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Abstract
We show that the Bagger–Lambert theory of multiple M2-branes fits into the
general construction of maximally supersymmetric gauge theories using the
embedding tensor technique. We apply the embedding tensor technique in
order to systematically obtain the consistent gaugings ofN = 8 superconformal
theories in 2 + 1 dimensions. This leads to the Bagger–Lambert theory, with
the embedding tensor playing the role of the four-index antisymmetric tensor
defining a ‘3-algebra’. We present an alternative formulation of the theory in
which the embedding tensor is replaced by a set of unrestricted scalar fields.
By taking these scalar fields to be parity-odd, the Chern–Simons term can be
made parity-invariant.

PACS numbers: 11.25.−w, 11.25.Yb, 04.65.+e

1. Introduction

Recently, a three-dimensional world-volume theory describing a set of multiple M2-branes
was proposed [1–3] (see also [4, 5]). The theory is based on the existence of a ‘3-algebra’
that generalizes the Lie algebras of ordinary gauge theories to a structure involving an
antisymmetric triple bracket

[T a, T b, T c] = f abc
dT

d, (1.1)

where T a, a = 1, . . . , N , denote the generators of the algebra. Assuming the existence of
a symmetric tensor hab (which we will later take to be the Kronecker delta δab) to raise and
lower indices, the generalized structure constants f abcd need to be totally antisymmetric,

f abcd = f [abcd]. (1.2)

Apart from this linear identity, there is a quadratic identity (the so-called fundamental
identity)1,

f abe
gf

cdg
f − f cde

gf
abg

f − f abc
gf

dge
f + f abd

gf
cge

f = 0, (1.3)

1 Such structures also occur in the study of maximally supersymmetric solutions of supergravity theories [6].
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which is the analogue of the Jacobi identity for Lie algebras. So far, only one explicit solution
of constraints (1.2) and (1.3) is known, namely f abcd = εabcd for N = 4. In this case, it
has been shown that the theory can be reinterpreted as an ordinary gauge theory based on the
gauge group SO(4) = SU(2) × SU(2) [7].

The world-volume theory describing multiple M2-branes contains a set of embedding
scalars XI

a, I = 1, . . . , 8 and a set of fermions �a . Furthermore, there is a set of world-
volume gauge fields Aµab = −Aµba . A crucial feature of the theory is that these gauge
fields do not describe independent degrees of freedom. They occur via a Chern–Simons
term such that their field equations lead to a duality relation with the embedding scalars.
This Chern–Simons term was introduced in an earlier attempt to construct a supersymmetric
world-volume theory with 16 supercharges [8]. A nice feature of the Bagger–Lambert theory
is that it reproduces the so-called Basu–Harvey equation [9] which was the original motivation
for the proposal of [1–3].

The above two features, (i) a tensor that satisfies a linear and a quadratic constraint
and (ii) gauge fields that occur via a Chern–Simons term, are very reminiscent of the so-
called embedding tensor technique for constructing matter-coupled gauged supergravities.
This method was originally proposed to construct maximal gauged supergravities in three
dimensions [10, 11] and later applied to other cases in three dimensions [12–14]. The
embedding tensor � plays the role of the tensor f above and is used to specify which gauge
fields are needed to gauge which subgroup of the duality group.

The case of matter-coupled half-maximal supergravity in three dimensions, with duality
group SO(8, N), was studied in [12–14]. The relevant embedding tensor is a four-index
tensor �ab,cd satisfying certain linear and quadratic constraints. A particular solution to these
constraints is given by �ab,cd = fabcd satisfying (1.2) and (1.3). However, in supergravity
there are more possibilities than this totally antisymmetric combination. Specifically, � can
have a singlet (corresponding to a gauging of the full duality group) and a symmetric traceless
part.

So far, the embedding tensor technique has been mainly applied to construct gauged
supergravity theories but it can be used to construct supersymmetric gauge theories as well.
For instance, it has been used to construct N = 2,D = 4 supersymmetric gauge theories with
electric and magnetic charges [15]. In this communication we wish to apply the embedding
tensor technique to the case of N = 8 supersymmetric gauge theories in three dimensions
and find out whether generalizations of the Bagger–Lambert model are possible or not. This
investigation is also a nice illustration of how the embedding tensor technique works in general.

