° m)*" = (e;* n}(c;> m)**

-z(m-aj)(m-a),
(2.7a)

=3 (n*m)

(2) | (2. 7o)

b;-n)(c;>m)* ' =4nxm-a,,

where the average has been taken over b; and ¢;. The
relations (2.7) imply immediately that the dispersion
energy will become only a function of a;, a;, and u,;.
Because of the indistinguishability of the director states
nand —-n, i.e., & and —a are equally probable, also
the terms which are odd in a; or a; do not contribute.
As a result, we obtain the following rather simple ex-
pression for the interaction between two molecules ¢ and
7 in terms of their molecular directors a; and a;:
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(1 2 2 2 . 2
Vi=-di = a, uy)? -3, uyy)

—J; (@ a;) - 3a; - vy, (aye uij)]a

-K; (a0 a) - 2(a;- u;) (a0 u))(axa;s vy, ,

(2.8)
with
J(;) = _2__ Z, [zfonifonj _foniaonj _fonjéoni] (2. 93.)
Rij nisnj Eninj_EOng
9 " [fons = Bons 1 Bomt
JE = D Yo~ Ooni10nt (2. 9b)
ij R?; nony E"i"J_Eoio, ’
9 t 9,0
Joi= oni Yonj (2. 9(:)
H Egn;j Eninj_E()ng ’
3 ’ [5 0, + 8,50, ]
Kii= —— oniVonj oniYoni (2.9(’1)
YRy %i Epn;~ Eojoy
and
§i _L[l onl2 \ anla l 0"2] (2 10)
oni =3 L|Pai|l + |Pzil *Psi| 1, . 10a
2 2 2
Som =5 L p%0]" =2 [£571° -2 16571, (2. 10p)
Tont =2 [ D3] dyms = Pl dias ]+ coC o (2.10¢)

The quantities p}, pi%, P, doei»and ¢y are transition
probabilities between the groundstate {0) and an ex-
cited state |n) of molecule i for the components p,;
=S € 0 (@=x, y, 2) of the electric dipole moment and
for the components qqs;= Y, €1 ¥4r Bex (@ B=x, v, 2) Of

the electric quadrupole moment, e.g.,

Pﬁ:(0i|2k: eikziklni> )

a5n =40, ; € VinZin| 75 )

where 7, ¢;, 2, is the component of the electric dipole
moment along the long molecular principal axis. We
note here that, as was to be expected, f,,;, 8on» and
O,m are invariant under a coordinate rotation around the
z axis; §,,; is nonzero only if the molecule has an an-
isotropic polarizability; o,,; is zero if the molecule
possesses an inversion center or a plane of symmetry
perpendicular to the long axis. In contrast with Goos-
sens, we do not get the term p}{ ¢J5; in our expression
(2.10c) for o,,. This term is absent because of our av-
eraging procedure about the long axes. The expression
for the dispersion energy (2.8) contains both parallel
orienting and rotation terms. The term with coefficient
K;; causes the twist in cholesterics, as will be shown.

Summarizing, it can be stated that we can derive a
relatively simple expression for the dispersion energy
between two molecules under the following assumptions:

(1) The binominal series expansion for the electro-
static interaction is allowed;

(2) Perturbation theory holds;

(3) The molecules rotate uncorrelated around their
long molecular principal axes, or behave as if they
were cylindrically symmetric.

FIG. 1. The Kuhn model, consisting of two linear harmonic
oscillators 1 and 2 separated by the distance vector sc and
restricted to oscillate along the unit vectors d and e, respec-~

" tively; dte, dic,and edlc.

