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ABSTRACT: A superspace formulation of IIB supergravity which includes the field strengths
of the duals of the usual physical one, three and five-form field strengths as well as the
eleven-form field strength is given. The superembedding formalism is used to construct
kappa-symmetric SL(2,R) covariant D-brane actions in an arbitrary supergravity back-

ground.
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1. Introduction

IIB supergravity was written down in components in [fl, f] and in superspace in [{]. As is
well-known, the bosonic fields are the graviton, two spin 0 fields, two two-form potentials
and a four-form potential with a self-dual five-form field strength. The duals of these are
important for couplings to branes; a superspace formulation including these extra fields
was given in [, while the D-brane actions were written down in supergravity backgrounds
in [f, f]. Recently [, it has been shown that there are also a number of ten-form potentials,
transforming under the doublet and quartet representations of SL(2,R), whose presence
is in accordance with extended symmetry considerations [§]. In this paper we first extend
the superspace formalism to include the ten-form potentials and then go on to use it
to construct kappa-symmetric SL(2,R) covariant actions for D-branes in arbitrary IIB
supergravity backgrounds.



The superspace formalism has some advantages over the component formalism for
discussing the ten-form potentials. This is because, in superspace, the associated eleven-
form field strengths do not vanish so that it is possible to give a gauge-invariant discussion
with manifest supersymmetry. We shall write down the components of all the superspace
form field strengths in the next section, including the doublet of eleven-forms which is not
needed for the D-branes under discussion here. We use a formalism with local SO(2) and
global SL(2,R) symmetries.

Duality-symmetric actions have been given for strings [f], superstrings [[[(] and three-
branes [[LI]-[(4], the latter with the aid of the results of [, [L6], while an attempt to carry
out a similar construction for five-branes was made in [[7]. More recently, SL(2, R) invari-
ant actions for the bosonic sector of all D-branes have been derived [[§. The remainder
of the current paper is devoted to the construction of kappa-symmetric SL(2,IR) covariant
actions for D-branes using the superembedding formalism [[d-RT]. This was first applied
to D-branes in [RJ). It will be shown, given the standard superembedding constraints,
that supersymmetry completely determines the dynamics of D-branes and the associated
actions.

2. 1IB supergeometry

We begin by discussing the superspace geometry of IIB supergravity including the eleven-
form field strengths implied by the results of [[{]. We use a real basis for the spinors, F*
where o« = 1,...16 is a chiral ten-dimensional spinor index, while i = 1,2 is a Spin(2)
spinor index. The connection, €2, and curvature, R, correspondingly take their values in
spin(1,9) @ spin(2). For example,

Qi = 670" + 6.7 Q, (2.1)

where @ is the spin(2) connection and

1

0,5 = Z(wb)o/mab, (2.2)

with Qg being the Lorentz or spin(1,9) connection. Small latin indices from the beginning
of the alphabet denote Lorentz vector indices as usual.

We shall also use SO(2) vector indices which will be denoted by r, s, etc, while SL(2,R)
doublet indices will be denoted R, S, etc. The scalar fields U carry indices U, 7, i.e. (local)
SO(2) acts to the left and (rigid) SL(2,R) to the right. The dimension zero torsion is

Taip;® = —i6i(7)ap - (2.3)

The non-zero dimension one-half torsion is
Toig "™ = —i ((’Ya)aﬁ(%)w - 25(04’\/56)6) Asii® (2.4)

where A;jj is totally symmetric and traceless.!

'We suppress the spinor index on A in the text.



The forms consist of a triplet of one-forms, a doublet of three-forms, a singlet five-form,
a doublet of seven-forms, a triplet of nine-forms and a quadruplet of eleven-forms. There is
also a doublet of eleven-forms which does not feature in the brane actions we shall consider
here. These can be written as SL(2,[R) representations or as SO(2) representations, the
two being related by the scalar matrix . For example, the three-form is a doublet Ff,
and F, = U, BFr. We can also use U to define a metric by

