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Abstract

Analyses of the growth of a plane strain crack subject to remote mode I cyclic loading under small scale yielding
are carried out using discrete dislocation dynamics. Plastic deformation is modelled through the motion of edge dislo-
cations in an elastic solid with the lattice resistance to dislocation motion, dislocation nucleation, dislocation interaction
with obstacles and dislocation annihilation being incorporated through a set of constitutive rules. An irreversible relation
is specified between the opening traction and the displacement jump across a cohesive surface ahead of the initial crack
tip in order to simulate cyclic loading in an oxidizing environment. Calculations are carried out with different material
parameters so that values of yield strength, cohesive strength and elastic moduli varying by factors of three to four
are considered. The fatigue crack growth predictions are found to be insensitive to the yield strength of the material
despite the number of dislocations and the plastic zone size varying by approximately an order of magnitude. The
fatigue threshold scales with the fracture toughness of the purely elastic solid, with the experimentally observed linear
scaling with Young’s modulus an outcome when the cohesive strength scales with Young’s modulus.
 2003 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Fatigue crack growth of long cracks in metals
can generally be divided into three characteristic
regimes[1] in order of increasing load amplitude;
(A) a near-threshold regime where crack growth
rates are of the order of the lattice spacing, (B) a
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power-law or Paris law[2] regime and (C) a rapid
growth regime that is dominated by the monotonic
fracture toughnessKIC. At least in the near-thres-
hold and Paris law regimes, fatigue crack growth
rates are relatively independent of the yield
strength of the material but scale with the elastic
modulus. This rather surprising observation has
been borne out in numerous studies on a variety
of metallic alloys including for example steels[3],
copper [4] and aluminum[5]. Experimental data
for the effective fatigue threshold�Keff

th reported
by Liaw et al.[5] and Hertzberg[6] indicates that
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(�Keff
th /E)2�b, where b is the Burgers vector mag-

nitude and E is the Young’s modulus. The nor-
malized effective fatigue threshold �Keff

th /E for a
variety of metallic alloys is plotted in Fig. 1 as a
function of the normalized yield strength sY /E
from the data in Kang et al. [7]: �Keff

th is seen to
be reasonably independent of the yield strength
over nearly two orders of magnitude variation in
sY /E.

A variety of continuum plasticity models have
been proposed to rationalize the fatigue behavior
in regimes (A) and (B). Usami and Shida [8] postu-
lated that the fatigue threshold corresponds to a
critical plastic zone size while Donahue et al. [9]
proposed that the threshold for the onset of crack
growth occurs when the crack tip opening displace-
ment attains a value comparable to a critical micro-
structural parameter. Models for the Paris law
regime include the geometric models of Laird and
Smith [10] and of McClintock [11], which presume
that crack growth rates are proportional to the
crack tip opening displacement, and the damage
accumulation models of Weertman [12] and Rice
[13]. A feature of all these models is that they pre-
dict a dependence of the crack growth rates on the
yield strength of the material in contrast to experi-
mental observations. More recently, Nguyen et al.
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Fig. 1. Experimental values of �Keff
th for a variety of metallic

alloys showing that �Keff
th is approximately independent of the

yield strength sY and scales approximately linearly with
Young’s modulus E. The data is replotted from that presented
in Ref. [7].

[14] and Tvergaard and Hutchinson [15] reported
numerical calculations of fatigue crack growth in
which the material was characterized by a conven-
tional continuum plasticity model. While Nguyen
et al. [14] embedded the fracture properties in a
cohesive model with loading/unloading hysteresis,
Tvergaard and Hutchinson [15] related the crack
growth rate to the crack tip opening displacement.
Undoubtedly, these models also predict a depen-
dence of the fatigue crack growth rates on the yield
strength of the material.

Literature on dislocation models for fatigue has
been reviewed by Riemelmoser et al. [16]. Dislo-
cation models by Pippan et al. [17–19] and Wilkin-
son et al. [20], are meant to represent the defor-
mation-controlled fatigue crack growth mechanism
proposed by Laird and Smith [10] and Neumann
[21]. They postulate the onset of fatigue crack
growth when dislocations nucleate from the crack
tip or a single source near the crack tip at some
critical stress intensity factor kemit. Using the Rice–
Thomson [22] estimate for kemit�E√b, these models
predict that �Kth�E√b.

