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BARTELD KOOI Three-valued Logics
ALLARD TAMMINGA in Modal Logic

Abstract.  Every truth-functional three-valued propositional logic can be conservatively
translated into the modal logic S5. We prove this claim constructively in two steps. First,
we define a Translation Manual that converts any propositional formula of any three-
valued logic into a modal formula. Second, we show that for every S5-model there is an
equivalent three-valued valuation and vice versa. In general, our Translation Manual gives
rise to translations that are exponentially longer than their originals. This fact raises the
question whether there are three-valued logics for which there is a shorter translation into
S5. The answer is affirmative: we present an elegant linear translation of the Logic of
Paradox and of Strong Three-valued Logic into S5.

Keywords: Three-valued logic, Modal logic, Conservative translations, Expressivity.

1. Introduction

Translations of one logic into another logic might serve as a bridge to carry
over technical results and philosophical insights. The translations of classical
propositional logic into intuitionistic propositional logic that appeared in the
literature around the 1930s all proved the relative consistency of classical
propositional logic: if intuitionistic propositional logic is consistent, then so
is classical propositional logic. The translation of intuitionistic propositional
logic into the modal logic S4, based on Godel’s [9], strongly supports the
provability interpretation of intuitionistic logic. Not all of these mappings of
one logic into another are translations in the same sense. Some of them are
only conservative mappings, others are conservative translations. A conser-
vative mapping T of a logic L into a logic Ly is a function that preserves
valid formulas in both ways:

’:Ll 2 iff ':Lz T(SO)

"'We take over Feitosa and D’Ottaviano’s [8] terminology. They also provide a review
of a variety of notions of translations of one logic into another logic and a discussion of the
historical translations of the 1930s [8, pp. 211-217]. See also D’Ottaviano and Feitosa [7].
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1062 B. Kooi and A. Tamminga

The notion of a conservative mapping is too blunt an instrument for study-
ing translations of three-valued logics into modal logic. Let us give two
examples. First, the identity function T(¢) = ¢ conservatively maps the
Logic of Paradox (LP) [14] into classical propositional logic, because LP
has exactly the same valid formulas as classical propositional logic. Second,
the function T(p) = p A =p (where p is some atomic formula) conserva-
tively maps Strong Three-valued Logic (K3) [10,11] into classical proposi-
tional logic, because K3 does not have any valid formulas. For our present
purposes we therefore need a notion of translation that makes sharper dis-
tinctions.

The notion of a conservative translation gives us precisely what is required
for our current investigations. A conservative translation T of a logic L; into
a logic Lo is a function that preserves wvalid arguments in both ways:

I ):L1 ¥ iff T(H) ):Lz T(SO)

It is easy to see that the conservative mappings of LP and K3 into classical
propositional logic are no conservative translations.

The set-up of our paper is as follows. First, we give a general definition of a
truth-functional three-valued propositional logic. Second, we define a Trans-
lation Manual that converts any propositional formula of any three-valued
logic into a modal formula. Third, we show that because for every S5-model
there is a translationally equivalent three-valued valuation and vice versa,
every truth-functional three-valued propositional logic can be conservatively
translated into the modal logic S5. Finally, we present a linear translation
that conservatively translates both LP and K3 into S5.

2. Three-valued Logics

A propositional language is a set of formulas built from a set P = {p,p’,...}
of atomic formulas and a set O = {®,, ®p, ..., ®;,®], ...} of operators (the
subscript indicates an operator’s arity). The propositional language Eg is
the smallest set (in terms of set-theoretical inclusion) satisfying the following
two conditions:

() PcLp
(i) If ®, €O and ¢@1,...,p, € LY, then ®,(¢1,...,0n) € LS.