2. Gauging N = 8 superconformal theories

Our starting point is the free superconformal N = 8 theory in D = 3 with N matter multiplets,
i.e. containing 8N scalars XaI and 8N Majorana spinors �aA. Here and in the following
I, J = 1, . . . , 8, A,B = 1, . . . , 8 and Ȧ, Ḃ = 1, . . . , 8 denote, respectively, the vector,
spinor and conjugate spinor indices of the SO(8) R-symmetry group. The theory is described
by the Lagrangian

L = −1

2
∂µXaI ∂µXI

a +
i

2
�̄aA�µ∂µ�A

a . (2.1)

It is invariant under the supersymmetry transformations2 (with �012ε = ε)

2 We suppress the SO(8) spinor indices whenever they are not explicitly required.
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δεX
I
a = iε̄�I�a, δε�a = ∂µXI

a�
µ�I ε, (2.2)

and under the global symmetry group SO(8) × SO(N).
We wish to analyze the question of which subgroups of this global symmetry group can

be promoted to a local symmetry. Since in this communication our ultimate motivation is the
M2 brane example, we will restrict ourselves to gauge groups that lie inside the SO(N) factor.
As usual, we first introduce gauge-covariant derivatives that couple the scalars to the gauge
vectors. As in [10, 12] these gauge fields come in the adjoint representation of the global
symmetry group Gglobal and enter only via a Chern–Simons term. The covariant derivatives
read

Dµ = ∂µ − g�αβAµ
αtβ, (2.3)

where g is the gauge coupling constant and the indices α, β = 1, . . . , dimGglobal label the
adjoint of the rigid symmetry group, spanned by the generators tα with structure constants
f αβ

γ . The symmetric embedding tensor �αβ = �βα encodes the embedding of the gauge
group G0 into Gglobal in that G0 is spanned by generators

Xα = �αβtβ. (2.4)

In other words, � acts as a projector which singles out those generators that participate in the
gauging. Gauge invariance of the theory to be constructed requires invariance of �αβ under
the adjoint action of the gauge group generators Xα . This implies the quadratic constraint

Qα,βγ ≡ �αε�δ(βf δε
γ ) = 0, (2.5)

which also ensures the closure of the gauge algebra spanned by (2.4).
In the case at hand, the indices split according to the adjoint of SO(N), i.e. α = [ab].

Consequently, the embedding tensor reads �ab,cd and has the symmetries

�ab,cd = −�ba,cd = −�ab,dc = �cd,ab. (2.6)

Using the explicit form of the structure constants

f ab,cd,
ef = −2δ[a

[eδ
b][cδd]

f ], (2.7)

the quadratic constraint reads

Qab,cd,ef ≡ �ab,e
g�cd,gf − �cd,e

g�ab,gf − �ab,c
g�dg,ef + �ab,d

g�cg,ef = 0. (2.8)

Moreover, the generators in (2.3) act in the fundamental representation, (tab)cd = δ[a
dδ

b]c,
i.e. the explicit form of the covariant derivative is given by

DµXI
d = ∂µXI

d − gAµ
ab�ab,cdX

cI , (2.9)

and similarly for the spinors.
Let us now turn to the gauged action. Our starting point is the following ansatz:

Lg = −1

2
DµXaIDµXI

a +
i

2
�̄a�µDµ�a +

i

4
g�̄aAA3aA,bB(X)�bB

+
1

2
gεµνλAµ

α�αβ

(
∂νAλ

β − 1

3
g�γδf

βδ
εAν

γ Aλ
ε

)
− g2V (X). (2.10)

As in supergravity, we added Yukawa-like couplings parametrized by a scalar-dependent
function A3(X) as well as a scalar potential V (X) and a Chern–Simons term. By virtue of the
quadratic constraint (2.5), this action is gauge-invariant under

δXI
a = −gα�αβ(tβ)baX

I
b = gcd�cd,baX

bI ,

δ�a = gcd�cd,ba�
b, (2.11)

