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ABSTRACT
We model the formation of the Galactic stellar halo via the accretion of satellite galaxies
on to a time-dependent semicosmological galactic potential. Our goal is to characterize the
substructure left by these accretion events in a close manner to what may be possible with the
Gaia mission. We have created a synthetic Gaia solar neighbourhood catalogue by convolving
the six-dimensional phase-space coordinates of stellar particles from our disrupted satellites
with the latest estimates of the Gaia measurement errors, and included realistic background
contamination due to the Galactic disc(s) and bulge. We find that, even after accounting for
the expected observational errors, the resulting phase space is full of substructure. We are able
to successfully isolate roughly 50 per cent of the different satellites contributing to the ‘solar
neighbourhood’ by applying the mean shift clustering algorithm in energy–angular momentum
space. Furthermore, a Fourier analysis of the space of orbital frequencies allows us to obtain
accurate estimates of the time since accretion for approximately 30 per cent of the recovered
satellites.

Key words: methods: analytical – solar neighbourhood – galaxies: formation – galaxies:
kinematics and dynamics.

1 I N T RO D U C T I O N

How galaxies form and evolve remains one of the most interesting
and challenging puzzles in astronomy. Although a great deal of
progress has been made in the last decade many questions remain
to be addressed. Both theory and observations are now converging
on a key ingredient of this formation process; galaxies such as our
own Milky Way seem to have experienced the accretion of smaller
objects that have come together thanks to the relentless pull of
gravity (e.g. White & Rees 1978).

From the observational side, several new studies have revealed
the presence of a large amount of stellar streams in galactic stellar
haloes, echoes of ancient as well as recent and ongoing accre-
tion events. These stellar streams have been preferentially found in
the outer regions of galaxies. The Sagittarius tidal streams (Ibata,
Gilmore & Irwin 1994; Ibata et al. 2001b; Majewski et al. 2003)
and the Orphan stream (Belokurov et al. 2007) are just two exam-
ples of satellite debris in the Milky Way (see also Newberg et al.
2002; Ibata et al. 2003; Yanny et al. 2003; Belokurov et al. 2006;
Grillmair 2006; Starkenburg et al. 2009). The abundant substruc-
tures found not only in the halo of M31 (e.g. Ibata et al. 2001a;
McConnachie et al. 2009), but also in several haloes of other galax-

�E-mail: gomez@astro.rug.nl

ies (e.g. Martı́nez-Delgado et al. 2008, 2009) are an unambiguous
proof that accretion is inherent to the process of galaxy formation.

On the theoretical side, models of the formation of stellar haloes
in the � cold dark matter (�CDM) cosmogony have been able to ex-
plain their gross structural properties (e.g. Bullock & Johnston 2005;
De Lucia & Helmi 2008; Cooper et al. 2010). In these models, the
inner regions of the haloes (including the solar neighbourhood) typ-
ically formed first and hence contain information about the most an-
cient accretion events that the galaxy has experienced (e.g. White &
Springel 2000; Helmi, White & Springel 2003; Bullock & Johnston
2005; Tumlinson 2010). Previous studies have predicted that several
hundreds kinematically cold stellar streams should be present in the
solar vicinity (Helmi & White 1999). However, the identification of
these streams is quite challenging especially because of the small
size of the samples of halo stars with accurate three-dimensional
(3D) velocities currently available. Full phase-space information is
necessary because of the very short mixing time-scales in the inner
regions of the halo. Some progress has been made towards building
such a catalogue but only a few detections have been reported to
date (Helmi et al. 1999; Klement et al. 2009; Smith et al. 2009).
These have made use of catalogues such as SEGUE (Yanny et al.
2009) and RAVE (Zwitter et al. 2008) in combination with Tycho
(Høg et al. 2000) and Hipparcos (Perryman et al. 1997). Clearly,
this field will only advance significantly with the launch of the astro-
metric satellite Gaia (Perryman et al. 2001). This mission from the
European Space Agency will provide accurate measurements of the
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936 F. A. Gómez et al.

six-dimensional (6D) phase-space coordinates of an extraordinarily
large number of stars.1 Together with positions, proper motions and
parallaxes of all stars brighter than V = 20, Gaia will also measure
radial velocities down to a magnitude of V = 17.

To unravel the accretion history of the Milky Way requires the
development of theoretical tools that will ultimately allow the iden-
tification and characterization of the substructure present in the
Gaia data set. Several authors have studied the suitability of various
spaces to isolate debris from accretion events (see e.g. Helmi &
de Zeeuw 2000; Knebe et al. 2005; Arifyanto & Fuchs 2006; Font
et al. 2006; Helmi et al. 2006; Sharma & Johnston 2009). Recently
(McMillan & Binney 2008), followed by Gómez & Helmi (2010,
hereafter GH10), showed that orbital frequencies define a very suit-
able space in which to identify debris from past merger events. In
frequency space individual streams from an accreted satellite can be
easily identified, and their separation provides a direct measurement
of its time of accretion. Furthermore, GH10 showed for a few ideal-
ized gravitational potentials that these features are preserved also in
systems that have evolved strongly in time. While very promising,
these studies have focused on a single accretion event on to a host
galaxy. In reality, we expect the Galactic stellar halo to have formed
as a result of multiple merger events (where most of its mass should
have originated in a handful of significant contributors; see e.g. De
Lucia & Helmi 2008; Cooper et al. 2010). As a consequence, it is
likely that debris from different satellites will overlap in frequency
space, complicating their detection.