We will return to the validity of these assumptions
later,

Ill. APPLICATION TO MOLECULAR MODELS

As illustrative examples we treat here the interac-
tions between optically active molecules in terms of
simple molecular models. Notably, we pay attention
to Kuhn’s® model of an optically active molecule. The
advantage of these models lies in the fact that they pro-
vide us with a simple and physically transparent expla-
nation of the appearance of the cholesteric phase; inpar-
ticular, they show clearly that free rotation around the
long molecular axis does not destroy the helical struc-
ture,

A. The Kuhn model

This model consists of two coupled linear harmonic
oscillators, which move both perpendicular to each
other and to the distance vectors s=sc (¢ is a unit vec~
tor) connecting their centers. The constituents of the
oscillator may be considered to be a positive charge + e
situated in its center and an oscillating negative charge
— e, It is clear that the mutual interaction between two
Kuhn models is based on electric forces., The motion
of the first oscillator is described by the coordinates
X;=x, d - 68 and that of the second oscillator by the co-
ordinates X,=x; €+ (1 -©)8. The unit vector d makes
an angle ¢ with the long molecular axis a, which is per-
pendicular to 8 and divides this vector in two parts,
©s and (1-0)8, 0O <1 (see Fig. 1). We take

d=acos¢+bsing, e=asing-hcoso, (3.1)

where the unit vectors b and ¢ may be thought, although
not necessarily, to represent the remaining principal
axes,

The Hamiltonian of the Kuhn model reads

A S L SN G S .
Hk——?;n—a—x?—ma—xg-+§m X1 +32 MWy Xa+ kX %5

(3.2)
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where w, and w, denote the frequencies of the d- and

e oscillator, respectively, while & represents the cou-
pling strength between both oscillators. The Hamilto-
nian (3. 2) can be easily diagonalized by means of the
following transformation:

Vi =X COSA+ X, Sina,  y,=-—x; Sina+x,cosa.  (3.3)
The result is
A L L

g oy T 2m—r+zmw?y?+%mw§y§, (3.4)
with

wWi=3(af+ Wi +3( —wﬁ)cosZa—%sinZa, (8. 5a)

2 k.
=t (wf+ )5 (k- wﬁ)cosZoqumZa, (3. 5b)

a=% arctan(
w - mwd

The eigenvalues and eigenfunctions of harmonic oscil-
lators are well known, i.e., the relevant transition
probabilities in (2. 10) can be calculated. With some
effort we find the following expression for the coupling
constants J; (2, 9¢) and K;; (2. 9d) in the limit w; < w,
and @ small:

net

i~ G T, {Pa[cos(a- )] ¥, (3.6a)
3netso .
Ky :W%%z P,[cos(a—¢)]sin2(a-¢) , (3.6b)

where P,(z) denotes the second Legendre polynominal,
P,(z)= 3 22 -3. (N.B. Inthe case @ =0 and w, =%, we
are left with a molecule without optical activity. How-
ever, we still keep the twist as long as ¢#0 and ‘
s6+ 0 provided that the molecules rotate uncorrelated
around their long molecular principal axes. )

B. The helicoidal model®

A second simple model for an optically active mole-
cule is a harmonic oscillator, which is constrained to
oscillate along a helicoidal curve with parameter rep-
resentation x=x(£), y=y(£), z=2(£). Such a model
bears a slight resemblance to the shape of a choles-
teryl esther. The Hamiltonian of this model reads

ﬁa d2

T dF 3.7

H=- +imdPE?
It is clear that we will find the coefficient to the twist
term to be unequal to zero. The coefficient K, will de-

pend on the shape of the curve in this case.

IV. MOLECULAR FIELD APPROXIMATION FOR
A ONE-COMPONENT CHOLESTERIC

The interaction (2. 8) between chiral molecules in a

cholesteric contains two important terms., The first
term,
'J!j[(ag * a’j) -3(a;* uu) (a; ° ui;)]z s (4. 1a)

which is nothing but the Maier—Saupe induced dipole~
dipole interaction and is due to the anisotropy of the

0] il
i x |
‘ Roi Yoi

FIG. 2. Local coordinate system x’, ', 2’ along the helical
axis; the rotation angle around the x axis is ¥=qRu%; .

molecules, gives rise to the nematic state., The second

term,

-Kyla;ca) -2(a;cu)(a; u)](a;xa;°u;), (4. 1b)
which is due to the asymmetry of the molecules, in-
duces a twist into the system resulting in the choles-
teric state. In the following we will calculate, within
the framework of the molecular field approximation,
the thermodynamic stability of the cholesteric phase
and the temperature dependence of both the pitch p of
the helical structure and the long range order parame-

ter.

