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Thermal broadening of the J-band in disordered linear molecular

aggregates: A theoretical study
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Institute for Theoretical Physics and Materials Science Center, University of Groningen, Nijenborgh 4,
9747 AG Groningen, The Netherlands

(Received 22 June 2005; accepted 10 August 2005; published online 11 October 2005)

We theoretically study the temperature dependence of the J-band width in disordered linear
molecular aggregates, caused by dephasing of the exciton states due to scattering on vibrations of
the host matrix. In particular, we consider inelastic one- and two-phonon scatterings between
different exciton states (energy-relaxation-induced dephasing), as well as the elastic two-phonon
scattering of the excitons (pure dephasing). The exciton states follow from numerical
diagonalization of a Frenkel exciton Hamiltonian with diagonal disorder; the scattering rates
between them are obtained using the Fermi golden rule. A Debye-type model for the one- and
two-phonon spectral densities is used in the calculations. We find that, owing to the disorder, the
dephasing rates of the individual exciton states are distributed over a wide range of values. We also
demonstrate that the dominant channel of two-phonon scattering is not the elastic one, as is often
tacitly assumed, but rather comes from a similar two-phonon inelastic scattering process. In order to
study the temperature dependence of the J-band width, we simulate the absorption spectrum,
accounting for the dephasing-induced broadening of the exciton states. We find a power-law (77)
temperature scaling of the effective homogeneous width, with an exponent p that depends on the
shape of the spectral density of the host vibrations. In particular, for a Debye model of vibrations,
we find p~=~4, which is in good agreement with the experimental data on J aggregates of
pseudoisocyanine [I. Renge and U. P. Wild, J. Phys. Chem. A, 101, 7977 (1997)]. © 2005 American

Institute of Physics. [DOI: 10.1063/1.2052591]

I. INTRODUCTION

Ever since the discovery of aggregation of cyanine dye
molecules by Jelley1 and Scheibe” the width of the absorp-
tion band of these linear aggregates (the J-band) has attracted
much attention. At low temperatures, the J-band may be as
narrow as a few tens of cm™' (for pseudoisocyanine), while
at room temperature it is typically a few hundred cm™'.? The
small width at low temperature is generally understood as
resulting from the excitonic nature of the optical excitations,”*
which leads to exchange narrowing of the inhomogeneous
broadening of the transitions of individual molecules.” As the
optically dominant exciton states in inhomogeneous J aggre-
gates occur below the exciton band edge, their vibration-
induced dephasing is strongly suppressed at low tempera-
tures. Thus, the J-band is inhomogeneously broadened,
except for a small residual homogeneous component
(~0.1 ecm™) caused by spontaneous emission of the indi-
vidual exciton states underlying the spectrum. Upon increas-
ing the temperature, the vibration-induced dephasing of the
exciton states increases, the J-band broadens, and obtains a
more homogeneous character.

Over the past 20 years, the temperature dependence of
the J-band width and the homogeneous broadening of the
exciton states, has been studied by several authors. In 1987,
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de Boer et al.’ performed accumulated-echo experiments to
study the temperature dependence of the pure dephasing time
in J aggregates of pseudoisocyanine bromide (PIC-Br) and
found that within the temperature range of 1.5-100 K, this
time is linearly proportional to the occupation number of a
mode with an energy of 9 cm™'. They assigned this to a
librational mode of the aggregate. Later on, Fidder et al”
(see also Refs. 8 and 9) showed that a similar study carried
out over a wider temperature range, 1.5—-190 K, required the
occupation numbers of three vibration modes at 9, 305, and
973 cm™!. Using the hole burning technique, Hirschmann
and Friedrich'® studied the homogeneous width of the exci-
ton states in pseudoisocyanine iodide (PIC-I) over the tem-
perature range of 350 mK—-80 K. They were able to fit their
measurements by a superposition of two exponentials, with
activation energies of 27 and 330 cm™!, and they attributed
the broadening to scattering of the excitons on an acoustic
mode and optical mode, respectively, of the aggregate. Fi-
nally, in 1997 Renge and Wild"' measured the temperature
dependent width A(T) of the total J-band of pseudoisocya-
nine chloride (PIC-Cl) and fluoride (PIC-F) over the wide
temperature range of 10—300 K. They found that over this
entire range their data closely obeyed a power-law depen-
dence A(T)=A(0)+bT" with the exponent p=3.4. They sug-
gested the scattering of the excitons on host vibrations as a
possible source of this behavior.

The above overview clearly demonstrates that the tem-
perature dependence of the most important characteristic of J

© 2005 American Institute of Physics
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aggregates, namely, the J-band, is not understood. It is even
not clear what is the source of thermal broadening: dephas-
ing due to vibrational modes of the aggregate itself or due to
modes of the host matrix. Theoretically, the study of the
exciton dephasing in J aggregates is complicated by the fact
that static disorder plays an important role in these systems,
as is clear from the strongly asymmetric low-temperature
line shape.g’g The simultaneous treatment of disorder, leading
to exciton localization and scattering on vibrational modes, is
a problem that requires extensive numerical simulations.
Such simulations have been used previously to model the
optical response of polysilanes,u’13 the temperature-
dependent fluorescence' and transport15 properties of J ag-
gregates, and single molecular spectroscopy of circular
aggregates.](’ Alternatively, stochastic models have been ap-
plied to describe the scattering of excitons on vibrations in
disordered aggregates and the resulting spectral line
shape”’18 and relaxation dynamics.19

In this paper, we report on a systematic theoretical study
of dephasing of weakly localized Frenkel excitons in one-
dimensional systems, focusing on the effect of the scattering
of the excitons on the vibrational modes (phonons) of the
host. For a chainlike configuration it seems physically rea-
sonable to assume that the coupling to host vibrations domi-
nates the dynamics of the excitons. For coupling to vibra-
tions in the chain, one expects self-trapped exciton states, 0
for which in most aggregates no clear signature is found. We
describe the phonons by a Debye model and consider one-
phonon as well as (elastic and inelastic) two-phonon contri-
butions to the dephasing. The scattering rates between the
various, numerically obtained, exciton states are derived us-
ing the Fermi golden rule. Due to the disorder, the dephasing
rates of individual exciton states are distributed over a wide
range, in particular, at low temperature, making it meaning-
less to associate the width of individual exciton levels with
the J-band width. Rather, this width is determined by direct
simulation of the total absorption spectrum and is found to
scale with temperature according to a power law.