Mpgg = (ufl)R”(Z/lfl)Ssérs . (2.5)
The derivative of U is given by
(duufl)rs — (F(l))rs + 257~SQ (26)
where @ is the U(1) connection and F,gsl ) is symmetric and traceless, (VSF,gsl ) = 0.
In this notation the Bianchis are (with the form ranks as superscripts)
(1 _
dFpg =0
(3 _
dFyp” =0
5 _ _ RSpB)pB)
dF®) = RSP g
7) 3 5
dr) = FY p®)
9) _ 3) (7
dFpé = F(R FS)
(1) _ (3 p(9)
dFper = F(R FST) . (2.7)

Note that the tracelessness condition for ) becomes MESF 1(%2 = 0 in the SL(2, R) basis;

in fact, one can show that dMpgg = —2F gg It is straightforward to rewrite the Bianchis
in the SO(2) basis; for each index one gets a factor of F(1). For example,

DEY = —(FU), F (2.8)
The dimension zero components of the forms, in SO(2) notation, are
3 .
Fﬁagﬁjc = _Z(TT)Z']'(WC)aﬁ
5 .
o(n'/)sjcde = i€ij (Vede)ap
7 .
7“(a)i,6’jc1...05 = Z(Tr)ij(fycl...05)aﬂ
9 {
TFS())l’iﬁjcl...c7 = §€ij5rs(701...07)a6
11 { -
r(stc)ui,ﬁjcl...t:g = 55(T8(Tt))ij(761...cg)aﬁ7 (29)

where 7, = %(03,01) are the SO(2)
ponents of the forms are not needed
completeness.

gamma-matrices and 7, = €,57°. The other com-
for the D-branes but we shall give them here for



At dimension one-half we have

F; = —2i(1Adia
3 )
Fyga;ble = —Z(VbleAm')a
(5) _
Faibl...b4 =0

7 . ~
Fr(az‘bl...bg = = (761...b6Ari>a

9 .
Fsstzn'bl...bg = _27/ <ryb1---b87—(7’AS))ia
(11) 3 ~
Frstozibl...blo - _5 (7b1---b106(rsAt)i>a . (2.10)

The field A,; is the dimension one half spinor field; it can be written

Ay = (Tr)]kAijk (211)

where A;ji is the field appearing in the dimension one-half torsion.
We have also defined
A”‘ = e’;‘TSASZ‘ = e’;‘ijArj . (212)

The dimension one components of the one-, three- and five-form field strengths are
the superfields whose leading components are the (covariantised) spacetime field strengths
(with 5TSF,§;2L = 0). The seven-form field strengths are essentially the duals of the three-
forms,

1
FTS@?...CW = ggrsgal...a7b1b2b3F(3)8b1b2b3 5 (213)
while the nine-form dimension one components are
1)b . i
Fr(?gl...ag = _grtgal-..angs(t) - 315”Arzf)’a1...agA5j . (214)

The eleven-forms are of course identically zero at dimension one, while the five-form is
self-dual up to non-linear terms,

1 . i
F(5) = ggal...asbl...b5Fﬁ(5)b1mb5 +15TSEZ]Ari7a1---G5A5j : (215)

ai...as

The non-vanishing components of the eleven-form doublet, Fr(u)7 are

11 .
r(ai[)?jcl...t:g = Z(Tr)l'j (761 ...09)046

11 27
Fr(az‘gl...clo = Z%(Wcl...cloAm’)a . (2.16)

This form satisfies the Bianchi identity

4 3 7
arfy = L <€ST PR - 2o pg >> (2.17)

in the SL(2,R) basis. This result implies that the doublet of ten-form potentials transforms
under the gauge transformations of some of the other p-form potentials, in agreement with



the extended symmetry considerations of [§]. In [[f] these additional transformations are
not present, but this is not a contradiction since any ten-form gauge transformation can be
written as the exterior derivative of a nine-form gauge transformation in ten-dimensional

spacetime.?