Because of the rather short range character of the
interaction we only take nearest neighbor interactions
into account, i.e., the interaction energy between a
given molecule with orientation a; and the remaining
system reads

Y
Vo=- ; Jos [(ag 2;) - 3(ag* ug,) (3 ug)?

- ZK [(Bg - a) — 2(ag* u,) (8, Uop)] (g x3,* Ugy)

4.2}
where the summation index 7 runs over the number of
nearest neighbors, y. Basically the molecular field
approximation boils down to the following procedure in
the present case: we assume the existence of a twisted
structure with helical wave number g=(27/p), and sub-
sequently we show that this structure is indeed thermo-
dynamically stable in a certain temperature region. In
order to proceed we define a coordinate system x, y, 2
with its origin at the center of the molecule with molec-
ular axis &, such that the x axis is along the helical
axis and the z axis along the average direction of the
molecule, i.e., along the local director. As reference
system for molecule ¢ located at Ry; we introduce the
system x’, y’, 2’ such that x’ lies again along the helical
axis and z’ along the local director n{Ry,;). This im-
plies that z’ and y’ can be obtained by rotation over an
angle gRy, %%, around the helical axis (see Fig. 2).

With respect to the x’ ¢’ 2’ system the components of a;
are given by aj,, ai,, ai,, while they are a;,, a;,, and
a;, With respect to the x, y, z system. It is easy to see
that

i = ah, (4. 3a)

J. Chem. Phys., Vol. 65, No. 10, 15 November 1976
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(4. 3b)
(4. 3¢)

Next we make the following three assumptions, which
are consistent with the symmetry of the cholesteric
phase,

a;,= a},cos(qRy, tgy) - af, sin(qRo; ugy)

A= a‘y Sin(qROi “Ei) + as; COS(qu ”31) .

(1) The distributions of the possible orientations of
the molecular axis a around the local director is uniax-
ial, i.e., the system is locally nematic, This assump-
tion is justified because gR< 107%, where R denotes the
mean intermolecular distance. In terms of spherical
coordinates we have with respect to the local coordinate
systems

ag, =sinbycosgy, ay,=sindysingy, ay,=cosf,,

(4. 4a)
a}, = sinbicose}, aj,=sinf]sing},
al,=cost} (1=1,2,...,7). (4. 4b)

Because of the cylindrical symmetry we are allowed to
average over the azimuth angles ¢, and ¢} and we may
write

agx =;g= %[1 - Pz(am)] ’ aﬁ,= % [1 + zpz(ao;)] ’ (4- 53')
:{Er.: a:;::% [1 = Pz(aig)] ’ aﬁ:% [1 + zpz(ah)] ’ (4- 5b)

where P,(z) is the second Legendre polynominal,

(2) In analogy with the theory of Maier and Saupe for
nematics, we take the distribution of the nearest neigh-
bors of a given molecule to be spherically symmetric
and we neglect the correlation between positions and
orientations., This assumption is consistent with the
liquid phase and yields reasonable resuits in the case of
nematics. In practice it means that we are allowed to
put Ry; equal to the mean intermolecular distance R
(i.e., we replace Jy; by J and Ky, by K), and to average
functions of u,, over a sphere.

