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ABSTRACT: We compare the dynamics of maximal three-dimensional gauged supergravity
in appropriate truncations with the equations of motion that follow from a one-dimensional
E10/K(E10) coset model at the first few levels. The constant embedding tensor, which
describes gauge deformations and also constitutes an M-theoretic degree of freedom beyond
eleven-dimensional supergravity, arises naturally as an integration constant of the geodesic
model. In a detailed analysis, we find complete agreement at the lowest levels. At higher
levels there appear mismatches, as in previous studies. We discuss the origin of these

mismatches.
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1. Introduction

It is well-known that the highest space-time dimension that allows a supergravity theory is
eleven [I]. Upon a torus reduction to lower dimensions, eleven-dimensional supergravity
leads, in each space-time dimension 3 < D < 10, to a maximal supergravity theory in which
the scalars parametrize a coset manifold G/K(G), where K(G) is the maximal compact
subgroup of G [ff]. For maximal supergravity in D = 3 dimensions, the rigid symmetry
group is the non-compact split real form of the largest exceptional Lie group Fg; all physical
bosonic degrees of freedom reside in the coset space, with no propagating gravitational
degrees of freedom left. This theory was already constructed long ago [, fj; however, its



gauged versions, whose relation with the infinite-dimensional Ey¢/K (E1g) coset model will
be the focus of the present paper, were obtained only much more recently [, .

The different duality groups G characterizing the coset manifolds are described by
Dynkin diagrams that are related to each other by deleting nodes (going up in dimension)
or adding nodes (going down in dimension). The three-dimensional case corresponds to the
group G = Eg which has a Dynkin diagram with 8 nodes. It has been suggested that by
reducing to even lower dimensions, 0 < D < 2, larger symmetry algebras may emerge that
correspond to Dynkin diagrams which are obtained by adding nodes to the Eg diagram [§].
Such diagrams do not correspond to a finite number of symmetries, as in the case of
ordinary Lie groups, but instead lead to an infinite number of symmetries corresponding
to the infinite-dimensional groups Ey (D = 2), Ejp (D = 1) and E1; (D = 0), respectively.

It has been conjectured that maximal supergravity in any dimension D < 11, in-
dependent of any torus reduction, can be described in terms of Ey; [J-[1]. While this
conjecture works well (at low levels) as far as the kinematics is concerned, yielding the
correct bosonic multiplets of various maximal supergravities upon decomposition of Eij
under its finite-dimensional subalgebras, the underlying dynamics is much less understood.
In this paper, we will therefore follow a different route, based on a conjecture proposed
and elaborated in [I3, [[J], according to which the dynamics of any maximal supergravity
theory (or some M-theoretic extension thereof) is described by the equations of motion of
a one-dimensional sigma model over the coset space E1g/K(FE1p). If these equations are
supplemented by coset constraints [[[4], one can establish a correspondence between trun-
cated versions of the coset equations on the one hand, and of the supergravity equations
on the other. This correspondence can also be extended to the fermionic sector such that
the fermionic field equations can be reformulated to be covariant under the coset model ‘R
symmetry’ K(Eio) [[§-[7)."

For carrying out the comparison one has to formulate both sides of the correspondence
appropriately. On the one hand one has to truncate the supergravity fields and break
space-time covariance by choosing an ADM gauge, in order to be amenable to a one-
dimensional language. On the E1¢ side, on the other hand, one has to perform a so-called
level decomposition with respect to the subgroup GL(D — 1) x Gp, where Gp denotes
the duality group in D dimensions. At low levels, the equations of motion of the Eig
model precisely match the equations of motion of (pure) supergravity truncated to only
a time-dependent, that is, one-dimensional system. This matching is in accord with the
(duality) symmetries expected to appear in lower dimensions. However, the main challenge
is to go beyond these low levels and to find an interpretation for the infinite tower of
representations appearing in the level decomposition of Fyp and E1; (see e.g. [R0, [L1]) also
on the supergravity side.

As one attractive scenario it has been suggested [[J, R0, [[3] that the higher levels
encode the spatial gradients of the supergravity fields, and so by including all of these
states one should finally recover the full unrestricted supergravity in D dimensions or

L An approach combining ideas of the F1o and E1; approaches has been explored in [@, E]



an M-theoretic extension thereof.? While some intriguing confirmation has been found,
certain mismatches remain, such that a conclusive picture of how to identify the spatial
dependence within Fj5 and how to understand the emergence of a space-time field theory
from the one-dimensional sigma model is still lacking.

Another interpretation for part of the higher levels concerns certain mass deformations
of pure maximal supergravity. In [2J] it has been shown that the massive Romans super-
gravity in ten dimensions [2J], which deforms type IIA supergravity by a mass parameter
m, is contained in the FEj9 model, upon taking a certain 9-form representation into ac-
count (see also [B4]). For the realization of massive type IIA supergravity within the Eq;
approach see [R5

Apart from switching on spatial gradients and/or mass parameters, another direction
will be explored in this paper, namely that of turning on gauge couplings. This possi-
bility relies on the recent realization that Fy; and E1g contain information about gauged
supergravity via D- and (D — 1)-form representations [R6-R9).> We will focus on gauged
supergravity in three dimensions, but our conclusions are expected to be of general validity.
The advantage of this case is that Fg is the largest finite-dimensional duality group. As a
consequence, the Fqy equations of motion truncated to level £ = 0 already match ungauged
supergravity reduced to a one-dimensional system. Thus, this model allows a clear dis-
tinction between the ‘manifest’ aspects of the E71g conjecture at level £ = 0 and the more
speculative features related to higher levels, as spatial gradients or gauge couplings. We
will find surprising correpondences between both sides, but also mismatches, which remain
to be investigated further.

Let us emphasize the main features of our results, also reflecting the differences with
the E1; approach [{, €], BJ]. These are:

e There is no need to deform the Eyy Lie algebra or the Ejy Cartan form (e.g. by
modifying the derivative) in order to obtain agreement (as far as it goes) between the
equations of gauged D = 3 supergravity and the Eyjo/K(Ejg) coset model. Rather,
the gauging appears exclusively as a consequence of ‘switching on’ certain higher
level degrees of freedom in the level expansion of the Cartan form and the coset
equations of motion. The relevant components of the embedding tensor are in part
beyond level ¢ = 3 in the SL(10) decomposition, hence cannot be understood via
Kaluza-Klein-type compactification from D = 11 supergravity (as also emphasized
in [24)).

e The absence of any deformation in the original coset model, in turn, is a direct
consequence of the fact that the correspondence works only if we adopt the temporal
gauge for all gauge fields, and in particular for the Chern-Simons gauge potential AHM
(generalizing the pseudo-Gaussian gauge, i.e. vanishing shift, for the gravitational
degrees of freedom).

2In the E1; approach some of the higher level states can be interpreted as dual representations of lower
level states [@]
3The D-form representations only occur in the E1; approach.
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Figure 1: The Dynkin diagram of Ejg = Eg*+

e We are here working in a Hamiltonian framework. This means that in addition to
the coset equations of motion (which are related to the evolution equations involving
time derivatives on the supergravity side) we need to impose certain canonical con-
straints on the coset dynamics (corresponding to constraints on the initial data on
the supergravity side). The structure of these constraints was studied in [I4], and we
here likewise find that the constraints can be written in a Sugawara-like form in terms
of the coset variables. One can also show that under (part of) Ejg the constraints
transform into one another, such that duality relates for instance the diffeomorphism
constraint and the quadratic constraint of gauged supergravity. This feature is some-
what reminiscent of the L(A;) representation found in [Rd], but the precise relation
(if any) is not clear (e.g. in [I4] the constraints were found not to transform as a
highest or lowest weight representation of the whole Fjg).

The paper is organized as follows. In section 2 we first summarize the F19/K(E1)
coset model. In particular, we derive the equations of motion at the lowest levels. In section
3 we consider maximal gauged supergravity in three dimensions and its torus reduction to
one (time) dimension. Next, in section 4 we discuss the supergravity/E1 correspondence:
its matches and mismatches. Finally, in section 5 we give our outlook on the status of the
FE1¢ conjecture. We include two appendices summarizing some basic properties of Eg and
the details about the level decomposition of F1j.

2. The E,¢0/K(E;0) coset model

In this section we introduce the Ey9/K(FE7g) coset model. In order to make contact with
three-dimensional gauged supergravity it proves convenient to write the generators of Fqg
in a SL(2,R) x Fg(g) covariant form. We then analyze the one-dimensional coset model in
this language and derive the associated geodesic equations.

By eg and e¢19 we always mean the split real forms (also denoted egg)y and eqo(10y) of
the corresponding complex Lie algebras. The Lie groups obtained by exponentiation of the
algebra elements are denoted Eg and Ejg. Sometimes the notation eg™" and Eg*™ is used,
indicating that e1g is the ‘over-extension’ of eg — the Dynkin diagram of ey is obtained
by adding two extra nodes to that of eg, as can be seen from figure [[.

2.1 Generalities about Fjg

We first briefly summarize some basic facts about Eg. Its Lie algebra is characterized by
the Dynkin diagram given in figure .