Here, we analyze the scaling of the fatigue crack
growth rates with the yield strength, Young’s
modulus and cohesive strength and energy in the
near-threshold regime using the discrete dislo-
cation plasticity framework used in previous stud-
ies to analyze the fatigue threshold [23], the Paris-
law behavior of long cracks [24] and the acceler-
ated growth rate of short cracks [25]. A key feature
of the approach is that the material model and frac-
ture properties are independent, with the material
model applicable whether or not there is a crack,
see e.g. Ref. [26]. The fracture properties are
embedded in a cohesive surface constitutive rela-
tive and thus crack growth, which is stress as well
as deformation driven, occurs as a natural outcome
of the boundary value problem solution. As in
Refs. [23,24], a plane strain small scale yielding
boundary value problem is formulated and solved
with plasticity occurring due to the motion of a
large number of edge dislocations. Variations of
Young’s modulus E by a factor of four and of yield
strength sY by a factor of three are analyzed using
the framework employed in Refs. [23,24]. The out-
come of the boundary value problem solutions is
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used to assess the scaling of the fatigue crack
growth rates with E and sY.

2. Discrete dislocation formulation

The plane strain small scale yielding problem
analyzed is sketched in Fig. 2. The boundary value
formulation is that of Van der Giessen and Needle-
man [27] where plastic flow arises from the collec-
tive motion of a large number of dislocations. The
formulation is outlined here and further details and
references are given in Refs. [23–25]. Geometry
changes are neglected and symmetry about the
crack plane is assumed. Remote from the crack tip,
displacements corresponding to the linear elastic
mode I K-field are applied, and crack initiation and
growth are modelled using a cohesive surface
framework, as in Ref. [28] with dislocation
nucleation from the crack tip not explicitly mod-
elled. For computational convenience, dislocation
activity is restricted to a process window of dimen-
sions Lp × hp = 40 × 40 µm. Computations are
terminated before any dislocations reach the
boundary of the process window so that the effect
of the process window is to restrict the loading

Fig. 2. Sketch of the small scale yielding boundary value problem analyzed.

range that can be analyzed. The analyses are two-
dimensional, under plane strain, and the crystal is
taken to have three slip systems, to mimic the
ambiguity of slip that exists in three-dimensional
fcc crystals. Two slip systems have their slip
planes oriented at q = ±60° from the crack plane
and a third one at q = 0°. At any time t, the body
is in equilibrium with the applied loads and dis-
placements, and the position of each dislocation in
the body is known. An increment of loading is
applied and the stress and displacement fields, and
the dislocation structure are determined at t + �t.

The dislocations are treated as line singularities
in an elastically isotropic continuum with Young’s
modulus E and Poisson’ s ratio n. Unless otherwise
stated, E = 70 GPa and n = 0.33. Consistent with
the plane strain condition, only edge dislocations
are considered, all having the same Burgers vec-
tor, b = 0.25 nm. The potentially active slip planes
are spaced at 100b.

The long range elastic interactions between dis-
locations are accounted for directly in the boundary
value problem solution. Short range interactions
enter through a set of constitutive rules of the type
suggested by Kubin et al. [29]. Constitutive rules
are specified for: (i) dislocation glide; (ii) annihil-
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ation; (iii) nucleation; (iv) obstacle pinning. The
glide velocity is taken to be linearly related to the
Peach–Koehler force with a drag coefficient B =
10�4 Pa s, a representative value for several fcc
crystals [29]. Dislocations of opposite sign annihil-
ate when they come within a critical distance of
Le = 6b. Initially, the three slip systems are free of
mobile dislocations, but dislocations can be gener-
ated from discrete sources that are randomly dis-
tributed with a density of 20/µm2. These point
sources mimic Frank-Read sources from pinned
segments on out-of-plane slip systems which are
not explicitly considered. They generate a dipole
when the Peach–Koehler force exceeds a critical
value of tnucb during a period of time tnuc, with
tnuc = 10 ns. The distance Lnuc between the opposite
signed dislocations is taken to be specified by

Lnuc �
E

4p(1�n2)
b
tnuc

. (1)

This choice of Lnuc ensures that the shear stress of
one dislocation acting on the other is balanced by
the slip system shear stress tnuc. There is also a
random distribution of 60 point obstacles per µm2,
which represent either small precipitates on the slip
plane or forest dislocations on out-of-plane slip
systems. The obstacles pin dislocations as long as
the Peach–Koehier force is below the obstacle
strength btobs. Calculations are carried out for four
sets of nucleation and obstacle strengths: (i) tnuc =
50 MPa and tobs = 150 MPa; (ii) tnuc = 25 MPa
and tobs = 75 MPa; (iii) tnuc = 20 MPa and tobs =
60 MPa; and (iv) tnuc = 15 MPa and tobs = 45 MPa.
The materials are identical in all other respects
including the spatial distribution of the sources and
obstacles, but exhibit different yield strengths.