In this paper we follow multiple accretion events in a time-
dependent (cosmologically motivated) galactic gravitational poten-
tial. We focus on how the latest estimates of the measurement errors
expected for the Gaia mission will affect our ability to recover these
events. In particular we study the distribution of stellar streams in
frequency space and the determination of a satellite’s time since
accretion from stellar particles located in a region like the solar
neighbourhood. Our paper is organized as follows. In Section 2
we present the details of the N-body simulations carried out, as
well as the steps taken to generate a mock Gaia stellar catalogue.
In Section 3 we characterize the distribution of debris in a solar
neighbourhood-like sphere in the absence of measurement errors,
while in Section 4 we focus on the analysis of the mock Gaia
catalogue. We discuss and summarize our results in Section 5.

2 ME T H O D S

We model the formation of the stellar halo of the Milky Way using
N-body simulations of the disruption and accretion of luminous
satellites on to a time-dependent galactic potential. We describe first
the characteristics of the galactic potential and of the population of
satellites, as well as the N-body simulations. Finally we outline the
steps followed to generate a mock Gaia star catalogue.

In this paper we adopt a flat cosmology defined by �m = 0.3
and �� = 0.7 with a Hubble constant of H(z = 0) = H0 =
70 km s−1 Mpc−1.

2.1 The galactic potential

To model the Milky Way potential we chose a three-component
system, including a Miyamoto–Nagai disc (Miyamoto & Nagai

1 Details about the latest Gaia performance numbers may be found at
http://www.rssd.esa.int/gaia

Table 1. Parameters of the present day Milky Way-like po-
tential used in our N-body simulations. Masses are in M�
and distances in kpc.

Disc Bulge Halo

Md = 7.5 × 1010 Mb = 2.5 × 1010 Mvir = 9 × 1011

ra = 5.4; rb = 0.3 rc = 0.5 rvir = 250
c = 13.1

1975),

�disc = − GMd√
R2 +

(
ra +

√
Z2 + r2

b

)2
, (1)

a Hernquist bulge (Hernquist 1990),

�bulge = − GMb

r + rc
, (2)

and a NFW (Navarro, Frenk & White 1996) dark matter halo,

�halo = − GMvir

r[log(1 + c) − c/(1 + c)]
log

(
1 + r

rs

)
. (3)

Table 1 summarizes the numerical values of the parameters at
redshift z = 0 (Allen & Santillán 1991; Bullock & Johnston 2005;
Smith et al. 2007; Sofue, Honma & Omodaka 2009). The circular
velocity curve in this model takes a value of 220 km s−1 at 8 kpc
from the galactic centre, and is shown in Fig. 1. To model the
evolution of the Milky Way potential we allow the characteristic
parameters to vary in time. For the dark matter halo, the evolution
of its virial mass and its concentration as a function of redshift are
given by Wechsler et al. (2002) and Zhao et al. (2003):

Mvir(z) = Mvir(z = 0) exp(−2acz), (4)

where the constant ac = 0.34 is defined as the formation epoch of
the halo, and

c(z) = c(z = 0)

1 + z
. (5)

For the disc and bulge components we follow the prescriptions
given by Bullock & Johnston (2005), i.e.

Md,b(z) = Md,b(z = 0)
Mvir(z)

Mvir(z = 0)
(6)

Figure 1. Circular velocity curve as a function of distance from the galactic
centre. The thick solid lines represent the total circular velocity used in the
suite of simulations at z = 0 (black) and z ∼ 1.85 (grey), respectively. The
individual contributions from the dark matter halo, the disc and the bulge at
present time are shown by the thin dashed, dotted and dashed–dotted lines,
respectively.
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for the masses and

ra,b,c(z) = ra,b,c(z = 0)
rvir(z)

rvir(z = 0)
(7)

for the scalelengths. Here rvir is the virial radius of the dark matter
halo. Its evolution can be expressed as

rvir(z) =
(

3Mvir(z)

4π�vir(z)ρc(z)

)1/3

, (8)

where �vir(z) is the virial overdensity (Bryan & Norman 1998),

�vir(z) = 18π2 + 82[�(z) − 1] − 39[�(z) − 1]2 (9)

with �(z) the mass density of the universe,

�(z) = �m(1 + z)3

�m(1 + z)3 + ��

, (10)

and ρc(z) is the critical density of the universe at a given redshift,

ρc(z) = 3H 2(z)

8πG
, (11)

with

H (z) = H0

√
�� + �m(1 + z)3. (12)

2.2 Satellite galaxies

2.2.1 Internal properties

We assume the properties of the progenitors of our model stellar halo
(i.e. the satellites at high redshift) are similar to those at the present
day. The Galactic stellar halo has a total luminosity of ∼109 L�.
To obtain a population of satellites that, after accretion, produces a
stellar halo with this total luminosity, we use the luminosity distri-
bution function of the Milky Way satellites given by Koposov et al.
(2008):

dN

dMV

= 10 × 100.1(MV +5). (13)

Fig. 2 shows the luminosity function of our model satellite popula-
tion obtained by randomly drawing 42 objects.

Figure 2. Luminosity function for the model satellite galaxies used in this
suite of simulations (histogram). The (grey) dashed line shows the ‘all sky
SDSS’ luminosity function by Koposov et al. (2008).

For the initial stellar structure of the satellites, we assume a King
profile (King 1966) with a concentration parameter c ≈ 0.72. We
derive the structural parameters for each of our satellites using the
scaling relations

log
L

L�
− 3.53 log

σv

km s−1 ≈ 2.35,

log
σv

km s−1 − 1.15 log
Rc

kpc
≈ 1.64,

as given by Guzmán, Lucey & Bower (1993) for the Coma cluster
dwarf elliptical galaxies. Here Rc is the core radius of the King
profile, and σ v is the central velocity dispersion. We note that the
total mass of the King model as defined by these parameters may
differ from that implied by the satellite’s luminosity L. Therefore we
also implicitly allow the presence of dark matter in our model satel-
lites. The corresponding (total) mass-to-light ratios for our satellites
would range from ∼250 for the faintest object (MV = −5) to ∼37
for the brightest one (MV = −15.9).