More precisely, the Lie algebra e;g of Eig is defined in terms of a 10 x 10 Cartan matrix

A;; (i, 7 =1, ..., 10), which can be read off from the Dynkin diagram as
2 ifi=j,
Ajj = ¢ —1 if there is a line between nodes i and j, (2.1)

0 otherwise.

The Lie algebra is then generated by multiple commutators of the ten basic triples of
generators {h;, e;, fi}. The h; are elements of the abelian Cartan subalgebra. The e; and f;
are the positive and negative step operators. Their commutation relations (the Chevalley
relations) read

[hisej] = Aijej o [hi, fi] = =Aii fi s leis fi] = dighi (2.2)
(no summation). The multiple commutators are constrained by the Serre relations
(ade,) " Me; =0, (ady,) A9 f; =0 (2.3)

Each Kac-Moody algebra admits an invariant Cartan-Killing form, which in the basis
introduced above reads

(eilf;) = dij (hilhj) = Ai; . (2.4)

We note that the Cartan matrix A;;, and thereby the Cartan-Killing form on the Cartan
subalgebra, is of Lorentzian signature. This will later be used to define a null-geodesic
motion on the coset space E1o9/K(FE10). We also need the Chevalley involution w in order
to define the maximal compact subgroup K (Ej) and its Lie algebra £(e19). The Chevalley
involution is defined by

w(ei) = —fi s w(fl) = —€;, w(hl) = —hi . (2.5)

One then defines the (generalized) transpose of an ey element x as 7 = —w(x). The
maximal compact subalgebra £(e19) is defined as the subalgebra of e¢1y that is pointwise
fixed by the Chevalley involution. Thus it consists of all elements 2 — 7. Similarly, we
define the coset ejp © £(e19) to be the subspace consisting of all elements = + 2. With
respect to the Cartan-Killing form, the maximal compact subalgebra £(e1p) is negative-
definite, the coset e1g © €(e10) is almost positive-definite (there is one negative eigenvalue
of the Cartan-Killing metric in the Cartan subalgebra), and these two subspaces of ejg are
orthogonal complements to each other.

2.2 Decomposition under SL(2, R) x Eg

Any Kac-Moody algebra can be written as a direct sum of subspaces gy for all integers ¢
such that

[0k 8e] € Bkte- (2.6)
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Figure 2: Level decomposition of Ejqg = Eg*'. The grey nodes denote the duality group Eg, the
black node is the deleted one and the white node denotes the SL(2,R) spacetime subgroup.

Level ¢ | SL(2, R) x Eg representation Generator Interpretation
0 (143,1) K9, spatial zweibein
(1,248) tA scalars
1 (2,248) E* 4 gauge vectors
2 (1,1) E 0
(1,3875) Eas = Ep) OMmn
(3,248) E® 4 = E(@) 4 | trombone gauging?

Table 1: SL(2, R) x FEj representations within Eyg up to level 2.

For £ = 0, this gives a level decomposition of the adjoint representation of e;g under a
subalgebra gg, where we call £ the level of the elements in gy, and of the corresponding gg
representation.

In order to make contact with three-dimensional supergravity we perform a level de-
composition of F1g with respect to the subgroup of spatial diffeomorphisms and the duality
group:

FEi9 D SL(2,R) x Py . (27)

This corresponds to deleting the black node numbered 2 in the Dynkin diagram in figure
2.

Thus we consider the case where gg = gl(2, R) @ es, where the enhancement from
s[(2, R) to gl(2, R) is due to the Cartan generator associated with the deleted node 2. The
representations occurring in this level decomposition can be calculated using the computer
program SimpLie [BJ]. Up to level £ < 3 we find the s[(2, R) @ eg representations in table [i],
where we indicated the corresponding generators with their symmetries. We denote by
a, b = 1, 2 the fundamental indices of GL(2, R) and by A, B = 1, 2...,248 the adjoint
indices of Eg. The fields associated to the £ = 0 generators are the spatial zweibein and the
coset scalars. The ¢ = 1 fields can be interpreted as gauge vectors. The interpretation of the
¢ = 2 fields will be discussed in section 4.3 (concerning the embedding tensor components 6
and (:))7 where also some speculations will be made on trombone gaugings. At the negative
levels we have the conjugate representations, i.e., the transposed generators of those at the
positive levels.

Later we will split the Fg indices as

A = [1J], A (2.8)

where I, J =1,2,...,16 and A =1, 2, ..., 128 are vector and spinor indices, respectively,
of the maximal compact subalgebra £(eg) = s0(16). This is in accordance with the following



decomposition of the adjoint eg representation under the s0(16) subalgebra
248 — 120 + 128. (2.9)

As indicated in table [, the generator E 45 is symmetric in the two adjoint Fg indices.
However, it also has to satisfy further conditions in order to belong to the 3875 represen-
tation; in particular it must be traceless. The necessary and sufficient condition for this
can be expressed as

PP Ecp = E a5, (2.10)

where the explicit form of the projector P45°P has been determined in [B1] and reads
PP = %5(,4053) - 5_1677“4377 - %ng(Cfgst)- (2.11)
Here f and 7 denote the Eg structure constants and the components of the Killing form,
respectively. These are given explicitly in appendix [].
At level £ = 0 we find a singlet plus the adjoint of s[(2, R)@es. The first part, (163, 1),
can be seen as the adjoint of gl(2, R). The ¢ = 0 subalgebra reads

(t4, 8] = fAB1C, [K%, K] = 0%K% — 6°4K%, (2.12)

The Lie brackets that do not mix between positive and negative levels are entirely
fixed by representation theory and the graded structure (R.4). The commutators involving
the ¢ = 0 generators just give the transformation character of the |¢| = 1,2 generators
under gl(2, R) @ eg. Since the generators at the negative levels transform in the conjugate
representations compared to the positive levels, they have their s[(2, R) indices downstairs
instead. However, the position of the Fg indices is arbitrary in the definition of the gen-
erators, since they can be raised and lowered by means of the eg Killing form 7, which we
describe in (JA.2). We here define the generators on the negative levels by the following
action of the Chevalley involution:

w(Ey) = —F,* (2.13)
at level £ = —1 and
w(Ep) = —F4, w(E) = —F, w(E™ 4) = —Fu™ (2.14)

at level £ = —2. We recall that the transpose then is defined as 27 = —w(z).
The commutators involving level zero are now given by

14, E“s] = f5°E%, (t4, F.B) = fAPcF,C,
(K%, E4] = 6%E" 4, (K%, FA] = =6 F,*,
t4, Egc] = 25" Ecp, [tA F BC] = 2fAPpFeP,
t4, E“g] = 45" E“p, t4, F.i®] = fAPpF.q",
[K%, E] =6 E, [Kab, Fl= _5abF
(K%, Eag] = 0“yE a8, (K%, FAB] = A5,
(K%, B 4] = 26%E% 4, (K%, F.q'] = —25“ Frat. (2.15)



Here and troughout this paper, we use the convention of implicit (anti-)symmetrization in
indices. This means that the right hand side of any equation is always assumed to be
(anti-)symmetrized according to the left hand side. In (R.15) this convention concerns the
generators E 5 and E?% 4 at level £ = 2 (and their transposes at level £ = —2), which are
symmetric in the Eg and SL(2, R) indices, respectively (cf. table []). For example, the last
equation in (R.17) should be read as

(K%, F.q’] = —6%Fpg™ — 6%aFp?. (2.16)

Later, when we split the Fg indices as in (R.§), this convention will also concern antisym-
metric pairs [IJ] of SO(16) vector indices.
We define the generators at level |[¢| = 2 by the commutation relations

1
[E® 4, E’5] = §Eab77ABE +e®FEas — fas“E%,

1
[F,A, BB = —gaabnABF — e FAB — fABLE,C. (2.17)

We will see below that this normalization is a convenient choice. Note that both equations

have a minus sign on the last term, but otherwise opposite signs on the right hand side. This

is necessary if we want FA8 to be the transpose of E 43, that is, if we want to obtain (19)

fABe = —fas® for

the eg structure constants (see appendix BI), whereas 77'48 = nap and (5’4@58@ =9 AC5BD_
As we show in appendix [B the Chevalley-Serre relations (.9) and (2:3) lead to

from (R-1J) using the homomorphism property of w. The reason is that

(54, By = 8% faBct® + 045K — 6 450%, K, (2.18)

where we have set
K =K% =K' + K?%. (2.19)
The remaining non-zero commutation relations up to level |¢| = 2 can be derived from

those above by the Jacobi identity. For completeness they are also given in appendix [B.
We must define the Cartan-Killing form for the generators at level |¢| < 2 in a way
such that (2:4) is satisfied after identifying the generators in the Chevalley basis (see
appendix [§). This is achieved by the following normalization at level zero:
(K| K ) = 6%ady — 0“6, (t4)¢5) = 5, (K%|t*) =0, (2.20)
which gives back the Cartan-Killing form for eg. For the levels |[¢| = 1, 2 we now get
(E®AlRP) = 54545, (Eas|FCP) = 14P45°7,
(E|F) =1, (E® 4|Fud®) = 6°:0° 404", (2.21)
and zero elsewhere, using the invariance of the bilinear form.
Taking « to be a basis element of ¢ in the expressions  — 27 and = + 2T, we obtain

bases of €(e1p) and the coset ejg © €(e10), respectively. On the eg subalgebra the Chevalley
involution acts as w(t) = —t4 = —napt®. The transpose is then given by