At each time step, the stress and displacement
fields are obtained by superposition as described in
Ref. [27]. The fields are written as

sij � s̃ij � ŝij, ui � ũi � ûi, (2)

where the ( � )-fields are the singular fields associa-
ted with each individual dislocation, e.g.,

s̃ij � �N
I � 1

s̃(I)
ij ,

where N is the number of dislocations and s̃(I)
ij is

the stress field associated with dislocation I in the
half-space x2�0. The ( )-fields are image fields that
enforce the boundary conditions in either the dis-
placements or the tractions Ti = sijnj (nj is the out-
ward normal to the appropriate surface). The ( )-
fields are smooth and are obtained by a finite
element method. Resolving the dislocation dynam-
ics requires a small time step of �t = 0.5 ns. Thus,
the calculations were carried out with a rather high
loading rate of K̇I = 100 GPa√m/s in order to
reduce the time required for the computations. The
effect of loading rate is not explored here. How-
ever, in Ref. [30], under monotonic loading con-
ditions, varying the loading rate by two orders of
magnitude was not found to change the crack
growth behavior qualitatively, although, of course,
a strong tendency was found for increased plastic
deformation at lower loading rates.

Along the cohesive surface, T1 = 0 (from
symmetry) while the magnitude of T2 has the uni-
versal binding form [31],

T2(�2) � scoh

�2

dn

exp��
�2

dn

� 1�, (3)

where �2 = 2u2(x1,0) is the cohesive opening, scoh

is the normal cohesive strength and dn is a charac-
teristic length. For monotonic separation, the work
of separation is given by fn = exp(1) scohdn and is
related to a reference stress intensity factor K0 by

K0 � � Efn

1�n2. (4)

The significance of K0 is that pure mode-I crack
growth in a homogeneous elastic solid with the
given cohesive properties takes place at KI /K0 =
1 [32]. Unless otherwise specified the cohesive
properties were taken as scoh = 0.5 GPa and dn =
3b giving a work of fracture fn�1.0 J /m2.

The effect of the formation of an oxide layer and
the subsequent surface contact during unloading is
modelled by specifying unloading from and
reloading to the monotonic cohesive law as dis-
cussed in Refs. [23–25]. We emphasize that the
irreversibility in the cohesive relation does not alter
the cohesive strength.

For purposes of characterizing the tensile
properties of the materials, results will also be
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presented for a tensile bar shown in Fig. 3a with
the slip systems making angles a = ±30° and 90°
with the tensile axis of the specimen. The origin
of the coordinate system is placed such that the bar
occupies 0�x1�W and �H�x2�H. With sym-
metry about the x1-axis assumed, the region x2�
0 is analyzed. A displacement rate U̇ and shear free
conditions are prescribed on the edge where the
loading is imposed,

u̇2 � U̇, Ṫ1 � 0 on x2 � H,

where (·) denotes time differentiation.
The lateral sides are traction free

Ṫ1 � Ṫ2 � 0 on x1 � 0,W,

and symmetry conditions on the center-line are
given by

u̇2 � 0, Ṫ1 � 0 on x2 � 0.

The overall stress s is computed as

s �
1
W�W

0

T2(x1,H)dx1.

All calculations presented here were carried out on
a tensile bar 2H × W = 16 × 4 µm and at the
imposed loading rate U̇ /H = 100/s. The discrete

Fig. 3. (a) Sketch of the boundary value problem analyzed to obtain the tensile stress versus strain response of the uncracked single
crystal. (b) Tensile stress versus strain curves for the four sets of nucleation and obstacle strengths used in the small scale yielding
calculations with E = 70 GPa.

dislocation plasticity predictions of the tensile
response are not sensitive to the specimen size
[25].

The plane strain tensile response of materials
(i)–(iv), with the source and obstacle strengths
mentioned previously, is shown in Fig. 3b. In each
case, the stress versus strain behavior is linear up
to a yield strength and then the overall behavior is
essentially nonhardening with fluctuations associa-
ted with the relatively small specimen size. The
value of the yield strength, denoted by sY, is ident-
ified with the stress at e = 0.001. For material (i)
sY = 60 MPa, for material (ii) sY = 30 MPa, for
material (iii) sY = 25 MPa and for material (iv)
sY = 20 MPa. Subsequently, each material is
referred to by the value of its yield strength.

3. Scaling with yield strength

First, for comparison purposes, we present cal-
culations carried out with KI monotonically
increasing. The computed curves of KI versus
crack advance, �a, are shown in Fig. 4a for the
four materials. For the three lowest yield strength
materials, crack growth initiates with KI � K0. The
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Fig. 4. (a) KI /K0 versus crack extension �a for monotonic loading of four single crystals with E = 70 GPa and with values of yield
strength sY as indicated. The crack extension, �a, is measured using the furthest point from the initial crack tip where �n = 4dn.
For comparison purposes, the response with sY = 30 MPa is also shown (thicker line) using �n = 8dn to identify the crack location.
(b) The evolution of the dislocation density with increasing KI /K0 for the above four cases.