(8) We assume ¢qR,y;u3; << 1, which allows a simple
expansion of sin(gRg;uj,) and cos(qRy; 1),

After carrying out the steps involved in these as-
sumptions we arrive at the following expression for the
interaction energy:

Vo=[-J& - % IR -3 KqR]

7
X ; Py(ay,)Py(a},) + const. (4.6)
The final step in our molecular field approximation is
the replacement of Py(a},) by the long range order pa-
rameter P,, i.e., the molecule with director a, inter-
acts with the remaining system through a molecular
field ¥, of the following form:

I70="')’1—32.[J('ig5"11515‘CIZRZ)Jr%K(IR]P::(%. ’ (4.7

where we have omitted the constant term, Self-consis-
tency requires the following equation for P,:
_ 1 1 -
Pa'—_- 'Z—f dao‘Pg(aol e‘vO/kBT N (4. 8)
-1

with

1 -
z= f day, 7o/ "8, (4.9)
-1

Note that the isotropic solution P, =0 always satisfies
Eq. (4.8). In case this equation allows for more than
one solution at a given temperature, the correct, i.e.,
thermodynamically stable, solution is obtained by the
argument that it should possess the lowest free energy
F per molecule, where

F=3y[s} -~ # PR+ KqR]P; -k, TInZ . (4.10)

The helical wave number ¢ is determined by the re-
quirement that the free energy F{(q, T) should be mini-
mal with respect to ¢, i.e., 3F/8g=0, or

21 K
=53 7x7 * (4.11)
From experiment we know that |gR|~ 107, i.e., |K/T|
<« 1, This inequality can be easily satisfied if the mol-
ecules are only slightly asymmetrical. In fact, Goos-
sens has shown by an order of magnitude estimate that
|K/J|=10"%, Substitution of (4. 11) in (4.8), which is
nothing but (8F/aP,)=0, gives us the dependence of P,
on T, J, and K. The resulting equation has exactly the
same form as the corresponding one in the Maier—
Saupe theory. Because of our third assumption we may
neglect the dependence on K, i.e., P, is completely de-
termined by the induced dipole—dipole interaction and is
nothing but the well-known order parameter as de-
scribed by the Maier—Saupe theory.

Comparing the theory with experiments we find a
striking discrepancy: the pitch does not depend on
temperature. This means that we have to add other in-
teraction terms in order to describe the temperature
dependence of the pitch,

V. TEMPERATURE DEPENDENCE OF THE
INTRINSIC PITCH

Experimentally one generally finds that the helical
wave number ¢ of a cholesteric system varies with
temperature, For systems exhibiting a cholesteric-
smectic phase transition at some temperature T,
presmectic fluctuations which increase the twist rigidi-
ty as one approaches T g from above are responsible
for the strong temperature dependence of g near T.g.
Even in such cases, however, there remains an “in-
trinsic” (dg/dT) in the temperature region sufficiently
far above Ty5, as shown for example in the study of
cholesteryl nonanoate by Pindak, Huang, and Ho.'® In
this section we consider only the approximately linear
temperature dependence of the intrinsic pitch and not
that resulting from smectic short-range ordering,

The results of the previous section can also be ob-
tained by using a simplified version of (4.1), With
some effort it can be shown that an interaction between
two molecules { and j of the form

Vig=-Ja;" aj)a—K(a(’ a,)(a;xa;° uy,) (5.1)

gives rise to essentially the same thermodynamic be-
havior as found in Sec. IV, provided the same assump-
tions and the molecular field approximation are used.
The insensitivity of the pitch to temperature is now
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easily understood. Taking the z direction along u;; and
expressing the molecular axes a; and a; in terms of po-
lar coordinates we obtain

Vi =—J [cos8, cosd,+sind, sind, cos(¢ ; - ¢,)]

x[cos8; cos;+ sing, sind, cos(¢p; - ¢, -~ A)], (5.2)

with [A| = |[K/J] «<1; i.e., the interaction is symmetric
with respect to (¢, — ¢;)=3A. This implies immediate-
ly that the helical wave number

A K

1528 " 2RT (5.3)

does not depend on temperature (the slight dependence
of R on T can be neglected).