The outline of this paper is as follows: In Sec. II we
introduce the Hamiltonian for excitons in a disordered chain
and coupled to host vibrations. General expressions for the
exciton dephasing rates are derived in Sec. III. Section IV
deals with the temperature dependence of the dephasing rates
for the disorder-free case, where analytical expressions can
be obtained. In Sec. V we give the results of our numerical
simulations for the dephasing rates in the presence of disor-
der and analyze their temperature dependence and fluctua-
tions as well as the total J-band width. We compare to ex-
periment in Sec. VI and discuss an alternative mechanism of
dephasing due to the coupling of excitons to a local vibra-
tion. In Sec. VII we present our conclusions.

Il. MODEL

We consider an ensemble of J aggregates embedded in a
disordered host matrix. The aggregates are assumed to be
decoupled from each other, while they interact with the host.
A single aggregate is modeled as an open linear chain of N
coupled two-level monomers with parallel transition dipoles.

J. Chem. Phys. 123, 144507 (2005)

The interaction between a particular monomer and the sur-
rounding host molecules in the equilibrium configuration
leads to shifts in the monomer’s transition energy. Due to the
host’s structural disorder, this shift is different for each
monomer in the aggregate, giving rise to on-site (diagonal)
disorder. Moreover, the vibrations of the host couple to the
aggregate excited states, because the associated displace-
ments away from the equilibrium configuration dynamically
affect the monomer transition energies. Accounting for these
shifts up to second order in the molecular displacements, the
resulting Hamiltonian in the site representation reads,

H = H™ + g 4 (D 4 y@ (1a)
with

N N

H™=2 g |n)nl+ 2 Jyuln)(ml, (1b)
n=1 n,m=1

bath _ +
HO _E W dydy, (Ic)
q

N

vih=3 Vf11q)|n><n|(aq+ajj'), (14d)
n=l gq
N

Vo= 21 2V In)nl(a, +al)(a, +a)). (le)
=1 qq'

Here, H®* is the bare Frenkel exciton Hamiltonian, with |n>
denoting the state in which the nth monomer is excited and
all the other monomers are in the ground state. The monomer
excitation energies, €;,¢,, ..., &y, are uncorrelated stochastic
Gaussian variables, with mean £ and standard deviation o,
referred to as the disorder strength. Hereafter, & is
set to zero. The resonant interactions J,,, are considered to
be nonrandom and are assumed to be of dipolar origin: J,,,,
=—J/ln-m|* (J,,=0), with J>0 denoting the nearest-
neighbor coupling.

HPh describes the vibrational modes of the host, labeled
g and with the spectrum o, (f=1). The operator aq(a;:) an-
nihilates (creates) a vibrational quantum in mode g. Finally,
the operators V") and V(?) describe the linear and quadratic
exciton-vibration couplings, respectively, where the quanti-
ties Vfllq) and Vf;)q, indicate their strengths. We do not derive
explicit expressions for these coupling strengths, as we aim
to treat them on a phenomenological basis. In particular, ow-
ing to the disordered nature of the host, we consider these
strengths stochastic quantities, for which we only specify the
following stochastic properties with respect to the site index
n,

(V)= ) =0, (2a)
VIV = 5, [V, (2b)

(Vv Vo) = Bl Vorr 2, (2¢)

mqq' " nqq
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144507-3 Thermal broadening of the J-band

where the angular brackets denote averaging over realiza-
tions of V’(ilq) and foq)q,. The Kronecker symbol in Egs. (2b)
and (2c) implies that the surroundings of different monomers
in the aggregate are not correlated.

In general, the Hamiltonian [Eq. (1)] cannot be diagonal-
ized analytically. If the exciton-vibration coupling is not too
strong, the method of choice is first to find the exciton eigen-
states by numerical diagonalization and then to consider the
scattering on the basis of these eigenstates. Explicitly, the
exciton states follow from the eigenvalue problem,

E o Pom =

E,0,,, v=1,2,...,N, (3a)

where HX =(n|H®*|m) and E, is the eigenenergy of the exci-

nm
ton state |v),

N
V)= 2 @,ln). (3b)
n=1

In the exciton representation, the exciton-vibration interac-
tions take the form

oS S VD (vl (a, +ab), (4a)

mr=1 g

N
VA= X SV ImGla,+al)a, +al), (D)

mr=l g4

2 .
where V" and V() , are the matrix elements of the
wyq “raq

vibration-induced scattering of an exciton from state |v) to
state |w), given by

V(p}llq = 2 V“)Qo,un()pvm (53)
N

V(/fl)Jqq 2 V;(flzq)q’()o;wgovn' (Sb)
n=1

Spectroscopic data on J aggregates clearly reveal that the
exciton-vibration coupling in these systems is usually weak.
For the prototypical J aggregates of PIC, this claim is cor-
roborated by two facts: (i) the narrowness of the J-band,
which only is a few tens of cm™ at liquid-helium tempera-
ture and becomes several times broader at room temperature,
and (ii) the absence of a fluorescence Stokes shift of the
J-band (see, e.g., Ref. 7). The extended nature of the exciton
states in J aggregates helps to reduce the exciton-vibration
coupling, as it leads to averaging of the static as well as the
dynamic fluctuations of the site energies, effects known as
exchange5 and motional®'* narrowing, respectively. The
weakness of the exciton-vibration coupling allows one to
calculate the scattering and dephasing rates of the excitons
through perturbation theory. This analysis is presented in
Sec. IIL.

J. Chem. Phys. 123, 144507 (2005)

lll. DEPHASING RATES

Following the arguments given at the end of Sec. II, we
will use Fermi’s golden rule to calculate the rate for scatter-
ing of excitons from one localized state |v) to another one
| ). The result reads

W) =

)[)

><5(EM—E,,+Q,~—Q,-). (6)

Here, the superscript £=1,2 distinguishes between one- and
two-vibration-assisted exciton scatterings. Furthermore, ();
and () are the energies of the vibration bath in the initial
(|y=[{n,}») and final (|f)=[{n,})) states, respectively, where
{nq} denotes the set of occupation numbers of the vibrational
modes. The quantity p(();) is the equilibrium density matrix
of the initial state of the bath. Finally, the angular brackets
indicate that we average over the stochastic realizations of
the surroundings of each monomer in the aggregate.

A. Linear exciton-vibration coupling

In a one phonon-assisted scattering process, the occupa-
tion number of one phonon mode ¢ increases or decreases by
one, corresponding to the emission and absorption of a vi-
brational quantum, respectively. Consequently, (2,—();
=+w,. Substituting the explicit form of the operator V“)
from Eq. (1d) into Eq. (6), we obtain

N
W) = 27721 or 0o, 2 [V P[(w,) + 118w, + ,)
n= q

+ﬁ(wq)5(w,u.v_ wq)]? (7)

where 71(w,)=[exp(w,/T)- 177! is the mean occupation num-
ber of the vibrational mode ¢ (the Boltzmann constant kg
=1)and w,,=E,~E,. In deriving Eq (7), we used the prop-
erties of the stochastlc function V( given by Egs. (2a) and
(2b). Defining the one-vibration spectral density as

F(w) =27 |V£]1)|25(w— w,), (8)
q
we can rewrite Eq. (7) in the form

W)= 2%&@7‘*1 (@)

a)’u,,>0,
w, ,<0.