location of the current crack tip is defined as the
furthest point from the initial crack tip where �n

exceeds 4dn (=3 nm in the calculations here). With
a low value of mean nucleation strength, tnuc, dis-
locations nucleate very early in the deformation
history and the stresses from such dislocations in
the near crack tip region lead to opening of the
cohesive surface before KI reaches K0. However,
KI increases rapidly during the very early stages of
crack extension and reaches K0 after only 0.04 µm
(40 nm) of crack growth. The calculations were
repeated using �n�8dn to define the crack position.
The KI /K0 versus �a curve for the calculation
with sY = 30 MPa using 8dn to define the crack

location is shown in Fig. 4a. For crack extensions
exceeding �a�0.05 µm, the monotonic KI /K0 ver-
sus �a curves are not sensitive to which definition
of crack position is used, which is consistent with
previous crack growth studies using a cohesive for-
mulation, see for example Ref. [33]. Similar differ-
ences were seen for the other values of sY. In all
subsequent calculations, the crack position is
defined at �n = 4dn. For both definitions of crack
location, the crack growth resistance is rather inde-
pendent of sY for crack extensions up to �a�0.2
µm.

The evolution of the dislocation density, rdis

(number of dislocations per unit area of the process
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window), with increasing applied KI is shown in
Fig. 4b for each of the four materials. Although
rdis with sY = 20 MPa is about a factor of 10 higher
than for sY=60 MPa, the monotonic crack growth
resistance is not sensitive to the value of the yield
strength. This is a consequence of the dual role
dislocations play in the fracture process, as dis-
cussed by Cleveringa et al. [34]. On the one hand,
local stress concentrations associated with discrete
dislocations near the crack tip together with the
stress concentration associated with the crack itself
cause the crack to propagate. On the other hand,
plasticity caused by the motion of the dislocations
increases the resistance to crack growth and tends
to arrest the crack. The stress concentrations due
to dislocations near the crack tip dominate and the
crack growth behavior is relatively independent of
the yield strength and dislocation density. Indeed,
it is the stress concentration due to the near crack-
tip dislocation structure that gives rise to fracture
in these calculations. Here, scoh/sY = 8.33 for sY

= 60 MPa, scoh/sY = 16.7 for sY = 30 MPa, scoh/sY

= 20 for sY = 25 MPa and scoh/sY = 25 for sY =
20 MPa. For a nonhardening solid, conventional
continuum plasticity predicts that crack growth is
essentially precluded for scoh/sY	4, Ref. [35].

Next, cyclic loading with the remote applied
stress intensity factor varying between Kmin and
Kmax is considered. The ratio R = Kmin /Kmax and
the difference �KI=Kmax�Kmin are used to charac-
terize the cyclic loading; in all cyclic calculations
here R = 0.3. To determine the fatigue threshold,
calculations are carried out starting at some �KI

and then reducing �KI until a cycle-by-cycle crack
growth rate da /dN�10�3 µm/cycle is obtained.
The fatigue threshold is then defined as the mean
of the last two values of �KI, cf. Ref. [23]. Typi-
cally, steps of �KI /K0 = 0.05 are used. Crack
advance versus time curves for the near-threshold
values of applied �KI /K0 = 0.83 for sY = 60 MPa
and �KI /K0 = 0.78 for sY = 30 MPa and sY = 25
MPa are shown in Fig. 5a. In all cases there is an
initial “burst” of crack growth during the first load-
ing cycle with the crack growth rate subsequently
settling down to a steady cycle-by-cycle growth
rate da /dN�10�3 µm/cycle after about the third
cycle as shown in the insert in Fig. 5a. It is worth
emphasizing that continued crack growth occurs
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Fig. 5. (a) Time evolution of the crack extension �a (the
insert shows a more detailed view of the evolution of the crack
extension) and (b) time evolution of the dislocation density for
three single crystals (E = 70 GPa) identified via their yield
strengths at the near-threshold values of �KI/K0 with R = 0.3.
For sY = 60 MPa �KI /K0 = 0.83, while �KI /K0 = 0.78 in the
other two cases.

under cyclic loading for a value of Kmax at which
the crack would have arrested under monotonic
loading, see Fig. 4a. Fig. 5b shows the time evol-
ution of dislocation density for the three loading
cases shown in Fig. 5a. The dislocation density
increases gradually with the number of loading
cycles: as in Refs. [23–25], it is the evolving dislo-
cation structure that gives rise to cycle-by-cycle
crack growth. Furthermore, for approximately
equal values of applied �KI, the three materials in
Fig. 5 exhibit approximately equal cycle-by-cycle
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crack growth rates even though the number of dis-
locations (or the dislocation density) is about a fac-
tor of six higher with sY = 25 MPa than with sY

= 60 MPa.
Fig. 6 shows contours of s22 and the dislocation

distributions in a region near the crack tip for the
calculations with sY = 60 MPa and with sY = 30
MPa at the loading stages marked by the circles in
Fig. 5a. These points are at the first load peak and
the values of Kmax/K0 are 1.19 and 1.1 for sY =
60 MPa and sY = 30 MPa, respectively. While the
number of dislocations with sY = 60 MPa (Fig. 6a)
is less than with sY = 30 MPa (Fig. 6b), the values
of the opening stress s22 near the crack tip are
nearly the same. Thus, as under monotonic loading
conditions, the stress concentrations of the dislo-
cations dominate the near crack tip stress field,
which results in crack tip stresses (and crack
growth rates) that are rather independent of the
yield strength of the material. The crack opening
profiles (shown below the x1-axis with the dis-
placements magnified by a factor of 10) show
greater crack tip blunting with sY = 30 MPa.