We refer to elements of this propositional language as propositional formulas.
(If O = {—1, Va2, A2, —2}, then Eg is just the familiar language of proposi-
tional logic.) In a three-valued logic propositional formulas are interpreted
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by way of three-valued valuations. A three-valued valuation v on P is a func-
tion v : P — {a,b,c}, where {a,b,c} is a set of three distinct truth-values.
A valuation v therefore assigns to each atomic formula p in P exactly one
of the three truth-values a, b, and ¢. A valuation v can be extended to a
valuation v* that assigns to each propositional formula ¢ in Lg exactly one
of the three truth-values, using truth-tables for all operators that occur in
. A truth-table for an operator ®,, is nothing but an n-placed function
fo, :{a,b,c}" — {a,b,c} that yields the truth-value of a complex formula
®n(@1,---,9n) on the basis of the truth-values of its constituent formulas

P11y yPn-

DEFINITION 2.1. Let v be a three-valued valuation on P. Then v can be
extended to a three-valued valuation v* on Eg as follows:

v*(p) = v(p)
v (@n(P1,-90n)) = fo, (v (01), 0" (0n)))-

Extended valuations do not suffice to define three-valued validity. We
need to stipulate which truth-values are the designated truth-values for the
premises and which ones are designated for the conclusion.? Accordingly,
the concept =32 of three-valued validity is relative to a set X C {a,b,c}
of designated truth-values for the premises and a set ) C {a, b, ¢} of desig-
nated truth-values for the conclusion. An argument from a set I of premises
to a conclusion ¢ is X2)-valid (notation: II ):336@ ) if and only if for each
valuation v it holds that if v*(¢) € X for all ¢ € II, then v*(¢) € 9.

3. A Translation Manual for Three-valued Logics

We now present a Translation Manual that translates any three-valued logic
thus defined into S5. For clarity we first briefly discuss 55. The modal logic
S5 interprets formulas from the modal language ML that is built from the
set P = {p,p/,...} of atomic formulas and the falsum (L) using negation
(=), disjunction (V), conjunction (A), possibility (¢), and necessity (OJ). We
refer to elements of this modal language as modal formulas. The semantics
of S5 is as follows:

DEFINITION 3.1. An S5-model M (= (W, V)) consists of a nonempty set W
of possible worlds and a valuation function V' that assigns to each atomic for-
mula p in P a subset V(p) of W. Let w € W, let p € P, and let p, v € ML.

2This distinction is also made by Cobreros et al. [6, Section 3].
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Then

M,wl=g5p iff w e V(p)

M,’U.)I;és5j_

M,wlEss ~p  iff M,w fEss ¢

M,wEss VY ff M,w g5 por M,w g5 9
M,wss p AN it M,w g5 ¢ and M,w g5 ¢

M,w Eg5 Op iff thereisa w’in W suchthat M, w' |=g5 ¢
M,w g5 Op iff for all w'in Wit holds that M, w’ g5 ¢.

We write M g5 ¢, if M,w g5 ¢ for all w in W. An argument from a
set II of premises to a conclusion ¢ is S5-valid (notation: II =g5 ) if and
only if for each S5-model M (= (W,V)) and each w in W it holds that if
M, w =g5 9 for all ¥ in II, then M, w g5 ¢.

In an S5-model there are three mutually exclusive and jointly exhaustive
possibilities for each atomic formula p : either p is true in all possible worlds,
or p is true in some possible worlds and false in others, or p is false in all
possible worlds. Our Translation Manual first maps the three possible truth-
values of any atomic formula p to these three possibilities, and then maps
the three possible truth-values of any complex formula ®,(¢1,...,p,) to
truth-functional combinations of the mapped truth-values of its constituent
formulas according to the strictures of ®,,’s truth-table:

DEFINITION 3.2. (Translation Manual) Let p € P and let ¢1,... ¢, € LS.
Then

a(p) = Op
b(p) = OpA-Op
«(p) = ~Op
@1, 0n) = Vo @) A Ara(en)
(r15--tn)€a(fon)
b(@nl(p1,- .. 9n) = Vo @) A Ara(en)
(x15e5En) €0 (foop,)
(@1, r0m)) = Vo @) A Aralen)),

(t1,--tn)Ec(fo,)
where t(fg,) = {(t1,...,tn) €{a,b,c}" : fo, ((t1,-..,1n)) =1}

Note that 1(®,(p1,...,¢n)) = L, if t(fg,) = 0. Given a formula ¢ and a
set X C {a,b,c} of truth-values, we write X(¢) for V .y r(¢). (Again, note
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that X(p) = L, if X = ().) Similarly, given a set II of formulas and a set
X C {a,b,c} of truth-values, we write X(II) for {X(¢) : ¢ € II}.