In order to avoid unnecessary mathematical compli-
cations we adopt from now on the interaction (5. 1) as
our starting point for a theory of the cholesteric state,
As has already been said, this model gives rise to a
cholesteric state with a temperature independent pitch,
Clearly, the description of a cholesteric with a tem-
perature dependent pitch requires the addition of new
terms to the interaction (5.1). The nature of these
terms is obvious; they have to introduce asymmetry
into the interaction between the molecules, The rele-
vance of an asymmetrical interaction follows already
from Keating’s twiston model for the explanation of the
temperature dependence of the pitch,

There are, of course, a countless number of ways to
add symmetry-breaking terms. We propose to add
terms proportional to (a,- 'a!.,)4 and (a;+ a,)%(a;x a;° uy,)
on the basis of the following reasons:

(1) The terms should be invariant with respect to the
replacement of a; by —a,, or a; by —a,, or both, Note
that the “nematogenic” as well as the “cholesteric” in-
teraction on the right-hand side of (5. 1) satisfy this re-
quirement.

(2) On the basis of (1), further nematogenic terms to
be added to (5. 1) are restricted to those of the form
(a;° a,)z", with n = integer; this justifies addition of a
term (a,* &,

(3) Note that the cholesteric term on the right-hand
side of (5. 1) has the following properties for given a;
and a;: Suppose the position of a; is fixed and that of a,
is variable over a sphere with { as center; the choles-
teric term then vanishes for u,;la;, and its magnitude
reaches a maximum value for u;;Lla;. In fact, the
magnitude of this term varies as the sine of the angle
between u;; and a;. Since this variation is consistent
with the cholesteric structure, as well as with the ro-
tation vector introduced by de Gennes for the nematic
director around a chiral molecule in a nematic matrix,
we require the same variation of further twist terms.
This implies that new twist terms are restricted to
those containing (a;xa,)* 4, to the first power. This
justifies addition of a term (a,+ a,)%{(a;x&,)> uy}.

As a result we obtain a model for a cholesteric based
on the following interaction between molecules ¢ and j:

Wi=—-Jia, 8,0 - K (a;* a,){(a;xa,) o u;,}

~Li(a;s a)'+ M, (a;- 8, {(a,xa,)+ u;,}, (5.4)

where the parameters J;;, K;;, L;;, and M;; are func-
tions of R;;. It should be remarked that if the electric
multipole expansion is carried to higher order, terms
appear which after appropriate averaging yield terms

equivalent to the ones proposed here, Also, on the ba
sis of the procedure outlined above terms of order R3S
and R} must be dropped; L;; and M,; correspond re-

spectively to terms of order R7}° and R3}.

We solve this model in the molecular field approxi-
mation, As an intermediate step we obtain, after ap-
plication of the three assumptions mentioned in the pre-
vious section, the following interaction energy between
a molecule with molecular director a; and its nearest
neighbors:

Wo=[-3J(2 - R?) - § KqR -4 L(2 - *R*) + 1 MqR]
Y
X 2 Pylag) Pa})+ [~ AL ¢ - 2R+ AMqR]
i=al

Y
XZ Pylay)P,(a},) + const , (5.5)
=
with P,(z) denoting the fourth Legendre polynominal,
P2)=%2* -2}, Its appearance is due to the aver-
aging process over the azimuth angles, e.g.,

T _T _ 1 4
gy =gy = 350:: %y ~Fs'qu(ao.) -4 Pylag) +1fs
vz Z % 1

Qox Aoz = Aoy Qo™ —E%P4(ao;)+ﬁpz(ao,)+i%' s

T
a0:=3_85 P4(00:)+% PZ(aOz) - % .