,/_l(wlLV) ’

(- w,,) +1,

X )

As we observe, the rate W( ) | , is proportional to the over-
lap integral of the site occupatlon probabilities, goﬂ,, and <P,,,p
of the exciton states involved. First of all, this leads to a
strong suppression of the scattering rate if states |w) and |v)
overlap weakly or not at all. Second, as the low-energy ex-
citon states in a disordered chain exhibit large fluctuations in
their localization size,” also the scattering rates may undergo
large fluctuations (see Sec. V).

The dependence of W“) on the energy mismatch w,, is
determined by the one- phonon spectral density ]-'(lfzw)
Characterizing this function requires knowledge of the vibra-

Downloaded 23 Aug 2006 to 129.125.25.39. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



144507-4 Heijs, Malyshev, and Knoester

tional spectrum w, as well as the g dependence of the
exciton-vibration coupling Vy). For the special case of scat-
tering on acoustic phonons of a relatively long wavelength,
we have F(w) ~ w?. This behavior results from the w? de-
pendence of the density of states of acoustic phonons, com-
bined with the fact that in the long-wavelength limit |V(1>|2
~ o, 2 One may consider this a Debye-type model in
which one replaces the summation over the mode index g by
an integration over the frequency w, according to the well-
known rule,

> —C| dow. (10)
0

Here, C is an irrelevant constant, which we will incorporate
in an overall free parameter (see below), and w, is a cutoff
frequency. It is important to note that w, is not necessarily
related to the Debye frequency: the generally very complex
density of vibrational states in a disordered solid may on
average exhibit an w” scaling up to a given frequency w,.

Inspired by the above, we consider a slightly wider class
of one-phonon spectral densities, given by

FD)(w) = W1>< )@(w - w). (11)

Here, Wf)l) is a free parameter in the model, which character-
izes the overall strength of the one-vibration-assisted scatter-
ing rates. It absorbs a number of other parameters character-
istic for the host lattice (such as the velocity of sound), the
constant C from Eq. (10), as well as the strength of the
transfer interaction J (for details, see Ref. 25). O®(x) is the
Heaviside step function. When performing numerical simu-
lations, we will mostly use =3, for which the spectral den-
sity of acoustic phonons in the long-wave limit is recovered.
In some instances, however, we will discuss how the results
depend on the exponent a.

Several observations support considering a Debye-type
vibration spectral density, even for a disordered host. Thus,
for strongly disordered Yb**-doped phosphate glasses, a
parabolic behavior of the one-phonon spectral density was
found over a rather wide range of measurement
(0=100 cm™1).%® Furthermore, the closely related spectral
densities of the form F)(w)~ (w/w,)® exp(-w/w,) (or lin-
ear combinations of such functions) have been used success-
fully to fit the optical dynamics in photosynthetic antenna
complexes (see, e.g., Refs. 27-30).

One-phonon-assisted scattering results in the transition
of an exciton from a given state |v) to state |u), where nec-
essarily u # v. In other words, this type of scattering changes
the occupation probabilities of the exciton states and thus
causes population (or energy) relaxation. The population re-
laxation in turn contributes to the dephasing of state |v). The
corresponding dephasing rate is given by (see, e.g., Ref. 31)

: > W (12)

1) —
/.L(?gv)

Thus, F(VD represents the one-phonon-assisted contribution to
the homogeneous broadening of the excitonic level v. We
note that the FS) indirectly depend on temperature through

J. Chem. Phys. 123, 144507 (2005)

the 71(w,,) [cf. Eq. (9)]. The temperature dependence of the
sum over the scattering rates in Eq. (12) and the correspond-
ing width of the total exciton absorption spectrum will be
analyzed in Secs. IV and V.

B. Quadratic exciton-phonon coupling

When excitons scatter on the second-order displace-
ments of the host molecules, described by the operator v,
the occupation numbers of two phonon modes g and ¢’ with
frequencies w, and w, change by =1. Thus, Qf Q;
=+w,*w,, where any combination of plus and minus is
allowed. The corresponding scattering rates W( ., are obtained
from Eq. (6), taking into account the stochastlc properties of

Viqq, given by Egs. (2a) and (2¢),

N
W =2m2 o, 00,2 Vo2
n=l qq’

X[[(w,) + 1[7A(w,) + 18w, + 0, + w,/)
+2n(w,)[1(w,) + 1]8w,,
w,— w,)]. (13)

- W, + w,1)

+i(wy)i(w,) A,

If in analogy to the one-vibration-assisted scattering, we de-
fine the two-vibration spectral density F*(w, ') as

Fw,0') =27, |V;2q),|25(w— )0 - w,), (14)

qq’

the scattering rate W(MZZ takes the form

WQ) 2 <p[mgomfdwdw’f<2)(w o")[[7(w) +1]

X[A(o") +1]8(w,, + 0+ ') + 2n(w)[A(w") + 1]

X oWy, — 0+ 0")+1(w)i(o)dw,,-o-o)].

(15)
Similar to FV(w) [Eq. (8)], we will use a parametrization,

W()
FOw,0' )—T<“;—‘;’> 0w, - 0)O(w, - '), (16)

where Wf)z) is a free parameter that characterizes the overall
strength of the two-vibration-assisted scattering rates [cf.
W(Ol) and the discussion following Eq. (11)].

Two main types of two-phonon-assisted processes may
be distinguished. Similarly to the one-phonon case, an in-
elastic channel exists, where scattering occurs between dif-
ferent exciton states, thus giving rise to population relax-
ation. However, also an elastic channel is present, in which
an exciton is scattered by emitting and absorbing a phonon
of the same energy, and the final exciton state is identical to
the initial one. This process results in pure dephasing of the
exciton state, with a rate given by
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N
w2 =2> o J doF? (o, 0)i(w)[7(w) + 1]. (17)
n=1

The quantity 3V ¢ is recognized as the inverse participa-
tion ratio,” which is inversely proportional to the localiza-
tion size of the exciton state |v>. Thus, we see that the pure
dephasing is suppressed for more extended states, an effect
known as the motional narrowing.ZI’22

Like in the one-phonon assisted process, the scattering
rate between different states |v) and |u) is proportional to the
overlap of their site occupations. The final expressions for
the rates W(le resulting from Egs. (15) and (16) are derived in
the Appendix; they depend on the sign of w,,, as well as on
the relation between |w,,| and .. Distinction is made be-
tween three inelastic channels: downward (| |), in which two
phonons are emitted, cross (7)), in which one phonon is
absorbed and another is emitted, and upward (77), in which
two phonons are absorbed. The fourth type of scattering is
the elastic (pure dephasing) channel, discussed above al-
ready. When calculating the two-phonon-assisted dephasing
rate F(f) of state |V>, we will account for elastic as well as
inelastic contributions,

1
rp=g[wae B wil (19)

2 u(#v)
This rate depends on temperature as a result of the mean
occupation numbers 7(w) and 72(w’) of the vibrational
modes.