Using our Translation Manual, we can now state the conditions under
which a three-valued valuation and an S5-model are translationally
equivalent.

DEFINITION 3.3. Let v be a three-valued valuation on P and let M be an
S5-model. Then v and M are 3-equivalent, if for all ¢ in Eg it holds that

vi(p) = a iff M i=gs5a(p)
v* () = b iff M g5 b(p)
v*(p) = ¢ iff M g5 c(p).

Note that if a three-valued valuation v and an S5-model M are 3-equivalent,
it holds for all ¢ in £9 and for all subsets X of {a,b,c} that v*(¢) € X if
and only if M [=g5 X(p).

For each S5-model there is a 3-equivalent three-valued valuation and for
each three-valued valuation there is a 3-equivalent S5-model. To show this,
we need a lemma about the specific type of modal formulas that are gen-
erated by our Translation Manual. In fact, all translations of propositional
formulas are fully modalized, that is, for all ¢ in /37(2 it holds that a(yp),
b(p), and ¢(p) are in the modal sublanguage ML*, where ML* is built
from {Op:p € PYU{Op: p € P}U{L} using negation (—), disjunction (V),
and conjunction (A). Fully modalized formulas have a special property: they
are true somewhere in an S5H-model if and only if they are true everywhere
in that model (a straightforward structural induction proves this):

LEMMA 3.1. Let M (= (W, V)) be an S5-model. Let w € W and ¢ € ML*.
Then

M,wss ¢ it M Ess e
LEMMA 3.2. For each S5-model there is a 3-equivalent three-valued valuation.

PROOF. Let M (= (W,V)) be an S5-model. We construct a three-valued
valuation vys by stipulating that for all atomic formulas p in P

om(p) =a iff V(p)=W
om(p) =b iff V(p) #0and V(p) # W
vp(p) =c iff V(p)=0.

It is easy to see that wvys is a three-valued valuation: vy, assigns to each
atomic formula p exactly one of the truth-values a, b, and c.

We now show by structural induction on ¢ that vy and M are
3-equivalent.
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Basis. That the claim holds for atomic formulas follows directly from the
definition of vys, Definition 2.1, Lemma 3.1, and the semantics of S5.

Induction Hypothesis. Suppose that our theorem holds for all formulas ¢
with less operators than the formula ®,,(p1,...,¢n).

Induction Step. Consider ®,,(¢1, - .., ¢n). Suppose Vi (@n (@1, ..., ¢n)) =
a. Then fg, ((vi;(@1),...,v3;(¢n))) = a. Take an arbitrary ¢; and consider
vy (@i) = ri. By the Induction Hypothesis, it must be that M |=g5 1i(¢:)
for all 4 with 1 <1 < n. Hence, M |=g5 r1(¢1) A+ - Arn(en). It is clear that

(r1,..-,tn) € a(fg, ). Therefore, M =g5 a(®@,(@1,---,¢n)).

Suppose M g5 a(®n(p1,...,9n)). Then there is an n-tuple (r1,...,1,)

in a(fg, ) such that M |[=g5 r1(¢1) A -+ A tn(en). Hence, M g5 1i(p:)
for all ¢+ with 1 < 4 < n. By the Induction Hypothesis, it must be that

vy (@i) = 1 for all ¢ with 1 < i < n. Therefore, v},;(®,(p1,...,¢n)) =
fo, (Wi (1), vy (en))) = fo, (1, - 0n)) = a.

The cases for b and ¢ are analogous. [ |
LEMMA 3.3. For each three-valued valuation there is a 3-equivalent S5-
model.