Finally we replace Py(a),) and P,(al,) by the long range
order parameters P, and P,. Then the molecule with
director a,; interacts with the system via a molecular
field of the form

Wo= —yP,[3J(2 - R*) + 3 KqR+# L(2 = *R?) - 4+ MqR]

X Pylag,) +vPy[- 1 L 3 - #R*)+ AMqR} Pila,,) ,
(5.6)
where we have omitted the constant term. The order
parameters 132 and E are determined self-consistently:

—_ 1 +1 =

-PZ: -Z—fl daO:Pz(ao.) e WO/kBT ’ (5- 73')

— 1 -

P4: Efl da°'P4(a0‘) e‘wo/ kpT 9 (5. 7b)
1 -

Z=f day, e™¥o/*87 (5.7¢)

1

The isotropic solution P, =P, =0 always satisfies Eq.
(5.7). In case more solutions of this set of equations
exist, the thermodynamically relevant one has the low-
est free energy per molecule

F=[Gw+2yL) P2+4yLP?]
+gR [(3vK ~ 7y yM) Pé - & yMP3]
- PR W+EyL) B+ & yLP2] - kT InZ.

The helical wave number g is determined by the re-
quirement that the free energy should be minimal with

(5.8)
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FIG. 3. Temperature dependence of the Maier—Saupe order
parameter Py, B,, and x=(B,/P,)? calculated for the case K
=L=M=0,.

respect to g. We obtain
1 [ (7K - 3M) — 4Mx® ]

9" R (147 + 120)+ 16142 (5.9)
with x=P,/P,, i.e., the temperatuve dependence of the
helical wave number q is determined by the rvatio of the
order pavameters P, and P,. Strictly speaking, P, and
P, depend on ¢, i.e., (5.9) is an implicit equation for
¢(T). In practice, however, gR<< 1 so that the ¢ de-
pendence of P, and P,, and thus of x, can be neglected.
Figure 3 shows the temperature dependence of P,, P,,
and x® calculated for the Maier—Saupe theory. Note
that »® varies roughly linearly with temperature; an
order of magnitude estimate yields

D 2
e 1
dT | B, T,®

V1. DISCUSSION

(5.10)

The treatment presented in Sec. II for the interaction
between two chiral molecules is similar to that of
Goossens in the sense that the interaction is assumed
to be electrostatic and that within the multipole expan-
sion scheme only the dipole-dipole and dipole—quad-
rupole dispersion terms are retained., An essential dif-
ference is that we allow free rotation of the molecules
around their long principal axes, whereas Goossens
considered planar molecules with four distinct orienta-
tions of equal statistical weight. Furthermore, we
have chosen a binominal series expansion which through
(2. 3) clearly specifies the conditions required for the
validity of the multipole expansion procedure, OQur re-
sult (2. 8) shows that the cylindrically symmetric be-
havior of the molecules does not destroy the tendency
for “cholesteric alignment” described by the competing
terms involving J and K, contrary to remarks in this
connection in Goossens’ article.

The result (4. 12) obtained from our molecular field
approximation in Sec, IV shows that if one only retains
the terms with J and K, a temperature-independent
cholesteric wave number is obtained. Apart from a dif-
ferent numerical factor, arising from our averaging

procedure, the result (4, 12) is essentially the same as
that obtained by Goossens’ nonstatistical treatment;

the latter corresponds to our formula (5.3). The ex-
planation of the temperature independence of g in this
scheme lies in the fact that the potential energy between
two molecules is a symmetric function of (¢, - ¢; - gR),
where ¢ is given by (5. 3).

In order to obtain a temperature-dependent ¢ it is
obviously necessary to include higher order terms in
the expansion which produce asymmetry in the poten-
tial energy as a function of (¢, — ¢, —gR). This has been
done in Sec. V and leads to the result (5.9). In this
expression there appear, besides J and K, two more
parameters L and M in combination with the tempera-
ture dependent factor x= (T34/1;z)2. It is of interest to
estimate the order of magnitude of L and M required
for the description of the temperature dependence of ¢
as observed in cholesterics in a temperature range not
too close to a cholesteric—-smectic transition. For ex-
perimental data for a number of cholesteryl esters we
refer to Demus and Wartenberg,!! As a typical exam-
ple we consider the data for cholesteryl propionate for
which one finds in the temperature range between 78 °C
and 110°C (dg/dT)= 500 cm™ + deg™ and (1/q)(dq/dT)
=0, 002 deg™. Comparison of the latter result with the
same quantity obtained from (5, 9) and (5. 10) with x*
=~ 0,1 yields the following order of magnitude relation:

T,dg . 4M 6L,

g AT TK-3.4M " 14J+13.6L (6.1)

We conclude that this requires M~K and/or L=J. In
this connection it should be realized that L is the coef-
ficient of ‘the nematogenic interaction (a;* a,)4 and that,
consequently, (L/J) influences the Maier—Saupe order
parameter; this has been investigated by Humphries,
James, and Luckhurst.’® For example, for L/J=0
one obtains the ordinary Maier-Saupe result Py(T,)
=0.43, whereas for L/J=0.5 one would obtain P,(T.)
=0.48. A determination of L/J would thus require re-
liable measurements of the nematic order parameter,
If one were satisfied in this respect with the Maier—
Saupe result, one might take L/J =0 and ascribe the
temperature dependence of the cholesteric wave num-
ber completely to the parameter M. At any rate, our
results indicate a serious difficulty for the electric
multipole expansion philosophy because in this approach
J, K, L, and M corresponds, respectively, to terms
of order R®, R, R™™®, and R™™, In a properly con-
verging series L=J and M= K would simply not be ac-
ceptable. This takes us to the following more general
discussion.

In the preceding sections we adhered as much as pos-
sible to the notion that the intermolecular interaction in
nematics and cholesterics can be discussed in terms: of
an electric multipole expansion in powers of Rjj. This
has been done intentionally to conform with the line of
thought followed by Maier-—-Saupe and Goossens, Our
purpose was, in fact, to present a statistical version
of Goossens’ theory and to investigate the possibility of
obtaining a proper temperature dependence of the cho-
lesteric pitch by extending his line of argument. There
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are at least two general arguments, however, that cast
doubt on the validity of the multipole expansion view-
point:

(1) The systems under consideration consist of elon-
gated molecules with dimensions comparable with or
even larger than the mean separation R;; between the
centers of mass of nearest neighbors. This implies
that the condition (2. 3) required for proper convergence
of the multipole expansion can hardly be satisfied and
that the identification of specific multipole interactions
with the various terms in the expansion becomes doubt-
ful.

(2) Apart from (1), one might expect important con-
tributions to the anisotropic part of the intermolecular
interaction between neighboring molecules from the
specific shape of the molecules through repulsive forces
(excluded volume effects). Various authors,” there-
fore, have suggested earlier that the Maier-Saupe the-
ory for nematics should be viewed as a phenomenolog-
ical model and that the intermolecular nematogenic in-
teraction parameter, denoted by J in the preceding sec-
tions, should be regarded as containing contributions
from both attractive (dipole-dipole dispersion) and re-
pulsive forces. In this connection it should be admitted
that de Jeu and Van der Veen!® have established system-
atic trends between clearing points and the anisotropy
of the polarizability of homologous series of compounds
in agreement with the Maier-Saupe theory. More re-
cently, Van der Veen studied the influence of terminal
substituents on the clearing temperature which also
confirm the importance of the anisotropy of the polar-
izability. We believe, however, that these results do
not invalidate the argument for a “mixed viewpoint,”

On the basis of these arguments and our own findings
that M= K and/or L~J in order to obtain a proper de-
scription of the temperature dependence of ¢ we are in-
clined to consider J, K, L, and M introduced in the pre-
ceding sections as phenomenological parameters in an
expansion of V;; in terms of the angles between a,;, a;,
and u, rather than as specific multipole interaction
parameters. This viewpoint is similar to that of
Humphries, James, and Luckhurst. Further support
for this notion may be derived from the following argu-
ment:

(3) Stegemeyer and Finkelmann, !® and Hanson,
Dekker, and Van der Woude!® have analyzed the pitch of
a number of binary cholesteric systems that exhibit he-
lix inversion as a function of composition, on the basis
of the theory of Goossens. Althoughthe theory allows a
good mathematical fit to the experimental values, the
latter authors have pointed out that the results cannot
be interpreted in a physically consistent way in terms
of dipole—-dipole and dipole—quadrupole dispersion in~
teractions. Such an interpretation would require cer-
tain relations to be satisfied between various parame-
ters, and this turns out not to be the case,

In connection with our interpretation of the tempera-
ture dependence of g we wish to point out that the an-
harmonic terms introduced in Sec. V bear some rela-
tion to the anharmonicity introduced by Keating in his

twiston model. An alternative interpretation of the
temperature dependence of the cholesteric wave num-
ber in dilute solutions of chiral molecules in a nematic
has recently been proposed by Stegemeyer and Finkel-
mann, " In our notation they essentially start from
Goossens’ formula (5. 3) applied to a molecular con-
centration x, of the chiral molecules in a nematic de-
noted by the subscript #, q=x,K,./2RJ,,. Here, J,,
refers to the dipole—dipole interaction between nemato-
genic molecules and K, to the dipole—quadrupole inter-
action between the nematogenic and chiral molecules,
In the spirit of Goossens’ theory, they consider this
formula as applying to the state in which the molecules
are oriented coplanar with respect to each other. In
order to account for the temperature dependence of ¢
they assume hindered rotation of the molecules along
their long axes and for this purpose introduce a rota-
tional order parameter S; = cos2y, where § is the rota-
tion angle. Assuming a potential energy U(y) <kgT for
the hindered rotation and modifying the formula for ¢ in
a somewhat ad hoc manner by writing q=(x, K,/
2RJ,,)Sr, Stegemeyer and Finkelmann find

Experimental data for a number of chiral molecules in
nematic MBBA are indeed in rough agreement with this
result, Note, however, that these arguments applied
to one-component systems would predict the wrong sign
because experimentally (dq/dT) and g have the same
sign,

Finally, it should be remarked that our theory can
easily be extended to binary cholesteric mixtures,

Note added in proof: At the Sixth International Liquid
Crystal Conference (August 23-27, 1976, Kent State
University) we learned that Lin-Liu and Woo have inde-
pendently arrived at the conclusion that the temperature
dependence of the cholesteric pitch is determined by the
ratio of 54 and P,. Their results are based on an ex-
tension of a planar model discussed by Y. R. Lin-Liu,
Yu Ming Shih, Chia-Wei Woo, and H. T. Tan [Phys.
Rev. A 14, 445 (1976)].
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APPENDI X

Let n and m be two vectors, which are not affected by
the rotation of molecule ;. Choose a Cartesian coordi-
nate system with unit vectors x, y, and z such that a,
=z. Then we have

(bt ° n) (bi ¢ m) = [(bi * x)nx+ (bl * y)ny ] [(bi ° x)mx
+(by° YIm, | =nm, cos?d, +nym,sin®¢+ (n,m + nym,)

sin¢g;cos¢, ,
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with b; * Xx=cos¢; and b; * y;=sin¢,;, The assumption of
uncorrelated rotations around the long molecular axes
means that we are allowed to average over ¢; or

(b, * n)(b;* m)*" =3 (n,m, +n,m,) =% (n+ m)
-z(n+a)(m-a,).
In the same way the result for
is obtained. Further,
(b,* n)(e;* m)=[(b; * X)n,+(by* yim,}[(ci X)m,
+(cy° YIm,]=(nm,~n,m,) cose,sind,+n m,cos’d,
-nym,sin¢,
Averaging yields
T, B (e, - m)*" =4 (n,m, —nym) =4 nxm- a, .
As an example we consider the term
s=lpal® 1057 1* 1@+ ¢) - 3@ ug) e, ui) P,

which appears in the expression for the induced dipole-
dipole interaction. Averaging over molecules ¢ and j
gives

S= | % 2 | p53 Ia{%+%(ai° u;,)?

-3[(a;- a)-3(a;* u;)(a;° u )P},
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