2.2.2 Orbital properties

The density profile of the stellar halo is often parametrized in a
principal axis coordinate system as

ρ(x, y, z) = ρ0
[x2 + (y2/p2) + (z2/q2) + a2]n

rn
0

, (14)

where n is the power-law exponent, p and q the minor- and
intermediate-to-major axis ratios, a the scale radius and ρ0 the
stellar halo density at a radius r0. (See Helmi 2008, for a complete
review of recent measurements of these parameters.) Here for sim-
plicity, we shall assume a = 0 (as the halo appears to be rather
concentrated), p = q = 1 and n = −3. At the solar radius, r0 =
R� = 8 kpc, ρ0 corresponds to the local stellar halo density. In this
paper we adopt ρ0 = 1.5 × 104 M� kpc−3, as given by Fuchs &
Jahreiß (1998).

From this density profile we randomly draw positions at redshift
z = 0 for the guiding orbit of each one of our satellites. To generate
their velocities we follow the method described in section 2.1 of
Helmi & de Zeeuw (2000). The main assumption made is that the
stellar halo can be modelled by a radially anisotropic phase-space
distribution function, which is only a function of energy, E, and
angular momentum, L.

This combined set of orbital initial conditions guarantees that
at z = 0, the observed stellar halo density profile and velocity
ellipsoid at the solar radius are roughly matched by our model.
These initial conditions are then integrated backwards in time for
∼10 Gyr (z ≈ 1.85) in the time-dependent potential described in
Section 2.1. Therefore, we now have obtained the set of initial
positions and velocities required for forward integration in time of
our N-body simulations.

We do not include any numerical treatment of dynamical fric-
tion in our simulations. Therefore, and to mimic the effects of this
process, we have assigned the five most bound orbits at the present
time to the five most massive satellites. For the rest of the satellites
the orbits are assigned randomly.

2.2.3 Numerical treatments

The numerical simulations are, in most cases, self-consistently
evolved using the massively parallel TREESPH code GADGET-2.0
(Springel 2005). The number of particles used to simulate each
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satellite depends on its total luminosity, as explained below (Sec-
tion 2.3). This number ranges from a minimum of 2.56 × 105 up to
107 particles. To avoid very large computational times we neglect
self-gravity for the five most massive satellites. We do not expect
this to significantly affect our results since these satellites inhabit
the inner regions of the host (see Section 2.2.2) and therefore they
are rapidly disrupted. For the gravitational softening parameter we
choose ε = 0.025Rc (where Rc is the core radius of the system). Af-
ter allowing each satellite to relax in isolation for 3 Gyr, we launch
it from the apocentre of its orbit and let it evolve for ∼10 Gyr under
the influence of the time-dependent galactic potential.

2.3 Generating a mock Gaia catalogue

2.3.1 N-body particles to stars

To generate a mock Gaia catalogue we need to ‘transform’ our
N-body particles into ‘stars’. Therefore we assign absolute magni-
tudes, colours and spectral types to each particle in our simulations.
We use the IAC-STAR code (Aparicio & Gallart 2004) which generates
synthetic colour–magnitude diagrams (CMDs) for a desired stellar
population model. As output we obtain the MV and (V − I) colour
for each stellar particle.

We assign to each satellite a stellar population model (Pietrinferni
et al. 2004) with a range of ages from 11 to 13 Gyr, −2 ≤ [Fe/H] ≤
−1.5 dex, [α/Fe] = 0.3 and a Kroupa initial mass function (Kroupa,
Tout & Gilmore 1993). All these parameters are consistent with
the observed values in the Galactic stellar halo (Helmi 2008, and
references therein). An example of the resulting CMD is shown in
Fig. 3.

Because of the limited resolution of our N-body simulations it is
not possible to fully populate the CMDs of our satellites. Therefore
each satellite is populated only with stars brighter than MV ≈ 4.5,
which corresponds to an apparent magnitude V = 16 at 2 kpc from
the Sun. This choice represents a good compromise between the

Figure 3. Example of a synthetic CMD used to populate our model satellite
galaxies with ‘stars’. The stellar population model (Pietrinferni et al. 2004)
used has a range of ages from 11 to 13 Gyr, −2 ≤ [Fe/H] ≤ −1.5 dex,
[α/Fe] = 0.3 and a Kroupa initial mass function (Kroupa et al. 1993). The
dashed line indicates the limiting absolute magnitude considered in our
simulations (MV ≈ 4.5).

numerical resolution of our simulations and the limiting apparent
magnitude V lim for which Gaia will measure full 6D phase-space
coordinates (astrometric and photometric measurements extend to
V = 20, but spectroscopic measurements reach V ≈ 17).

As explained in Section 2.2.1 different satellites have different
total luminosities and, thus, the number of stars down to magnitude
MV ≈ 4.5 varies from object to object. Therefore, in each satel-
lite a different number of N-body particles is converted into stars.
To estimate this number we use the CMD code by Marigo et al.
(2008), which provides a stellar luminosity function normalized to
the initial stellar mass of a given population. The age and metallic-
ity of the stellar population model are fixed to the average values
described above and the initial mass is set by the total luminosity
of each satellite. Finally, accumulating the number of stars down
to MV ≈ 4.5 we obtain the number of N-body particles that need
to be transformed into stars. This number ranges from 660 for the
faintest satellite (MV = −5) to 1.4 × 107 for the brightest one (MV =
−15.9).

