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Modeling of thermal spin transport and spin-orbit effects in ferromagnetic/nonmagnetic
mesoscopic devices
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In this article we extend the currently established diffusion theory of spin-dependent electrical conduction by
including spin-dependent thermoelectricity and thermal transport. Using this theory, we propose experiments
aimed at demonstrating novel effects such as the spin-Peltier effect, the reciprocal of the recently demonstrated
thermally driven spin injection, as well as the magnetic heat valve. We use finite-element methods to model
specific devices in literature to demonstrate our theory. Spin-orbit effects such as the spin-Hall effects are also
included in this model.
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I. INTRODUCTION

Spintronics uses the spin degree of freedom to demon-
strate new functionality in ferromagnetic/nonmagnetic hybrid
devices.1 In time, many new functional devices have been
proposed2–4 and measured5–8 utilizing the special properties
of spin transport. Recently, the coupling between thermo-
electricity and spin transport has been added to this field.
New applications resulting from this coupling are summarized
under the branch called spin-caloritronics.7,9–15

A diffusive transport theory for spin-dependent electrical
conduction is currently well established.16,17 This theory has
been extended to noncollinear systems,18,19 which becomes
relevant when spin-dependent tunneling through interfaces is
considered or to quantify dynamic processes such as spin-
transfer torque20 or spin-pumping.3,21

In this article, we extend the collinear theory of dif-
fusive transport for spin-dependent conduction to include
spin-dependent thermoelectricity,22–25 spin-orbit effects,8,26,27

and spin-dependent thermal transport.28 We use finite-
element methods to demonstrate our theory and extract
useful parameters from complex three-dimensional device
geometries.27,29–32 Various recent experiments are taken from
literature to extract the parameters that govern the effects.
In our modeling, we ignore ballistic transport, which may
give rise to (negative) nonlocal background resistances in the
devices, in particular at low temperatures.33

The setup of this article is as follows. In Sec. II, we
begin with a description of finite-element modeling where
we specify the structure of the model and the solvers used. In
Sec. III we describe how to make finite-element models that
describe electrical spin-transport. We illustrate this model by
calculating a recent example from literature.34 We also show
how the direct and inverse spin-Hall effect can be included and
use it to model an experiment by Kimura et al.26

In Sec. IV, we introduce the thermoelectric-spin model.
This model can describe the individual effects related to
thermoelectricity27,29,31 or spin-dependent electrical transport.
However, the introduction of spin-dependent thermoelectric
coefficients also allows us to demonstrate two new physical
effects: the recently demonstrated thermal spin injection30

and its Onsager reciprocal effect: the spin-Peltier effect.38

Thermal spin injection describes the injection of spins in a
nonmagnetic material when a heat current is sent through a

ferromagnetic/nonmagnetic interface. The spin-Peltier effect
describes spin-dependent heat transport across this interface
due to the injection of spins in the ferromagnetic material.

In Sec. V, a phenomenological theory for spin-dependent
heat transport is proposed, where the concept of a spin
temperature is introduced as well as the thermal analogy of the
spin valve—the magnetic heat valve.10 We apply the model on
a previously measured sample27 to determine an upper limit
for the relaxation of spin-dependent heat at room temperature.
Thermoelectricity not only connects spin-dependent charge
transport to heat transport but also connects spin-dependent
heat transport to charge transport. This provides new ways to
generate spin temperatures and to detect these. The use of two
ferromagnets in the proposed measurement schemes ensures
that the previously mentioned ballistic nonlocal resistances33

do not hinder the observation of the proposed effects.35,36

We conclude this article with a brief discussion on how
the developed diffusion theory, which is used to model spin-
dependent effects, can be generalized to a circuit theory that
can also describe tunneling through interfaces or noncollinear
magnetizations.18,37

II. FINITE-ELEMENT MODELING

The finite-element modeling in this article is performed
using the software package Comsol Multiphysics (version 3.5).
It solves partial differential equations (PDEs) for 1-, 2-, or
3-dimensional geometries defined in a CAD drawing program.
In a diffusive transport theory, the PDEs are determined by
the conservation of the generalized currents for the physics
considered. These can be formally derived from Boltzmann
transport theory.17,39 The fluxes, put into a vector by �J =
(Ju1 ,Ju2 ,...), are governed by a vector of continuous variables
�u = (u1,u2,...) through the conductance matrix c̄:

�J = −c̄∇�u. (1)

Depending on the dimensionality n (1D, 2D, or 3D) of
the finite-element model, the elements of the fluxes Ju1 ,Ju2 ,...

are vectors themselves of size n. They determine the currents
in the respective directions defined by the coordinate system
of the model. The elements of the conductance matrix c̄(i,j )
are then n × n matrices. For an isotropic model, these are
scalar matrices, while for anisotropic transport, the elements
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can be different. The PDEs in the bulk are determined by the
conservation of fluxes:

�∇ · �J = �f (�u) , (2)

where a source term �f (�u) exists, which may depend on the
variables themselves. As an example, for simple electrical
transport �u = V , �J = Jc, c̄ = σ , and f = 0. Here V is the
voltage, Jc the charge current, and σ the electrical conductivity.
Equation (1) then states Ohm’s law, while Eq. (2) is the
Poisson equation representing the conservation of charge. The
system under consideration is solved by stating the boundary
conditions. These can be set for each variable (a Dirichlet
condition) or flux (a Neumann condition) individually. In our
example of electrical conduction, a charge current can be sent
through the material by setting the charge current to a specific
value at one interface and the voltage to a specific value at
another. The outer interfaces are insulating Jc = 0 and the
currents are continuous across internal interface Jc|1 = Jc|2.

A (tetrahedral) mesh of typical 300k elements is created by
the finite-element program, where specific detailed meshing is
used in the areas of interest by specifying a minimal element
size. The PDEs are solved using a built-in (nonlinear) solver
that uses the iterative generalized minimal residual solver
(FGMRES) with a geometric multigrid preconditioner, which
in its turn uses a direct sparse object-oriented linear equations
solver (SPOOLES).

The models we use are generally nonlinear and the
device on which the model is based is measured electrically.
Therefore, the resulting measurable voltage is also nonlinear:

V = R1I + R2I
2 + R3I

3 + · · · (3)

The contributions Rn(V/An) to the nonlinear voltage
can be separately determined from experiments. By using
multiple lock-in systems that are set to measure the different
responses ω, 2ω, 3ω resulting from a sinusoidal charge current
I of frequency ω sent through the device, it is possible
to determine these contributions.30 We may extract them
from the constructed model by studying how the simulated
voltages depend on the applied charge current. The nonlinear
contributions Rn(V/An) are determined by calculating the
model at various currents and solving Eq. (3). Here the used
currents are typically of a size used in experiments where all
interesting contributions Rn(V/An) are considerable.

