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Helicoidal Ordering in Iron Perovskites

Maxim Mostovoy
Max-Planck-Institut für Festkörperforschung, Heisenbergstrasse 1, D-70569 Stuttgart, Germany

Materials Science Center, University of Groningen, Nijenborgh 4, 9747 AG Groningen, The Netherlands
(Received 31 August 2004; published 6 April 2005)

We study the double exchange in transition metal oxides with itinerant and localized electrons. We
show that the charge transfer energy � and the oxygen-oxygen hopping amplitude tpp have a strong effect
on magnetic ordering: while for �> 0 the ground state is ferromagnetic, for negative � and large tpp the
double exchange gives rise to an incommensurate helicoidal ordering of local spins, observed, e.g., in the
iron perovskites SrFeO3 and CaFeO3. For negative �, the metal-insulator transition into a charge-ordered
state has little effect on magnetic ordering. This explains the difference in magnetic and transport
properties of ferrates and manganites.

DOI: 10.1103/PhysRevLett.94.137205 PACS numbers: 75.10.–b, 71.30.+h, 75.30.–m, 75.50.Ee

The interaction of itinerant electrons with local spins
couples transport to magnetism and gives rise to many
fascinating phenomena, e.g., the heavy fermion behavior
and colossal magnetoresistance (CMR) effect. Because of
the strong Hund’s rule coupling between the d electrons in
CMR manganites, the hopping amplitudes of the itinerant
eg electrons depend on orientations of spins of the local-
ized t2g electrons, which results in the so-called double ex-
change (DE) [1–3]. The ground state spin ordering mini-
mizes the kinetic energy of the conduction electrons, and
since the width of conduction bands is maximal for parallel
spins, it is usually assumed that the DE favors ferromag-
netic (FM) state. The DE theory qualitatively explains the
ferromagnetism and CMR of doped manganites [4].

However, the DE in transition metal (TM) oxides does
not always result in the FM ground state and a strong
coupling between transport and magnetism. Thus, the cu-
bic perovskite SrFeO3 below TN � 134 K is a helicoidal
magnet with a small wave vector Q along the body diago-
nal [5–7]. This material is a metal both above and below
the magnetic transition [8] and its resistivity shows no
anomaly at TN [9]. Furthermore, the helicoidal magnetic
(HM) ordering with close values of the helix wave vector
and Néel temperature (TN � 115 K) is also observed in the
charge-ordered insulator CaFeO3 [10,11].

Although the Fe4� ion nominally has the same high-spin
d4 electronic configuration as the Mn3� ion in LaMnO3,
the tetravalent ferrates show no orbital ordering, which
plays an important role in manganites. This can be ex-
plained by the fact that in ferrates the charge transfer
energy �, i.e., the energy necessary to transfer an electron
from an oxygen to a TM ion, is negative: ���3 eV [12].
In this case, the conduction bands are formed by the
strongly hybridized iron eg and oxygen p	 orbitals and a
large fraction of charge is carried by the oxygen holes. The
electronic configuration of Fe ions is then close to the high-
spin d5 state, which has no orbital degeneracy [12].

In this Letter we show that the magnetic ordering fa-
vored by the DE in TM oxides sensitively depends on the

charge transfer energy and the oxygen-oxygen hopping
amplitude tpp. While for �> 0 the ground state is ferro-
magnetic, for negative � and large tpp the double exchange
gives rise to an incommensurate HM ordering of local
spins. Furthermore, in strongly covalent materials with
wide bands, the effect of the transition to a charge-ordered
state on magnetic ordering is strongly reduced. This ex-
plains the difference in magnetic and transport properties
of manganites and ferrates, which is analogous to the
difference in orbital and magnetic ordering favored by
superexchange interactions in charge transfer and Mott-
Hubbard insulators [13,14].