3. Superembeddings

3.1 Charges

In order to discuss branes and superembeddings in an SL(2,R) covariant way we follow
reference [I§ and introduce a pair of constant charge vectors (qR, EjR). They can be nor-
malised so that

qlersd® =2 (3.1)
We define ¢" := ¢®*(U~1)g" and ¢" := ¢*(U1)R", although note that ¢ is not the dual of
q". Let (V", V"), V" := "V}, be an orthonormal pair of vectors;? they can be chosen such
that
qT' — aVT’
9~
q =—=V"+bV", (3.2)
a

where a and b are functions of the scalars given by

Mpsqfq® = a®

R 4
Mprsq q® = b° + Pl (3.3)

The b-term in the expression for ¢ is necessary because ¢ and ¢ are constant. We
also introduce an orthonormal pair of Spin(2) vectors (v¢,2%), v' := &% vj, such that

Ve = V2(r,)i0" 0
V, = \/§(Tr)ijvi'ﬁj ) (3.4)

In the purely bosonic sector of the theory it is not necessary to introduce the unit vectors
v’ and V" [[I§], but it is useful in the superembedding context as we shall see.

3.2 The superembedding matrix

In the superembedding formalism the worldvolume of the brane is a superspace M whose
odd dimension is half that of the target space M. Super, even, odd indices are respectively
denoted by capital, latin, greek letters. Letters from the beginning of the alphabet refer
to preferred bases while indices form the middle refer to coordinate bases. Indices for
the target space are underlined while normal indices are primed. The preferred coframes
are denoted by E4 = (E?® E®), where E4 = dz™ Ej4, and similarly the frames are

2We thank Mees de Roo and Diederik Roost for a discussion of this point.
3Note that the V", as well as the v" introduced in (@), are not constant.



Es = EAM0y where E4M is the inverse of the supervielbein Ey?. The embedding

matrix is the derivative of the embedding map with respect to the preferred basis,
E 2 = EAMoy ML Ey2 (3.5)

The embedding constraint is
E2=0. (3.6)

For most branes this implies the equations of motion. For D-branes there is a worldvolume
gauge field A whose modified field strength F obeys the constraint

faB =0. (37)

These two constraints are always imposed and imply the equations of motion. In the
IIB case we write E2 = E: the remainder of the superembedding matrix can then be
parametrised in the following way:

Eaé — an
EJ = uy vl + hoﬂuvﬁﬂj
B = \u P (3.8)

where u,” is an element of Spin(1,9), (ue2, ue?) together give the corresponding element

of the Lorentz group, and where A\,” can be thought of as the bosonic derivative of the
transverse fermions in the brane multiplet. The field h,” is related to F in a non-linear
fashion to be discussed below.

3.3 Torsion equation

In order to work out the consequences of the superembedding constraints we shall need the

torsion equation:
OVuERE + TagCEcC = (-1)AB B EpBp AT, 5C (3.9)

and the Bianchi identity for F, dF = —H, where H is a target space three-form to be
defined shortly. In components, this Bianchi identity is

3 (ViaFpe) + T[ABD]:\D\C]) = —Hagc, (3.10)

where H here is pulled back from the target space to the worldvolume using the embedding
matrix.
We define H to be
H:=g"FP = ¢ F® (3.11)

T
The dimension zero component of the torsion equation, projected along the brane,
implies
Tog’ = —i(Y° + hy°hT ) ag, (3.12)



while the normal projection gives
(v + hh e = 0. (3.13)

The dimension zero component of the F Bianchi gives

. a
Top'Fae =i (1 = hy'h )ap;  a' = 7 (3.14)
which, together with (B.19), gives the relation between h and F:
hyehT = ALy, (3.15)
where 1
L= (1+F)a-7)"), ", w = —Fab (3.16)
is an element of the Lorentz group SO(1,p).4
These equations are solved by
h = hoYp+1) (3.17)
where )
Vp+1) = CFS 1)!%1...@,,“7““'“"“ , (3.18)
and where hg is an element of Spin(1,p) corresponding to L. Explicitly Y],
h _ 1 1 albl...ambm]:/ / 3 19
O_L_OZQm—mn atby - Fambm o (3.19)
with
Lo = \/—det (na, + Fly) (3.20)

4. D-brane actions

4.1 General construction

The GS action for a brane can be constructed from the superembedding formalism using
the following recipe [R§ (see [R7 for a related approach which was applied to D-branes
in [R§)). For each p-brane there is a closed (p + 2)-form W which can be written as dLwz,
where Ly is the Wess-Zumino term regarded as a (p + 1)-form, and also as dK where K
is a tensorial d-form on the brane (d = p+ 1). Therefore Ly = K — Ly is a closed d-form
on the brane which can be used to construct the action using the superform (ectoplasm)
method [BY|. The action is