III. SPIN TRANSPORT

Spin-dependent electron transport in systems consist-
ing of collinear magnetizations and clean ferromag-
netic/nonmagnetic interfaces is commonly described in terms
of a two-channel model. First suggested by Mott,16 and later
derived from the Boltzmann transport theory,17 it describes
electrical conductance separately for spin-up (↑) electrons,
the component parallel to a magnetization, and spin-down
electrons (↓), the antiparallel component. Each channel has
its own conductivity σ↑,↓, voltage V↑,↓, and charge current
J↑,↓. Usually a simplified resistor model is employed to
describe spin-dependent transport. While it is sufficient for
many approximations, it can become inaccurate for complex
three-dimensional structures.40

Spin-dependent transport can be modeled by a set of
PDEs by using the spin-dependent voltages as variables �u =
(V↑,V↓). The spin-dependent currents �J = (J↑,J↓) are then
defined through Eq. (1) by the spin-dependent conductance
matrix:

c̄ =
(

σ↑ 0

0 σ↓

)
. (4)

The conservation of charge current is given by �∇ · ( �J↑ +
�J↓) = 0. The Valet-Fert equation ∇2(V↑ − V↓) = V↑−V↓

λ2 is
derived from the conservation of spin currents. Defining a spin
polarization for electrical conductance PI = (σ↑ − σ↓)/(σ↑ +
σ↓), we calculate the source term:

�f =
(
1 − P 2

I

)
σ

4λ2
(V↑ − V↓) ·

(−1

1

)
. (5)

The inputs for this model are the specific geometry,
the conductivity σ = σ↑ + σ↓, spin relaxation length λ, and
spin polarization PI . These parameters can be determined
from various experiments. For example, the relaxation length
of nonmagnetic materials can be determined by varying
the distance between two ferromagnets in a spin valve,41

measuring spin precession42 or embedding other materials
in a spin valve.43 From the measured magnitude of the
spin valve, the spin-product PIλF of the ferromagnet is
generally determined. Additional experiments can provide
insight about the magnitude of the individual contributions
PI , λF . Angle-resolved photoemission provides information
about the relaxation length λF of ferromagnets44 (albeit high
in the energy band), while the conductance polarization of
ferromagnets PI can be investigated by measuring the Doppler
shift of spin-waves.45

Although the model fits the observed spin-valve signals of
devices with clean interfaces very well,34 in lateral systems
the model often overestimates the observable spin-valve
signals.26,41,42 This is caused by the need to perform ion-
milling prior to deposition, in order to obtain Ohmic interfaces.
This possibly causes an increased surface area that decreases
spin-valve signals.40 Also, we cannot exclude that additional
scattering centers are introduced near the interface due to the
ion-milling process or that the interfacial scattering properties
may be altered for a disordered interface.46 For the permalloy
(Ni80Fe20) ferromagnet commonly used in a lateral spin valve,
the polarization is reduced from PI = 70%, determined from
measured Doppler shifts or pillar experiments, to 30–50%.41,47

An example of the application of this model can be found
in Bakker.29 Another example of where this model can be
applied is shown by Yang34 et al. Here, the nonlocal spin
valve geometry41,48 is used to inject a spin current J↑ − J↓
free of charge current (a so-called pure spin current) into a thin
ferromagnet. The magnetization of this magnet is switched by
the resulting spin-transfer torque.2,20 A threshold exists for this
process given in terms of the charge current that should be sent
through the device.

A model of this device geometry with resulting spin
voltage is shown in Fig. 1. Using the measured conductances,
relaxation length of copper λCu= 1 μm, and spin valve signals,
we determine an effective spin polarization of PI ≈ 0.6 from
the measured spin valve signals 9–21 m� from a batch of
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FIG. 1. (Color online) Results of the modeling of the nonlocal
spin valve structure used by Yang34 et al. (a) A spin current is injected
into the Cu bar, which connects two ferromagnets FM1, FM2 by
sending a charge current I1−2 = 1 mA. The injected spins diffuse
toward FM2 where they are absorbed. The color shows a calculation
of spin voltage Vs = V↑ − V↓ at I1−2 = 1 mA for the structure with a
4-nm-thin ferromagnet FM2. (b) Calculated spin valve signal
V3−4/I1−2 (m�) versus the spin polarization for electrical conduc-
tance for a 20-nm-thick FM2. The gray area shows the measured
spread.

samples with thick ferromagnets. By performing an integration
of the spin current flowing through the FM2/NM interface, we
find that the amount of pure spin current injected into the
second ferromagnet Is is 13.5% of the total charge current
I sent through the device. For metallic F/N interfaces, the
noncollinear spin injection efficiency is often comparable to
the collinear spin injection efficiency.18,46 This allows us to
use this efficiency to calculate spin-transfer torque. Using an
effective formula for spin-transfer torque switching,49 we find
that the ferromagnet should switch at Is = 930 μA using
common parameters.6 In the experiment, the required charge
current I = 5 mA results in a spin current of Is = 675 μA.
Considering the empirical spread found for the spin valve
signals, this is very reasonable.

Because the electrical current density spread throughout
the device is modeled, the Biot-Savart law also allows us
to calculate the magnetic fields present in the device. This
magnetic field is determined by performing a volume integral
over the entire device. We find that the magnetic field at
the center of the switchable ferromagnet is | �B| = 1.2 mT
at the maximum applied charge current of 5 mA, while the
switching field of the magnet is 8 mT. This directly rules
out that the magnetization switches by the induced magnetic
fields, but it can be responsible for observed asymmetries in
the spin-transfer torque switching process.

A. Spin-Hall effect

Spin-orbit effects in ferromagnets are often sizable due to
their intricate band alignment. As a result, measurements on
spin-orbit effects in ferromagnets were already reported more
then a century ago.50 First D’Yakanov and Perel51 and later
Hirsch4 suggested that the same process that governed these
effects in ferromagnets, whether it be due to band alignment
(intrinsic) or spin-dependent scattering (extrinsic),52 can also
be responsible for a new effect in paramagnetic materials: the
spin-Hall effect.8,53

The direct spin-Hall effect describes that when a charge
current Jc is sent through a material with strong spin-orbit
interaction, a spin current Js flows away from the center
of the conductor with its spin direction �m, a unity vector,
perpendicular to the charge and spin current. In the inverse

version, a spin current flowing through the material creates a
voltage perpendicular to the spin and spin current direction.
Based on a Boltzmann transport theory derived by Zhang,39

the effects are governed by the following two equations:

�∇V SH = −θSH

σ
�m × �Js, (6)

�∇V ISH
s = θSH

σ
�m × �Jc. (7)

Here, �∇V SH and �∇V ISH
s are the bulk charge and spin

voltages resulting from the direct and inverse spin-Hall effect,
and θSH is the spin-Hall angle, typically �1. Both effects can
be included into the two-channel model. To do this, we rewrite
both equations into spin-up and spin-down currents and obtain
the new spin-dependent conductance matrix:

c̄ =
(

σ↑ σSH
↓

σSH
↑ σ↓

)
, (8)

where nondiagonal elements σSH
↑,↓ are included. These become

skew-symmetric matrices determined by the spin-direction �m
considered in the device:

σSH
↑,↓ (i,j ) = ∓θSH σ↑,↓

∑
k

εijkmk. (9)

Here, (i,j,k) are the indices of the predefined xyz axes, and
εijk is the Cevi-Levita symbol.