The results of all the fatigue threshold calcu-
lations carried out with various yield strengths,
normalized by Young’s modulus, are summarized
in Fig. 7. The effective stress intensity range
�Keff

I is defined by [23,24]

-0.1 -0.0 0.1 0.2 0.3 0.4 0.5

σ22/σcoh
-0.1 -0.0 0.1 0.2 0.3 0.4 0.5
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1.5
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σY = 30 MPa

Fig. 6. Distribution of dislocations and opening stress s22 /scoh in the neighborhood of the crack tip at the first load peak as marked
with circles in Fig. 5a. (a) sY = 60 MPa and (b) sY = 30 MPa. The crack tip profiles with displacements magnified by a factor of
10 are shown below the x1-axis in each case.
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Fig. 7. Normalized effective fatigue threshold �Keff
th /K0, (R

= 0.3), as a function of the normalized yield strength sY /E for
single crystals with E = 70 GPa. The corresponding dislocation
densities at first load peak for threshold values of applied
�KI are also shown.

�Keff
I � �Kmax�Kop for Kmin � Kop

�KI for Kmin�Kop

, (5)

Here, Kop is the value of KI at which the crack
starts to open upon reloading. As in Refs. [23,24],
Kcl�Kop where Kcl is the value of KI at complete
closure. The figure also shows the corresponding
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dislocation densities at the first load peak. The
computed values of �Kth/K0 are approximately
0.84, 0.78, 0.77 and 0.82, for sY = 60, 30, 25 and
20 MPa, respectively, while the corresponding
values of �Keff

th /K0 shown in Fig. 7 are 0.73, 0.65,
0.65 and 0.73. The effective fatigue threshold is
essentially independent of yield strength despite
the fact that the dislocation densities at the first
load peak for these threshold values of �KI

increase substantially with decreasing yield
strength.

In order to investigate the variation of crack
growth rate with yield strength, cyclic loading cal-
culations were carried out for values of applied �KI

(R = 0.3) greater than the threshold value with
sY = 60 and 30 MPa. In each calculation, 8–10
cycles were computed and the crack growth per
cycle, da/dN, is taken as the average crack advance
per cycle. The results from these computations are
summarized in Fig. 8. The log(da/dN) versus
log(�KI/K0) curves show two distinct regimes. In
the first regime, the average crack growth per cycle
is smaller than a lattice spacing with the crack
either remaining stationary or growing at an unde-
tectable rate below a threshold value �Kth. Just
above the threshold, da/dN increases sharply with
�KI. Subsequently, there is a “knee” in the
log(da/dN) versus log(�KI/K0) curve with da/dN
increasing more gradually with increasing �KI cor-
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Fig. 8. The cyclic crack growth rate da/dN versus �KI/K0 and �Keff
I /K0, (R = 0.3), for the mode I cyclic loading of single crystals

with E = 70 GPa and with sY = 60 MPa and sY = 30 MPa.

responding to a regime approaching Paris law [2]
behavior. The log(da/dN) versus log(�KI/K0)
curves are similar for the calculations with sY =
60 and 30 MPa, indicating that the fatigue crack
growth rate is not sensitive to yield strength in the
lower Paris law regime as well. The crack growth
rates as a function of the effective stress intensity
factor range �Keff

I are also shown in Fig. 8 with
the curves again reasonably independent of the
yield strength of the material. Indeed, the crack
growth rates beyond the “knee” whether plotted
against �KI or �Keff

I are less sensitive to yield
strength than is the fatigue threshold. Results are
not shown for sY = 25 and 20 MPa because the
high dislocation densities that developed made the
computing times too long to continue those calcu-
lations into the Paris law regime.

4. Scaling with Young’s modulus

The plane strain tensile response of two
materials identical to the material with sY = 60
MPa, material (i), but with Young’s moduli E =
140 and 35 GPa (Poisson’ s ratio n = 0.33) are
shown in Fig. 9. For comparison purposes, the
response of material (i), E = 70 GPa, from Fig. 3b
is also shown. It is seen that the predicted yield
strength is reasonably independent of Young’s
modulus E with all other properties fixed.
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Fig. 9. Tensile stress versus strain curves with three values of
Young’s modulus E. The mean nucleation source strength
tnuc = 50 MPa and obstacle strength tobs = 150 MPa in all
three calculations.