(ta)" =t (2.22)



On the sl(2, R) subalgebra, the transpose is just the ordinary transpose,
(K%)T = KY,. (2.23)
Thus at level zero we define
Ty =trg —t' = —2t!7, J?% =K% - K°, (2.24)

as basis elements of £(e19) = s0(16) and £(sl(2, R)) = s0(2), respectively, which are the
level zero subalgebras of ¢(e19). Likewise, we define

Sq=ta+t4 =24 S® = K% + K%, (2.25)

as basis elements of the coset ejp © €(e10) at level zero. Note that there is no J4 or Sry;
the indices on Jrj and Sa should not be considered as split Eg indices, but as pure SO(16)
indices. This means that we raise the vector indices I, J,... with the invariant SO(16)
metric 677, so that J7; = J'”. On the other hand, t;; = —t!/, since we consider t/” as an
eg element. (For the spinor indices A, B, ..., upstairs and downstairs does not matter.)

Leaving level zero, the basis elements of £(¢19) and the coset will mix between positive
and negative levels so the graded structure (R.§) will not be preserved,

8%y = E%4 + F,™, S=FE+F,

Sy =E% 4+ Fu?t Sas = Eap + F5.

JA=E4 — F,7, J=FE-F,

jabA = EabA - FabA Sap=FEap — FAB, (2.26)

Computing the Cartan-Killing norm for these basis elements,

(S4|SB) = 4daB, (JrrlIkr) = —81kdyrL,
(Sab‘80d> (5ac6bd _ 5ab50d)7 <jab‘jcd> — _45ac5bd
(S 4S8 8) = —(T* 4T B) = 265 45, (SaB|Sep) = —( ABlJCD> = 28P 45°7,
(S®alS5) = —(T® 4l T6) = 26°5"16 47, (818) = —(T|T) = (2.27)

we see that the subspace €(e19) is negative-definite and that e19 © £(e19) is positive-definite
away from level zero. Although some of the equations above are written in Eg indices, for
convenience, the position of the indices shows that they are in fact not Fg covariant. The
Eg indices must be split into SO(16) indices in order to give covariant equations.

2.3 The non-linear sigma model

Following [[[2, [[J] we now introduce a one-dimensional non-linear sigma-model based on
the coset E19/K(F10). The fields are represented by an Ejy valued group element V(t),
depending on a parameter t. This group element is subject to global E1¢ transformations
from the left and to the local subgroup K (E1g) from the right:

YV — gVh(t), g€ Fy, h(t) e K(Ey). (2.28)



Consequently, the Eyq invariant Maurer-Cartan forms are given by V~'9;V. These can be
decomposed into compact and non-compact parts,

V0,V = P(t) +Q(t), P €eot(enn), Q € t(e) - (2.29)

While P and Q are E1g invariant, they transform under an infinitesimal local transforma-
tion 0V = Vh, where h € £(e10), as

6Q = 9,h+[Q,h], 6P = [P,h], (2.30)

ie. Q is a (composite) gauge connection, while P transforms covariantly. The invariant
action is then given by

s - i / dtn(t)"L(P)|P(®)) | (2.31)

where ( | ) denotes the Cartan-Killing form on e;9. Here, n(t) is the lapse function estab-

lishing invariance under the one-dimensional diffeomorphisms
den = &om + (O)n 6P = 0P+ ()P . (2.32)
The equations of motion obtained from (R.31)) are
ndy(n~'P(t)) + [Q(t),P(t)] = 0, (2.33)
and the Hamiltonian constraint
(POIP() = 0, (2.34)

which imply together that the motion follows a null geodesic.

So far our discussion was rather general. We are now going to evaluate (R.31]) for the
case we are interested in, namely maximal supergravity in D = 3. For this we use the
level decomposition of e1g with respect to sl(2, R) @ eg that we described in the preceding
section.

The local K(FEyp) invariance allows us to choose a suitable gauge for the Ejp-valued
group element V. In the Borel gauge, we can write }V as a product

V=V =X (eeM), (2.35)

where V, and V) are group elements corresponding to £ > 0 and £ = 0, respectively. Thus
we can expand the corresponding algebra elements in the basis of ejg as

X = ApME™ y4 + By E™ ji+ BE+ B"VE v + -+, (2.36)

h = h"K%,

H = Hatt. (2.37)
Here and in the following, m,n,... = 1,2 and M, N'... = 1,2, ..., 248 denote curved

GL(2) and Ejg indices, respectively. This means that they are ‘world’ indices indicating
rigid transformations from the left, while A and a are flat indices.
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In (R.39), the ordering of the exponentials is fixed by the requirement that the fields
AM, etc. transform under the SL(2, R) according to their world indices m, n. In fact,

under (2:28) we have
Vo — gVoh(t),  Vi— gVig " . (2.38)
Therefore, parameterizing g = exp(R,,"K™,) and using gA™g~! = A"R,™, one finds
A, = R,"A, , etc., (2.39)

as required (where we have omitted the Eg indices). In the Borel gauge, P and Q have the
same components in the bases of £(e19) and the coset, except at level zero,

1
P = PAS, + 5Pabsab + PASY 4 + PpAS™ 4 + PS + PABS 45,

1 1
Q=0 T1s + 5QuI™ + Pt T 4+ P TP a+ PT + PP 5. (2.40)

We write V) as a product of two ‘vielbeine’ exp h and exp H, which are group elements
of gl(2, R) and eg, respectively. We denote the components of these group elements by e,,*
and EM 4. Occasionally, we will denote the components of the inverses by e, and £4 4.
(The position of flat and curved indices thus keeps this notation unambiguous.) Now we
can write the components of P and Q, defined by (2.40), at level zero as

Pu = 5(ea™Oen’ + e, PA= (e70E),
Qup = %(eamatemb — ey drem®), QY = i(g—latg)”, (2.41)
and we obtain the level zero part of the Lagrangian,
Lo=n"1PAPA + in_l(PabPab — PuuPyy). (2.42)

As we will see below, this precisely coincides with the truncation of ungauged supergravity
to a one-dimensional time-like system.

We now turn to the computation of the full Maurer-Cartan form, including also the
£ > 0 part. We then have

V7o,V =V Ve + Vot (Ve oV Vo. (2.43)

The first term is the ¢ = 0 contribution which we used above. To evaluate the second term
we make use of the Baker-Campbell-Hausdorff formulas

1 1
e hdet = dA+ SdA A+ g [ldA, AL A + -

) (2.44)
e_ABeA = B+ [BaA] + 5[[B7A]7A] +
and find
VotV o)V = eamEA D A ™M E 4 + e ey A Dy By ™M E%
+(det &) (D;BE + 1464 (&8 D, BV EAB), (2.45)
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The determinant of the vielbein e,,® appears since the level two fields B and BMN trans-
form with a nonzero weight under gl(2, R).* In (.45) we have introduced the ‘covariant
derivatives’

D AM = 9.A,M,
DB, P = athnPJr% v T A ™Mo AN,
DB = GtB—%s“bnMNAmMﬁtAnN :
D.BMN = 9, BMN _ %sm"PpQMN AnT8,4,C. (2.46)

Note that the ejg algebra leads to non-trivial Chern-Simons like terms inside the covariant
derivatives. For instance, acting with the group element

g = exp (AmMEmM—l—AMNEMN—I—---) (2.47)

on the coset representative (R.35) yields the following global symmetry transformation on
the fields

5AAmM = AmM’ 5ABMN _ AMN+ €mnAmPAnQP’PQMN, (2.48)

N =

which leaves (R.44) invariant.
In order to project onto the non-compact part P(t), we have to replace = by %(m +27).
Then using (R.21]) and inserting into (R.31)) yields the sigma model Lagrangian

1
L=2Ly+ gn—l(gm"gMNDtAmMDtAnN + 9" g"G jin Dy Bonn™ Dy By

1
+ gn—l(det 9)""(D;BD,B + 14G \pGrro D: BN D, B Q), (2.49)

where Ly now can be written as

1 1
Lo= %"_lathN&sQPQQMPQNQ T En_latgmnatgpq(gmpgnq —g™g™)  (2:50)

and we introduced the (inverse) ‘metrics’
g =ege", vy = EMMEAN . (2.51)

We stress that for the ‘Fg metric’, the contraction is not performed by means of the Fg
invariant Cartan-Killing form, but instead with the ordinary delta symbol. Specifically, in

4More explicitly, the expansion gives

_ 1
Vy "(D:BE)V, = DB <E — WK, E] + 5h%,hcd[Kba, (K., E]] + .. >

D,BE <1 — R+ %(h“a)2 +.. ) = (dete) 'D:BE.
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the SO(16) decomposition, this ‘metric’ (R.51)) and its inverse read

1
gmn = §5IJMgIJN+5AM5AN,

1
G = 55M1J5N1J+5MA£NA, (2.52)

whereas the contraction with the (indefinite) Cartan-Killing metric (&) would give rise
to a relative minus sign between the two terms on the r.h.s., and simply reproduce the
Cartan-Killing metric: EM4EN 3 nA8 = N The equation (253) is consistent with the
local SO(16) symmetry, in accordance with the contraction over flat indices. Likewise, the
first equation in (R.51) is consistent with the local SO(2) symmetry.