IV. DISORDER-FREE AGGREGATE

In order to gain insight in the temperature dependence of
the dephasing rates and the absorption bandwidth, it is useful
to start by considering a homogeneous aggregate, i.e., 0=0.
Analytical results can then be obtained if we restrict the reso-
nant interactions J,, to nearest-neighbor ones. In this ap-
proximation (which we will relax in our numerical analysis),
we have

( 2 )”2 . Tvn (19)
=|— sin , a
PN+l N+1
Y
E,=-2Jcos . (19b)
N+1

The corresponding overlap integrals occurring in Egs. (7)
and (13) now read
N

1 1
2 2
”% (Pp,ngovn = N+1 |:1 + E((s,uv-'- 5/.L+V,N+1) . (20)

A. One-phonon-assisted dephasing

In a homogeneous linear chain, the lowest exciton state,
|v= 1), contains almost all oscillator strength, thus dominat-
ing the absorption spectrum.s’7 Therefore, the dephasing rate
of this state, F(ll), is of primary interest. As follows from Eq.

J. Chem. Phys. 123, 144507 (2005)

(12), it is determined by the sum over the scattering rates to
the other exciton states (u# 1), all of which are higher in
energy.

In order to evaluate Fgl), we replace the summation in
Eq. (12) by an integration, (X, —[(N+1)/7][dK), which is
allowed if N>1 and T>E,—E,. We will also assume that
T<<J, which implies that the relevant exciton levels are those
near the lower exciton band edge, where E M=—2J +JK? with
K=mu/(N+1). Changing the integration variable to x
=JK*/T, using E,,— E, = JK* and replacing the lower integra-
tion limit 7/ (N+1) by zero, we obtain

W [ p\a+i2 foIT  a-in
- Wo (T f i (1)
477 J 0 (4 _1

For temperatures 7<< w,, the upper integration limit may
be extended to infinity, and we arrive at

1) a+l/2
Fﬁ”:T—Or(m%)g(m%)(%) : (22)
an

where I'(z) and {(z) are the gamma function and the Rieman
zeta function, respectively. Thus, for T< w, the one-phonon-
assisted dephasing rate shows a power-law temperature de-
pendence. Note that for our model of acoustic phonons (&
=3), I‘(ID increases quite steeply, namely, as 77> From nu-
merical evaluation of F(ll) for a homogeneous chain with all
dipole-dipole interactions, we have found that the exponent
7/2 is increased to 3.85, mainly as a consequence of loga-
rithmic corrections in the exciton dispersion near the lower
band edge.33’34 If we go beyond the parabolic range of the
energy spectrum, the growth becomes even steeper; the ex-
ponent then tends to 4, because the density of states becomes
a constant towards the center of the band.

In the opposite limit 7> w,, the exponential in the de-
nominator of Eq. (21) can be expanded in a Taylor series. Up
to second order, one obtains

1 a—
o L(‘") T

VT 2ma-D\J ) I (23)

which simply reflects the linear high-temperature depen-
dence of the mean occupation number 77(w). Obviously, this
scaling also holds in the presence of disorder.

B. Pure dephasing

We now turn to the temperature dependence of the pure
dephasing rate Fiz):(l /2) VZV). As for a homogeneous aggre-
gate this rate does not depend on the state index v, we will
simply denote it as I’ 2) Using the explicit form of

ure”

F(w,w') given by Eq. (17), we arrive at

3 W2 [1\2e+l fodT da x
Thre= 50 5 A, (24)
PEE 2N+ 1\J 0 (e"=1)
From Eq. (24) it follows that for T<w, (w,/T— ),
@ 02> T\ 2e+1
pure=5N+ IF(2a+ 1)§(2a)<;) > (2521)

while for 7> w, (w./T—0),
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@ =§L<&>2M<Z)z
T Qa- DN+ D\ J 7

For the case of scattering on acoustic phonons (a=3)
and T<w,, we thus arrive at F(Zu)reoc T7. This temperature
dependence resembles that for the pure dephasing of an iso-
lated state of a point center, derived by McCumber and
Sturge.35 The only difference is that the exciton dephasing
rate undergoes suppression by a factor of N+1 due to the
motional narrowing effect. We note that this narrowing is not
observed for one-phonon-assisted dephasing [see Egs. (22)
and (23)]. The T? scaling of T pu)re in the high-temperature
limit (7> w,) results from the square of the mean phonon
occupation number involved in Eq. (17).

To conclude this section, we stress that the 72¢*! and 7?2
scaling relations of the pure dephasing rate with temperature
obtained here, also hold for disordered aggregates, because
this result is determined only by the two-vibration spectral
density F(w,w"). The suppression factor, however, will
then be determined by the exciton localization size, rather
than the chain length.

(25b)

C. Inelastic two-phonon-assisted dephasing

Finally, we analyze the dephasing rate of the superradi-
ant state (v=1) resulting from the two-phonon inelastic scat-
tering of excitons. This rate, which will be denoted as Ffﬁil, is
determlned by the sum of scattering rates to all higher states,

me] (1/2)E/HHW(2 Using Egs. (15) and (16), and making
the same assumptions as in the case of one-phonon-assisted
dephasing (Sec. IV A), we obtain

W(2 2a+3/2
= ([

x%y 2¢” 1
Ox-y)+ f}
(e —1)(63—1){\r’/}c—y Vx+y

(26)

In the low-temperature limit, 7<w, (w./T— =), Eq.
(26) yields

K‘}V(z 2a+3/2
2 = ( ) : 27
inel — 4 J ( )

where the numerical factor « is given by the double integral
in Eq. (26), with both upper limits replaced by infinity. Com-
paring Eq. (27) with Eq. (25a), we see that F( )1 is character-
ized by a steeper temperature dependence than Fpu)re In par-
ticular, for =3 the rate T\?,7'52, This means that at
higher temperatures the 1nelastlc two-phonon channel of
dephasing can compete with the elastic one (Sec. V B). In
the high-temperature limit, 7> w, (w./T—0), the rate I‘me]
is proportional to 72, which is the same scaling relation as in
the case of pure dephasing [Eq. (25b)].