At least from the perspective of a conventional
continuum plasticity framework, three material
parameters with the dimension of stress charac-
terize the response: Young’s modulus E, the flow
strength sY and the cohesive strength scoh. From
these, three dimensionless groups can be formed,
two of which are independent, for example,
scoh/sY, E/scoh and sY/E. In addition, the fracture
behavior is governed by fn = exp(1)scohdn as well
as by scoh so that three fracture property related
dimensionless groups are fn / (sYb), E/scoh and
dn/b. Of these five dimensionless groups, only three
are independent.

In the previous section, the effect of sY/E has
been studied by varying sY with constant E = 70
GPa and fixed cohesive properties. Here, the vari-
ation of the fatigue threshold with Young’s modu-
lus is investigated with sY fixed at �60 MPa, by
keeping the properties of sources and obstacles the
same as for material (i). Simultaneously we vary
cohesive properties so that: (1) dn/b and fn / (sYb)
are fixed; (2) E/scoh and fn / (sYb) are fixed; and
(3) dn /b and E/scoh are fixed. Relative to the refer-
ence values

E /scoh � 140, fn / (sYb) � 68, dn /b

� 3, scoh /sY � 8.33, sY /E � 0.00085,

the following variations are considered for each of
the three cases:

1. Young’s modulus varying between E = 35 and
140 GPa with the cohesive properties fixed.
Thus, scoh/sY is unchanged, and both E/scoh and
sY/E vary.

2. Young’s modulus varying in the same range as
in (1), but with concomitant variations of scoh

and dn /b�s�1
coh so that E/scoh = 140 and the

cohesive surface energy remains fixed. This
case corresponds to a set of cohesive surfaces
with fn�1.0 J /m2 and cohesive strengths vary-
ing between scoh = 0.25 and 1.0 GPa.

3. Young’s modulus varying between E = 47
GPa (E � 47 GPa resulted in brittle fracture
with minimal dislocation activity) and E =
140 GPa with variations of scoh and fn�scoh so
that E /scoh = 140 while dn /b = 3. Thus, scoh/sY

and fn / (sYb) vary. This case corresponds to a
set of cohesive surfaces with scoh varying
between 0.34 and 1.0 GPa and fn varying
between 0.67 and 2.0 J/m2.

The ranges of variation are summarized in Table
1 including the analyses in Section 3 where sY was
varied which is labeled case (0). Case (3) is ident-
ical, in terms of the nondimensional groups rel-
evant in conventional continuum plasticity, to case
(0) but the variations have a different origin and,
therefore, span a somewhat different range.

Qualitatively, the near-threshold crack growth
behavior is similar to that described in Section 3
so that here only the results for the values of the
effective fatigue threshold �Keff

th at R = 0.3 are
summarized.

Fig. 10a shows that the values of �Keff
th /K0 are

nearly the same in all nine calculations, with some
variation for the lowest strength materials (sY /E
� 0.0005). Thus, our calculations predict that
�Keff

th scales with K0 to a good degree of approxi-
mation. From Eq. (4), K0�√Efn. Hence, in case (1)
and case (2), where fn is fixed, this scaling implies
K0�√E. On the other hand in case (3),
fn�scoh�E implies that K0�E. To further explore
the scaling with E, the effective fatigue threshold
�Keff

th normalized by E√b is plotted in Fig. 10. In
Fig. 10b, the slope of the linear fit to case (1) is
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Table 1
Summary of variations of nondimensional groups considered in Section 3, labeled case (0), and cases (1)–(3) analyzed in Section 4

Case E/scoh fn/(sYb) dn/b scoh/sY sY/E

(0) 140 68–204 3 8.33–25 0.00029—0.00085
(1) 70–280 68 3 8.33 0.00042—0.0017
(2) 140 68 1.5–6 4.2–16.7 0.00042—0.0017
(3) 140 46.5–136 3 5.7–16.7 0.00042—0.0013
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Fig. 10. The effective fatigue thresholds (a) �Keff
th /K0 and (b) �Keff

th /E√b at R = 0.3 as a function of normalized yield strength sY

/E. Three cases with the yield strength fixed at sY�60 MPa are shown: (1) fixed cohesive properties, dn /b = 3 and fn / (sYb) = 68
(2) a fixed cohesive energy fn / (sYb) = 68 and the cohesive strength ratio E /scoh = 140 and (3) fixed cohesive strength ratio E /
scoh = 140 and cohesive displacement dn /b = 3.

0.55 and the slope of the linear fit to case (2) is
0.45. Thus, there is good accord with the ideal
square root scaling. For case (3), the deviation
from linear scaling with E at a low value of sY/E
is seen.