We compare (P.49) with the expression for the Lagrangian that we get directly

from (2.3]) and (-40),

1 1
L= Zn-1<7>|7>> = Lo+ gn_l(PaAPaA + PPy + PP 4 14PABpAB), (2.53)
Here the contraction of Eg indices is again made with the delta symbol, as in (2.59).
Comparing the expressions (R.5J) and (R.49), we see that the components of P are the

~

‘covariant derivatives’ in (R.46) converted to flat indices,

1 1
Pa‘A = §€amgAMDtAmMa PabA = geamebngAMDth”M7
1 1
P= §(dete)_1DtB, pAB = 5(dete)—lgA MEBN D BMV. (2.54)

2.4 Equations of motion
We now work out the equations of motion that follow from the Lagrangian (R.33). In the
truncation to |[¢| < 2, they read
nd;(n~" Pu) = —2PacQue — Fa' "B — 2P AP — 2P, P! — 4P, P!
+ bap | P B 4 2PARA 4 2P P + AP Pug + 2PP
4 7(PYKLPIIKL | ypALI pALI 4 4 pAB pABy] (2.55a)

1
nat(n—lPA) — §FIJAB(PBQIJ + PaBPaIJ + PabBPabIJ

+28PBCPpIIC 4 14pBELpII KLy (2.55b)
1
ndh(n~ Pat) = (Pap = Qo) B + 5T ap(QV PP + P/ PP)
1

- §FIJAB(PabBPbIJ + Py' P,P)

— ey (28PAB B L 14PAT P + PPRA), (2.55¢)
ndy(n~'P,") = (P — Qup) " — 4Q"™ P,"* + T yp P, PP

_ 4PabIKPbJK _ FIJABPabAPbB

— e (28P17APA L 14PTV KL KL _ pp 1Ty, (2.55d)
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- 1 1
ndy(n™' Pup) = 2(Pac = Que) P’ + Q" T apPuy” + S Pu" T 4p PP, (2.55¢)
ndy(n~ Py’

ndy(n~1PAB

= 2(Pae — Que) P — 4QTE P/ K + T g p Py PP, (2.55¢f)
:PaaPAB+Q1JFIJACPBC+PBIJPIJACPC, (255g)

1
ndy(n~'PAYy = p,,PAY 4+ 5QKLFKLABPBIJ _4QKIpAKT

+ %PIJKLFKLABPB + I g P PAB, (2.55h)

nat(n—lleKL) — PaaPIJKL _4QMKPMLIJ _ 4QMIPMJKL
+FIJABPAKLPB+FKLABPAIJPB, (2551)
ndy(n”'P) = PoaP. (2.559)

In the above equations the irreducibility constraint (2.10) on the level two field P45 is not
spelled out explicitly, but see (B.9) and (B.10) below.

The equations of motion can of course also be computed directly from the La-
grangian (2.49), without using the commutation relations. By varying the level two fields,
we get

0= at(n_lgmpgnngNDthqN)a
0= dy(n""(det g)~' D;B),
0 = 9y (n"Y(det ¢) "' GrpGro D BT 9), (2.56)

and for the first level,
0= %n_l (gmpgnquQfMNPDtAnNDthqQ
— 5 (det ) Dy AN DB
— 14e™(det ) " GrrpGaro DAY DtBPQ>

1 _
— 5& [n 1<29mngM/\/'DtAnN — g™ g"Gpo faunT AN Dy Bpy @

1
+ 5" an (det g) " AN D, B

+ 146 (det ) " GrpGroAn’Y DtBPQ> . (2.57)
We use the equations (R.56) to rewrite the second half of (P.57),
no; (n_lgmngMNDtAnN) = gmpgnquQfMNPDtAnNDthqQ
1
— 5" v (det ) D AN DB
— 14 (det 9) "' GrpGrnoDi AN D BP. (2.58)

It is then straightforward to show that we get the same equations as above. The equa-
tions (R.50) can also be used to rewrite the first half of (R.57), as we will see in section [.3.
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3. Gauged supergravity in three dimensions

In this section we review gauged three-dimensional supergravity in a formulation suitable
for comparison with the Fjg analysis of the preceding section. The comparison will be
carried out in the next section.

The bosonic sector of ungauged maximal supergravity in three dimensions contains
128 propagating scalars transforming in the coset Eg/(Spin(16)/Zs) and a vielbein e,
that carries no dynamical degrees of freedom [, f]. The scalars can also be described by
an (internal) vielbein which we denote by EM 4 (which was denoted VM 4 in [f]).> The
inverses will be written as e,* and E4 . The curved indices are written as Greek indices
Wy v, ... = (t,m) and the flat indices are «, §,... =0, 1, 2. The Eg indices follow the same
conventions as before. We ignore fermions throughout the paper.

3.1 The lagrangian

The construction of gauged three-dimensional supergravity where a subgroup Gg of the
global symmetry group Eg has been gauged proceeds via the introduction of gauge fields
AHM in the adjoint of eg such that one has the modified Maurer-Cartan forms [, [°

1
E-'D,E =Q,+P, = §Q{LJJU +PaSA (3.1)

where the gauge-covariant derivative is given by
ET'D,E = E'9,E+ gA MO (ETHVE) (3.2)

The quantity ©aqn is the constant embedding tensor describing the generators of the Lie
algebra go C eg in terms of eg generators: X = O ynt". There are only dim(gg) many
non-vanishing X4 but it is convenient to maintain an Fg covariant notation. In such a
notation, the embedding tensor is symmetric in its indices and transforms in the 3875 ® 1
representation of Eg. We will sometimes split it into its irreducible parts as

OMmN = Omn +0nmn (3.3)

where © transform in the 3875, and 6 is the singlet part.
Under infinitesimal local Gy transformations with parameter A X v( one has

sa,M =D AM = 9 AM 4 gfMNVON A LAR
0E = gAM X \(E,

and the Maurer-Cartan form is invariant.

®Generally, we will use the ‘typewriter’ font for supergravity variables in order to distinguish them from
the corresponding E19 quantities.

SWe reiterate that we have changed the normalization of the generators of the coset generators S4 =
2v4, g1 = —2X!7 compared to the generators used in [E, ﬂ] Also the space-time signature here is
(= + +), opposite to that used there. The convention for the Levi-Civita symbol is g2 = 41,
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The bosonic Lagrangian of three-dimensional maximal gauged supergravity is [{, [
L=e GR —p,Apra V> + Lo, (3.6)
with e = det(e,“) and the Chern-Simons term
Log=— i geM PO nnrh, MO, K — % 92e"PO N Opof M AN A, 2R . (3.7)

Since there is no kinetic term for them, the gauge fields AMM do not contain propagating
degrees of freedom. The gauging also introduces an indefinite scalar potential. In order to

write it out, one introduces the so-called T-tensor that transforms in the 3875 of Eg, and
is defined by

Tas = EMAEN 5O 0 - (3.8)

The field dependent T-tensor is thus the Eg rotated version of the (constant) embedding
tensor © v(n. Note that here we have defined the T-tensor only with respect to 3875, in
contrast to [[{]. The fact that T transforms in the 3875 implies that it has the components

1-
A = 510 + ?TIKJK,

. 1 B
A4 = —?FJAATIJA,

. 1 B
AgAB = 26/139 + 4—8FIJKLABT]JKL, (39)

corresponding to the decomposition
3875 — 135 @ 1820 ¢ 1920 (3.10)

of this Eg representation under SO(16) [[{]. Here A;’7 is symmetric, 4,7 = A7) and
AoT4 traceless, that is T/ A A'AQI 4 = 0. The potential then is the sum of two parts [, one
negative-definite and the other positive-definite,
1 1 i '
V= < 2 < — A A §A21AA21A>. (3.11)
Note that there is no contribution involving A?B . Alternatively, the potential can be
written in the form

1
V= 59 MM un O (3.12)

where [BZ]

1 3 4
GMN KL _ ﬁGM/CG/\/L + G/vucn/\/c . EUMICUNE _ WUMNUM (3.13)

with the metric GMV defined in (B:59), but here with respect to the supergravity Eg
vielbein EM 4. Inserting (B.9) into (B.1), and using the relations ([A.7) (which follow from
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the fact that 7 transform in the 3875 representation) we get yet another expression for
the potential,

1 7 o ~ ~ ~ ~
V= m92(3TABTAB +TargTars — TIJKLTIJKL) — 29292, (3'14)

Both (B.13) and (B.14)) will be used for the comparison with the E;q sigma model. Note,
however, that in this form the decomposition (B.10) is only implicit.