S=[ ¢ (4.1)
M,

4This relation between h and F was first observed for the D9-brane in @]; it is discussed for a general
IIB D-brane in [@]



where M, is the body of M, i.e. the usual bosonic worldvolume, and
1 m,
- d mi
L:= o 1)!dac oo dx™ Ly, oy (2,0) . (4.2)
The construction guarantees that the action is invariant under local supersymmetry tran-
formations on the brane, i.e. kappa-symmetry, and also under reparametrisations of Mj.
This can be seen as follows: under an infinitesimal diffeomorphism of M generated by a

vector field X we have
0Lg=dixLg+ixdLy . (4.3)

Evaluating this equation at # = 0 and using the fact that dL; = 0 we see that £ will
transform as a total derivative under such a transformation. We can identify the even
and odd leading components of X as the parameters of worldvolume diffeomorphisms and
kappa-symmetry respectively. For kappa-symmetry,

X =kYEy = KYEy*Ey = k*E, . (4.4)

The above definition of k% ensures that it satisfies kK = kP where P is the projector from
the odd tangent space of the target superspace onto the odd tangent space of the brane.
As P is a projector it can be written as P = %(1 +T') where I'? = 1, so that k = %,«;(1 +1).

To show that W is exact it is convenient to introduce the notion of an (r, s) form, one
which has r even and s odd indices with respect to a preferred basis [BU]. The exterior
derivative can be split into four parts dy,d; ,tg,t; with respective bidigrees (1,0), (0, 1),
(=1,2),(2,—1). dop and d; are even and odd derivatives, although they include torsion
components as well, while ty and ¢ are algebraic operations involving the dimension zero
and three-halves components of the torsion. From d? = 0 we find

75(2) = dqitg +tgdy =0, (45)

together with some other equations which we shall not need. Since t3 = 0 there are coho-
mology groups H;"® whose elements are (r,s) forms which are ¢y-closed but not exact [BJ.

The lowest non-vanishing component of W is W), 2; as dW = 0, we have tzW,2 = 0.
It is not difficult to show (see appendix B) that HY 2 = 0 from which we deduce that
W2 = toKpy1,0 for some K11 0. The only other non-vanishing component of W is W11 1;
it satisfies

d1Wp,2 + t(]Wp+1,1 =0. (4.6)
Since Wp72 = tOKerl,O and dqty + tody = 0 we find
to(Wpt11 — diKpt10) = 0. (4.7)

It is straightforward to see that there are no non-trivial solutions to this equation from
which we conclude that
Wpi1,1 = diKpi10 - (4.8)

We have therefore shown that, if the lowest non-vanishing component of W is W), 2
then W = dK, where K = Kp;1. If we can construct a suitable closed (p+2) form W we
will automatically have shown that there is a corresponding GS action. To complete the
picture we shall therefore only have to evaluate the dimension zero component of W = dK
to show that K is indeed the Dirac-Born-Infeld form, Lppg;.



4.2 RR forms

The Wess-Zumino form for a Dp-brane is given by the (p 4+ 2)-form component of

W=e7Y Ggerth, (4.9)

where the “RR” forms G are pull-backs of forms on the target space. They satisfy the
Bianchi identities

dg@n+) = ggn—1) (4.10)

which ensure that dW = 0. They can be written in terms of potentials as

G@nt+l) — 40(2n) + HC(?7=2) , (4.11)

Gl = ¢ <9>
a

G — _gr® by
a

T

The forms are as follows:

G® — G

¢ = ¢ F

G = q¢°F

G = grgoqt FLD (4.12)

rst
We can read off the dimension zero components straightforwardly from (R.9). They are
3 20,
Cige = =V (@i (¥)ap
5 .
t(m')ﬁjcde = 1€4j(Yede)ap

(7) = Zavr(%r)zj (7@1...05)045

aif3jey...cs
. 2
9 Q
G((J{Z')ﬁjcl...07 = 7€ij(761...07)a5
- 3
11 1a ~
G((xiﬁ)jcl...cg = 7VT(Tr)ij(’Yc1...CQ)aﬁ . (4.13)