2.3.2 Disc and bulge contamination

The Gaia catalogue will contain not only stars from the halo, but
also stars associated to the different components of the Galaxy.
These stars act as a smooth Galactic background which could in
principle complicate the task of identification of debris associated
to accretion events. To take into account this stellar background,
Brown, Velásquez & Aguilar (2005, hereafter BVA05) created a
Monte Carlo model of the Milky Way. This model consists of three
different components: a disc, a bulge and a smooth stellar halo;
where the latter was meant to take into account the set of halo
stars formed in situ. In this work we only consider the background
contamination by the disc and bulge components of the Monte
Carlo Galactic model of BVA05, since we build our stellar halo
completely from disrupted satellites. The disc model consists of
particles distributed in space according to a double exponential
luminosity profile with a scalelength and height of 3.5 and 0.2 kpc,
respectively. For the bulge model a Plummer density distribution
(Plummer 1911) with a scale radius of 0.38 kpc is adopted. Although
the models for the disc luminosity profile and for its gravitational
potential (see Table 1) are not self-consistent, the values of the
corresponding scales were chosen in an attempt to faithfully match
(i) the observed stellar density at the location of the Sun and (ii)
the Galactic circular velocity profile. To each particle an absolute
magnitude and spectral class is assigned according to the Hess
diagram listed in tables 4–7 of Mihalas & Binney (1981). Finally,
the kinematics are modelled assuming different velocity ellipsoids
for stars in the disc of each spectral type whereas an isotropic
velocity dispersion is assumed for bulge stars. For more details, see
section 2.1 of BVA05.

2.3.3 Adding Gaia errors

To convolve the positions and velocities of our mock catalogue
of stars with the expected Gaia errors we have followed the
steps described in section 4.1 of BVA05. Here we give a short
overview of the procedure but we refer the reader to BVA05 for
more details. As a first step, we transform Galactocentric posi-
tions and velocities to heliocentric coordinates, rhelio = rgal − r�
and vhelio = vgal − v�. Subsequently, these quantities are trans-
formed into radial velocity and five astrometric observables that
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Figure 4. Distribution of particles in E – Lz space after 10 Gyr of evolution.
Different colours represent different satellites.

Gaia will measure, i.e. the Galactic coordinates (l, b), the paral-
lax � and the proper motions μl∗ = μl cos b and μb. The next
step consists in convolving with the expected Gaia errors accord-
ing to the accuracy assessment described in the Gaia web pages at
ESA (http://www.rssd.esa.int/gaia). Note that the errors vary most
strongly with apparent magnitude, with a weaker dependence on
colour and position on the sky. Finally, we transformed the parti-
cles’ observed phase-space coordinates back to the Galactocentric
reference frame for our analysis.

3 C HARACTERIZATION O F SATELLITE
DE BRIS

In this section we analyse how the debris of our 42 satellites is
distributed in various projections of phase space, before taking into
account how the Gaia observations will affect this distribution. In
comparison to previous works (e.g. Helmi & de Zeeuw 2000), recall
that our satellites have evolved in a live potential for 10 Gyr.

3.1 Traditional spaces

Fig. 4 shows the distribution of ∼2.5 × 104 randomly chosen
particles from each satellite in the space of energy, E, and the
z-component of the angular momentum, Lz. The different colours
represent different satellites. Note that in this projection of phase
space a large amount of substructure is still present, despite the
strong evolution of the host gravitational potential (e.g. the total
mass increased by a factor of ∼3.5).

We focus now on the stellar particles from our mock Gaia cata-
logue (prior to error convolution) located within a ‘solar neighbour-
hood’ sphere of 2.5-kpc radius, centred at 8 kpc from the galactic
centre. Figs 5 and 6 show their distribution on the sky and in velocity
space, respectively. Inside this sphere we find approximately 2 × 104

stellar particles coming from 22 different satellites that contribute
with, at least, 20 stars brighter than MV ≈ 4.5. The distribution on

Figure 5. Distribution on the sky (l,b) of the stellar particles located inside
a sphere of 2.5-kpc radius centred at 8 kpc from the galactic centre. Different
colours represent different satellites.

the sky is very smooth2 and, thus, disentangling merger debris in
the ‘solar neighbourhood’ by only using spatial information is not
obvious. On the contrary, substructure can be observed in velocity
space but this is clearly less sharply defined than what is found in
the pseudo-integrals of motion E – Lz space (e.g. Fig. 4). We turn
next to the space of orbital frequencies where we also expect to find
much clumpiness.

3.2 Frequency space

The orbital frequencies of the stellar particles are computed as
follows (see also section 5.1 of GH10).

(i) We assume a fixed underlying potential as described in Sec-
tion 2.1 at z = 0.

(ii) We integrate the orbits of each stellar particle for approxi-
mately 100 orbital periods.

(iii) We obtain their orbital frequencies by applying the spectral
analysis code developed by Carpintero & Aguilar (1998).

3.2.1 Generalities

The distribution of the stellar particles in frequency space is shown
in the left-hand panel of Fig. 7. We use the same colour coding
as in previous figures. Note that satellite galaxies do not appear as
a single and smooth structure, but rather as a collection of well-
defined and small clumps. These small clumps are associated to the
different stellar streams crossing our solar neighbourhood sphere
at the present time. In a time independent gravitational potential,
streams are distributed in frequency space along lines of constant
�r and �φ . However, in a time-dependent potential, such as the
one considered here, streams are distributed along lines with a
given curvature, which itself depends upon the rate of growth of
the potential (see also GH10).

The left-hand panel of Fig. 7 also shows that in the �φ versus
�r–�φ space satellites may strongly overlap. This situation can be
considerably improved by adding the z-component of the angular
momentum as an extra dimension to this space, as shown in the
right-hand panel of Fig. 7.

The distribution of debris in the space of �r–�φ versus Lz is very
similar to that in E versus Lz, as a coarse comparison between Figs 4
and 7 will reveal. Note as well that as in E – Lz space, from this

2 The central overdensity is merely due to the increase in stellar halo density
towards the Galactic centre.

C© 2010 The Authors. Journal compilation C© 2010 RAS, MNRAS 408, 935–946
Downloaded from https://academic.oup.com/mnras/article-abstract/408/2/935/1026550
by University Library user
on 18 April 2018



940 F. A. Gómez et al.

Figure 6. Distribution in two different projections of velocity space of the
stellar particles shown in Fig. 5.

projection it is possible, solely by eye inspection, to isolate a few
accreted satellites.