PROOF. Let v be a three-valued valuation. We construct an S5-model M,
(= (W,,V,)) by stipulating that (1) W, = {w,w’} and (2) for all atomic
formulas p in P

Vo(p) =W, iff v(p) = a

Vo(p) ={w} iff v(p) = b

Vi(p) =10 iff v(p) = «c
Obviously, M, is an S5-model. An adaption of the inductive proof of
Lemma 3.2 shows that v and M, are 3-equivalent. [

We now prove our theorem that every truth-functional three-valued prop-
ositional logic can be conservatively translated into the modal logic S5:

THEOREM 3.4. Let 11 C LG, let p € LY, and let X,9) C {a,b,c}. Then

M3 e i X(I) s D(e).
PRrROOF. Suppose that X(I) ~ss D(p). Then there is an S5-model M
(= (W,V)) and a w in W such that M,w g5 X(¢) for all ¢ in II and
M, w g5 (). By Lemma 3.1 it follows that M =g5 X(¢) for all ¢ in II
and M g5 D(p). By Lemma 3.2 there is a three-valued valuation vy, such
that v}, (¢) € X for all ¥ in II and v}, () € Y. Therefore, 11 b&;fm ®.

Suppose that II 1#3362) . Then there is a three-valued valuation v such
that v*(¢) € X for all ¥ in II and v*(¢) ¢ 2. By Lemma 3.3 there is
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an S5-model M, (= (W,,V,)) such that M, =g5 X(¢) for all ¢ in II and
M, 55 D(p). By Lemma 3.1 there is a w in W, such that M, w g5 X(¢)
for all ¢ in II and M, w F=g5 D(p). Therefore, X(II) FEss D(¢). |

In general, the length of the translations produced by our Translation
Manual is exponential, because a single step in the production of, say, the
a-translation of a complex formula built from an n-ary operator ®, might
comprise 3" clauses: if fg ((r1,...,5n)) = a for all (r1,...,1,) € {a,b,c}",
then

(£1,--,tn)€{a,b,c}m

This fact raises the question whether there are three-valued logics for which
there is a shorter translation into S5. The answer is affirmative: there is an
elegant linear conservative translation of the three-valued logics LP and K3
into the modal logic S5.

4. A Linear Translation of LP and K3 into S5

Translations of the Logic of Paradox (LP) and Strong Three-Valued Logic
(K3) into modal logic have been offered in the literature. Batens [1, p. 284]
gives essentially the same translation of LP into S5 as we do, but fails to
include a proof. Busch’s [3, p. 72] translation of K3 into modal logic only
applies to the fragment of the language of propositional logic that is built
from (negations of) atomic formulas using disjunction and conjunction, and
introduces unnecessary [s in each step where a disjunction or a conjunc-
tion is treated. We present a single linear translation that conservatively
translates both LP and K3 into S5.

LP and K3 evaluate formulas and arguments from a propositional lan-
guage L9, where P = {p,p/,...} and O = {—1,Va2,A2}. LP adds a third
truth-value ‘both’ to the classical pair ‘false’ and ‘true’. An LP-valuation is
a function vz, p from the set P of atomic formulas to the set {{0},{1},{0,1}}
of truth-values ‘false’, ‘true’, and ‘both’. K3 adds a third truth-value ‘none’
to the pair ‘false’ and ‘true’. A K3-valuation is a function vk, from P to the
set {0,{0},{1}} of truth-values ‘none’, ‘false’, and ‘true’. An LP-valuation
vp (a Kz-valuation v, ) is extended to a valuation vy p (a valuation v,)
on £ as follows (where X stands for both LP and K3):

levi(p) iff 1€vx(p)
0evi(p) iff 0€wvx(p)
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1 € v () iff 0€vi(p)

0 € vk (—yp) iff 1evi(p)

Levk(pVvy) iff 1evi(p)orlevi(y)
0evk(pVvy) iff 0€vi(p)and0 e vi(y)
Levi(eny) iff 1evi(p)andl e vy ()
0evi(pny) iff 0e€vi(p)or0evi(y).