δAµ
α = Dµα = ∂µα − g�βγ f αβ

δAµ
γ δ.
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For the gauge vectors Aµ
ab with explicit SO(N) indices, the gauge variation can be rewritten

by the use of the structure constants (2.7) as

δAµab = ∂µab + g�ae,cdAµ
cde

b − g�be,cdAµ
cde

a. (2.12)

Next, we are going to analyze the question for which choices of the embedding tensor the
action corresponding to (2.10) can be made supersymmetric. We use the following ansatz for
the supersymmetry variation of the fermions

δε�aA = DµXI
a�

µ�I
AḂ

εḂ + gA2aAḂ(X)εḂ, (2.13)

where we introduced a gauge-covariant derivative and added a scalar-dependent fermion shift
function A2(X). Due to the non-commutativity of covariant derivatives, the supersymmetry
variation of the kinetic terms in (2.10) no longer vanishes, but instead gives rise to a term
proportional to the field strength,

δεLkin = i

2
g�ab,cd�̄

a�µν�I εFµν
cdXbI . (2.14)

These can be compensated by assigning a non-trivial supersymmetry variation to the gauge
vectors,

δεAµ
ab = iε̄�µ�IXI [a�b], (2.15)

such that the variation of the Chern–Simons term precisely cancels (2.14). However, these
variations of the gauge field give rise to additional variations from its presence inside the
covariant derivatives, and the problem is to determine A2(X) and A3(X) such that these
contributions can be canceled.

In the embedding tensor formalism this problem of finding a consistent supersymmetric
deformation translates into the problem of finding the right linear constraints on the embedding
tensor. A priori, �ab,cd with symmetries (2.6) takes values in the symmetric tensor product

⊗
sym

= 1 ⊕ ⊕ ⊕ . (2.16)

This corresponds to the general parametrization

�ab,cd = f δc[aδb]d + fabcd + f
(2,2)
ac,bd + f[c[aδb]d], (2.17)

where fabcd = f[abcd] denotes the totally antisymmetric part and f
(2,2)
ac,bd has the window

symmetries of , in particular f
(2,2)
[ac,b]d = 0. Supersymmetry then implies that only some

of these irreducible representations are consistent, or in other words, beyond the quadratic
constraint (2.8) it requires a Gglobal-covariant linear constraint.

To determine these constraints, we first focus on the variations linear in the gauge coupling
g (and thus �) and linear in the fermions �. The variation δAµ

ab inside the covariant derivative
on the scalars gives rise to terms of the form X2DX�. In order to cancel these it follows
that A3(X) has to be quadratic in X and, consequently, A2(X) has to be cubic in X. The most
general ansatz in terms of the embedding tensor reads

A3aA,bB = b1�ab,cd�
IJ
ABXI

c X
J
d + b2�ac,bdδABXI

c X
I
d + b3�ac,bdδ

cdδABXI
e X

I
e ,

(2.18)
A2aAḂ = �ab,cd

(
c1�

IJK

AḂ
XIbXJcXKd + c2�

I
AḂ

XIdXJbXJc
)
.

The variation of the Lagrangian gives rise to a term proportional to b1�
IJ �K , containing

the antisymmetric part �IJK . These have to be canceled by choosing the coefficient c1 in
A2 and thus in the supersymmetry variation of the fermion in the right way. However, from
(2.18) one infers that this term in A2 can only be non-zero if �[ab,c]d is non-zero. This, in

4



Class. Quantum Grav. 25 (2008) 142001 Fast Track Communication

turn, implies that only the totally antisymmetric fabcd in (2.17) can give rise to a consistent
gauging. Specifically one finds

b1 = −1, b2 = b3 = 0, c1 = 1
6 , c2 = 0 (2.19)

and the following expression for the scalar potential V (X):

V (X) = 1
12�ab,cg�de,f

gXaIXbJ XcKXdIXeJ Xf K. (2.20)

In total, the linear constraint imposed by supersymmetry reads

(2.21)

where P projects out those representations that are not totally antisymmetric. A particular
solution, for N = 4, is given by �ab,cd = εabcd , which is an invariant tensor of SO(4) and
solves the quadratic constraints (2.8). This leads to the SO(4) gauge theory example of [1–3].