From this figure we can also notice that satellites on low-
frequency orbits have a smaller amount and a set of better-defined
streams than those on orbits with high frequency. The reason for
this is twofold. First, satellites on low-frequency orbits spend most
of their time far from the centre of the host potential and there-
fore have longer mixing time-scales, as opposed to those on high-
frequency orbits (short periods). Secondly, potentials such as the
one considered in this work may admit a certain degree of chaotic-
ity (e.g. Schuster & Allen 1997). Satellites on highly eccentric
short-period orbits come close to the galactic centre and may be
‘scattered’ via chaos. Such chaotic orbits do not have stable fun-
damental frequencies (since they have fewer integrals of motion
than needed and thus wander through phase space). Therefore, their
structure in frequency space is rapidly erased.

It is important to note that our desire to analyse a ‘solar neigh-
bourhood’ sphere has resulted in certain limitations. For example,
some satellites do not contribute at all to this volume because of
their particular orbit. In addition, most of the faint satellite galaxies
have only a few, if any, ‘stars’ with absolute magnitude above the
limiting magnitude of our mock Gaia catalogue and therefore they
are not ‘observable’, either.

3.2.2 Estimating the time of accretion

An important feature of frequency space is that an estimate of the
time since accretion of a satellite can be derived by measuring the
separation between adjacent streams along the �φ or �r directions
(McMillan & Binney 2008; GH10). This characteristic scale may
be estimated through a Fourier analysis technique as follows.

(i) We create an image of the scatter plot in frequency space, by
griding the space with a regular N × N mesh of bin size � and
count the number of stellar particles in each bin.

(ii) We apply a 2D discrete Fourier Transform to this image and
obtain H(kr, kφ).

(iii) We compute a 1D power spectrum along a thin slit centred
on the wavenumbers kr/(N�), kφ/(N�) = 0 as

P (0) = 1

N 2
|H (0, 0)|2 ,

P (kφ) = 1

N 2

[|H (kφ, 0)|2 + |H (−kφ, 0)|2]

for kφ = 1, . . . ,

(
N

2
− 1

)
,

P (N/2) = 1

N 2
|H (−N/2, 0)|2 (15)

and analogously for P(kr).
(iv) We identify the wavenumber f 0 of the dominant peak in the

spectra, which corresponds to a wavelength equal to the distance
between adjacent streams in frequency space.

(v) The estimate of the time since accretion is t̃acc = 2πf0 (for
more details, see section 3.2.3 of GH10).

We have applied this method to three different satellites from our
simulations. Two of these satellites (labelled number 1 and 2 in the
right-hand panel of Fig. 7) have a low-frequency guiding orbit and,
just by eye inspection, can be isolated in Lz versus �r − �φ space.
The third one (number 3) has a high frequency guiding orbit and
overlaps with some other satellites in this space.

In Fig. 8 we zoom into the distribution of particles in frequency
space for each satellite separately. From this figure we clearly ap-
preciate the large number of streams that each of these satellites
is contributing to this ‘solar neighbourhood’ volume. Although the
number of streams apparent in this figure is very large (44, 30 and
59, for satellite 1, 2 and 3, respectively), this is consistent with the
models of Helmi & White (1999), who predicted a total of ∼300–
500 streams locally, i.e. in an infinitesimal volume around the Sun.
This is encouraging particularly because the models presented here
are more realistic than those by Helmi & White (1999).

To obtain an estimate of the time since accretion for our satellites
we compute the normalized power spectrum along the kr = 0 di-
rection. The results are shown in the bottom panels of Fig. 8. From
left to right, the peak with the highest amplitude in the spectrum is
located at a wavenumber of f 0 = 1.24, 1.41 and 1.21 Gyr, respec-
tively. These values correspond to an estimated time since accretion
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Identifying merger debris in the Gaia era 941

Figure 7. Distribution of stellar particles in frequency (left-hand panel) and Lz versus �r–�φ (right-hand panel) space located inside a sphere of 2.5-kpc radius
at 8 kpc from the galactic centre. The colour coding is the same as in previous figures. Note that this distribution of particles was obtained without taking into
account the expected Gaia observational errors.

Figure 8. The top panels show for three different satellites, the distribution of stellar particles in frequency space located inside a sphere of 2.5-kpc radius at
8 kpc from the galactic centre. The bottom panels show the 1D normalized power spectra along the kr = 0 direction, obtained as explained in Section 3.2.2.
The wavenumber of the dominant peak (denoted by the vertical lines in these panels) is used to estimate the accretion time of the satellites. Other peaks in the
spectra are associated to either the harmonics of this wavenumber or to the global shape of the particle’s distribution in frequency space.
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of 7.8, 8.9 and 7.6 Gyr, respectively. These are in reasonable agree-
ment with the true value, which we define as the time when 80 per
cent of the stellar particles became unbound.3 For each satellite we
obtain a tacc of 9, 9.4 and 9.7 Gyr, respectively. In agreement with
GH10, we find that this method provides a lower limit to the actual
time since accretion, differing by 15–25 per cent. This is very en-
couraging since GH10 did not study such a complex growth of the
host potential.

4 A NA LY SIS O F TH E MO C K GAIA
C ATA L O G U E

We will now analyse the phase-space distribution of stellar parti-
cles located in a volume in the ‘solar neighbourhood’, as may be
observed in the future by Gaia. We study how the Gaia errors, as
well as the contamination from other Galactic components, would
affect our ability to identify and characterize merger debris.