A noncollinear ordering in DE systems is usually ex-
plained by the competition between the FM double ex-
change and antiferromagnetic (AFM) superexchange [3].
However, the states resulting from such a competition are
unstable towards phase separation [15] and whether they
are observed in doped manganites is still a controversial
issue [16]. We show that the HM ordering in ferrates
largely results from the DE and that the superexchange
plays a minor role here.

The model.—We consider the FM Kondo lattice model,
which in addition to itinerant eg electrons and spins of
localized t2g electrons, includes the oxygen p	 orbitals that
are strongly hybridized with the TM eg orbitals. It is
convenient to describe states of the model in terms of holes
that can occupy both oxygen and TM sites. By the holes on
iron sites we mean the eg holes in the high-spin electronic
d5 configuration. For infinite Hund’s rule coupling, the spin
of the eg hole on the site j is antiparallel to the local spin
Sj. The annihilation operator of such a hole is ujdj�, where
uj is the spinor describing the spin-polarized state and the
index � � 1; 2 denotes, respectively, the 3z2 � r2 and
x2 � y2 orbitals. The holes on oxygen sites can have both
spin projections:

pj�b=2 �
pj�b=2"
pj�b=2#

 !
;
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where j� b=2 (b � x; y; z) are the 6 oxygen sites from the
octahedron centered at the TM site j.

The Hamiltonian of the dp model has the form

Hdp �
X
j�b

t�b�d
y
j�u

y
j Pjb � Py

jbujdj�
 � tpp
X
j;b�c

Py
jbPjc

� �
X
jb

py
j�b=2pj�b=2; (1)

where Pjb � pj�b=2 � pj�b=2. The dp and pp hopping
amplitudes are expressed through the Slatter-Koster pa-
rameters by t1 � �pd	
�� 1

2 ;�
1
2 ; 1
, t2 � �pd	
�

�
��
3

p

2 ;�
��
3

p

2 ; 0
, and tpp � 1
2 �pp	
 �

1
2 �pp�
.

For HM state with the wave vector Q and spin rotation
axis e3, the local spin on the site j

S j � S�e1 cosQxj � e2 sinQxj
; (2)

where the unit vectors e1, e2, and e3 form an orthogonal
basis. Because of the invariance of the Hamiltonian (1)
under an arbitrary rotation of the spin axes, the energy of
the HM state is independent of e3. In Sr�Ca
FeO3, the spin
rotation axis is parallel to the helix wave vector [7,11] due
to the anisotropy of spin interactions, which we neglect
here. For e3 � x̂ and e1 � ẑ, we have

uj � e
i
2	x�Qxj
 0

1

� �
:

To obtain the hole energies for the HM state, the trans-
formation to the momentum space has to be combined with
the spin rotation:

pj�b=2 �
1����
N

p
X
k

ei�k�
1
2	xQ
xj�b=2pkb;

where N is the number of Fe ions. The Hamiltonian (1)
then reads

H �
X
k�b

t�b�d
y
k�Pkb# � Py

kb#dk�
 � tpp
X

k;b�c

Py
kbPkc

��
X
kb

py
kbpkb; (3)

where

Pkb	 � 2
�
cos

Qb

4
cos

kb
2
pkb	 � sin

Qb

4
sin
kb
2
pkb;�	

�

(the lattice constant equals 1).
The hole bands for the FM state are shown in Fig. 1. For

local spins oriented up, the spin-down bands (solid lines)
are formed by the mixed d and p hole states, while the
spin-up bands (circles) are purely oxygen-hole bands. To a
good approximation, the states forming the two lowest
bands are Bloch superpositions of the Zhang-Rice states
of holes on metal-oxygen octahedra [17] with the symme-
try of the 3z2 � r2 and x2 � y2 orbitals. These are the two
bands of the effective dd model used to describe colossal

magnetoresistance manganites [15]. Even for ferrates with
the almost complete charge transfer from oxygen to iron
[18], the Fermi sea is predominantly filled by the states
from these two bands (in Fig. 1 the Fermi energy "F is
indicated by the thin horizontal line).