Presuming that the cohesive strength of crystal-

line metals scales with E and that the cohesive dis-
placement at which the cohesive strength is
attained, dn, and the Burgers vector b both scale
similarly with lattice spacing, the experimentally
observed linear scaling with E in Refs. [5,6]
emerges in our calculations from �Keff

th �K0. Our
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calculations also predict that a deviation from the
linear scaling is expected for very low strength
materials.

5. Discussion

The scaling that emerges from our calculations
for �Keff

th is: (i) that it is nearly independent of the
tensile flow strength and (ii) that it scales with
√Efn where fn = exp(1)scohdn is the cohesive
energy. Variations in scoh and dn individually do
not have a significant effect on the predicted
fatigue threshold as long as their product, fn, is
kept fixed (Fig. 10a). This scaling holds over
ranges of yield strengths, cohesive strengths and
elastic moduli varying by factors of three to four.
From a continuum plasticity perspective, it is sur-
prising that varying the ratio scoh/sY between �6
and 25 has little effect on the predicted fatigue
threshold. When comparing different materials and
presuming that scoh�E and dn�b, the scaling
implies that �Keff

th �E√b. On the other hand, for a
fixed material, but with varying cohesive energy,
due for example to chemical effects [36,37],
�Keff

th �√fn. We also find that varying the flow
strength by a factor of two has no effect on the
predicted crack growth rate in the lower Paris
law regime.

In the models of Pippan et al. [17–19] and Wilk-
inson et al. [20], fatigue crack growth is assumed
to be deformation governed with the fatigue thres-
hold corresponding to the nucleation of a dislo-
cation from the crack tip or a source near the crack
tip. Assuming that dislocation emission occurs
from the crack tip at a critical kemit, Wilkinson et
al. [20] analyzed mode II fatigue crack growth and
found that �K-governed fatigue crack growth
occurs when �Kth�1.1kemit. Using estimates from
[22,38] for Cu, kemit�0.10�0.12E√b / (1 + n),
�Kth�0.075�0.95E√b.1 Thus, the scaling is the
same as in the calculations here although the physi-

1 To compare with Ref. [19], we used the values given of
q = 70° and 
 = 0° in their Eq. (1) and data from their Table
1 and obtained a value for their predicted �Kth for Al compara-
ble to the values we obtain, but the value of �Kth displayed in
Table 1 of Ref. [19] is about a factor of two greater.

cal mechanism is different—dislocation emission
in Refs. [19,20] and decohesion here. It is worth
noting that the models in Refs. [19,20] do not actu-
ally calculate crack growth but specify the crack
growth rate in terms of the number of Burgers vec-
tors emitted per cycle (one per cycle at the
threshold) and are restricted to cyclic loading. As
a consequence, investigation of the effect of vari-
ations in the tensile yield strength on the fatigue
threshold are outside the scope of such models.
Furthermore, such models neglect the contributions
of dislocations nucleated away from the crack tip
to the crack tip stress field and to the plastic dissi-
pation.

In our analyses, dislocations nucleate from
Frank–Read sources distributed throughout the
material. There is no special nucleation from the
crack tip. In principle, dislocation nucleation from
the crack tip via a Peierls mechanism can also be
incorporated into the current framework by
employing a cohesive relation of the type sug-
gested by Beltz and Rice [39]. This would permit
an analysis of the circumstances under which
fatigue crack growth would occur by cleavage or
by dislocation emission from the crack tip.

As in Refs. [23–25], the fracture behavior in the
present study is an outcome of the interplay
between the cohesive and plastic flow properties.
Under both monotonic and cyclic loading con-
ditions, decohesion occurs in the presence of plas-
tic deformation because of the high local stress
concentrations ahead of the crack that arise from
the near-tip dislocation structures. For ductile met-
als under monotonic loading conditions, cleavage-
like separation in the presence of plastic flow is
rarely, if ever observed. On the other hand, under
cyclic loading conditions, cleavage-like fracture
modes are observed in ductile metals in the near-
threshold and short crack regimes, Refs. [1; p.
348], [40,41]. Presumably, under monotonic load-
ing continued crack tip blunting occurs and the
reduction in stress concentration due to the change
in crack tip geometry (not accounted for in the
small geometry change analyses here) precludes
cleavage. However, under cyclic loading con-
ditions, because of the evolving near crack tip dis-
location structures, stress levels progressively
increase with the crack remaining relatively sharp.
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Hence, progressive cleavage-like separation
occurs. Well into the Paris regime, where larger
scale plastic flow takes place, the deformation gov-
erned mechanisms [10,21], often assumed to gov-
ern fatigue crack growth may in fact become more
prominent. Indeed, a transition from a cleavage-
like fracture mode to a ductile fracture mode with
increasing �K and Kmax was seen in Ref. [41].