To demonstrate the theory, we model a device measured
by Kimuraet al.,26 where both the direct and inverse spin-Hall
effect were measured in a single nanoscale device at room
temperature for the first time. The results from this model are
shown in Fig. 2. The device consists of a single permalloy
ferromagnet, which is connected to a 4-nm-thin platinum strip
by a copper cross. A pure spin current can be injected into
the platinum strip by sending a charge current I1−2 from the
ferromagnet to one of the arms of the copper cross. When
the magnetization of the ferromagnet is aligned in the ±y

direction, the spin current flowing into the platinum in the −z

direction creates a voltage due to the inverse spin-Hall effect
in the x direction. This voltage can be measured between
the two contacts present on the platinum strip. In the same
device, sending a charge current through the platinum strip
creates a spin current flowing in the z direction where the
spins are aligned in the ±y direction, which is now due to
the direct spin-Hall effect. When this spin current arrives at
the permalloy strip, it is converted into a voltage which can be
electrically measured.

Both the direct and inverse spin-Hall signal in this device
are around 60 μ� at room temperature at a distance of
400 nm from platinum strip to ferromagnet. Using the common
parameters PPy = 0.3, λPy = 5 nm, λPt = 2 nm, and λCu =
350 nm,40,41,47 and the measured conductivities, we find that
a spin-Hall angle for platinum of θPt

SH = 5·10−2 accurately
models both signals. This angle is around 8 times smaller than
previously calculated. The difference between the spin-Hall
angle found by the three-dimensional model and the analysis
of Kimura et al.26 is partially caused by the difference in
used parameters.54 However, it is mostly due to the inaccuracy
of the bulk resistor model and spin-Hall formula39 for three-
dimensional structures used in the analysis of Kimura. The
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FIG. 2. (Color online) Calculated spin voltages Vs (μV) for the
device of Kimura et al.26 (a) In the direct spin-Hall configurations
a charge current I1−2 = 1 mA is sent from ferromagnet to copper
arm and the resulting spin-Hall voltage V3−4 is measured on the
Pt strip. (b) XZ cross section in the middle of the platinum strip
in the inverse spin-Hall configuration. The charge current I3−4 =
50 μA is short-circuited by the copper strip, which is why most spin
accumulation enters through the corners. When the spin voltage enters
the copper strip, it is only a small fraction of the ±8 μV spin voltage
present in the bulk platinum. The voltage V1−2 is now measured by
converting the spin voltage Vs to a charge voltage at the FM/NM
interface.

bulk resistor model is essentially an approximation of the
diffusion model we use to model the device.32 It is known
that this approximation can be too coarse in specific three-
dimensional cases.40 To illustrate the three-dimensional nature
of this device, we note that only 1% of the charge current goes
fully through the platinum strip when the current is sent from
contact 3 to 4, because the copper on top of the strip essentially
short-circuits the strip. This causes a highly nonuniform spin
injection (and for the inverse effect, detection) at the platinum
strip, which is illustrated by the cross section in Fig. 2(b). This
example clearly demonstrates the need for a three-dimensional
model to accurately fit the relevant parameters.

IV. THERMOELECTRICITY AND SPIN

Thermoelectricity55 extends charge transport theory and
includes effects governed by the Seebeck, Peltier, and ther-
mal conductivity coefficients. We have recently shown that
thermoelectric effects can be accurately modeled in nanoscale
devices.27,29–31 In this modeling, we have also included trans-
port effects due to spin-orbit interaction by adding anisotropic
elements to the conductivity and Seebeck coefficient matrices.
We note that by symmetry, we expect equivalent anisotropic
contributions to the Seebeck, Peltier, and thermal conductivity.
However, specific measurements demonstrating the related
transport effects have not been reported to the author’s
knowledge.

The spin-transport model extends charge transport theory
to include the spin-dependency of the conductivity and intro-
duces the concept of spin-dependent voltages V↑,↓. The model
which extends charge transport theory to include both thermo-
electricity and spin-transport is named the thermoelectric-spin
model. It has been used for almost 50 years to describe
thermoelectricity in ferromagnets56 and more recently, to
describe thermoelectricity of multilayered spin valves24,37,57

and spin transport in ferromagnets.7,11,12

The relevant physics and measurable voltages in de-
vices can be calculated using finite-element modeling. The

spin-dependent voltages and temperature are the variables
�u = (V↑,V↓,T ) and the fluxes are determined by the spin-
dependent charge currents and heat current �J = (J↑,J↓,Q).
The conductance matrix now allows us to include spin-
dependent Seebeck S↑,↓ and Peltier coefficients �↑,↓ to
describe not only the coupling between charge and heat
transport but also the coupling between spin and heat transport.
The conductance matrix is given by

c̄ =

⎛
⎜⎝

σ↑ 0 σ↑S↑
0 σ↓ σ↓S↓

σ↑�↑ σ↓�↓ k

⎞
⎟⎠ . (10)

The conservation of charge currents remains unchanged.
However, the Valet-Fert equation is altered because in the
derivation thermoelectricity is disregarded. It is originally
derived using particle conservation:58

1

e
∇ · J↑,↓ = ∓ n↑

τ↑↓
± n↓

τ↓↑
. (11)

Here τ↑↓ represents the time for a spin-up electron to flip
its spin to spin down while τ↓↑ represents the time from a
spin-down electron to flip its spin to spin up. The excess
electron densities are given by the Einstein relation for metals
n↑↓ = N↑↓eV↑↓, with N↑↓ the spin-dependent densities of
states at the Fermi energy. In the thermoelectric-spin model, the
spin-dependent charge currents J↑,↓ = −σ↑,↓(∇V + S↑,↓∇T )
additionally includes a temperature gradient as well as the
spin-dependent Seebeck coefficients.