3.1.1 Equations of motion

Varying (B.6) with respect to the gauge field one obtains the following non-abelian duality
relation

e 1P F,, N = —40\WEN PP (3.15)
in terms of the non-abelian field strength
FW/M = 8MAVM - al/AuM + gGPQfMPRAuQAVR . (316)

We stress that the summation in (B.17) is only over the coset indices A and not over the
whole Eg. The Einstein equation can be written as

R,, = 4P, P, +4g,V, (3.17)

where, again, the summation only is over the SO(16) spinor indices.
For the scalars, we first consider only the positive term in (B.11]), and its variation
along the coset,

. . 1 B _ B B B
5(AxT A AT = ﬁPIJAB@TACTIJC +TaxrTryxr)(EOE)D. (3.18)
Since we also have
1
5, PrAy = p AOMETIOE)! + §QHUI‘UABP“B(E_15E)A, (3.19)

it follows that the scalar equation of motion, without the contribution from the negative
term in the potential, becomes

_ 1 1 5~ - 1 - -
e 18M(eP”A) = §FIJAB <QMIJP“B — %92TBCT[JC — EQZTB KLT[JKL> + ... (3.20)

For the negative-definite part in (B.11)) we have

1 - . .
5(A T Ay = EFUAB ( —3TacTrjc + 2Ty KLTIJKL> (E"10E)P. (3.21)

Thus the full equation of motion for the scalars reads

_ 1 1 5~ - 3 - -
e 18M(9P”A) = §FIJAB <QMIJPMB + ﬁngBCT[JC — mg2TB KLT[JKL> . (3.22)

This rewritten form of the equations of motion of [, [{] is convenient for the comparison
with the Fpy sigma model.
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3.1.2 Constraints

From the form of the Maurer-Cartan form (B.I) one deduces the following integrability
relations

GF MO MNEN ath = 20,,P,; +20,Q,) + [Qu + Py, Qy + P, . (3.23)

Using the duality relation (B.15) this can be rewritten as a relation expressed solely in
terms of P, Q and the embedding tensor as

28[upu} + ZO[HQV] = - [Qp + Pﬂ’ Q + Pu]
+ egapWTAUPpAt” + 2egapWT~ABPpAtB + 2egap,w9PpAtA . (3.24)

The equation (B.24)) is the deformation of the usual integrability constraint of non-linear
sigma models in the presence of gauging. In addition there are three-dimensional Bianchi
constraints, viz.

DFo™MOpn =0 (3.25)
for the gauge field and for the gravity sector
Riyw o =0 (3.26)

Finally, the embedding tensor is subject to linear and quadratic constraints [f, [f.
The linear constraint arises from supersymmetry and implies that it transforms in the
1 & 3875 part of the symmetric tensor product of two 248 representations, so that the
27000 is absent. This constraint leads to the relations ([A.7) that we already used in (B.14)
and (B.29) to simplify expressions involving the 7" tensor. The quadratic constraint reads

Qunp = OxpOrufFay = 0. (3.27)

As we will see in section B.3, further constraints on the fields arise when some of the gauge
freedom has been fixed.

3.1.3 Reformulation with deformation and top-form potentials

Here we briefly introduce a reformulation of gauged supergravity with so-called deformation
and top-form potentials [B3, Rg], which will be useful for the interpretation of the Eig
equations below. These potentials are part of a tensor hierarchy introduced in [B4] and
can be viewed as Lagrange multipliers enforcing the constancy of the embedding tensor
and the quadratic constraint. Denoting the deformation two-form by BWMN and the top-
form by CWPMN P which respectively transform in the 1 @ 3875 and 3875 @ 147250
representations of Fg [B3, Bg], one has

1 1
Etot — ﬁg + ZgEMVpDMGMNBVpMN o EQQGKPGE(MflCEN)EMVPCMVpMN7'P , (328)

where the embedding tensor now satisfies only the linear constraint. Here we have written
a covariant derivative on ©aqp/,

D,Omn = a“@M/\/‘—I- QQAuP@Kp@L(MfKEN) . (3.29)
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The second term vanishes identically upon use of the quadratic constraint, whence the
equations of motion imply that © is constant (and not just covariantly constant). Since
the space-time dependent embedding tensor is now a dynamical field, it possesses its own
equations of motions, which can be viewed as duality relations between the 2-form potential
and the embedding tensor [B3, BJ). Below we will see that an analogous relation follows

BMN interpreted as

naturally from the sigma model equations of motion, with the F1q field
(the Hodge dual of) the spatial part of the deformation potential. By contrast, in the F1;
approach of [R9 both BWMN and C’WPMN P appear in the decomposition of E;1, whereas
the embedding tensor must be introduced as an ‘extraneous’ object to parametrize the

deformation of the derivative in the Cartan form.

3.2 Dimensional reduction to D =1

We now effectively reduce the three-dimensional gauged supergravity theory to a one-
dimensional time-like system. For this we perform the ADM-like split of the vielbein

N 0
0, = (0 em“> : (3.30)

in which everything depends only on one coordinate 2 = t and we have split curved
indices as p = (t,m) and flat ones as o = (0,a) (with signature (— + +)). Here we have
chosen a gauge with vanishing shift N™, which turns out to be necessary in order to match
the F1g coset. As stressed before, gauge fixing is crucial for comparing the Ejg sigma
model to supergravity. The field e,,,* denotes the internal ‘spatial’ vielbein, i.e. an element
of GL(2, R)/SO(2). The three-dimensional Einstein-Hilbert Lagrangian in (B.6]) can be
rewritten up to a total derivative as

1eR = —£eQ*7Q0u5, + £Q* 704 o + 10,570, | (3.31)
where (2,3, are the coefficients of anholonomy:
Qagy = ea'es” (Opery — Ovepy) - (3.32)
The only non-vanishing components in the strict reduction to D = 1 are
Quop = —Qoab = —N e Oy =t —N 'hep , (3.33)

where we have introduced the gl(2, R)-valued current h,, converted into flat indices. The
current has both a symmetric and an antisymmetric part, hy, = Pgp + Qqp. Inserting into
the Einstein-Hilbert action, one finds that the antisymmetric part cancels and the resulting
expression is

_ 1.
e Lpy = ZN % (PapPab — PaaPib) - (3.34)

On the other hand, the Eg valued fields are all scalars and trivially reduce according to
E(xz) — E(t). Using e = det(e,*) = N det(e;,*), one finds in total for the case of ungauged
supergravity

_ 1
Lol = nlpAp A + Zn_l (PabPab — PaaPi) (3.35)
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where we have defined the quantity
n = N(det(e,,*))"". (3.36)

Evidently, (B.3]) has exactly the same form as the level zero Lagrangian (R.49).
We turn now to gauged supergravity. For the reduction of the tensor fields we choose
a temporal gauge

AM=0, BV =0, CunNVP=0. (3.37)

Reducing the action (B.2§) of gauged supergravity to D = 1, we then find

L=t = P2 —n ' N2 [ET DB ETID,EA — 0 NV (3.38)

1 1
+Zg‘€mnAmM @MNatAnN + ZggmnDt @MNanMN

Here, D,,E denotes the spatial part of the gauge-covariant derivative, which in the case of
pure time dependence reads

E'D,E = ghAnMOWE VE . (3.39)

The appearance of the gauge vector here is the only remnant of the gauging in the scalar
kinetic terms. In fact, the gauge choices (B.37) have the advantage that the time component
of the gauge covariant derivatives in D = 1 collapses, e.g.

E'D,E = E'HE. (3.40)

Similarly, the cubic term in the reduction of the Chern-Simons term disappears as well as
the top-form potential term enforcing the quadratic constraint. That the Maurer-Cartan
forms are unchanged is essential for the comparison with the E1¢ model in its original form.

When fixing gauges one should not forget the equations of motion (constraints) result-
ing from varying with respect to the temporal components of the gauge fields in (B.37).

They read from (B.19) and (B.29)

Cp = 0™ O pnFrnn™ + 40 WEN 4P = 0, (3.41)
Oy i=10"tge™D,Opmpy = 0, (3.42)
Covnp = §°OxkpO st an = 0. (3.43)

As constructed, the constraints for BthN and CtmnMN P

correspond to the (spatial)
constancy of the embedding tensor and the quadratic constraint. Below we will interpret

the temporal constancy of ©®anr as an equation of motion rather than as a constraint.

3.3 Beyond dimensional reduction

The E1p model also takes into account terms that are beyond dimensional reduction to
D =1 [, [J). Therefore we also need to keep track of terms that arise from spatial
gradients and contribute to the equations of motion. Instead of writing out all the resulting
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equations we illustrate the procedure in the example of equation (B.24). Considering the
equation in flat spatial indices and split into s0(16) and coset components we find for the
(v, ) = (0, a) component

90Qa’? — 0,Q077 = —4Qol!1K QK — 117 43P, APy P
- N_l(Qab + Pab)QbIJ - eggabTAIJPbAy (3.44)
1 1
Py — 0P = §Q01JFIJABPaB - §Qa1JPIJABPOB
— N7 (Qup + Pap)Po™ + egean (148 + 5450)P, 7 . (3.45)

In analogy with these equations spatial dependence can be retained systematically in all
equations.