V. DISORDERED AGGREGATES

In this section, we will analyze the temperature depen-
dence of the various dephasing contributions in the presence
of disorder and their effect on the width of the J-band. As we
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will see (and already anticipated in Sec. III A), the dephasing
rates are spread over a wide region, in particular, at low
temperature. As a consequence, it is not clear a priori what
value (mean, typical, or other) of these rates should be re-
lated to the homogeneous width of the absorption spectrum.
Therefore, the width of the J-band was obtained by direct
simulation of the absorption spectrum, using the calculated
dephasing rates to broaden each of the exciton transitions in
the band. Explicitly, we have

I,
A(E) = —<E —m> (28)

where F —(En 1®.)? is the dimensionless oscillator strength
of the wth exciton state and I" =7,/ 2+F(1)+F(2) is the total
homogeneous width of this state. Here, I'V and I'® are
given by Egs. (12) and (18), respectively, and y,=y,F,, is the
radiative decay rate of state v (vy, denotes the radiative con-
stant of a monomer). In all the simulations, we will assume
the limit w,> T, which implies that w.— o« in Egs. (11) and
(16). As before, the angular brackets denote the average over
the random realizations of the site energies {¢,}. The result-
ing J-band width A was determined as the full width at half
maximum (FWHM) of the thus calculated absorption spec-
trum. A similar approach has been used™ to simulate the
absorption spectrum of thiocarbocyanine dye 3,3’-disulfo-
propyl-5,5’-dichloro-9-ethylthiacarbocyanine (THIATS)
aggregates™ at room temperature.

A. One-phonon-assisted dephasing

In order to study fluctuations in the dephasing rates, we
analyzed their statistics, focusing on the lowest exciton state
for each randomly generated disorder realization. This choice
was motivated by the fact that the low-lying states dominate
the absorption spectrum. The dephasing rate of the lowest
state is denoted F(Tl); its distribution, collected by considering
3 X 10* disorder realizations for chains of N=500 molecules
and a disorder strength ¢=0.14J is presented in Figs. 1(a)
and 1(b). In generating these figures, we used a one-vibration
spectral density of the form Eq. (11), with a=3. Further-
more, the rates were calculated for 7=0.06J [Fig. 1(a)] and
T=0.23J [Fig. 1(b)]; for the protoptypical aggregates of
pseudoisocyanine (/=600 cm™!), this agrees with tempera-
tures of 50 and 200 K, respectively. We note that the hori-
zontal axis of the distributions is scaled by the average value

l:(Tl), so that the value of ng) does not affect the figures. Of
course, this scaling renders the axis temperature dependent,

because f%” strongly depends on 7, as we will see below
(Fig. 3).

These figures clearly demonstrate that the relative spread
in F%l) may be considerable, in particular, at low tempera-
tures. This may be understood from the local band- edge level
structure of the disordered tight-binding Hamiltonian.” For
temperatures smaller than the J-band width, the exciton scat-
ters between discrete levels in the vicinity of the band edge
that are localized in the same region of the chain. Both the
energy spacing between these states and their localization
size undergo large fluctuations: OFE,,~E and

nv nv
23 1
(=N 1€D,m%n) ~3N 1‘PM‘P12m As a consequence, 5W(M3
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FIG. 1. Normalized distributions of the one-phonon-assisted and two-
phonon-assisted dephasing rates F(Tl) [(a) and (b)], F(TZT) [(c) and (d)], and F(Tzl)
[(e) and (f)] of the lowest exciton state in each one of 3 X 10* disorder
realizations for chains of 500 molecules. The upper panels correspond to
T=0.06J, while the lower panels were calculated for 7=0.23J. All plots
were obtained for a disorder strength 0=0.135J and a one- or two-vibration
spectral density given by Eq. (11) or Eq. (16) with a=3. Note that the
horizontal axes are scaled by the average values of the three rates consid-

ered, indicated as r (T])’ r (TZT) , and fﬁ) These averages depend on temperature.

~ W(,le When the temperature is increased, the exciton in the
lowest state may scatter to many higher-lying states, which
often are delocalized over an appreciable part of the chain.
This smears the fluctuations that occur in the scattering rates
between individual states, leading to a decrease in the rela-
tive spread of the dephasing rate of the lowest state.

We next turn to the absorption band calculated according
to Eq. (28), neglecting the role of two-phonon scattering
[WE)Z):O]. In Fig. 2(a) this band is plotted for three tempera-
tures at a fixed disorder strength of ¢=0.2J. For the one-
phonon spectral density we used the form of Eq. (22) with
W'=257 and =3, and took y=1.5X 107%J, which is typi-
cal for J aggregates of polymethine dyes. Chains of N
=500 molecules were considered. The simulated spectra
clearly demonstrate the thermal broadening, caused by grow-
ing homogeneous widths of the individual exciton transi-
tions. At low temperature, the homogeneous broadening is
negligible, the J-band is inhomogeneous, with a width that is
determined by the disorder strength. With growing tempera-
ture, the J-band becomes more homogeneous, as is apparent
from the fact that it gets more symmetric.

In Fig. 2(b) we plotted by symbols the simulated J-band
width A(7) as a function of temperature for three values of
the disorder strength: o=0.1J, 0.2/, and 0.3/ [all other pa-
rameters were taken as in Fig. 2(a)]. As is seen, the A(7)
shows a plateau at the value of the inhomogeneous width,
A(0)=0.04J, 0.1J, and 0.18J, respectively. Beyond these pla-
teaus, A(T) goes up quite steeply, reflecting the fact that the
homogeneous (dynamic) broadening becomes dominant. To
accurately extract at low temperatures the small homoge-
neous contribution to the total width, we generated up to 4
X 10° disorder realizations. At higher temperatures, this
number could be restricted to 4000, owing to the reduction of
the relative fluctuations (cf. Fig. 1).

Inspired by the analytically obtained power laws for the
one-phonon-assisted dephasing rate as a function of tempera-
ture for homogeneous aggregates (Sec. IV A), we considered
a parametrization of the form

J. Chem. Phys. 123, 144507 (2005)

0.D. (a.u.)

%b) — o/3=01 )

04t - g/J=02 5

AJ]

FIG. 2. (a) Calculated J-band for 7=0.07J, 0.23J, and 0.29J at a fixed
disorder strength 0=0.2J. A one-phonon spectral density was used of the
form Eq. (11), with WB”:ZSJ and =3, while the monomer radiative rate
was set to yy=1.5 X 107>J. (b) Temperature dependence of the width A(T) of
the calculated J-band (symbols) for three values of the disorder strength,
o=0.1J, 0.2J, and 0.3J. Other parameters as in (a). The solid, dashed, and
dotted curves represent the corresponding fits, according to Eq. (29).