The Seebeck coefficient describes how the conductivity
depends on energy and is described by the Mott formula.59

By virtue of the Einstein relation for metals, the Seebeck
coefficient is determined by the energy derivative of the
density of states ( dN

dE
)EF

and the relaxation time ( dτ
dE

)EF
at

the Fermi energy. To develop an altered Valet-Fert equation,
the energy dependence of the densities of states N↑,↓ and
relaxation times τ↑↓,↓↑ needs to be taken into account at the
right side of Eq. (11). While theoretically these contributions
can be taken into account, in practice not much is known
about these specific energy dependencies. For simplicity, we
ignore such terms in the modeling and note that they can be
responsible for small bulk source terms.7,30 Conservation of
charge, spin, and heat currents are now taken directly from
the individual thermoelectric and spin-transport models and
produce the following source term:

�f =

⎛
⎜⎜⎜⎝

(
1−P 2

I

)
σ

4λ2 (V↑ − V↓)

−
(

1−P 2
I

)
σ

4λ2 (V↑ − V↓)

J 2
↑/σ↑ + J 2

↓/σ↓ + σ
1−P 2

I

4λ2 V 2
s

⎞
⎟⎟⎟⎠ , (12)

where we introduced the individual Joule heating of both
spin channels J 2

↑,↓/σ↑,↓ as well as Joule heating due to spin
relaxation14 ∇Js · Vs/2.

In the spin-dependent charge transport model, the ferromag-
netic/nonmagnetic interface plays a crucial role in converting
spin transport into charge transport and vice versa. Using
this coupling between spin and charge, magnetic memory
elements can be constructed. In the thermoelectric-spin model,
the ferromagnetic/nonmagnetic interface plays a similar role.
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In the following we will show that this interface can be used
to convert heat transport into spin transport and vice versa.
The conversion of a heat current into a spin voltage depends
solely on the spin-dependency of the Seebeck coefficient and
is therefore named the spin-dependent Seebeck effect or by its
more application oriented name: thermal spin injection.30

Here, we also propose a measurement scheme for the
Onsager reciprocal effect. We show that when a spin current is
injected into a ferromagnet a net heat flow develops, even in the
absence of a charge current. This effect, named the spin-Peltier
effect,38 depends solely on the spin-dependency of the Peltier
coefficient.

A. Spin-dependent Seebeck effect

The spin-dependent current model dictates that when a
charge current Jc = J↑ + J↓ is sent through the bulk of a
ferromagnet, a spin current Js = J↑ − J↓ accompanies it of
which the size is determined by the conductivity polarization
Js = PIJc.

In similar fashion, the thermoelectric-spin model dictates
that when a heat current Q is sent through the bulk of
a ferromagnet in the absence of a charge current, a spin
current Js = −σF (1 − P 2)Ss∇T/2 flows, of which the size
is determined by the spin-dependent Seebeck coefficient Ss =
S↑ − S↓ = PsS. Here Ps is a fraction of the regular Seebeck
coefficient S, defined in terms of the spin-dependent Seebeck
coefficients as

S = σ↑S↑ + σ↓S↓
σ↑ + σ↓

. (13)

In a nonmagnetic material, both the conductivity po-
larization and the spin-dependent Seebeck coefficient are
zero. When a charge current is sent through a ferromag-
netic/nonmagnetic interface, the discontinuity in bulk spin
current creates a spin voltage at the interface and injects a net
spin current in the nonmagnetic material. The same situation
occurs when a heat current in the absence of a charge current
is sent through the interface.

This effect, the injection of spins in a nonmagnetic
material by a heat current, is named thermal spin injection
or, equivalently, the spin-dependent Seebeck effect.30 Since
both electrical and thermal spin injection arise from the
discontinuity of the bulk spin currents, both effects have
similar behavior. For example, the spin voltage spreads an
equal distance away from the interface and both effects suffer
from the conductivity mismatch problem,60 which strongly
reduces spin injection in low conductivity materials such as
semiconductors. The possible solution to the conductivity
mismatch problem is also identical: the introduction of tunnel
barriers. Thermal spin injection then occurs by virtue of
spin-dependent Seebeck tunneling coefficients.13

Thermal spin injection was recently demonstrated in a
multiterminal lateral device.30 In this device, a temperature
gradient is applied to a F/N/F spin valve by Joule heating
one of the ferromagnets by a large charge current. The
thermoelectrically generated spin voltage across the first
ferromagnetic/nonmagnetic interface is measured by a second
ferromagnetic/nonmagnetic interface, which converts the spin
voltage into a measurable voltage. A schematic picture of
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FIG. 3. (Color online) Thermal spin injection, measurement
scheme, and measured result.30 (a) A heat current sent through a
F/N interface generates a spin voltage Vs ≈ λF Ss∇T at the interface
which extends a distance λN , λF in the materials. (b) Thermal spin
injection can be measured by Joule heating FM1 in a lateral spin
valve. This generates a heat current Q over the FM1/NM interface
which injects spins. The spin voltage is turned into a measurable
voltage by the FM2/NM interface. The size of thermal spin injection
can be determined by selectively switching the magnetizations. (c)
Measurement result. A signal due to thermal spin injection is present
on a large background caused by the measurement of Joule heating by
the FM2/NM thermocouple. In addition, small traces of anisotropic
magnetoresistive heating effects as well as anomalous-Nernst effects
are present. These can be seen by the small dip at the switching field
of FM1 and the offset in background voltage between large positive
and negative magnetic fields (see also Fig. 7).

thermal spin injection and the used measurement scheme is
shown in Fig. 3.

Because Joule heating scales quadratically with the applied
charge current I 2, thermal spin injection results in a nonlinear
spin-dependent signal Rs

2 = RP
2 − RAP

2 , where RP
2 and RAP

2
are the parallel and antiparallel contributions. The measured
result is shown in Fig. 3(c). The applied temperature gradient
was very limited due to the relatively large lateral size and
because electromigration prohibits heating in excess of 40K
in this particular case.

In addition to thermal spin injection, we observe small
traces of spin-orbit effects such as the anomalous-Nernst effect
in the second ferromagnet and anisotropic magnetoresistive
heating of the first ferromagnet. The effects have been
more thoroughly examined in another device.27 These effects
express themselves by a difference in background voltage
for both parallel orientations and the observed small curve
in voltage prior to the low field switch.