The general solution �ab,cd = fabcd of (2.21) gives back the Bagger–Lambert theory.
In fact, for a totally antisymmetric embedding tensor the quadratic constraint (2.8) precisely
reduces to the fundamental identity (1.3). Moreover, all the couplings match. In particular,
the Chern–Simons term of [2] based on the 3-algebra structure constants precisely coincides
with the Chern–Simons action in (2.10), as can be checked by the insertion of (2.7).

In order to illustrate the use of the embedding tensor, let us briefly comment on different
choices of gauge groups and their embedding. First of all, for any N � 4 the linear constraint
(2.21) allows for a consistent gauging of the subgroup SO(4) ⊂ SO(N). Splitting the indices
as a = (i, 5, . . . , N), this corresponds to a choice of embedding tensor, in which the only
non-vanishing components are

�ij,kl = εijkl . (2.22)

This is an invariant tensor of the subgroup to be gauged, and it solves the quadratic constraint.
Depending on the value of N, larger gauge groups may be possible. For instance, for N = 8
the canonically embedded SO(4) × SO(4) subgroup can be gauged, corresponding to an
embedding tensor of the form

�ij,kl = κ1εijkl, �īj̄ ,k̄l̄ = κ2εīj̄ k̄l̄ . (2.23)

Here we have split the indices according to a = (i, ī) = (1, . . . , 4, 1̄, . . . , 4̄) and introduced
two arbitrary coupling constants κ1, κ2.

One may wonder whether more interesting gauge groups are possible, beyond the various
copies of SO(4). An attractive candidate is G2 in case of N � 7. In fact, it can be defined
as the subgroup of SO(7) that leaves a certain antisymmetric 4-tensor Cabcd invariant, and
so one may take �ab,cd = fabcd = Cabcd . (For a concise account of G2 see, for instance,
appendix A of [16].) This ansatz has been pursued in [17] (see also [18]), with negative results.
The fundamental identity (1.3) is not satisfied and so G2 does not give rise to a consistent
3-algebra. It is, however, instructive to reexamine this problem from the point of view of the
embedding tensor formalism. From this perspective, the embedding tensor should act as a
projector from SO(7) onto G2 according to (2.4). It is possible to find such a projector which
is totally antisymmetric, i.e., satisfying the linear constraint, and which gives rise to the closed
G2 algebra. However, this tensor is not G2 invariant and therefore the quadratic constraints
(2.8) are still not satisfied. Instead one may start from the 4-tensor of G2 which is known to
be invariant. It is given by

Cabcd = 1
3!ε

abcdefgĈefg, (2.24)

5
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where Ĉabc is defined by

Ĉijk = εijk, Ĉij̄ k̄ = Ĉīj k̄ = Ĉīj̄ k = −εijk, Ĉ7ij̄ = δij , (2.25)

and we have split the indices according to a = (i, ī, 7). However, (2.24) is not a projector
onto G2. A possible solution for the embedding tensor, respectively the projector, is instead
given by

�ab,cd = δc[aδb]d + 1
4Cabcd . (2.26)

By the insertion of (2.26) into (2.8) one can verify that this indeed solves the quadratic
constraints. But it does not solve the linear constraint (2.21) due to the presence of a singlet
combination. However, as we will discuss in the following section, in gauged supergravity
these singlet components are allowed [11, 13]. Therefore, we conclude that while the
superconformal theories do not allow for a gauging of G2, the embedding tensor (2.26)
does give rise to a consistently gauged N = 8 supergravity. To the best of our knowledge this
example has not appeared in the literature before.

3. Comparing with gauged supergravity

In this section we will compare the application of the embedding tensor technique to both
half-maximal matter-coupled gauged supergravities as well as to maximal supersymmetric
gauge theories. Both theories have an equal number of supercharges. In this section we will
not only consider D = 3 but also 3 < D � 10 dimensions. It turns out that the supergravity
theories allow for more consistent gaugings. This is due to the fact that these theories have a
weaker linear constraint and a less trivial (non-compact) duality group to start with.