A(T) = A0) + aWD(T1)?, (29)

for the total bandwidth in disordered aggregates. It turned
out that the calculated linewidths as a function of tempera-
ture could be fitted very well by the relation (29) [curves in
Fig. 2(b)]. The corresponding fit parameters are a=1.24 and
p=4.16 for 0=0.1J, a=1.32 and p=4.29 for 0=0.2J, and
a=1.20 and p=4.27 for 0=0.3J. The scaling relation Eq.
(29) turns out to hold over an even wider range of o and W,
values.” This implies that, although the J-band is built up
from a distribution of exciton states with different dephasing
rates, the total width A(T) may effectively be separated in an
inhomogeneous width A(0) and a dynamic contribution.

We note that the fitting exponent p is larger than the
value 3.85 found in the absence of disorder (Sec. IV A). This
increase results from downward scattering processes between
optically dominant exiton states, which are possible in the
presence of disorder, but not for the superradiant state in the
homogeneous chain. This claim may be substantiated by
considering the dephasing rates of the lowest exciton state of
each disorder realization. We numerically generated the av-
erage of this quantity, f%l), from 3 X 10* disorder realizations
for chains of N=500 molecules with 0=0.1J, Wf)]):25j, and
a=3. This average is shown as a function of temperature in
Fig. 3 (diamonds), together with the dynamic contribution to
the total J-band width, A(7T)—A(0) (solid line), and the
dephasing rate F(ll) of the superradiant state for a homoge-
neous chain of the same length (squares). As is seen, the
dynamic part A(7)—A(0) has a larger exponent p=4.16 than
l:(Tl) (p=3.85). It is remarkable, however, that f%l) and T’ (11)
display almost identical behavior, at least in the relevant re-
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FIG. 3. Temperature dependence of two measures for the homogeneous
width for disordered aggregates (o=0.1J) compared to the dephasing rate of
the lowest (superradiant) exciton state in a homogeneous aggregate
(0=0; squares). For the disordered case, we plotted the dynamic part
A(T)-A(0) of the total J-band width (solid line) and the average value fgl)
of the dephasing rate of the lowest exciton state found in each disorder
realization (diamonds). In all cases we used a chain length of N=500, a
monomer radiative rate of y,=1.5X 107/, and a one-phonon spectral den-
sity of the form Eq. (11) with W."=25/ and =3.

gion T=A(0), where the homogeneous contribution to the

J-band width is noticeable. For T<<A(0), where F(Tl) under-

goes significant fluctuations (see Fig. 1), l:(Tl) turns out to be

much smaller than F(ll). In the high-temperature regime,
these fluctuations are washed out and the two quantities be-
come almost identical.

So far, we have only presented the numerical results for
one-phonon spectral density [Eq. (11)] with the power a=3,
which corresponds to a Debye model for the host vibrations.
To end this subsection, we will address the effect of changing
the spectral density. First, we consider the effect of the value
for a. The diamonds in Fig. 4 present our results for the
temperature dependence of the width A(7) obtained for «
=1 and Wy=5J. As before, we found that these data may be
fitted by a simple power law of the form Eq. (29) (dashed
line). In this case we find p=1.9, which, again, is slightly
larger than the value of 3/2 found from Eq. (22), due to the
correction of the dispersion relation arising from the long-
range dipole-dipole interactions and downward scattering
processes that contribute to the total J-band width. Clearly,

AJJ
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FIG. 5. As in Fig. 1, but now for F(pi)re. As discussed in the text, this
distribution is solely due to the fluctuations in the inverse participation ratio
of the exciton states and does not depend on temperature.

these data demonstrate the sensitivity of the temperature de-
pendence of the total linewidth to the power a.

Interestingly, it turns out that while the temperature de-
pendence of the J-band width is sensitive to the overall fre-
quency scaling of the spectral density, it is not sensitive to
fluctuations of this scaling around an average power law. To
demonstrate this, we have considered a spectral density of
the form F(w)=W"(0/J)’[1+sin(2mw/@)], which only
on average exhibits an @’ dependence. The results for the
width A(T) obtained for WE)I)=25] and @=J/6 are presented
as squares in Fig. 4. Remarkably, these results are indistin-
guishable from those obtained without fluctuations (i.e., @
=oo: triangles). The reason is that at elevated temperatures
the function w’77(w) varies slowly on the scale of @, so that
the modulating function 1+sin(27w/®) may be replaced by
its average value, which equals unity.

B. Two-phonon-assisted dephasing

As we have seen in Sec. III B, the two-phonon-assisted
dephasing rate FE}Z) consists of four contributions, one of
which is elastic (indicated as “pure,” as it is responsible for
pure dephasing), while the other three are inelastic and are
indicated as downward (| ), cross (1]), and upward (11). In
Figs. 1(c)-1(f), 5, and 6 we present the results for the statis-
tics of these various contributions for disordered aggregates.
In all cases, we used chains of 500 molecules, a disorder
strength of 0=0.135/, and a two-vibration spectral density of
the form Eq. (16), with a=3. The statistics are presented for

0.3

T/J

FIG. 4. Temperature dependence of the calculated width A(7T) using three
different models for the one-phonon spectral density. Diamonds (triangles)
correspond to a spectral density of the form Eq. (11) with a=1 and M)l)
=5J (=3 and %”:25]), while the squares are the results for F'(w)
=W (w/J)[1+sin(2mw/@)] with W)'=25/ and @=J/6. The various
curves are fits to the power law [Eq. (29)]. In all cases we used a chain
length of N=500 and a monomer radiative rate of y,=1.5X 107°J.
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FIG. 6. Temperature dependence of the average values (f(TzT) l:ﬁ), and l:fu)m)
of the three contributions to the two-phonon-assisted dephasing rate of the
lowest exciton state in disordered aggregates of N=500 molecules. Param-
eters were chosen as in Fig. 1. The vertical dotted line shows the crossing

point at 7=0.12J/.
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the lowest exciton state in each one of 3 X 10* randomly
generated disorder realizations. For this state the downward
contribution vanishes and the two-phonon-assisted dephasing
rate reads I" (2)—I‘(2) F(z) Ffre These three remaining con-
tributions were calculated using the expressions derived in
the Appendix.

From Figs. 1(c) and 1(d) we observe that at a given
temperature the relative spread in F( ) is much smaller than
that in FT I The reason is that in a two -phonon-assisted up-
ward process the exciton in the lowest state scatters to more
higher-energy states than in a cross process. As a result fluc-
tuations in I'?) are suppressed more than those in r? +1- Upon
heating, the spread of both F(TZT) and F(Tzf reduces, Wthh has
the same explanation as given for this effect in the case of
one- phonon-assisted dephasing (Sec. V A). The distribution
of T? pure does not depend on temperature at all, because, ac-
cordmg to Eq. (17), the rate F . fluctuates excluswely due
to fluctuations in the inverse partrcrpatlon ratio =N @b . As
the latter quantity is subject to large ﬂuctuatrons,2 this also
explains the large relative spread in r? et

In Fig. 6 we plotted (on a log-log scale) the temperature

dependence of the mean values F(z F(ﬁ), and F(2 o> ODtained
from averaging over these rates for the lowest excrton states
in the simulations discussed above. This figure nicely shows

the relative importance of the different dephasing channels.