4. The supergravity /E;q correspondence

In this section we compare (a certain truncation) of supergravity to the Ejg coset model.
First, as a consistency check, we compare the dynamics of ungauged supergravity with
only time dependence to the £ = 0 truncation of the E1y equations of motion. Then, in
section 4.2, we discuss ungauged supergravity with the inclusion of certain spatial gradi-
ents, that should be related to the ¢ = 1 truncation of the Fjg theory. An alternative
interpretation of the £ = 1 state is as a gauge vector and so we discuss a possible relation
between gauged supergravity and Eig in section 4.3. Finally, we analyze the possible Eqg
interpretation of the gauge constraints and quadratic constraints on the supergravity side
in section 4.4.

4.1 Ungauged supergravity in D =1

The equations of motion of ungauged supergravity reduced to only time dependence follow
from the Lagrangian displayed in (B.35). As this Lagrangian is identical to the £ = 0 part of
the Lagrangian of the F1g sigma model derived in (R.49) and depends on the same fields, the
associated dynamics agrees trivially. The ‘dictionary’ which achieves this correspondence
at level £ = 0 reads

n(t) =n(t), Pup(t) = Pap(t),  Qap(t) = Qup(t)
PAR) =P (), QM) =M (1), (4.1)

where n(t) is defined in (B.36). Here, we have displayed the coset quantities on the left
hand side and the supergravity variables on the right hand side — one can also write the
correspondence in terms of the coset elements as

em®(t) = en?(t), EMA(t) =EMA(). (4.2)

The only equation besides the equations of motion here is the Hamiltonian constraint and
it is mapped to the null condition of the geodesic.

— 21 —



When relaxing the strict dimensional reduction we will retain this dictionary except
that we will interpret the supergravity variables to be the values at a fixed spatial point
Xq, so that the dictionary modifies to

’I’L(t) = n(t7 XO) ) Pab(t) = Pab(tv X0)7 Qab(t) = Qab(tv XO) s
PA) =P At x0), QM (t) =q.1(t, xo), (4.3)

or, in terms of the coset variables,
em®(t) = en®(t, x0), EMa(t) = EMA(t, x0). (4.4)

4.2 Level ¢ =1 as spatial gradient

Let us now turn on the fields at level £ = 1 of the coset model. One possible interpretation
here is that this corresponds to a spatial gradient — in contrast to the interpretation as
a gauge vector, which we will discuss in the next section. For the investigation of spatial
gradients it turns out to be useful to compare both sides of the correspondence not at the
level of the elementary fields but instead at the level of the derived object P that carries flat
indices. By studying the Einstein equation (R.55d) and the equations of level £ = 1, (£.554)
and (R.55d), one finds after comparison with (B.17), (B-44) and (B.45) that the dictionary

on this level is
P,A(t) = Nea Py (£, %0) P17 (t) = —=Neg Q" (¢, %) - (4.5)

This choice together with (.1]) makes the sigma model equations match largely with
the supergravity equations in the absence of gauging, where now the equations of motion at
¢ =1 correspond to the integrability constraints (B.44) and (B.49) of the three-dimensional
theory. There are, however, terms that do not quite match. First of all, the equation of
motion (R.5bg) gets translated into

Rap = 2P, 2Py + Q,17qy"7 (4.6)

if spatial gradients of the spin connection are truncated as usual in such correspon-
dences [[[J]. This is not the correct Einstein equation, see (B.17), in that the coefficient of
P,4P,” is 2 rather than 4 and that there is an extra term proportional to Q2. The first
problem is immediately related to a similar discrepancy in the D = 11 interpretation of
the E19 model [[[J] where one contribution to the only spatial derivatives in the curvature
term in D = 11 was missing.” After reduction to D = 3 this problem gets shifted into
the scalar sector which explains why the scalar energy-momentum tensor does not have
the right coefficient. The Q2 term arises in a similar way in the sigma model and has no

"More precisely, the spatial Ricci tensor Ry, in D = 11 has contributions (eq. (4.81) in [@]) of the form

1 1 1
_Qc an - _Qac Q cd — _Qac Q c 4.7
4 d db 2 didtbed 2 dicbd ( )

and it is the last term which is not reproduced by the sigma model. But it contributes to the scalar
energy-momentum tensor in lower dimensions.
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counterpart in supergravity (where it would violate the invariance under local SO(16)).
The same term was already noticed in [Bj].

It is noteworthy that there are no difficulties with the spatial curvature in D = 3 since
the problematic term vanishes completely due to our gauge choice. Indeed, one has that
the full spatial anholonomy is given by

Qabc = _eabgchdee . (48)

Since we always choose the trace Q4. to vanish, the full spatial anholonomy vanishes in
D = 3 and gives no contribution to the Q2 terms in Ry,. In other words, in this gauge
choice there is no dual graviton in agreement with its absence in the table of representations
of E1p under SL(2, R) x Eg (table [l).®

The final equation of motion to be compared is the equation of motion for the
scalars, (R.55H) on the E1q side and (B.23) on the supergravity side. Here, we find agreement
in the absence of gauging.

We would like to comment on the interpretation of the dictionary ({.5). One can intro-
duce dual vector fields to the Fg coset scalars also in the absence of gauging, similar to the
duality relation (B.15). These vector fields are the ones that appear in coset element (2.3)
at level £ =1.

4.3 Level ¢ =2 and gauged supergravity

In this section we turn to gauged supergravity. First, we employ the interpretation that the
level ¢ =1 field is not related to (spatial derivatives of) scalars prior to any gauging, but
instead the genuine gauge field to be introduced on top of the scalars. According to this
picture we will compare to a purely time-like truncation. As the level £ = 2 fields naturally
encode the gauging, they will be used at the same time. In a second step we consider
the inclusion of spatial gradients in the presence of gauging. For this we will discuss the
extension of the dictionary (f.3) and (f.5) to level £ = 2.

We start from the gauged supergravity action (B.3§), reduced to one dimension. Since
on the Ejg side there is no analogue of the zero-component of the gauge field A“M, we use
the gauge-fixing condition A = 0. Moreover, it turns out to be convenient to rewrite the
action entirely in terms of the Eg ‘metric’ GMV . For this we use the identity

EMAENA = 2 (¢MN 4 pMV) | (4.9)

N —

which follows from the fact that the Cartan-Killing metric pMV differs from ¢GMV by a

[,

relative sign in the non-compact part. The Lagrangian (B.3§) reads

_ _ 1
Ly~ = L) - §g2€gm"(GMN + )0 Mk On £ Am B — eV (4.10)
+ZQ®MN€mnAmMatAnN .

8Since gravity in D = 3 is not propagating one would not have expected a dual graviton.
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For convenience we have here used the conventional formulation without deformation po-
tential, as the field equations merely relate this potential to the embedding tensor. In
contrast, the analogous equations on the Ejq side introduce the embedding tensor.

The ‘Einstein’ equations obtained by varying with respect to the spatial g™” read

oL 1
rr?n + _egmnv
08 21 (4.11)
+ 1—6926(GMN + 1"V O M On L <gmngklAk’CAl£ - 2AmICAn£) =0,
while for the scalar equations we find
oL 1
o — <978 O Mk ON LA A, E
oG 8 (4.12)

1 9 ke I 5 xr
— ———eg“G™~0O S - — S e =0
=579 MIONL = 75971 OmKONL ,

using the explicit form of the scalar potential in (B.13). Here we do not write out the
variation of Ly, since we verified already that this Lagrangian coincides on both sides of
the correspondence. Finally, varying with respect to the non-propagating vector fields A,,™
yields the one-dimensional form of the duality relation,

1
g@MNemnatAnN + §g2e(GKﬁ + nKﬁ)gm"GMK@NLAnN =0. (4.13)

At first sight these equations are rather different from the sigma model equations,
which are given by

oL 1
0 4 gn-lgMNatAmMatAnN

5gmn
1
517 (det g) " g (DeBDLB + 14GppGn o D BV D BP) = 0., (4.14)
0L 1 14
o —n_lgm”&AmMatAnN + —n_l(det g)_lg;chtBM’CDtBNL =0
Gy 8 4

for the £ = 0 fields, and by (R.56) and (R.5§) for the higher-level fields. Consistent with
the field equations, we set in the following D;By,” = 0, since their meaning will be
discussed below.