It is of interest to compare the embedding tensors corresponding to the supergravity and
gauge theory cases in more detail. At first sight the two gaugings are unrelated since the
relevant scalar manifolds differ. For instance, the D = 3 supergravity case leads to the scalar
manifolds SO(8, N)/SO(8) × SO(N), whereas in the D = 3 gauge theory case one deals
with the flat manifolds R

8N . Nevertheless, we will argue below that the embedding tensor
representations for the gauge theories can be deduced from the corresponding supergravity
representations. For the supergravity case the representations of the embedding tensors have
been calculated [12–14, 19], see table 1.3 We see that for supergravity in 6 � D � 10
dimensions there is a fundamental and three-form representation. In these dimensions the
fundamental representation corresponds to the gauging of a SO(1, 1) diagonal subgroup of the
SO(1, 1)×SO(10−D, 10−D+N) duality group4. The three-form representation represents
the antisymmetric structure constants of the subgroup G0 ⊂ SO(10 − D, 10 − D + N) that
is gauged. The reason that the fundamental representation is absent in the gauge theory case
is that the corresponding SO(1, 1) symmetry that is gauged involves a shift of the dilaton
supergravity field, which is absent in the gauge theory.

To be able to do more general gaugings one needs more spacetime vectors than only
the fundamental representation, which is present in all these dimensions. For example, in
D = 5 an additional vector is provided by the dual of the NS–NS two-form, giving rise to
an extra two-form representation of possible gaugings. Since this extra possibility is due
to the dualization of a supergravity field, this extra two-form representation is absent in the
gauge theory. In D = 4 the extra vectors are the Hodge duals of the original ones, leading
to an SL(2, R) doublet of possible gaugings. This possibility arises both in the supergravity

3 We have indicated in the table only gaugings, no massive deformations. Furthermore, we have ignored the chiral
case in D = 6 dimensions. For more details, see table 3 in [19].
4 Actually, the quadratic constraints forbid this gauging in D = 10 because SO(N) has no SO(1, 1) subgroup.
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Table 1. This table gives, for 3 � D � 10, the duality group representations of the embedding
tensors for matter-coupled half-maximal gauged supergravity (second column) and maximal
supersymmetric gauge theory (third column). In D = 4 the 2 refers to the fundamental
representation of the electro-magnetic SL(2, R) duality.

D Supergravity Gauge theory

10 − 6

5

4 (2, ) 2, 2,

3 1

and in the gauge theory case. In the gauge theory case, these correspond to the electric and
magnetic gaugings discussed, for N = 2 supersymmetry, in [15]. Finally, in D = 3 further
gaugings become available due to the fact that scalars become dual to vectors. Note that the
singlet and symmetric traceless representation, present in supergravity, have their origin in the
four-dimensional (2,�) representation which is absent in the gauge theory. That is why the 1
and �� representations are absent in the D = 3 gauge theory.

Summarizing, by comparing with half-maximal supergravity we obtain a natural
prediction for the embedding tensors of maximal supersymmetric gauge theories as presented
in table 1. This includes the four-index antisymmetric representation of [1–3].

4. An alternative formulation

So far, we have introduced a Lagrangian containing a constant embedding tensor �ab,cd

satisfying the linear constraint (2.21) and the quadratic constraints (2.8). Even though in this
formalism the gauging takes a completely covariant form with respect to Gglobal, this group is
no longer an invariance of the Lagrangian. In fact, the �ab,cd are not dynamical objects and
therefore cannot transform under the symmetry. Instead, following [20, 21], we can promote
the embedding tensor to a set of unconstrained scalar fields �ab,cd(x) with the same symmetry
properties by introducing two kinds of Lagrange multipliers. The first set consists of two-form
potentials Bµν

ab,cd with the same symmetry properties as �. These can be viewed as the duals
of � (see below) and their field equations will impose the constancy of �. The second set
consists of three-form potentials Cµνρ

ab,cd,ef which will impose the quadratic constraints by
their equations of motion. They have the same symmetry properties as the quadratic constraint
tensor Qab,cd,ef defined in (2.8). The total Lagrangian is then given by

Ltotal = Lg − 1
2gεµνρ∂µ�ab,cdBνρ

ab,cd − 1
3g2εµνρQab,cd,ef Cµνρ

ab,cd,ef , (4.1)

where we replaced in Lg , see equation (2.10), everywhere � by the spacetime-dependent
�(x).