We clearly see that I‘(2> < Fﬁ) , Ff)re, i.e., the inelastic channel
of dephasing due to double phonon absorption is inefficient,
at all temperatures. More importantly, we observe that the
cross channel of inelastic two-phonon-assited dephasing suc-
cessfully competes with the pure dephasing contribution. At
low temperatures, the pure dephasing dominates (it is, how-
ever, still negligible compared to the one-phonon-assisted
dephasing), while at higher temperatures the inelastic cross
process is more important. This correlates well with our find-
ings for the disorder-free aggregates [see discussion below
Eq. (27)]. For the disorder strength considered here, the
crossover occurs at Ty=0.12J (=100 K for J=600 cm™).
We note that when considering two-phonon scattering, one
often restricts to modeling the elastic process (see, e.g., Ref.
27). From the above we see that this is not justified at el-
evated temperatures.

Despite the fact that not all three curves in Fig. 6 are
exactly straight lines (deviations occur in the unimportant
low-temperature part), they all can be fitted very well by a
power law, a(T/J)P. In doing so, we obtained

T2 = 0.18WP (110)*3, (30a)
'Y =9.01W(110)™, (30b)
T .= 1.88W(11J) (30c)

We recall that the exponent p=7 in the last formula is an
exact result for =3 and w,.>T, as was argued at the end of
Sec. IV B already. As in the case of one-phonon scattering,
we see that the inelastic two-phonon dephasing rates exhibit
a steeper temperature dependence than for the homogeneous
aggregate with nearest-neighbor interactions [Eq. (27)].

J. Chem. Phys. 123, 144507 (2005)
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FIG. 7. Holewidth I' as a function of temperature measured for aggregates
of PIC-1 after pumping in the center of the J-band (triangles). (Ref. 10). The
solid line is our fit, assuming one-quantum scattering on acoustic phonons in
the host. Model parameters are discussed in the text.

VI. COMPARISON TO EXPERIMENT AND DISCUSSION

It is of interest to see to what extent the model we pre-
sented here is able to explain the temperature dependence of
the homogeneous broadening in molecular aggregates. As
mentioned in the Introduction, Renge and Wild'' found that
the total J-band width A(T) of PIC-CI and PIC-F over a wide
temperature range (from 10 to 300 K) follows a power-law
scaling as in Eq. (29). Although the power reported by these
authors (p=3.4) is smaller than the ones we derived in Sec.
V A, from direct comparison to the experimental data we
have found that a model of one-phonon scattering with a
spectral density given by Eq. (11) with @=3 and w,—
yields an excellent quantitative explanation of the experi-
ments over the entire temperature range, both for the shape
and the width of the J-band. The same turns out to be true for
the J-band width of PIC-Br measured between 1.5 and
180 K.” In all these fits, o and W, were the only two free
parameters that could be adjusted to optimize the comparison
to experiment. Details will be published elsewhere,” to-
gether with a fit of the much debated”** temperature de-
pendence of the fluorescence lifetime of these aggregates.

Here, we present an explicit comparison to the hole-
burning data reported by Hirschmann and Friedrich.'” Using
this technique, they measured the homogeneous width of the
exciton states in the center of the J-band for PIC-I over the
temperature range of 350 mK-80 K. Their data for the hole-
width I are reproduced as triangles in Fig. 7. The solid line
shows our fit to these data, obtained by simulating disordered
chains of N=250 molecules with a one-phonon spectral den-
sity of the form Eq. (11) with @=3 and w,— . The resonant
interaction strength and the monomer radiative rate were
chosen at the accepted values of J=600 cm™' and y,=1.5
X 1073J=2.7x 10 57!, respectively. Thus, the only free pa-
rameters were the disorder strength o and scattering strength
ng). First, we fixed the value of o by fitting the low-
temperature (4 K) absorption spectrum, where the homoge-
neous broadening may be neglected. This yielded o=0.21J.
Next, ng) was adjusted such that the measured growth of the
hole width was reproduced in an optimal way. Thus, we
found W§)1)= 180J. For each given temperature the simulated
holewidth was obtained as the FWHM of Eq. (28) where the
summation over v is restricted to those states that fall within
the spectral interval covered by the laser used to burn the
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hole. A study of the wavelength-dependent holewidths will
be published elsewhere.** Here we restrict to burning at the
J-band center and the comparison to experiment.

Taking into account the fair amount of scatter in the
experimental data, we conclude from Fig. 7 that our model
yields a good fit to the measurements. As mentioned above,
the same holds for the J-band width in the aggregates of
PIC-Cl, PIC-F, and PIC-Br. This yields valuable information
about the dominant mechanism of dephasing in these mate-
rials. We conclude that this mechanism is one-phonon-
assisted scattering of excitons on vibrations in the host char-
acterized by a spectral density which (on average) scales as
o?; this scaling yields a natural explanation of the power-law
thermal broadening of the J-band found in various experi-
ments. We stress that it is impossible to fit the experimental
data with a spectral density that is constant or scales linearly
with w, as that yields considerably different power laws for
the width [cf. Fig. 4]. The w? scaling of the spectral density
needed to fit the experiments strongly suggests that acoustic
phonons dominate the scattering process. Thus, the spectral
width measured over a broad temperature range is an excel-
lent probe for the scattering mechanism.

It is appropriate to comment on the value of W(()l) ob-
tained from our fit, which seems to be very large. It should
be kept in mind that Wf)l) is a phenomenological scattering
strength, which combines several microscopic material prop-
erties [see discussion below Eq. (11)]. Most importantly, the
value found here is consistent with a perturbative treatment
of the scattering process: the scattering rates between the
optically dominant states obtained from it turned out to be
much smaller than their energy separation.

We finally address an alternative mechanism of dephas-
ing, namely, scattering on local vibrations belonging to the
aggregate. This has been suggested by several authors based
on the activation-law fits of the measured homogeneous con-
tribution to the J-band width.”'® To get an estimate whether
this is a reasonable mechanism, let us neglect the disorder
and make the nearest-neighbor approximation for the reso-
nance interactions J,,,. Then, E, and ¢,, are given by Eq.
(19). Close to the lower exciton band edge, the region of our
interest, E,=—2J+Jm1*/(N+1)>. Furthermore, let us pa-
rametrize the spectral function of a local vibration of fre-
quency w, as F(w)=2mVisw—w,), where V, is the cou-
pling constant to the excitons. We are interested in the
dephasing rate I'; of the superradiant state |v=1). Using the
above simpifications and replacing in Eq. (12) the summa-
tion over exciton states by an integration, one easily arrives
at

n\w
T = vgﬁ.
Comparing this result to the activation law b exp(—wy/T),
used in Refs. 7 and 10 to fit the experimental data, one ob-
tains Vg=b(Jw)"?. Substituting the values b=3000 cm™!
and wy,=330 cm™' from Ref. 10, and J=600 cm™~', we obtain
as estimate for the exciton-phonon coupling V,
~ 1100 cm™'. This is an enormously large number. In par-
ticular, the Stokes losses S= V(Z)/ wy=3700 cm™! turn out to
be much larger than the resonant interaction J=600 cm™'.