Yet for negative �, the ddmodel may fail to describe the
magnetic ground state. The reason is the high density of
low energy spin-flip excitations, created by promoting a
hole from the spin-down Fermi sea to one of the two lowest
oxygen spin-up bands, which can make the FM state
unstable towards the HM spin ordering. In the HM state
these bands become mixed with the two lowest dp bands,
which lowers the energies of the occupied states. There is
also an energy loss due to the narrowing of bands caused by
the relative rotation of local spins (the usual DE mecha-
nism). When the bottom of the oxygen spin-up bands (at
" � �� 4tpp) is close to "F, the energy gain exceeds the
energy loss, which stabilizes the HM state.

The FM-HM transition, similar to the spin-density-wave
(SDW) instability, is driven by the lowering of the energy
of occupied states. However, it does not require a nested
Fermi surface and does not open a gap, since the crossing
of the spin-up and spin-down bands only occurs at isolated
points of the Fermi surface. While at SDW transitions the
energy is gained close to "F, in our case the energy gain is
distributed over the whole Fermi sea—it is a Fermi sea
rather than a Fermi surface instability.

The transition from the FM to HM ground state, induced
by varying �, �pd	
, and tpp, is shown Fig. 2, where we
plot the optimal angle � between the spins in neighboring

100� layers [Q � ��1; 0; 0
 and � � 0 corresponds to the
FM state]. In general, the helical angle � grows with the
weight of oxygen holes in the ground state, which can be
achieved by decreasing � or the width of the dp bands [see
Figs. 2(a) and 2(b)], or by increasing the width of the
oxygen bands [see Fig. 2(c)]. To a good approximation,
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FIG. 1 (color online). The mixed dp # -hole bands (solid lines)
and oxygen p " -hole bands (circles) for ferromagnetically or-
dered local spins, �pd	
 � 1:7 eV, tpp � 0:65 eV, and � �

�2 eV. The thin horizontal line indicates the Fermi level for
1eg hole=Fe.
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the value of � is controlled by a single parameter  �

�"F ��� tpp
=�pd	
, describing the separation between
the Fermi energy and the bottom of the oxygen spin-up
band in the FM state. When the data shown in Figs. 2(a)–
2(c) are replotted versus  , they nearly fall on a single
curve [see Fig. 2(d)]. The FM state becomes unstable for
small negative  , when the bottom of the oxygen band is
slightly above the Fermi energy. The change of the mag-
netic ordering from HM to FM upon applied pressure,
which widens conduction bands, was reported in Ref. [19].

Effect of superexchange.—The double exchange by it-
self favors the HM state with Q parallel to one of the cubic
axes (A-type HM state), while in SrFeO3 the helix is
parallel to the body diagonal (G-type HM state). The
dependence of the energy on the direction of Q is, however,
very weak: the energy increases by �10 K=Fe, when Q̂ �
Q
Q varies from �1; 0; 0
 to 1��

3
p �1; 1; 1
. Therefore, Q̂ can be

affected by relatively weak interactions, of which the most
important is the AFM superexchange (SE) between the
local spins,

HSE � J
X
ib

�SiSi�b
; J > 0: (4)

In Fig. 3(a) we plot the phase diagram of the DE model
Eq. (1). As � decreases, the FM state undergoes a second-
order transition to the A-type HM state. The critical value
of the charge transfer energy grows with increasing tpp and
eventually becomes positive. Thus a large oxygen-oxygen
hopping amplitude is also important for stabilization of the
HM state. The effect of the weak SE interaction J

�pd	
 �

0:002 is shown in Fig. 3(b). The region occupied by the
A-type HM state shrinks. As � decreases, this state is
replaced by the A-type AFM state, which then undergoes

a first-order transition to the incommensurate G-type HM
state, favored by the SE interaction. The SE interaction
also stabilizes theG-type HM state at very large positive �,
when holes predominantly occupy TM sites and the effec-
tive dd hoping � �pd	
2

� is small, so that kinetic and SE
energies are comparable [3].