An argument from a set IT of premises to a conclusion ¢ is X-valid (notation:
I =x ¢), if and only if for each X-valuation vx it holds that if 1 € v (¢))
for all ¢ in II, then 1 € v%(p). Note that in LP the set of designated
truth-values for both the premises and the conclusion is {{1},{0,1}}, and
that in K3 the set of designated truth-values for both the premises and the
conclusion is {{1}}.

5. Linear X-translations

Our translation transforms propositional formulas from Eg into modal for-
mulas from ML. Each propositional formula ¢ has both an LP-translation
Trr(p) and a Ks-translation Tk, (). Both X and Y may stand for LP and
K3, but if X is the one logic, then Y is the other. In the course of finding
a propositional formula’s X-translation, we may have to use Y-translations
of its subformulas.® Our translation is given by the following rules:

Trp(p) = Op

TK3 (p) = Dp

Tx (=) = —Ty(p)
Tx(eAY) = Tx(p) A Tx(¥)
Tx(eVy) = Tx(p)V Tx(¥).

If IT is a set of propositional formulas, Tx (IT) abbreviates {Tx (1) : ¥ €Il}.

Let us give two examples: Trp(p A =p) = Op A —Op and Tg,(p A —p) =
Op A =Op. An X-translation Tx(¢) hence leaves a propositional formula
©’s negations, disjunctions, and conjunctions untouched, and only affects
its atomic formulas: if an atomic formula p in ¢ is under the scope of an
even number of negations, then its translation is Tx (p). If p in ¢ is under the
scope of an odd number of negations, then its translation is Ty (p). Hence,

30ur translation procedure using two interrelated types of translations of propositional
formulas is similar to van Benthem’s [16, p. 234] method for translating ‘data formulas’
into modal formulas.
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the length of an X-translation Tx(¢) equals the length of ¢ plus the num-
ber of atomic formula occurrences in ¢. Therefore, X-translations are linear
translations.

Using our X-translations, we can now state the conditions under which
an X-valuation and an S5-model are translationally equivalent (again, X
and Y may stand for both LP and K3, but if X is the one logic, then Y is
the other):

DEFINITION 5.1. Let vx be an X-valuation on P and let M be an S5-model.
Then vx and M are Tx-equivalent, if for all ¢ in [,7(2 it holds that

Levx(p) it M =gs Tx(p)
0€vyx(p) iff M Fss Ty (p).

To show that the three-valued logics LP and K3 can be embedded in the
modal logic S5, it suffices to show that for every S5-model there is a Tx-
equivalent X-valuation and that for every X-valuation there is a Tx-equiv-
alent S5-model. The embedding then follows easily.

LEMMA 5.1. For each S5-model there is a Tx-equivalent X -valuation.

PROOF. Let M (= (W,V)) be an S5-model. We construct a three-valued
X-valuation vx,, by stipulating that for all atomic formulas p in P

vx, (p) = {1} . ifft Vip)=wW
o) = {7 LY TR V) 20mave) 2w
vx,, (p) = {0} iff V(p)=0.

It is easy to see that vx,, is an X-valuation: vx,, assigns to each atomic
formula p exactly one of X’s three truth-values. By simultaneous struc-
tural induction and Lemma 3.1 it is easy to show that vx,, and M are
Tx-equivalent. [

LEMMA 5.2. For each X -valuation there is a Tx-equivalent S5-model.

PRrROOF. Let vx be an X-valuation. We construct an S5-model M, (=
(Woy, Viuy)) by stipulating that (1) W,, = {w,w’} and (2) for all atomic
formulas p in P

‘/vx (p) = va iff Ux(p) = {1}
Vo (p) ={w} iff vx(p) # {0} and vx(p) # {1}
Vox(p) =0 iff vx(p) ={0}.