4.1 Contamination by disc and bulge

As in Section 3.2, we restrict our analysis to the stellar particles
located inside a sphere of 2.5-kpc radius centred at 8 kpc from
the galactic centre. To account for the maximum possible degree of
background contamination, we consider all the stars for which Gaia
will measure full phase-space coordinates (i.e. all stars brighter than
V = 17), according to the Monte Carlo model of the disc and bulge.

Disc particles largely outnumber those in the stellar halo, gen-
erally providing a prominent background. However much of this
can be removed by considering the metallicity distribution func-
tion (MDF) of the Galactic components. While the MDF of the
halo peaks at approximately [Fe/H] = −1.6, that of disc peaks at
[Fe/H] ≈ −0.2. As a consequence, stars from the disc are in general
more metal rich and therefore a simple cut on metallicity could be
of great help to isolate halo stars in our sample.

It is therefore important to characterize well the metal-poor tail
of the Galactic disc MDF. We use the model by Ivezić et al. (2008)
to represent this tail:

p(x) = G1(x|μ1, σ1) + 0.2 G2(x|μ2, σ2), x = [Fe/H] (16)

and

G(x|μ, σ ) = 1√
2πσ

exp
−(x − μ)2

2σ 2
. (17)

Here σ 1 = 0.16 dex, σ 2 = 0.1 dex, μ2 = −1.0. Ivezić et al. (2008)
found μ1 to vary as a function of the height from the plane of the
disc, but for simplicity we fix μ1 = −0.71. The contribution of
stars more metal rich than [Fe/H] ≈ −0.4 to the study of Ivezić
et al. (2008) is small (because of a restriction imposed on the colour
range). Therefore to account for this population in our model, we
normalize p([Fe/H]) with a constant α. The numerical value of α

is such that at its peak value (located at [Fe/H] ≈ −0.7) p([Fe/H])
matches the MDF of the Geneva–Copenhagen survey (Nordström
et al. 2004).

Having derived a MDF for our disc model, we can proceed to
apply a cut on metallicities [Fe/H] ≥ −1.1 to the disc particles
present in our ‘solar neighbourhood’ sphere of 2.5-kpc radius.
Although in our simulation halo stars have metallicities between
−2.0 ≤ [Fe/H] ≤ −1.5, stars with higher metallicities are known

3 For simplicity we assume that a particle becomes unbound when it is
found outside the initial satellite’s tidal radius, obtained from the initial
King profile.

to be present in the Galactic stellar halo. Hence the more generous
cut. This cut leads to a subsample of only ≈9.3 × 103 ‘disc stars’
brighter than V = 17 out of a total of 4.1 × 107 found in our model.

A similar approach can be followed for the bulge component. In
this case metallicities are assigned according to the observed MDF
of the Galactic bulge, as given by Zoccali (2009). This MDF is
modelled as a single Gaussian distribution with a mean metallicity
〈[Fe/H]〉 = −0.28 dex and a dispersion σ = 0.4 dex, as found in the
outermost field analysed by Zoccali (2009) (located at a latitude of
b = −12◦).

After removing all stellar particles with [Fe/H] ≥ −1.1, out of
the 2.9 × 104 bulge stellar particles with V ≤ 17 originally present
in our ‘solar neighbourhood’ sphere we are left with only 784
stars. This very small number suggests that the contamination from
this Galactic component should not strongly affect the detection of
substructure in phase space.

4.2 Frequency space

Fig. 9 shows the distribution of stellar particles inside the ‘solar
neighbourhood’ sphere in both frequency (left-hand panel) and Lz

versus �r–�φ (right-hand panel) space, now after error convolution.
Again, the different colours indicate stellar particles from different
satellites, with the addition of the disc and bulge which are shown
in black. Interestingly, in both spaces disc particles are part of a
very well defined and quite isolated structure since, as expected for
stars moving in the galactic plane on a circular orbit, they have the
largest values of |Lz| at a given �r–�φ . Therefore, it is possible to
isolate and easily eliminate the contamination from the disc. On the
other hand, bulge particles are sparsely distributed in both spaces
and, although there are very few, they cannot be isolated simply as
in the case of the disc. None the less, they do not define a clump
that could be confused with merger debris.

Both panels of Fig. 9 show that, even after convolution with the
latest model of the Gaia measurement errors, significant substruc-
ture is apparent in Lz versus �r–�φ versus �φ space. Comparison to
Fig. 7 shows very good correspondence between clumps, although
these are, as a consequence of the convolution, generally less well
defined and contain less internal substructure.

4.2.1 Estimating the time since accretion

A derivation of the time since accretion is significantly more dif-
ficult when the Gaia measurement errors are taken into account.
We exemplify this by focusing on the three satellites described in
Section 3.2.2. The ‘observed’ distribution of stellar particles in fre-
quency space is shown in grey in the top panels of Fig. 10. A direct
comparison to Fig. 8 clearly highlights what the effects of the Gaia
errors are. As in Section 3.2.2, we perform our Fourier analysis
and compute the normalized power spectra. These are shown with
a black solid line in the bottom panels of Fig. 10. Only for the
spectrum shown in the middle panel we can identify a single domi-
nant peak. Therefore observational errors seem to be large enough
to erase the signal associated with the time since accretion in the
power spectrum for at least some of our satellite galaxies.

We wish to obtain an order of magnitude estimate of how large
the errors in velocities have to be to blend two adjacent streams in
frequency space. Let us consider a satellite moving on a circular
orbit accreted tacc = 8 Gyr ago. The separation of two adjacent
streams in frequency space is �� = 2π/tacc ≈ 0.78 (comparable
to that found for the satellites in our simulations). Since Vφ = R�,
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Identifying merger debris in the Gaia era 943

Figure 9. Distribution of stellar particles in frequency (left-hand panel) and Lz versus �r–�φ (right-hand panel) space located inside a sphere of 2.5-kpc
radius at 8 kpc from the galactic centre, after convolution with the Gaia observational errors. The black dots denote the contribution from the disc and bulge.
The rest of the colours represent different satellites.