Helicoidal ordering in insulators.—Since the instability
of the FM state towards a HM ordering is a Fermi sea rather
than a Fermi surface instability, it can also occur in insu-
lators, such as CaFeO3 below the charge ordering tempera-
ture TCO � 290 K. We assume that the driving force of this
charge ordering is the electron-lattice coupling, which
results in the breathing-type lattice distortion (an alterna-
tion of large and small oxygen octahedra) below TCO [11].
Figure 4 shows the dependence of the gap in the hole
spectrum (squares) due to the modulation of the hopping
amplitudes in the ordered state: t�b�i
 � �1� 	i$
t�b and
tpp�i
 � �1� 	i$
tpp, where 	i � �1 for i 2 A=B sub-
lattice of the cubic lattice. Since the Fermi surface is not
nested, the gap only opens above some critical value of the
modulation amplitude $. The helical angle � (circles)
decreases very slowly with $ and even the 1 eV gap has
little effect on the helical wave vector.

Magnon dispersion.—The magnon spectrum for the
A-type HM state, calculated in the leading 1=S approxi-
mation, is shown in Fig. 5 (details of this calculation will
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FIG. 3 (color online). The phase diagram of the dp model (1)
[panel (a)] and the dp model plus the SE interaction J
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 �

0:002 [panel (b)]. Here A-HM and G-HM denotes the HM state
with, respectively, Q � ��1; 0; 0
 and Q � ��1; 1; 1
, while
A-AFM denotes the A-type AFM state with Q � ��1; 0; 0
.
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FIG. 2 (color online). The helical angle � (in radians) be-
tween the spins in neighboring 
100� layers plotted vs: (a) �, for
�pd	
 � 1:3 eV and tpp � 0:4 eV; (b) �pd	
, for � �

�2:7 eV and tpp � 0:4 eV; (c) tpp, for �pd	
 � 1:3 eV and
� � �2:7 eV. These three curves are replotted vs  � �"F �

�� 4tpp
=�pd	
 in the panel (d).

PRL 94, 137205 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
8 APRIL 2005

137205-3



be published elsewhere). The magnon frequency vanishes
both at q � 0 and q � Q, corresponding to the two
Goldstone modes: the translation of the incommensurate
helix along Q and rotation of the helical axis e3, respec-
tively. Although the HM state is stable, the magnon spec-
trum for q varying between 0 and Q is extremely soft (note
the small energy scale in the inset in Fig. 5).

At the transition from HM to FM state, these two points
merge, resulting in the vanishing spin stiffness. Thus the
transition from HM to FM state at zero temperature, which
can be induced by varying �, �pd	
, or tpp (see Fig. 2), is a
quantum critical point, at which both the Curie and Néel
temperatures drop to zero due to diverging spin fluctua-
tions. In reality, such a quantum critical behavior is sup-
pressed by the single-ion and exchange anisotropies,
neglected in our model, which open a gap in the magnon
spectrum at q � Q and result in a first-order transition
between the two magnetic states. This may explain why
the magnetic ordering temperature in SrFeO3 seems to
monotonously grow with pressure when the HM state is
replaced by the FM state [19].

In conclusion, the double exchange does not always
favor ferromagnetism. The kinetic energy of conduction
electrons strongly coupled to local spins can be minimized
by the helicoidal spin ordering. The smaller width of the
conduction bands in the helicoidal state is compensated by
the higher density of states. This explains the incommen-
surate helicoidal ordering observed in the negative charge
transfer energy materials, SrFeO3 and CaFeO3. The anti-
ferromagnetic superexchange plays here a relatively minor
role. The transition to a charge-ordered state does not
strongly affect the magnetic ordering, in agreement with
the decoupling of transport and magnetism observed in
ferrates. Thus, the behavior of transition metal oxides close
to the metal-insulator transition sensitively depends on the
value of the charge transfer energy.
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fruitful discussions.
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