(31)
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Under these conditions, a strong exciton self-trapping is to
be expected, resulting in a reduction of the exciton band-
width by a factor of exp(=S/wy) < 1.% Coherent motion of
the exciton, even over a few molecules, is then hardly pos-
sible: any disorder will destroy it. This observation is not
consistent with the widely accepted excitonic nature of the
aggregate excited states, as corroborated by many optical and
transport measurements.”*®

VIl. CONCLUDING REMARKS

In this paper we presented a theoretical study of the tem-
perature dependence of the exciton dephasing rate in linear J
aggregates and the resulting width of the total absorption
band (the J-band). As dephasing mechanism we considered
scattering of the excitons on vibrations of the host matrix,
taking into account both one- and two-vibration scatterings.
The excitons were obtained from the numerical diagonaliza-
tion of a Frenkel exciton Hamiltonian with energy disorder
and their dephasing rates were subsequently calculated using
a perturbative treatment of the exciton-vibration interaction
(Fermi golden rule).

In the absence of disorder, the lowest (superradiant) ex-
citon state dominates the absorption spectrum. As a result,
the dephasing rate of this state directly gives the homoge-
neous width of the J-band. We analytically calculated the
temperature dependence of this homogeneous width for both
one- and two-vibration scatterings, assuming a Debye-type
model for the host vibration density of states. It turned out
that in all cases the homogeneous width obeys a power law
as a function of temperature, with the value of the exponent
depending on the shape of the low-energy part of the vi-
bronic spectrum (Sec. IV).

In the presence of disorder the optically dominant exci-
ton states still reside close to the bottom of the band, but
their energies are now spread and their wave functions be-
come localized on finite segments of the chain. We have
found that the various one- and two-phonon-induced contri-
butions to the dephasing rate undergo significant fluctuations,
because the exciton energies and overlap integrals vary con-
siderably from one disorder realization to the other (Sec. V).
As a consequence, one cannot use the dephasing rates of
individual states to characterize the homogeneous broaden-
ing of the J-band. Instead, we simulated the total J-band and
showed that its width effectively separates in an inhomoge-
neous (zero temperature) contribution and a dynamic (homo-
geneous) part. The latter scales with temperature according
to a power law [Eq. (29)], with an exponent that is somewhat
larger than the one found for the homogeneous broadening in
the absence of disorder. We also showed that among the two-
vibration scattering processes, inelastic channels will at el-
evated temperatures dominate the usually considered pure-
dephasing contribution.

Finally, from comparison to absorption and hole-burning
experiments (Sec. VI), we found that the dominant mecha-
nism of dephasing for J aggregates lies in one-phonon scat-
tering of excitons on vibrations of the host matrix, character-
ized by a spectral density which (on average) scales like the
third power of the phonon frequency. This suggests that the
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acoustic phonons of the host play an important role in the
scattering process. All temperature-dependent data available
to date are consistent with this picture. By contrast, we ar-
gued that the previously suggested mechanism of scattering
on local vibrations of the aggregate, leading to an activated
thermal behavior, is not consistent with the overwhelming
amount of evidence that the optical excitations in J aggre-
gates have an excitonic character.
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APPENDIX: TWO-PHONON SCATTERING RATES

In this Appendix we present the expressions for the two-
phonon-assisted scattering rate W(;fr)/’ starting from Eq. (15).
After substituting the two-vibration spectral density given in
Eq. (16) and performing several algebraic manipulations, we
arrive at

T
W) = Wff)(;) 2 O F7(w,,) + 2F)(w,,,)

+ F ()],

where the temperature-dependent functions F(i)(wm,),
F(z)(w ,), and F(z)(w ,) distinguish between the scattering
processes in Wthh two phonons are emitted (||), one is
absorbed and one is emitted (T]), and two phonons are ab-
sorbed (17). They are given by

w /T w /T
(& C w v
F(ﬁ)(“’ﬂv):f dxf dyfil(x,y)zS(—/i—T +x+y>,
0 0

(A2a)

(A1)

w /T w /T
(& C w v
F(Tzl)(w“") = f dxf dyfy(x,y) 5( —”—T —-x+ y) ,
0 0

(A2b)

m(f%)f dxj dyfm(xy)5< fox- y)

(A2¢)

where, after changing to dimensionless integration variables
x:wq/ T and y:wq// T, we introduced the auxiliary func-
tions,

pex yPe¥

fu(x y)= 1 o1’ (A3a)
X’ yPe

V)= ; s A3b

fu(x)’) Y1 —1 ( )

J. Chem. Phys. 123, 144507 (2005)

P yP

foler—1"

frley) = (A3c)
We note that for u=v (w,,=0), the only nonvanishing term
is F %2)(0) which describes the elastic channel of scattering
(pure dephasing).

We now further analyze the three contributions to the
scattering rate. As ]—'ﬁ)(ww) describes the emission of two
vibrational quanta, we have w,,,<0. Thus, performing the y
integration, we obtain

2 —ww/T w,,
Fll (wMV) = f dxfu X,— _Ylf_ -X/, (A4a)
0
if —0,, <, and
w 14
F(ﬁ)(a)m,) f dxfu(x,— —Y’f— —x) , (A4b)
(,O +CU

if 0. <-w,,<2w0., while F (w ,)=0 otherwise.
Next, the contrlbutlon whlch involves the emission and
absorption of one vibrational quantum is given by

/T

Fil(w,,) = f dxf; l(x,- Sy +x), (A5a)

T
w#JT
ift0<ow,,<o.If 0<-0,, <o,

(wc+w'uV)/T ®

Fil(w,,) = f dxf; l(x,— —Yff— + x) , (A5b)
0

and F (2)(ww)=0 otherwise.
Fmally, the contribution that results from the absorption
of two vibrational quanta (w,,>0) yields

@) ww/T ,
FTT(w”V)sz dxfry x,—jjf——x , (A6a)
if 0<w,, <. and
Fil(w,,) = f dxfm( —x>, (A6b)

if 0.<w,, <20, while F( )(w ,)=0 otherwise.
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