An application of spin currents lies in its ability to switch the
(uniform) magnetization of a ferromagnet around its easy axis
by means of spin-transfer torque.20 This effect has a threshold
in the spin current which needs to be injected. Since electrical
and thermal spin injection have the same physical origin, the
discontinuity in bulk spin current, we may directly compare
the critical temperature gradient in the ferromagnet needed to
switch a F/N/F spin valve by spin transfer torque to the critical
charge current density. If the critical charge current density is
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known, we can calculate the critical temperature gradient that
is needed for the switching process:

∇T |crit = 2PI

σPsS
(
1 − P 2

I

)Jcrit. (14)

Here Jcrit is the threshold in charge current at which spin
transfer torque switching takes place, σ the ferromagnetic
conductivity, and ∇T |crit the critical temperature gradient in
the bulk ferromagnet. As an example, if we assume a critical
charge current density Jcrit = 1011 A/m2 for a permalloy
ferromagnet, with the common (estimated) parameters PI =
0.6, Ps = 0.6, σ = 4 · 106 S/m, and S = −20 μV , we find a
critical temperature gradient of ∇T = 4 · 109 K/m. A typical
F/N/F stack of 25 nm then switches at an applied temperature
difference of 100 degrees. Recently, evidence for this process,
known as thermal spin transfer torque, has been found.61

The ability to use finite element modeling should allow us
to engineer multiterminal F/N/F pillar devices that can switch
by thermal spin transfer torque. Such devices can combine the
high polarization properties of pillar devices with the flexibility
of lateral devices. By selectively heating the device, the effect
can also be used to lower the effective threshold of spin-transfer
torque switching.

B. Spin-Peltier effect

The Onsager reciprocity relation dictates that when heat
transport induces spin transport free of charge currents in a
ferromagnet, the opposite can also occur. A pure spin current
injected in a ferromagnet should induce net heat transport. This
Onsager reciprocal effect is named the spin-Peltier effect.38

We illustrate this effect in Fig. 4 by considering the F/N
interface previously used. A pure spin current is injected from
the nonmagnetic side into the ferromagnet. When the spin
current enters the ferromagnet it reduces in size at the spin

FIG. 4. (Color online) Schematic representation of the Spin-
Peltier effect. A spin current Js = J↑ − J↓ free of charge current
(J↑ + J↓ = 0) is injected from the nonmagnetic side of the F/N
junction into a ferromagnet (FM). The top shows the resulting spin-
dependent voltages, calculated using the two-channel model. Despite
the fact that no charge current is flowing through the junction, a net
heat flow Qs

� = 1
2 (�↑ − �↓)Js develops in the ferromagnet which

quickly drops off due to the spin relaxation length λF . Depending
on the sign of the spin current and the parallel/antiparallel alignment
of the magnetization, net heat is transported from the nonmagnetic
material to the ferromagnet or vice versa. This creates a temperature
difference 
T between the bulk nonmagnetic material and the bulk
ferromagnet.

relaxation length, for metals ranging from a few to tens of
nanometers. The spin-dependent voltages that result from the
spin current are sketched in the top part of Fig. 4. In the
absence of charge currents, the heat current in the system
due to the spin-Peltier effect Q� can be deduced from the
thermoelectric-spin model:

Q� = 1
2 (�↑ − �↓)Js. (15)

In the nonmagnetic material, �↑ = �↓ and no net heat
transport due to the spin-Peltier effect takes place. In the
ferromagnet, the spin-Peltier coefficient, defined as �s =
�↑ − �↓ can be nonzero. Close to the interface, the spin
current �Js is also nonzero. This induces heat transport due to
the spin-Peltier effect, which drops off in the ferromagnet at
the spin relaxation length. As a result, a temperature difference

T develops between the bulk nonmagnetic material and the
ferromagnet.

The Onsager-Kelvin relation � = ST relates the con-
ventional Seebeck and Peltier coefficients. This also holds
for the individual spin species. From the recently found
spin-dependent Seebeck coefficient Ss we can calculate the
spin-Peltier coefficient �s = SsT , which can be used to
estimate the effect.

We calculate the exact temperature difference by con-
sidering the total heat current Q = 1

2�sJs − k∇T in the
ferromagnetic and nonmagnetic regions. Like spin and charge
currents, the heat current is continuous across the interface.
If we ignore Joule heating due to spin currents, it is also
continuous in the bulk of the nonmagnetic and ferromagnetic
parts and equal to ki∇T |i . Here the index i denotes the
region. The presence of the spin-Peltier effect induces an
additional temperature gradient ∇T |�(x) = �s

2kF
Js(x) in the

small ferromagnet region in which a sizable spin current exists.
The spin current drops off exponentially from the interface:
Js(x) = J 0

s e−x/λF . Here J 0
s is the spin current at the interface.

If we integrate this additional temperature gradient over this
region, we find the temperature difference between the bulk
ferromagnet and nonmagnetic material:


T |F−N = �s

2kF

λF J 0
s . (16)

This temperature difference depends solely on the spin-
Peltier coefficient �s , the spin relaxation length λF , and
the thermal conductivity kF of the ferromagnet. Its sign is
determined by the sign of spin current and the spin-Peltier
coefficient.

The nonlocal spin valve geometry is an ideal geometry to
inject pure spin currents into a ferromagnet. The generated
temperature difference over the interface can be detected
by measuring the temperature of the ferromagnet in which
the pure spin current is injected. This can be achieved by
placing a thermocouple on the ferromagnet. This measurement
geometry is illustrated in Fig. 5. The background voltage is
then solely determined by the Peltier heating of the FM1/NM

interface, which injects the spin current and the subsequent
measurement of the temperature by the thermocouple. The
spin-Peltier signal then appears as a regular resistance R1,

174408-6



MODELING OF THERMAL SPIN TRANSPORT AND SPIN- . . . PHYSICAL REVIEW B 84, 174408 (2011)

FM2

FM1

VTC

V T
C

TFM NM

JC
scan

0

~100
nV

simulated spin-Peltier signal
(a) (b)

FIG. 5. (Color online) Proposed nonlocal measurement scheme
for the spin-Peltier effect. (a) The nonlocal spin valve geometry
allows us to inject a pure spin current into ferromagnet FM2 by
sending a charge current Jc across the FM1/NM interface. This
spin current creates a temperature difference across the FM2/NM
interface changing the local temperature TF of the ferromagnet. The
effect is detected by converting the temperature to a voltage VTC =

SFMTF using a thermocouple. Here 
SFM is the difference between
Seebeck coefficients between the ferromagnet and the nonmagnetic
material (yellow). The thermocouple measures the temperature TF

of the ferromagnet and, optionally, makes use of the large Seebeck
coefficient of the ferromagnet itself. (b) The simulated spin-Peltier
signal. The resulting signal should have a background determined
by Peltier cooling/heating at the FM1/NM interface and subsequent
consequence to the temperature TF. A small signal of 100 nV due to
the spin-Peltier effect should arise which only depends on the parallel
or antiparallel alignment of both magnetizations.

which depends on the parallel or antiparallel alignment of
both magnetizations.