Figure 10. Top panels: distribution of stellar particles in frequency space for the three satellites shown in Fig. 8, after convolution with the Gaia observational
errors. Grey dots show the distribution of all the stellar particles inside the ‘solar neighbourhood’ sphere, whereas the red dots are the subset with σ� /� ≤
0.02 (see also zoom-in). Bottom panels: the black solid lines show the 1D normalized power spectra obtained from the distribution of points shown in the top
panels, while the black dashed lines correspond to the subset with σ� /� ≤ 0.02. The grey solid lines show the normalized power spectra obtained from the
distribution of particles before convolution with the observational errors (cf. Fig. 8). Their largest amplitude peak is indicated with a vertical line.
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we may deduce that the maximum error in the tangential velocity
should be σvφ

= R��. Therefore, for the streams found at R =
8 kpc from the Galactic centre, σvφ

≤ 6 km s−1. This implies that, to
be able to estimate the time since accretion from the power spectra,
the relative parallax errors should be4 σ� /� ≤ 0.02.

The set of stellar particles from each of our three satellites satis-
fying this condition is shown as red dots in the top panel of Fig. 10.
Out of the 445 (left-hand panel), 1264 (middle panel) and 720
(right-hand panel) stellar particles originally found inside our solar
neighbourhood sphere, only 90, 239 and 113, respectively, have re-
mained after the error cut. The normalized power spectra obtained
for these distributions are shown with dashed black lines in bot-
tom panels of Fig. 10. Now, the largest amplitude peak is (once
again and for all satellites) associated with the time since accretion.
Note that, since each peak is located at the same wavenumber as in
the analysis with no observational errors (grey curves in this fig-
ure), the estimated times since accretion for each satellite are exactly
those obtained in Section 3.2.2.

Nevertheless, it is clear that the signal found in the power spectra
could be determined better if a larger number of stars with σ� /� ≤
0.02 were available. Such stars are expected to be present in the Gaia
catalogue, but because of the limited numerical resolution of our
experiments, they are not part of our mock Gaia catalogue. Such
stars would be fainter than MV = 4.5, but closer than 2 kpc from
the Sun. For example, according to the latest Gaia performance
numbers, a dwarf star located at 1 kpc from the Sun, with an apparent
magnitude of V ≈ 16 should have a parallax measurement error
σ� /� ≤ 0.02. This apparent magnitude and distance translates
into an absolute magnitude of MV ≈ 6, i.e. it is 1.5 mag fainter than
limiting magnitude we have used in our simulations. If we use the
number of particles found at distances closer than 1 kpc from the
Sun, and if we take into account the luminosity functions of the
three satellites in Fig. 10, we can obtain an estimate of how many
stars would be observable by Gaia with the desired parallax errors.
In this way we find, respectively, 186, 465 and 276 extra stars with
4.5 ≤ MV ≤ 12, which would thus allows to estimate the time since
accretion for each satellite.

4.3 Identification of satellites

Although promising, this is unlikely to be the way we will proceed
in the future with real Gaia observations. In order to obtain an
estimate of the time since accretion of any given satellite, we first
have to efficiently identify it. This can be achieved by applying a
suitable clustering technique. In this work we have used the mean
shift algorithm (Fukunaga & Hostetler 1975; Comaniciu & Meer
2002; Derpanis 2005). The main idea behind mean shift is to treat
the points in any N-dimensional space as an empirical probability
density function where dense regions in the space correspond to the
local maxima of the underlying distribution. For each data point in
the space, one performs a gradient ascent procedure on the local
estimated density until convergence is reached. Furthermore, the
data points associated with the same stationary point are considered
members of the same cluster.

We have applied the mean shift algorithm to the set of particles
inside a sphere of 4-kpc radius, located at 8 kpc from the galactic

4 In this derivation we have assumed that relative errors in proper motion
are of the same order of magnitude as those in the parallax. However, for the
Gaia mission the former are expected to be in general an order of magnitude
smaller.

centre, projected into the space of E – L – Lz. We chose this space
because the satellite’s internal substructure (due to the presence
of individual streams) is less well defined and, therefore, is more
suitable for a clustering search of global structures. Enclosed in this
sphere we find a total of ∼8 × 104 stellar particles, coming from
26 different satellites contributing each with at least 20 particles. In
addition, the disc and the bulge contribute with ∼20 000 and ∼2000
particles, respectively. For this analysis we deliberately chose to
sample a larger volume of physical space so that each satellite is
represented with a larger number of stellar particles. In this way,
we can avoid overfragmentation, which occurs when a clump is
populated with a very small number of particles.

Fig. 11 shows the different clusters of particles identified with
this method. We have found 17 groups that contain more than 20
particles. Out these 17 groups, only 15 have more than 50 per cent of
their particles associated to a single progenitor. One of these groups
corresponds to the disc while two others are double detections of two
different satellites that were fragmented by the algorithm. There-
fore, only 12 of these groups can be uniquely associated to a single
satellite. This corresponds to ∼50 per cent of all the satellites con-
tributing with stars to this volume. This is a similar recovery rate to
that obtained by Helmi & de Zeeuw (2000), but now under a more
realistic cosmological model and with the latest model for the Gaia
measurement errors.

When attempting to compute the time since accretion, we were
successful only in four cases. These groups are indicated in Fig. 11
with black open circles. Two of them correspond to the satellites
labelled number 1 and 2 in previous analysis. In general, we find
that the remaining identified groups lack a significant number of
‘stars’ with the required relative parallax error, σ� /� ≤ 0.02 (i.e.
typically ≤50). However, as explained before, in this simulation
our limited numerical resolution led us to consider only stars with
MV ≤ 4.5. After estimating the number of stellar particles within
1 kpc from the Sun that may be observed by Gaia with the required

Figure 11. Distribution of stellar particles inside a sphere of 4-kpc radius
at 8 kpc from the galactic centre in E versus Lz space as would be observed
by Gaia. The different colours show the groups identified by the mean shift
algorithm. Black open circles denote those for which the time since accretion
was successfully derived.
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relative parallax errors (as explained in Section 4.2.1), we find that
at least two additional satellites, among the 12 previously isolated,
should have at least 200 stellar particles available to compute a
reliable power spectrum.