Obviously, M,, is an SH-model. An adaption of the inductive proof of
Lemma 5.1 shows that vx and M, are Tx-equivalent. [ |
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We now prove our theorem that our X-translations conservatively translate
LP and K3 into the modal logic S5:

THEOREM 5.3. Let II C Eg, let p € Eg, and let X be LP or K3. Then
HEx e iff Tx(D) Ess Tx(v)-

PrOOF. Suppose Tx(II) f~s5 Tx(¢). Then there is an S5-model M
(= (W,V)) and a w in W such that M,w g5 Tx(¢) for all ¢ in II and
M, w g5 Tx(¢). By Lemma 3.1, it must be that M g5 Tx (1) for all ¢
in IT and M F~s5 Tx(p). By Lemma 5.1, there is an X-valuation vy,, such
that 1 € vy, (¢) for all ¢ in IT and 1 & vy (¢). Therefore I FEx .
Suppose that II ~x ¢. Then there is an X-valuation vy such that
1 € vi(¢) for all ¢ in IT and 1 ¢ v%(¢). By Lemma 5.2, there is an S5-
model M, (= (Wyy,Vy,)) such that M,, =s5 Tx(¢) for all ¥ in II and
M, ¥#s5 Tx(p). By Lemma 3.1, it must be that there is a w in W, such
that My, ,w FEg5 Tx(¢) for all ¢ in IT and M, ,w g5 Tx(¢). Therefore

VX

Tx(II) Ess Tx(p). o

Which technical results and philosophical insights can be gained from
these linear conservative translations of LP and K3 into S57 As for the tech-
nical results, our theorem carries over some properties of modal logic to LP
and K3. Let us give one example from complexity theory. From the fact that
the complexity of the satisfiability problem for S5 is NP-complete [12] and
the fact that our X-translations of LP and K3 are linear, it follows imme-
diately that the complexity of LP-validity and of K3-validity is in co-NP.*

As for the philosophical insights, our theorem contributes to the debate
on the ‘proper’ interpretation of LP. It shows that if we want a formal
semantics for LP, we do not need to endorse any form of dialetheism what-
ever (dialetheism is the claim that there are true contradictions): LP has a
classical, two-valued semantics and therefore need not be interpreted under
the assumption of dialetheism.® Although negation, disjunction, and con-
junction in LP can all be rendered classically, atomic formulas in LP may
have different meanings, depending on whether they are under the scope of
an even or an odd number of negations. It is this holistic interpretation of
atomic formulas in LP that is the fundamental difference between classical

4Cadoli and Schaerf [4] show this for LP.

®Brown [2], Lewis [13], and Cobreros et al. [6] also argue that LP can be brought within
the range of classical logic. Their approach differs from ours in that, in order to make sense
of LP, they tentatively accept a weak form of LP’s central tenet, that some formulas can
be both true and false.
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logic and LP. Priest’s [15] arguments to the contrary notwithstanding, we
showed that negation in LP can be understood as a negation that “satisfies
all the proof-theoretic rules of classical negation” [15, p. 203|, provided we
determine the meaning of L P’s atomic formulas by way of our X-translation
of LP into S5. As a consequence, Priest tells only half the story, as far as
LP’s “theoretical account of negation” is concerned, when he says: “Dia-
letheic logic, unlike modal logic, does [...|] provide a genuine rival theory to
that provided by classical logic” [15, p. 210]. He might just as well have said
that dialetheic logic provides a ‘rival theory’ of the interpretation of atomic
formulas.

6. Conclusion

Our Translation Manual can easily be adapted to handle n-valued logics
as long as we have a modal logic in which there are n mutually exclusive
and jointly exhaustive possibilities for each atomic formula p. For example,
every truth-functional four-valued propositional logic can be conservatively
translated into a modal logic interpreted on minimal models M = (W, N, V)
where N is a universal neighbourhood such that for each atomic formula p
it holds that (1) either [p] € N or [p] ¢ N, and (2) either —[p] € N or
—[p] € N.5 Our adapted Translation Manual then maps the four possible
truth-values a, b, ¢, and 0 of any atomic formula p to these four possibilities:
a(p) =OpAOp, b(p) =Op A—=0p, ¢(p) = -Op A Op, and 2(p) = —=Op A =Op.
The adapted Translation Manual’s handling of complex formulas and the
subsequent proof that the adapted Translation Manual conservatively trans-
lates any truth-functional four-valued propositional logic into minimal modal
logic closely follow the lines of our treatment of three-valued logics.
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Melbourne, and Nancy.