For permalloy, all parameters are known30 and we can
estimate the temperature difference that can be created in
this manner. At a realistic maximum pure spin current that
can be injected into a permalloy ferromagnet in the nonlocal
spin valve geometry (see the previous discussion below
Fig. 1) we have J 0

s = 1011 A/m2. Using this value, we find a
temperature difference of 
T = 20 mK between the parallel
and antiparallel orientation of the permalloy spin valve across
the interface of the ferromagnet. A typical thermocouple that
can be realized on a (lateral) ferromagnet27 has an efficiency of

S = 40μV/K . This results in a maximal spin-Peltier signal
of 800 nV, which is small but observable. Initial experiments
show signs of the spin-Peltier effect; however, it is hard to
distinguish it from small parasitic effects, for example, the
pick-up of regular nonlocal spin valve signals by an uneven
distribution of the spin-voltage at the detecting interface.62

V. BEYOND THERMOELECTRICITY AND SPIN: THE
SPIN-DEPENDENT HEAT MODEL

In the thermoelectric-spin model a single electron temper-
ature was introduced which holds for both spin species. The
energy of the electrons is distributed in their respective bands
according to a position-dependent Fermi-Dirac distribution
f↑,↓(ε,n↑,T ) with a spin-specific local density n↑,↓ and local
temperature T . This model requires strong (spin-conserving)
inelastic interaction between spins to obtain the required
thermodynamic distribution. This requirement must hold for
the individual spin species, but also strong inelastic interaction
must be present between the spin species, such that the
temperatures of the individual spin species are equal. It

is caused by electron-electron interaction or mediated by
phonons through electron-phonon interaction.

At low temperatures inelastic scattering becomes weaker
and this requirement does not hold. It was shown in the
past that inelastic scattering can be weak on the scale of
the spin relaxation length in nonmagnetic metals63 at sub-4K
temperatures where electron transport is still diffusive, limited
by elastic scattering. Although in this situation it is hard
to speak of electrons that are distributed according to a
Fermi-Dirac distribution in their respective bands, it is still
possible to describe thermal transport according to a diffusion
equation. The temperature T then represents the local average
excess energy of electrons compared to the situation at zero
Kelvin. In addition, the spin-dependent electron species also
do not exchange energy with each other.

This requires the introduction of a spin-dependent heat
model where both spin channels have their own heat current
Q↑,↓, thermal conductivity k↑,↓, and spin-dependent tem-
perature T↑,↓. This opens up the possibility to demonstrate
new thermal and, possibly, thermoelectric experiments in
magnetoelectronic devices. Such a model has first been
described by Heikkilä et al.10 We introduce a bulk diffusion
model and calculate a specific device to provide an example.

The Wiedemann-Franz law L = k
σT

describes the relation
between charge and thermal conductivity for metals at different
temperatures. Here L ≈ 2.4 · 10−8 W�K−2 is the Lorenz num-
ber, which varies mildly between metals.64 The law assumes
that the thermal conductivity is determined by electron trans-
port, which is often the case in metals.65 The relation can be
used to estimate thermal conductivities from measured charge
conductivities. Because the charge and thermal conductivity
are often determined by electron transport, a spin polarization
in the electrical conductance PI naturally leads to a spin
polarization in thermal conductance PQ, similarly defined in
terms of spin-dependent heat conductances as PQ = (k↑ −
k↓)/(k↑ + k↓). The model for spin-dependent electrical and
thermal transport now includes the spin-dependent voltages
and temperatures �u = (V↑,V↓,T↑,T↓). The spin-dependent
charge and heat currents �J = (J↑,J↓,Q↑,Q↓) are determined
through the 4×4 conductance matrix

c̄ =

⎛
⎜⎜⎜⎝

σ↑ 0 σ↑S↑ 0

0 σ↓ 0 σ↓S↓
σ↑�↑ 0 k↑ 0

0 σ↓�↓ 0 k↓

⎞
⎟⎟⎟⎠ , (17)

where the spin-dependent thermoelectric effects, represented
by the coefficients S↑,↓ and �↑,↓, are used in the relevant
spin-dependent currents. The conservation of spin and charge
currents remains the same, and therefore the components of
the source term for the spin-dependent charge currents as well.
It is straightforward to include the conservation of the total
heat current Q = Q↑ + Q↓ into its spin-dependent parts: the
Joule heating of each channel J 2

↑,↓/σ 2
↑,↓ simply applies to the

channels individually. We note here that, strictly speaking,
if there is no inelastic scattering, there is no Joule heating.
However, any weak inelastic scattering does raise the average
energy of the electron baths, which allows Joule heating to be
used in the model as a local source of heat.
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Although it is beyond the scope of this article to derive
the conservation of spin heat currents Qs = Q↑ − Q↓ from
Boltzmann transport theory,14 we may introduce a phenomeno-
logical relaxation analog to the relaxation of the amount of
spins themselves, represented by the Valet-Fert equation for
spin voltage.

The difference in excess energy between both spin species
is represented by the spin temperature Ts = T↑ − T↓. In our
model, we assume a thermal equivalent of the Valet-Fert
equation ∇2Ts = Ts

λ2
Q

. Here λQ is the relaxation length for

the spin temperature. This relaxation length is not only
limited by spin flip processes but can also be limited due to
inelastic scattering between both spin species, where energy is
being exchanged between both spin species without flipping
its spin. This results in the boundary condition for spin
relaxation lengths λQ � λ. The spin relaxation lengths are
equal whenever inelastic scattering is absent.

New source terms ± (1−P 2
Q)k

4λ2
Q

(T↑ − T↓) are then added such

that the conservation of spin heat is also included. This leads
to the following source term in this model:

�f =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
1−P 2

I

)
σ

4λ2 (V↑ − V↓)

−
(

1−P 2
I

)
σ

4λ2 (V↑ − V↓)(
1−P 2

Q

)
k

4λ2
Q

(T↑ − T↓) + J 2
↑/σ↑ + σ

1−P 2
I

8λ2 V 2
s

−
(

1−P 2
Q

)
k

4λ2
Q

(T↑ − T↓) + J 2
↓/σ↓ + σ

1−P 2
I

8λ2 V 2
s

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (18)

The thermoelectric coefficients in this model typically scale
with temperature and are very small at the temperatures where
this model is applicable. For example, for many nonmagnetic
metals the Seebeck coefficient scales linearly with temperature
such that typical Seebeck coefficients are in the order of
10 nV/K at Helium temperatures.56 This also holds for typical
ferromagnets such as cobalt or permalloy. Due to the small size
of these coefficients, the nonlocal background voltages at these
temperatures will likely not be determined by thermoelectricity
but by ballistic transport33 or conventional Ohmic voltages.
Therefore, we first disregard (spin-dependent) thermoelectric-
ity and explore the special properties of spin-dependent heat
itself by proposing the thermal equivalent of the spin valve.