5 SU M M A RY A N D C O N C L U S I O N S

We have studied the characteristics of merger debris in the solar
neighbourhood as may be observed by ESA’s Gaia mission in the
near future. We have run a suite of N-body simulations of the for-
mation of the Milky Way stellar halo set-up to match, at the present
time, its known properties such as the velocity ellipsoid, density pro-
file and total luminosity. The simulations follow the accretion of a
set of 42 satellite galaxies on to a semicosmological time-dependent
Galactic potential. These satellites are evolved for 10 Gyr, and we
use the final positions and velocities of the constituent particles to
generate a mock Gaia catalogue.

Using synthetic CMDs, we have resampled the satellite’s particles
to represent stars down to MV ≈ 4.5. This absolute magnitude
corresponds to an apparent magnitude V ≈ 16 at 2.5 kpc, which is
comparable to the Gaia magnitude limit for which full phase-space
information will be available. Our mock catalogue also includes a
Galactic background population of stars represented by a Monte
Carlo model of the Galactic disc and bulge, as in BVA05. At 8 kpc
from the Galactic centre, stars from the disc largely outnumber those
of the stellar halo. However, it is possible to reduce their impact by
applying a simple cut on metallicity. Using the latest determinations
of the MDF of the Galactic disc(s) (Nordström et al. 2004; Ivezić
et al. 2008) we have estimated that only 10 000 stars out of the
estimated 4.1 × 107 disc stars brighter than V = 17 in the solar
neighbourhood should have [Fe/H] ≤ −1.1. A smaller number of
bulge stars (∼800) with [Fe/H] ≤ −1.1 is expected to contaminate
our stellar halo sample, down to the faintest MV . This fraction
represents only 2.6 per cent of the whole mock Gaia stellar halo
catalogue, and therefore does not constitute an important obstacle
to our ability to characterize this component.

Finally, we have convolved the positions and velocities of all
‘observable stars’ in our solar neighbourhood sphere with the latest
models of the Gaia observational errors, according to performances
given by ESA (http://www.rssd.esa.int/gaia).

The analysis presented here confirms previous results, namely
that satellites can be identified as coherent clumps in phase space,
e.g. in the E – Lz projection (see Helmi & de Zeeuw 2000; Knebe
et al. 2005; Font et al. 2006). We find that a clustering algorithm
such as mean shift (Fukunaga & Hostetler 1975; Comaniciu & Meer
2002; Derpanis 2005) is able to recover roughly 50 per cent of all
satellites contributing stellar particles to the solar neighbourhood
sphere.

We have also demonstrated that even after accounting for the
Galactic background contamination and the expected measurement
errors for the Gaia mission, the space of orbital frequencies is also
very rich in substructure. In this space streams from a given satellite
define a regular pattern whose characteristic scale is determined by
the satellite’s time since accretion. We find that reasonable estimates
of the time since accretion may be provided when the number of
stars with accurate parallaxes (σ� /� ≤ 0.02) from a given satellite
is at least ∼100. This was possible in our simulations for four cases.

In addition to Gaia, massive ground-based spectroscopic surveys
are currently being planned by both the European astronomical
community (see e.g. GREAT, http://www.ast.cam.ac.uk/GREAT/)
and other non-European collaborations (e.g. LAMOST, Zhao et al.
2006; HERMES, Wylie-de Boer & Freeman 2010; APOGEE,

Majewski et al. 2010; BigBOSS, Schlegel et al. 2009). For some
of these projects (mostly those led by Europe) the goal is to com-
plement a future Gaia catalogue with information that either will
not be obtained or for which the accuracy will be low. As an ex-
ample, multi-object spectroscopy of intermediate resolution could
be used to push the limiting magnitude of the phase-space cata-
logue down to V ≈ 20. In combination with accurate (photometric
or trigonometric) parallaxes this would allow the identification of
satellites in, e.g. E – Lz space beyond the extended solar neigh-
bourhood. First, very faint satellites could now be observed and,
secondly, the much larger sample of stars could be used to apply
a clustering algorithm in very small volumes around the Sun with
enough resolution to avoid large overfragmentation. Furthermore,
by extending the volume probed we expect to reduce the overlap
between satellites in E – Lz space. In addition, a multi-object spec-
trograph with a high-resolution R � 20 000 mode would provide
detailed chemical abundance patterns of individual stars. This could
be used to characterize the satellite’s star formation and chemical
histories, and opens up the possibility of performing ‘chemical tag-
ging’ (Freeman & Bland-Hawthorn 2002). Note, however, that in
our simulations we find that stellar particles in a given stream do not
originate from a localized region in physical space (such as a single
molecular cloud). Therefore even individual streams are likely to
reflect the full MDF present in the object at the time it was accreted.

Although our satellites were evolved in a cosmologically moti-
vated time-dependent host potential, our simulations do not contain
the fully hierarchical and often chaotic build-up of structure char-
acteristic of the �CDM model. The violent variation of the host
potential during merger events, the chaotic behaviour induced by a
triaxial dark matter halo (e.g. Vogelsberger et al. 2008), and the or-
bital evolution due to baryonic condensation (Valluri et al. 2010), are
potentially important effects which we have neglected and should
be taken into account in future work. To assess the impact of some
of these effects on the distribution of debris in the solar neighbour-
hood we are currently analysing fully cosmological high-resolution
simulation of the formation of galactic stellar haloes based on the
Aquarius project (Cooper et al. 2010).
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