If one sets ¢" = e%(\/i, 0), where ¢ is the dilaton, one recovers the standard form for
the dimension zero RR fields in the Einstein frame,

(G(2n+1))2n_172 — Z‘e(n*Q)%EBQEal (V(Qnil))aﬁ . (414)

4.3 Kappa-symmetry

According to the general argument given previously, the closed (p+ 2)-form W gives rise to
the GS action, and the latter is automatically kappa-symmetric. In this section we verify
explicitly that K = Lppgy, where

LDBI = fLQ E(p+1) . (415)



The function f is an SL(2,R)-invariant function of the scalars, to be determined later, Lg

is the Born-Infeld function (B.2() and €, ) is the bosonic volume form,

E(p+1) i= (pi 1)!Ea7’+1 o E%eqyapi - (4.16)
We shall only need to show that
Wpo = (dLpBI)p2 - (4.17)
A short calculation yields
(dLpp1)p2 = —% FLoga B E*((hy* +~4*(h" YA ) ag., (4.18)
where )
£q 1= HE% By, (4.19)

Pulling back the dimension zero Gs and concentrating on the terms with ESE® we

find
(o)

2T —iEPE*) ((a)" AR )0 (4.20)

Thus we have

(7326),.=

B pa (=1)™(a)" 2 a2m a1 gpban—1 b1 T
— —ZE E Z mE E E E (Vbl---an—lh )aﬁfal---QQm

o ,L-E,BEQZ (_1)m(a/)n—2 e 6ca1...(zgmbl...bgn_l

T
Qmm!(Zn — 1)! c (’ybl---b2n71h )Oéﬁ]:al---azm

) (a/)n—Q b b T
= iBPE Y (0 ey ) Fir b (4.21)
where Fq, ..az,, = f[alag oo Fagma azgm)> and where 2m + 2n = p+ 1. Writing ’me'H =

%{v,yzm} and using the explicit formula for & we find

(736G) ==L fLocaB B (" + (0™ W s (129
p,2 2
which is what we wanted to show. The function f is determined to be

f=()z . (4.23)

This is in agreement with [[§], although in the current approach it is determined by su-
persymmetry. On the face of it, there appears to be a conflict in the string case with the
tension formula given there, but this turns out to be due to the fact that the universal for-
mula given here goes with the action that contains a Born-Infeld field even for p = 1. We
shall see in section 5 that when this is eliminated this apparent disagreement disappears.

,10,



In conclusion we have shown that the Green-Schwarz action

Mo

where

Lppr = (d)"7 \/—th (Mab + Fop) Epr1) - (4.25)

and

Lwy = (67]: Z C(2n)> , (4.26)

p+1
and where the integrand is to be interpreted as in (f.1]), is covariant under kappa-symmetry.
It is also manifestly SL(2, R)-invariant.
For the case p = 3, the bosonic part of the action (f.24) agrees with that given in [ -
4], as discussed in [[§], while the cases with p > 3 have not, too our knowledge, been
discussed in the literature previously. For the string case, p = 1, the relation of our
formalism to the standard SL(2,R)-covariant string will be discussed in the next section.

5. (p,q) Strings

If we specialise to the case of strings, the above construction gives the SL(2,R) covariant

sz/d%\/m (@)1 - <§>2+2F —/c<2>, (5.1)

where we have expanded the determinant and defined F' := Fy;. The equation of motion

(a)3 <1 - <§>2> o F + g = —k, (5.2)

where k is a constant which can be absorbed by shifting b — b+ ka. This in turn can be

string action,

for the gauge field gives

seen to be equivalent to shifing ¢* — ¢ + k¢ (see below). We will therefore set k = 0
and the above equation becomes

Solving for F' we get

S Vaw i oY
For the terms involving F' in the action we thus get
F\° b F 1
n—1 — (4212 —

— 11 —



Using the fact that

b = GMGt —4/a* (5.6)
we get
_ F\? b 1
()" 41— <E> +oF= 7% gMqT. (5.7)