A. Magnetic heat valve

If we disregard thermoelectricity as well as charge currents
in magnetoelectronic devices, such that Joule heating is absent,
spin-dependent charge and heat transport are each represented
by an independent set of equations. The mathematical model
introduced to describe spin-dependent heat transport is then
identical to that which describes spin-dependent charge trans-
port. The difference between the models is the size of the
coefficients. The equivalence of the coefficients used in both
models is depicted in Fig. 6(a).

Consequently, concepts which are relevant in the spin-
dependent charge transport model will have their equivalent
in the spin-dependent heat transport model. A similar resistor
model also applies.17 For example, consider a heat current
Q sent through a F/N interface. This creates a difference in
temperature between both spin species Ts which relaxes in

TFM

JC

FM2

FM1

Heat Charge

T↑,↓ V↑,↓

k ↑,↓ σ ↑,↓

ΔT

FM NM

λF,Q λN,Q

Q

T↑

T↓

Q↑,↓ J↑,↓

(a) (b)

(c)
(d)

F FN

ΔTAP > ΔTP

ΔT

Q

P

AP V

FIG. 6. (Color online) The spin-dependent heat model. (a) Equiv-
alency between the coefficients of the spin-dependent heat and charge
models when thermoelectricity and Joule heating is disregarded. (b)
A heat current Q sent through the F/N interface creates a spin-
temperature Ts and spin-related temperature difference 
T . (c) The
F/N/F magnetic heat valve. A heat current sent through a F/N/F spin
valve structure creates a temperature difference across it dependent
on the parallel or antiparallel alignment of both magnetizations. (d)
A possible experimental realization of the F/N/F heat valve. By
heat sinking one ferromagnet and Joule heating another, heat can be
transported through the heat valve. The temperature of the second
ferromagnet depends on the specific thermal resistance of the heat
valve, determined through the parallel or antiparallel alignment of
the magnetizations, and can be measured using a thermocouple.

the materials with the spin heat relaxation length λQ. This
is depicted in Fig. 6(b). The size of the spin temperature at
the interface can be directly deduced from the equivalently
calculated spin voltage Vs in the charge transport model:66

Ts

Q
= 2PQRF,QRN,Q

RF,Q + (
1 − P 2

Q

)
RN,Q

, (19)

where RN,Q = λN,Q

kN
and RF,Q = λF,Q

kF
are the equivalent ther-

mal resistances determined by the spin heat relaxation lengths
and the thermal conductivities of the materials. A spin related
“thermal resistance” 
T = 1

2PQTs also develops across the
interface.

There also exists a thermal equivalent of the electrical
F/N/F spin valve. When a heat current Q is sent through
a F/N/F spin valve, a temperature difference 
T develops
across it, which depends on the parallel or antiparallel
alignment of the magnetizations. We refer to this concept as
the magnetic heat valve. It is depicted in Fig. 6(c). In the
electrical spin valve, a simple calculation41 gives the difference
between parallel and antiparallel resistance per unit area
RP − RAP = 2P 2

I RF RN/[RF + RN (1 − P 2
I )] whenever the

distance L between both ferromagnets is L � λN . Whenever
L � λN,Q we obtain the temperature difference between the
parallel and antiparallel alignment in the magnetic heat valve:


TP − 
TAP

Q
= 2P 2

QRF,QRN,Q

RF,Q + RN,Q

(
1 − P 2

Q

) (20)

As an example, let us consider a Py/Cu/Py heat valve in
a 25-nm-thick pillar stack where the nonmagnetic metal is
thin enough to satisfy the condition L � λN,Q. Whenever

174408-8



MODELING OF THERMAL SPIN TRANSPORT AND SPIN- . . . PHYSICAL REVIEW B 84, 174408 (2011)

1
2 3

4

5

6

7

FM1

FM2

Bapplied

250 nm

TF

Q

FM1

FM2

(a)

(b)

ΔV

(c)

ΔV = S NiCr - Py  TF

42.9

42.8

42.85

-60 -30 30 600

R

Magnetic field (mT)

2 (
µV

 m
A

-2
)

0

150

-150

TS (mK)

P

(1) (2)

(2)

(1)

FIG. 7. (Color online) Modeling of a fabricated device27 that
potentially could show the magnetic heat valve effect. (a) SEM figure
and measurement geometry. Two permalloy ferromagnets (blue) are
connected by a copper rectangle (brown). The temperature TF of
the second ferromagnet is measured by a NiCr (contact 4,6)/Py
thermocouple. (b) Measurement at a typical current of 1 mA. No
regular spin valve signal is present, which would be the result
of the magnetic heat valve effect. The anomalous-Nernst (1) and
anisotropic magnetoresistive heating (2) effects are present. (c)
Calculated spin temperature at I1−2 = 1 mA zoomed at the copper
rectangle calculated using the parameters λPy,Q = 5 nm, λCu,Q =
350 nm, and PQ = 0.25.

the spin valve is held at a total temperature where inelastic
scattering is small but not negligible, say λQ ≈ λ/2 and
assume the estimated values PQ = 0.6,λF = 5 nm, λN =
1μm, kCu = 300 W/m/K, kPy = 30 W/m/K an applied heat
current of Q = kPy · 10K/25nm = 1.2 · 1010 W/m2 produces
a significant temperature difference of ≈2K across the spin
valve depending on the parallel or antiparallel alignment.

In a spin valve, it is possible to use Joule or laser heating
to produce heat currents through a device.57 However, mea-
suring a temperature difference across a device is nontrivial.
Nevertheless, by measuring the absolute temperature at the
second ferromagnet with the aid of a thermocouple, the process
can be measured, because the process does influence the net
heat flow through the device. This experimental measurement
technique is sketched in Fig. 6(d). It is fairly nontrivial to use
analytical solutions, as heat transport through a substrate and
Joule heating itself are hard to calculate in a three-dimensional
geometry. However, by fitting the obtained measured voltages
to those resulting from a finite-element model with varying
geometry, it should be possible to extract useful coefficients,
such as spin heat relaxation lengths at different temperatures.

This experimental measurement technique has been used
previously at room temperature.27 Here, a Py/Cu/Py spin valve
and a Py/NiCr thermocouple were used. A SEM picture of
the device is shown with a typical measurement in Fig. 7.
The system was modeled with a regular thermoelectric model,
which showed that a maximum heat current of Q ≈ 109 W/m2

can be achieved at which the temperature difference across the
spin valve is ≈2K with a used charge current of Ic = 2 mA.