The LagrangianLg is not gauge-invariant, neither is its action supersymmetric5. However,
the violation of these symmetries is proportional to ∂� or to the quadratic constraint tensor

5 Of course, we should also in the transformation rules replace � by its spacetime-dependent form.
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Q. Such terms can always be canceled by assigning appropriate gauge transformations and
supersymmetries to the Lagrange multipliers B and C. To illustrate this, we give the full
bosonic gauge transformations [21], for which we find

δBµν
ab,cd = ∂[µν]

ab,cd + D[µabAν]
cd − 2εµνρ

abXIcDρXdI

+ iab�̄c�µν�
d + 8

3g
(
�ef,g

dµν
ab,ef,cg − �ef,g

cµν
ef,ab,gd

)
,

δCµνρ
ab,cd,ef = ∂[µνρ]

ab,cd,ef − 2A[µ
abAν

cdDρ]
ef − εµνρAσ

abcdXeIDσXf I

+ 3iA[µ
ab�̄c�νρ]�

def + 1
8 iεµνρ

ab�̄c�IJ �dXeIXf J

+ 1
24g�gh,i

f εµνρ
abXIcXJdXKeXIgXJhXKi

− 1
24g�gh,i

f εµνρ
abXIgXJhXKiXIcXJdXKe. (4.2)

Here we have left implicit the Young projection of the right-hand sides according to the
symmetries of the left-hand sides. We will not give the supersymmetry transformations, since
they are not very illuminating. We finally note that the field equations of the scalar fields �

give rise to a duality relation between the two-form potentials B and the embedding scalars �

[20, 21].

5. Discussion

In this communication we have presented a derivation of the Bagger–Lambert theory
of multiple M2-branes by an application of the embedding tensor method to N = 8
supersymmetric gauge theories in three dimensions. The linear constraint imposed by global
supersymmetry restricts the embedding tensor to an antisymmetric four-index tensor, giving
rise to the Bagger–Lambert theory. This is in contrast to the case of N = 8 supergravity,
where the linear constraint also allows for a symmetric traceless tensor and a singlet [13].
These representations lead to extra gaugings in the supergravity case. For instance, for
fabcd = 0 a consistent gauging is obtained by the embedding of the compact gauge group
SO(p)×SO(N −p) into SO(N) with opposite coupling constant for the two different groups
[13]. We hope that the relation with gauged supergravities can be helpful in finding more
solutions to the quadratic constraints.

In a second stage we have replaced the embedding tensor � by scalar fields �(x). This
has several advantages. First of all the Chern–Simons terms can now be made manifestly
invariant under parity transformations by taking the scalars � to be odd under parity. Second,
the theory contains less free parameters: the constants � have become integration constants
that occur only after solving the equations of motion. Third, the scalars � allow the possibility
of domain walls on the M2-brane world-volume where, upon crossing the domain wall, the
constants � change value [22].

It is of interest to search for generalizations of the Bagger–Lambert model. For a recent
discussion, see [23]. Another promising approach is to consider supersymmetric gauge
theories without a Lagrangian [24]. In fact, gauged supergravities without a Lagrangian have
already been considered in the literature, see, e.g. [25]. We expect that the application of the
embedding tensor technique in these cases will lead to more general gaugings.

Quite a few papers have appeared recently addressing different issues concerning the
world-volume theory of multiple M2-branes. In particular, the relation with multiple D2-
branes has been clarified [26] (see also [24]), the OSp(8|4) superconformal symmetry of the
model has been verified [17], the boundary theory of open membranes has been considered
[27] and it has been shown that the SO(4) gauge theory solution corresponds to two M2-
branes moving on a non-trivial manifold [28, 29]. We hope that this note will help in further
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clarifying the relation between (and possible extensions of) N = 8 superconformal theories
and multiple M2-branes.
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