In the physical gauge M is given by

_i 1 —T1 _ ¢ 1 —CO
M_’T2 <—7'1 |T|2>_e (—Co Cg+e_2¢> ’ (5:8)

where 7 := Cj + ie~?. Taking ¢ = v/2(p, ¢q) (this gives ¢© = —W%Q)(—q,p)), where p, q
here denote non-negative integers, we find

GMG" = 2¢?(¢* — 2pqCo + p*Co + pe %)) = 2(e?(p — qCo)* + ¢*e™?) . (5.9)
Thus the action becomes

S = —/d2x \/(e¢(p —qCo)? + ¢%2e=?)\/—det gg — /0(2) , (5.10)

which contains the appropriate expression for the tension of a (p, ¢)-string in the Einstein

frame [@] The Wess-Zumino term satisfies
dC® = GO — g2 = P FY = —Vapr® + qFY). (5.11)
a

which reduces to the correct couplings for an F- or D-string when (p, q) is (1,0) or (0,1).

6. Concluding remarks

In this article we have completed IIB supergravity theory in superspace by incorporating
all of the forms including the field strengths corresponding to the ten-form potentials
introduced in [[j]. We then went on to use the superembedding formalism to construct
Green-Schwarz actions which are invariant under SL(2,R) as well as kappa symmetry.
Given the basic superembedding constraints, (B.6) and (B.7), this formalism, combined with
the superform method of constructing component actions from superspace, then determines
the desired actions in a systematic fashion.

The D-brane actions given here can be thought of as those that lie within the SL(2,R)
orbit of the usual D-brane actions. An interesting question is whether there might be
others. For example, it is known that there are additional D7-brane solutions of IIB
supergravity which are half-supersymmetric [B]. These branes correspond to couplings
to a nine-form field strength of the form ¢/**F g)s), where the matrix ¢ is non-singular.
Another interesting question is whether the doublet of eleven-form field strengths have any
significance for brane physics.

It would be interesting to extend the results of this paper to other maximal super-
gravity theories where the complete sets of potentials are also known [B3-BH]. It may
also be possible to extend the formalism to the non-abelian case in the boundary fermion
formalism [B6, B7], at least at the level of classical fermions.
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A. Conventions

The SO(2) formalism in this paper is related to the U(1) formalism of [ff] in the following
way (see also [Bg]). For a Spin(2) vector y one writes

1
+ 1.4 .2
= — +iy?), Al
Y ﬂ(y y) (A.1)
while for covectors one has
I 1.9
= — 7 . A2
Yt ﬁ(y Fiy”) (A.2)

Thus the metric is off-diagonal in the complex basis,
St =6,_=1. (A.3)
The same conventions are used for SO(2) vectors except that each index now carries double
the charge; for example, a vector Y has components (Y7, Y ~7) in the complex basis.
The components of the e-tensors, €;; and ¢,, are specified by

Ep— = E44—— =1. (A4)

In order to compare with [f] it is necessary to change E® to —E® and to change the signs
of FG) and F®). In this paper the summation convention for odd indices is

XY Pai = X pat + X Pa- (A.5)

whereas there is a minus sign for the second term in [J.

We have taken the matrix of scalars, in the physical gauge and in a real basis, to be

_L 7'20
- (20). "

where 7 := Cp + ie~®. This then gives M as in (E.§).
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B. Proof that HP? = 0

In the text it is stated that the cohomology group HY 2 = 0 for any Dp-brane. In this
appendix we sketch the proof. We wish to show that the equation {4, 2 = 0 only has
cohomologically trivial solutions of the form W), 2 = tqKp,11,0. Let T" denote the dimension
zero torsion on the brane considered as a vector-valued (0, 2)-form and let W be the vector-
valued (0,2)-form obtained from W), 2 by dualising on the even indices. The equation to
be solved can then be written in the form
T W =0, (B.1)
which we shall abbreviate to T' x W = 0, and we want to show that W = TK for some
function K which is the dual of Kj,119. Note that 7' x W = —W x T. We first show
that the cohomology of T = ~ is trivial; to do this one expands W in a basis of sym-
metric ten-dimensional gamma-matrices and then goes through (B.]) systematically one
representation at a time. It is straightforward to show that W = v K for some function K.
The second step is to extend this result to the full theory on the brane, for which T is
given by (B:IF), perturbatively; that is, we expand both 7" and W in powers of F,. Note
that this is the only possibility since F,; is the only covariant dimension zero field in the
problem. Thus we write
T=Ty+T1+..., (B.Q)

and similarly for W and K, although the latter has only even terms. We can normalise T’
such that Ty = ~ so that we have Wy = Ty Ky, where we could choose Ky = 1 if desired.
The proof is by induction; let us suppose that it holds up to the nth order, i.e.