Although at room temperature, regular spin-orbit effects
such as the anomalous-Nernst (1) and anisotropic magne-
toresistance (2) are dominant, we can use this sample to
demonstrate a calculation of the spin-dependent heat model.
Using the additional parameters shown in Fig. 7, and assuming
no inelastic scattering (λQ = λ) and PQ = PI, we calculate a
temperature difference 
TP − 
TAP = 8 mK due to the heat
valve effect which leads to a response Rs

2 = 19.6 nV/mA2

when the thermocouple is measured. The temperature differ-
ence is 10 times lower than the value calculated from Eq. (20)
with ∇T |F ≈ 3 · 107 K/m and is due to spin relaxation in
the nonmagnetic material. With a noise level of ≈5 nV/mA2,
the heat valve effect should be observable if inelastic scattering
between both spin species is absent. The absence of a spin heat
signal above the noise level shows that inelastic scattering is
strong enough such that we find the requirement λQ < 1

2λ valid
at room temperature. When λQ = 1

2λ, the calculated signal is
approximately identical to the noise level.

B. Thermoelectricity and spin-dependent heat

The spin-dependent heat model becomes relevant when
inelastic interaction between the spin species is weak, which
occurs at low temperatures. Thermoelectric effects are small
at these temperatures and ballistic effects sizable,33 which is
why thus far we did not consider the connection between the
spin-dependent thermoelectric effects and the effects due to
spin-dependent heat.

However, prospects in fabrication that connects the flexibil-
ity of a multiterminal lateral device design with the high signals
observed in pillar structures and the low noise experiments
associated with a low operating temperature should increase
the observability of the effects so far considered. We may
then also consider the higher-order effects related to this
connection.

Whenever a charge current Jc is sent through a ferromagnet,
a spin heat current Qs = �sJc also flows, determined by the
spin-Peltier coefficient �s . Here we assumed V↑ = V↓. Similar
to the case of electrical- and thermal-spin injection, when this
charge current is sent through a F/N interface, this creates a
spin temperature T 0

s at the interface which relaxes in the re-
spective materials at the respective spin heat relaxation lengths
λQ. We propose to name this effect the thermal spin-Peltier
effect. The size of the effect is given by Eq. (19) with the source
of the spin heat current in the bulk Qs = PQQ substituted by
that due to this effect Qs = �sJc. We note that this ignores the
generation of a spin voltage at the interface which by ordinary
thermoelectric effects is converted to a spin temperature.

Although at low temperatures �s can be very small, the
maximum charge current, typically limited by electromigra-
tion (J max

c = 1012 A/m2), is often larger than the maximum
heat current. This may render this effect more efficient to
generate a spin temperature than the previously described
effect in the magnetic heat valve.67

The Onsager reciprocal effect can also occur in this model.
Whenever a spin heat current Qs is injected into a ferromagnet
at a F/N interface, this creates a voltage difference 
V |F−N

between the bulk nonmagnetic material and ferromagnet. We
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propose to name this the thermal spin-dependent Seebeck
effect. The calculation of this voltage goes similar to the
calculation of the temperature difference 
T in the spin-Peltier
effect. Checking the symmetry between the spin-dependent
charge and heat models we can directly substitute the various
coefficients in Eq. (16) to obtain the induced voltage difference
over the interface:


V |F−N = Ss

2kF

λF,QQ0
s . (21)

It is possible to measure this voltage difference directly
over an interface in a multiterminal nonlocal device. However,
it requires a source of pure spin heat current Qs in which
preferably a charge-related spin current Js is absent. This is a
situation difficult to achieve. However, if both sources of Qs

and Js scale differently with applied charge current it is perhaps
possible to distinguish between the generation of a voltage over
a F/N interface due to charge-related spin currents and those
due to spin heat currents in a suitably designed experiment.

VI. DISCUSSION

Throughout this article we have considered transparent
(Ohmic) interfaces and collinear magnetic systems. In this
case, the spin-dependent charge and heat currents are con-
tinuous across the interfaces and are scalar quantities. Past
experiments show that whenever oxide layers are formed at in-
terfaces the spin-dependent effects can be greatly enhanced.68

Furthermore, a noncollinear system is required to describe
important applications of spin-dependent transport such as the
spin-torque-oscillator5,69–72 or spin-transfer-torque magnetic
memory.20,34,73 In these cases the diffusion theory developed
here is not sufficient to describe the relevant processes. Instead,
it should be described by a more general theory that includes
spin-dependent tunneling and a 3-dimensional spin vector, for
example, the magnetoelectronic circuit theory.18,19 Heikkilä,
Hatami, and coworkers have previously developed such a
theory10,37,38 in order to describe thermal spin-transfer torque
and spin-dependent thermal transport.

This theory essentially extends the diffusion theory used
in this article. The diffusion theory uses flux and variable
continuity to describe electron transport across ferromag-
netic/nonmagnetic interfaces. In the noncollinear theory, this
transport is described by a 4×4 conductance matrix G, which
relates the total flux J̄ = (Jc, �Js,Q, �Qs) at the interface to
the variables at both sides ūi = (V i

c , �V i
s ,T i, �T i

s ) (i = F, N) by
J̄ = Ḡ(ūF − ūN ).

Initial calculations on the conductance matrix for F/N
interfaces have been carried out by Hatami and coworkers,37

who in this framework calculated thermal spin-transfer-torque
for various ferromagnet/nonmagnetic interfaces.

In the extended magnetoelectronic circuit theory they have
introduced, the spin-dependent physics such as electrical or
thermal spin injection is often determined by the elements of
the conductance matrix instead of the previously defined bulk
spin-polarized parameters PI ,PS,P�,PQ of the ferromagnet.
This difference in modeling is a matter of choice; the physics
they describe is the same.

For metallic transparent ferromagnetic/nonmagnetic inter-
faces, the noncollinear spin injection into a ferromagnet is
often comparable to collinear spin injection,46 also for thermal
spin injection.37,38 This allows us to use the results from the
obtained spin injection efficiency in the collinear diffusive case
to calculate effects that are due to noncollinear spin injection,
such as spin-transfer torque. We note that the difference
between collinear and noncollinear spin transport may be
determined by the angular dependence of the (nonlocal) spin
resistance.18 Dependent on the application, either the more
simple diffusive theory developed here can be used or one
needs to refer to the full circuit theory.

VII. SUMMARY

We have developed a diffusive theory for spin-dependent
charge and heat conduction that includes spin-orbit effects.
Finite-element methods were used to model several experi-
ments from literature where several parameters of this model
were quantified. Electrical spin injection, the spin-Hall angle
of platinum, and thermal spin injection were calculated. Also,
new experiments were proposed that should demonstrate
the spin-Peltier effect and a lower limit was given in an
experiment that failed to demonstrate the magnetic heat
valve.
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