Conventional continuum plasticity models pre-
dict that fatigue crack growth is sensitive to the
value of the yield strength, see e.g. Ref. [1; p. 346].
This is because conventional continuum plasticity
describes the stress relaxation associated with the
motion of dislocations but not the stress enhance-
ment associated with the organized dislocation
structures that form near the crack tip. The results
here and in Refs. [22–25] indicate that the stress
enhancement aspect plays a dominant role in the
near-threshold regime and for short cracks. With
ratios of scoh/sY in the range 8–25 for a nonhard-
ening solid, conventional continuum plasticity
would predict that crack growth is precluded under
the circumstances analyzed. The present results
indicate that the observed relative lack of depen-
dence of the fatigue threshold in ductile metals on
yield strength and the observed scaling with
Young’s modulus can emerge as consequences of
a cleavage-like fracture mode (as often observed
in the near-threshold regime, e.g. Refs. [1; p. 348]
[40,41]) coupled with the stress concentration aris-
ing from near crack tip organized dislocation struc-
tures.

Results for �Keff
th from all the calculations

reported in this study are summarized in Fig. 11
in a form similar to the experimental results in Fig.
1. On a scale similar to that in Fig. 1, our calcu-
lations also show that �Keff

th /E is reasonably inde-
pendent of the normalized strength sY/E over
approximately a decade. In our calculations �Keff

th

/E�1.6 × 10�6�3.2 × 10�6√m, which is signifi-
cantly below the main body of data in Fig. 1. How-
ever, it worth noting that it is within the spread of
data in Fig. 1 for higher strength Al alloys.

In the calculations reported here �Keff
th /E√b�

0.1�0.2 which is a factor of five to ten smaller
than in the experiments reported in Refs. [5,6] and
the experimental data plotted in Fig. 1. These pre-
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∆K th
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Fig. 11. �Keff
th for all the calculations reported in this study

and plotted in the form of Fig. 1. The data shows that similar
to experiment, �Keff

th is approximately independent of the yield
strength sY and scales approximately linearly with Young’s
modulus E.

dictions are however about a factor of two greater
than for the model of Wilkinson et al. [20]. There
are several possible reasons for the discrepancy
with experiment: (i) the high loading rate
employed to reduce computational time acts to
reduce the amount of plastic dissipation [30]; (ii)
effects of crack tip blunting are not taken into
account in this small-strain analyses; (iii) the calcu-
lations are plane strain with the entire crack front
growing simultaneously; and (iv) the analyses are
carried out for small amounts of pure mode-I crack
growth in a single crystal while in most experi-
ments the threshold is inferred from experiments
on polycrystalline metals with large amounts crack
growth with mixed-mode loading effects due to
off-plane crack growth and interaction with grain
boundaries. It is possible that when complex crack
paths and grain boundary effects come into play
that plastic dissipation, and hence the material’ s
flow strength, has a greater effect on the average
fatigue crack growth rate. However, it should be
emphasized that the discrete dislocation and the
cohesive framework presented here can be
extended and can model polycrystalline materials
and crack growth off the initial crack plane, albeit
at an increased computational cost.
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6. Conclusions

We have carried out analyses of fatigue crack
growth in single crystals under remote mode I
plane strain conditions. Plastic flow arises from the
collective motion of large numbers of discrete dis-
locations and the fracture properties are embedded
in a cohesive surface constitutive relation. Material
properties were varied so that values of flow
strength differing by a factor of three, values of
Young’s modulus differing by a factor of four,
values of cohesive strength differing by a factor of
four and values of cohesive energy differing by a
factor of three were considered.

� The effective fatigue threshold �Keff
th is pro-

portional to the cohesive strength as measured
by K0 in Eq. (4) with some deviation occurring
for very low strength materials.

� With the values of cohesive strength, cohesive
energy and Young’s modulus fixed, �Keff

th is
seen to be approximately constant for flow
strengths varying by a factor of three.

� With the values of cohesive strength, cohesive
energy and Young’s modulus fixed, varying the
value of the flow strength by a factor of three
gives rise to crack growth rates in the lower
Paris law regime that are independent of yield
strength whether plotted against �KI or �Keff

I .
� With the yield strength fixed and with the ratios

of cohesive strength to Young’s modulus and
cohesive length to Burgers vector fixed, the
effective fatigue threshold �Keff

th varies approxi-
mately linearly with Young’s modulus. Devi-
ation from this scaling is predicted for very low
strength materials. With Young’s modulus
fixed, �Keff

th is predicted to vary as the square
root of the cohesive energy.

� The results here and in Refs. [23–25] show that
the fatigue threshold, Paris law behavior, stri-
ations, the accelerated growth of short cracks as
well as the observed scaling of the fatigue thres-
hold and of fatigue crack growth rates in the
near-threshold regime emerge naturally from a
unified framework where plastic flow arises
from the motion of large numbers of discrete
dislocations and the fracture properties are

embedded in a cohesive surface constitutive
relation.
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