References

[1] BATENS, D., On some remarkable relations between paraconsistent logics, modal log-
ics, and ambiguity logics, in W. A. Carnielli, M. E. Coniglio, and I. M. L. D’Ottaviano
(eds.), Paraconsistency. The Logical Way to the Inconsistent, Marcel Dekker, New
York, 2002, pp. 275-293.

See [5, Chapter 7] for an account of minimal models for modal logics.



1072 B. Kooi and A. Tamminga

[2] BROWN, B., Yes, Virginia, there really are paraconsistent logics, Journal of Philo-
sophical Logic 28:489-500, 1999.

[3] BusH, D., Sequent formalizations of three-valued logic, in P. Doherty (ed.), Partiality,
Modality and Nonmonotonicity, CSLI Publications, Stanford, 1996, pp. 45-75.

[4] Capori, M., and M. SCHAERF, On the complexity of entailment in propositional
multivalued logics, Annals of Mathematics and Artificial Intelligence 18:29-50, 1996.

[5] CHELLAS, B. F., Modal Logic, Cambridge University Press, Cambridge, 1980.

[6] CoBREROS, P., P. EGRE, D. RIPLEY, and R. VAN RoolJ, Tolerant, classical, strict,
Journal of Philosophical Logic 41:347-385, 2012.

[7] D’OTTAVIANO, I. M. L., and H. A. FEITOSA, On Godel’s modal interpretation of the
intuitionistic logic, in J.-Y. Béziau (ed.), Universal Logic: An Anthology, Birkh&user,
Basel, 2012, pp. 71-88.

[8] FEITOSA, H. A., and I. M. L. D’OTTAVIANO, Conservative translations, Annals of
Pure and Applied Logic 108:205-227, 2001.

[9] GODEL, K., Eine Interpretation des intuitionistischen Aussagenkalkiils, Ergebnisse
eines mathematischen Kolloquiums 4:39-40, 1933. Reprinted in K. Godel, Collected
Works, Volume 1, Clarendon Press, Oxford, 1986, pp. 300-302.

[10] KLEENE, S. C., On notation for ordinal numbers, Journal of Symbolic Logic 3:150-155,
1938.

[11] KLEENE, S. C., Introduction to Metamathematics, P. Noordhoff N.V., Groningen,
1952.

[12] LADNER, R. E., The computational complexity of provability in systems of modal
propositional logic, SIAM Journal on Computing 6:467-480, 1977.

[13] LEwIs, D., Logic for equivocators, Nods 16:431-441, 1982. Reprinted with corrections
in D. Lewis, Papers in Philosophical Logic, Cambridge University Press, Cambridge,
1998, pp. 97-110.

[14] PrIEST, G., The logic of paradox, Journal of Philosophical Logic 8:219-241, 1979.

[15] PRIEST, G., Boolean negation and all that, Journal of Philosophical Logic 19:201-215,
1990.

[16] vAN BENTHEM, J., Partiality and nonmonotonicity in classical logic, Logique et
Analyse 29:225-247, 1986.

BARTELD K001 and ALLARD TAMMINGA
Faculty of Philosophy, University of Groningen
Oude Boteringestraat 52

9712 GL Groningen, The Netherlands
B.P.Kooi@rug.nl

ALLARD TAMMINGA

Institute of Philosophy, University of Oldenburg
Ammerléander Heerstrafle 114—118

26129 Oldenburg, Germany
A.M.Tamminga@rug.nl



	Three-valued Logics in Modal Logic
	Abstract
	1. Introduction
	2. Three-valued Logics
	3. A Translation Manual for Three-valued Logics
	4. A Linear Translation of LP and K3 into S5
	5. Linear X-translations
	6. Conclusion
	Acknowledgements
	References