We will see that the equations on both sides are more closely related, if one uses the
observation that in D = 1 second-order equations can be integrated to first-order equations.
For instance, the equation (2.56) gives rise to integration constants which can be identified
with the components of the embedding tensor,

n~Y(detg)*DiB = cig0,

) ) . (4.15)
n~Y(det 9) " GmpGnoDiBTe = 290w

where ¢; and co are two arbitrary constants. This allows to almost recover the duality
relation ([l.13) from the Ej¢ equations of motion (R.5§). First, (B.5§) may be rewritten as

1 -
Oy (n_lgmngMNatAnN+ §Clg€mn77MN9AnN + 140296m"®MNAnN> = 0. (4.16)
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Therefore, it can be integrated to the first-order equation
n g GAn AN = ge™mO N AN +EM 0 (4.17)

Here we have chosen the free constants to be ¢; = 2 and ¢; = 1/14 in order to conve-
niently combine the irreducible parts of the embedding tensor into © r(n according to [f.
Moreover, =" o4 denotes an integration constant. This integration constant cannot be set
to zero without breaking the symmetries. The situation is analogous to the integration
leading to the embedding tensor ©qn in ([.15), which generically breaks the global Eg
symmetry once ©aqn is constant. Correspondingly, the Fqy shift symmetry leaves this
first-order equation only invariant if the integration constant also transforms as a shift,

SAZ™ = —ge™ O ALY (4.18)

which is consistent with the time-independence of Z. Thus, fixing it to any specific value
(as zero) breaks the symmetry, and in this sense supergravity may at best be viewed as a
broken phase of Eig. After setting Z = 0 and contracting with © aar, (4.17) implies

9One™ AN + FPeNGFE GO\ kcOn AN = 0, (4.19)

which coincides with the duality relation (f.1J) from supergravity up to the replacement
gMN _ %(g/\/l./\/' + nM./\/').

Finally, insertion of ([.15) and ({.19) into the equations of motion (f.14) for g, and
GMN

as obtained from Fyg yields

6L 1
5917?11 + g0°eGM N OncONL <gmngklAk’CAl‘ - Am’CAnﬁ>
12 1 omeoney & 2\ 190
+59 €gmn 569 G "OMNOKc +07 ) = 0, (4.20)
Ly 1,

1 L
saMV 39 eg"" O M ONL AN An” — %Q%QIMGMIC@NL = 0.

Here, we have used (B.34) and ({.J). By comparing ({.2() with (f.11]) and (f.13) we observe

that the equations are structure-wise the same, but differ in the details. For one thing, on
the Ej( side we generically have just GMV instead of %(QMN + nMN ). Apart from that,
the indefinite contributions to the supergravity potential are not reproduced, but only the

leading term quadratic in QMN .

Let us now inspect the simultaneous inclusion of gauge couplings and spatial gradients.
As before this requires an analysis at the level of P that carries flat indices. Specifically,
we can supplement the dictionary ([.3) and ([{.5) with

1 N
PA(1) = S NgTas(t,xo), P(t) = Ngo(t, xo) (421)
on level ¢ = 2. This dictionary is derived from the integrability conditions (B.44)—(B.43)

such that they match exactly the common terms in the equations (R.55d))—(R.55d) for E1g
(the terms involving Q7 do not match just as in the Einstein equation ([£§)). Moreover,
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we have ‘covariantized’ the dictionary since it only fixes PAZ and P41/, but not P!/ KL,
However, using the dictionary (f.21)) in the Einstein equation one finds that the scalar
potential is not reproduced correctly. The terms coming from the positive definite (AgA.)2
contribution in (B.11)), however, appear precisely in the Fjy Einstein equation. If we only
consider the terms in the scalar equation of motion arising from the positive definite part,

PIJKL)

then the dictionary (including also gives the correct relative coefficients, but the

overall coefficient is wrong. This can be seen by comparing (B.2()) and (R.55H). For the
full potential we find disagreement since the potential is not positive-definite, unlike the
Cartan-Killing form used on the Ejg side, and one can see that there is no choice for the
dictionary such that all equations match. In addition, it is not the case that E1¢ predicts
a different potential. Rather, the scalar dependence in the FEjy equations is such that it
cannot be integrated to a corresponding single scalar potential in a D = 3 field theory. To
summarize, while there is no precise agreement between the corresponding equations, the
F1p model predicts and provides an embedding tensor in the correct Eg representation,
which in the present truncation is forced to be constant by the geodesic equations. It is
noteworthy that the Fqy model naturally contains both the constant embedding tensor and
the scalar field dependent T-tensor via dressing with the level zero vielbein.

Finally, we comment on the meaning of the field B,,,™, which we truncated so far.
One possible interpretation might be as a spatial gradient. Another attractive scenario is
that it is related to a novel type of gauging, the so-called trombone gauging, which has
recently appeared in the literature [Bf]. This gauging gives rise to embedding tensor com-
ponents © ¢, and it has been noted that they are in one-to-one correspondence with certain
mixed Young tableaux representations within Fq1 and Eqg [] Applied to D = 3 these
degenerate to the symmetric By, and so one might hope to interpret this as a trombone
gauging. However, given the ambiguity of the possible interpretations encountered so far,
we postpone a detailed analysis of this proposal to future work.

4.4 Quadratic and gauge constraints

We now turn to a discussion of the constraint equations that supplement the dynamical
equations discussed so far. From the FEjy point of view these have to be considered as
additional constraints on the geodesic. In [[4] it has been shown that the constraint
equations in maximal eleven-dimensional supergravity can be consistently imposed on the
geodesic and are weakly conserved as the system evolves. Furthermore, the constraints
there followed an intriguing pattern, displaying a certain grading property reminiscent of a
Sugawara-type construction in terms of bilinear products of conserved currents. Here, we
will encounter a similar phenomenon which extends up to the quadratic constraint, probing
generators of E1g beyond the analysis carried out in [[[4].

Besides the Hamiltonian constraint, the constraint equations which have to be studied
in the present context are

(i) the diffeomorphism constraint (the (0a) component of the Einstein equation (B.17)),

(ii) the Gauss constraint (B.41) or (B-24),
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(iii) the spatial constancy of Oy (B.49) and
(iv) the quadratic constraint (B.43) of standard gauging and possibly trombone gauging.

The first one arises from gauge fixing the shift vector N* = 0, whereas the other three
are all consequences of adopting the temporal gauges (B.37) for the tensors of gauged
supergravity. There are no additional Bianchi type constraints as there were for D = 11
supergravity in [[4] since these vanish identically in D = 3. For example, the equation
D[anC]M = 0 is fulfilled trivially since there are no three distinct spatial indices a, b, c.

Analyzing the four constraint equations with the use of the dictionaries derived
in (1)), (£§) and (.17), and using the duality relation (B.17), one finds that they have
the schematic form

¢, = PAP4,
¢A = pABPB 4 fAgecpBPC
Q:aAB — f(ACDPB)CPaD ’
¢ABC — pCDpE(A g, B) (4.22)

in flat indices (where the SO(16) spinor indices A and B should not be confused with
the adjoint Fg indices A and B). The important feature of these equations is the tensor
structure and the fact that the levels of the P components occurring on the right hand side
always add up to the same number in each constraint. In this way one can assign to the four
equations the ‘levels’ ¢ = 1, 2, 3, 4, respectively, since in the first one the combinations are
PO P up to P P in the last equation. Furthermore, they transform (after conversion
to curved indices) in the GL(2, R) x Eg representations indicated. As in [[4] we can
thus bring the above constraints into a Sugawara-like form by switching to curved indices
m,n,... and M,N,..., and by replacing the P’s by the corresponding components of the
conserved F19 Noether current.

In [4] it was also noted that the representation content of the graded constraints is very
similar to that of a specific highest weight representation of Fjg, sometimes called L(A;)
as it is the highest weight module with highest weight corresponding to the fundamental
weight of node 1 of the Ej9 Dynkin diagram in figure [l. We give the decomposition of this
representation with respect to SL(2, R) x Eg at low levels in table P From this table we see
that there is again agreement between the representations of the constraints at low levels
and the tensors contained in the L(A1) representation. At higher levels there appear extra
representations, some of which can probably be interpreted as recurrences (higher order
gradients) of the constraints encountered before but this explanation seems incomplete and
therefore we have partly left the interpretation open.

We note that it is to be expected that the constraints only form a representation of a
Borel subgroup Ef{) C FEh rather than of the whole Ejg since explicit calculations of the
transformation of the diffeomorphism constraint show that it is not annihilated by elements
of the conjugate subgroup E7, 4.2

9Here7 the 4 superscripts on F1o should not be confused with further Kac-Moody extensions of E1¢ but
refer to Borel subgroups generated by positive and negative level generators, respectively.
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Level ¢ | SL(2, R) x Eg representation Interpretation
1 (2,1) Diffeomorphism constraint
2 (1,248) Gauss constraint
3 (2,1) Spatial constancy of ¢
(2,3875) Spatial constancy of © \zr
(2,248) Spatial constancy of © ¢ (trombone)?
4 (1,147250) Quadratic constraint
(3,30380) Quadratic constraint of trombone?
(1,30380) ?
(3,3875) Quadratic constraint of trombone?
2 x (1,3875) Quadratic constraint
2 x (3,248) Quadratic constraint of trombone?
2 x (1,248) Recurrence of Gauss?
(3,1) Quadratic constraint of trombone?
(1,1) Recurrence of 67

Table 2: SL(2, R) x Eg decomposition of L(A;1) highest weight representation of Eyg.