W, = ZTkKn,k , (B.3)
k=0

then at the (n + 1)th order we have

n+1
To X Wht1 + ZTk X Wpi1p=0. (B4)
k=1
Using (B.3) we can write the sum as
n+1 n+1 n+1-k

S T x Wogaok = > Tex Y TiKpp_ i)
k=1 =0

k=1
n+1 n+l—k n+1
= <Z T, x Z EKnH_(kH)) — (TO X ZTkKn+1_k> .(B.5)
k=1 =1

k=1
In the first term on the right in the last line the sum over [ can be extended up to n+1

if we define K,,, = 0 for m negative. We can then easily see that it vanishes by symmetry
since Ty x Ty = —T; x T. Equation ([B.4) therefore becomes

n+1
TQ X (Wn+1 — ZTkKnJrlk) = O7 (BG)
k=1
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which has solution
n+1

Whi1 = ZTkKn-H—ka (B.7)
k=0

as we have already argued that the cohomology of Tj is trivial. And this completes the
proof.

C. The SL(2,Z)-covariant superstring

The SL(2, Z)-covariant superstring action of Cederwall-Townsend [Ld] is, in SO(2) notation,
1
S = 3 /de)\ (det gg + 2F, 0" F) (C.1)

where g is the metric in the Einstein frame, A is an auxiliary scalar field and F, =
%em"}}mn, m,n = 0,1 being worldsheet coordinate indices. The doublet of modified field
strengths is defined as

Fr =UT(dARr — Bg), (C.2)

where Bp is the potential for F S). We wish to integrate out one of the gauge-fields Ap
and show that this reproduces the action given in ({.24), for the case p = 1.
We start by expanding F, in the orthonormal basis (V" Vr);

Fr=Vi(VEF) + Vo (VEF,). (C.3)

Then we use (B-J) to express V, (V;) in terms of ¢" (§"). The expression in the
Lagrangian becomes

~ 2 1 ~
2F 6 Fe =2((V'F)* + (VI F)) = S F + 5(-aF + bF)?, (C.4)
a
where ¢"F, = F and similarly for F.
In order to integrate out the gauge-field corresponding to F we define F =
Gtem™ o, Ap, = €™, A, so that F = F — §¢"B,. To treat F as independent we add
the term

W(F — ™0, A,) = W(F + G By — €™0,,Ay) (C.5)

to the Lagrangian, where p is a Lagrange multiplier enforcing the constraint that F be
closed. We can now set the variation of the action with respect to F' to zero. This gives
the equation

~ 2M
—aF +bF = L. (C.6)

The equation of motion for A simply implies that x is constant. Plugging these results
into the action and collecting terms according to their dependence on \ we get

A T b\ 4
S:/d2x (5 (det g + F7?) —eru(E}“Jrq Br>> . (C.7)
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Finally we eliminate A by its equation of motion

—-1/2

A= £ (~detgp - 77) (C.8)

and we get

b
S = /dzx (—5\/ —detgg — F'? + p <5.7:+ QTBT>> . (C.9)

Taking the constant u to be —1, noting from ({.13) that ¢"B, = —%67”"07(,37)1 and
writing
1 1
f/ = Eé’mnfr/nn =V —JE ggabf(llb, (ClO)

we see that the action can be written as

2
S = /d2x\/—deth (a')l\/l - <%eabf(;b> +/(—c<0>f+c<2>). (C.11)

This is easily seen to be precisely the action given in (4.24) when p = 1 by expansion
of the determinant in the DBI-term. This completes the proof of the equivalence of the

two actions.
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