5. Discussion and outlook

In this paper we explored the Ejg/supergravity correspondence for the case of gauged
supergravity. Apart from the inclusion of spatial gradients and/or mass parameters dis-
cussed in the literature so far, this provides additional insights into the interpretation of
part of the higher-level representations within E73. As has been found before, in general
dimensions D there are (D — 1)-forms whose representations coincide with those of con-
sistent gaugings in supergravity. Moreover, here we found that the quadratic constraint
of gauged supergravity belongs to the same highest weight representation of Eig as the
diffeomorphism constraint (but, we repeat, the constraints transform properly only under
the Borel part Eff) of that representation). In contrast, in the Ej; approach the D-form
Lagrangian multiplier for this constraint arises as one of the higher-level fields. While at
a purely kinematical level the Kac-Moody algebras Fqy and E7; therefore encode gauged
supergravity, the sigma model theory discussed in this paper allows, in addition, to check
the correspondence at the level of dynamics.

Most remarkably, we find that the equations of motion of gauged supergravity (here
for the example of three space-time dimensions) adapted to a one-dimensional language
can in part be matched to the E1¢ equations, even though the latter have a priori a rather
different form. For one thing, the absence of gauge-covariant derivatives on the FEjg side
agrees with the supergravity expressions, once the gauge-fixing condition A = 0, which
is inevitable for the comparison, has been imposed. Moreover, in spite of the fact that
on the Fjg side all fields appear with a ‘kinetic’ term, the (truncated) duality relation
between vectors and scalars expected from supergravity naturally follows via integrating
the one-dimensional equations of motion. Finally, the embedding tensor automatically
appears as an integration constant in the right representation. In this sense, none of the
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essential ingredients of gauged supergravity have to be introduced by hand, but rather they
naturally follow from the Fjy sigma model.

Irrespective of these promising observations, there remain mismatches at higher lev-
els, which prohibit a full agreement between supergravity and the Ejy model. One finds
systematically that while in supergravity the combination %(G MN + nmn) appears, the
corresponding equations on the F1g side only contain Gaqpr. Similarly, the scalar potential
is not fully reproduced by FE1g. This is due to the fact that in supergravity the scalar po-
tential is indefinite [BJ], while the corresponding 2-forms appearing in the Fjo coset model
necessarily enter with a positive-definite kinetic term. The latter is somewhat reminiscent
to a discrepancy encountered in higher dimensions, once spatial gradients are introduced
as the duals of higher-level fields.

In total we are led to conclude that further insights are required in order to understand
the precise relation between supergravity theories and the Fqg sigma model. It would be
interesting to see whether modifications and/or extensions of the Fjg model are possible
to compensate for the present mismatches. We note that mismatches already occur before
comparing to gauged supergravity and so an ultimate resolution of the present discrepancies
must await a better understanding of the basic picture.
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A. Conventions for Eg

Our conventions for Eg are as in [ff]. The Lie algebra eg is generated by t™, with
M,N,... = 1,...,248 denoting the adjoint indices, and bracket [tM,tN] = fMN K,
Specifically, eg can be defined according to its s0(16) decomposition,

(#7451 = 4y L (A1)
1
ORI LS S
[ ) ] 2 AB )
[#4 $5] = Lper g1
Y 4 *

Here I, J,...=1,...,16 are SO(16) vector indices, while A, B,... =1,...,128 label spinor
indices. The adjoint indices split according to A = ([/J], A), where we employ the con-
vention that summation over the antisymmetric [IJ] is accompanied by a factor of %
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The spinor generators are defined by r! A AFJ BA = 0645 + 17 45. Like any other Kac-
Moody algebra, eg admits an invariant Cartan-Killing form, which in the SO(16) decom-

position ([A-1]) reads

AB _ 5AB’ IJKL _ _25IK5JL‘ (AQ)

n n

Accordingly, in the totally antisymmetric structure constants
FIJKLMN _ _plJKL o gslKgl 5L

1 (A.3)
FLIAB _ _p AB _ _§FIJAB

we can freely raise and lower indices. We recall that we use the convention that the right
hand side is always to be antisymmetrized in the same way as the left hand side. The Ejg

f.AB

structure constants and the Killing form are related by the identity cfapp = —60nep,

which implies fABC fape = —14880. We also frequently use the relation
E-UME = EM 44 (A.4)

for the adjoint matrix E € Eg, which can be easily checked by use of the Baker-Campbell-
Hausdorff formula (2.44).
The tensor product of two adjoint representations decomposes as

248 x 248 =1 + 248 + 3875 + 27000 + 30380, (A.5)

and the corresponding projectors have the components [BI]

1
P CD - CD
(P1).as 55 MABT
1
(Pa4s) 48P = —@ngBnga
1 1 1
p eco_ls cs p_ 1 co L e cp D
(P3s75) 48 Z0(a0B) " — £nABN T A Jes
6 3 1
P CD _ hpy C(S D, 2 CD |, =~ f&€ (C D)
(P27000) 45 20 0p) "+ genas T+ T f A fes™,
1
(P30380).48°7 = 6405 " + @ngBfch- (A.6)

Elsewhere in the paper, we have dropped the subscript on Pgg7s. Splitting the indices, we
get the following identities for a tensor TP that transforms in the 3875 representation:

- 1 ~ 1 ~
JAL) _ _2pIK  PBJK _ 1 pIJKL  FBKL
6 AB 2 AB )
PIIKL _ %51KTJM LM _ pIK L
TAB _ %PIJKLABTU KL (A7)

The two equations in the first line are equivalent. The last equation can be inverted to
KL, FAB _ 39 FUTKL] (A.8)

We also note that T7/1J = T4A = (.
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B. Level decomposition of Eqg

To determine the F19 commutation relation (R.1§), we needed to identify the Chevalley
generators, which are the 30 elements h;, e;, f; (i =1, 2, ..., 10) that satisy the Chevalley-
Serre relations (2:3) and (B-J). We let any = € eg have the components x 4 in the t4 basis,
z = z4t*. Then we get

e =K', e2 = (—fo) aE* s """, e = (e;) at™,

hy =K'y — K, hy = (—hg) att — Ky, hi = (hi) at?,

f =K%, fo = (—eg) aF™, fi = (fi)at™, (B.1)
fori =3, 4, ..., 10. Here 6 (not to be confused with the singlet embedding tensor) denotes

the highest root of eg, with the corresponding step operators ey, fy and Cartan element hy.
We have

he = 2h3 + 3hy + 4hg + 5he + 6h7 + 4hg + 2hg + 3h10 (B.2)
and we get
K'y=—hg—hy,  K?)=—hg—ha—h,,  K=—2hg—2hy—hy. (B.3)

By inserting (B.1)) into (.2) and using (R.15), we see that the Chevalley relations [h;, e;] =
Ajje; and [hi, fj] = —A;jf; are indeed satisfied. For the remaining relations to hold,
lei, fj] = 0i;hi, we must have

(B 4, FyB] = 0% fAPctC + 045 K% — 6455 K, (B.4)

where we have set K = K% = K'; + K?,. The relations (.17) and (R.1§) can then be
inverted to

1

_ AB | a b
E = 248‘€ab77 [E A E 3]7
1 1
FEag = —e[E% 4, E'5] — — €PlE%, E*
AB 2€ab[ A; E°B] 210G SabIABT) [E%, E°p],
1
By = @fABC[E“B, Eb¢], (B.5)
1
F=——_gbp [pA B
2486 nAB[ a » LD ]7
1 1
F‘AB = ——€ab[Fa'A, FbB] + _eab,’,}ABnCD[FaC’ FbD]v
2 496
1
Fpt = @fABc[FaB, £C), (B.6)
1
t'A - _ AB E%n F.C
120f C[ B a ]7
1
Kab = %([EGA, FbA] - 5ab[EcAa FCA])’ (B7)
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The remaining nonzero commutation relations follow from the Jacobi identity,

1 1
(B, Fo') = —5can™ P E's, [F, B 4] = 5e"nas By,
(B 4, FF) = —0%fA" E'e, [Fa™s B8] = —6°af " 5e By,
[Eap, Fof) = ~14eaPas P E'p, [FA8, ] = 14e®PAPcp P,
(Bas, FP) = 2f ue fPr 7 5gt? — 404 fPpet® — 14PA"P K,
[E® 4, Feg®) = faBet€ + 2045 (8% K’ — 66 4K), [E, F] = —-K. (B.8)
Here we have used that £%*“c., = —d%, with our conventions. Using the invariance of the

Cartan-Killing form, we have

1 a a
—Z([E 4, EPg|[F.E, FyP]) = (31P(1,1) + 15P(3, 248) + TP(1 3875)) bed"P 4B, (B.9)

where P(1, 1), P(3 248) and P(1 3g75) are the projectors corresponding to the SL(2, R) x Eg
representations at level £ = 2 (cf. table []). Explicitly,

Pa,1)"ed as = 6“6 g P1°P a5,
P(3, 248)cd" s = 6% (0" P2as " 4z,

P1, as75) " cd’” aB = 016" 4 Pasrs " 4z, (B.10)

where the Eg projectors Pq, Poys and Pgg7s [@] were already given in (@)
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