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Abstract

It is known that the M-branes of M-theory correspond to p-form charges in the Ds11 spacetime supersymmetry
algebra. Here we show that their intersections are encoded in the p-form charges of their worldÕolume supersymmetry
algebras. Triple intersections are encoded in double intersection worldvolume algebras with eight supercharges. q 1998
Elsevier Science B.V.

1. Introduction

Ž .The 11-dimensional Ds11 M-theory is cur-
rently the leading candidate for a unified theory of
particle interactions, despite the fact that a complete
understanding of its microscopic degrees of freedom
Žespecially those relevant to compactifications to four

.spacetime dimensions remains elusive. Fortunately,
many of the implications of M-theory can be de-
duced from semi-classical considerations. At this
level, M-theory appears to be a theory of one ‘basic’,
or 1r2-supersymmetric, ‘object’ which can appear in
various dual forms. These can be found as solutions
of the Ds11 supergravity field equations. Alterna-
tively, the possibilities may be investigated more

w xabstractly via the ‘M-theory superalgebra’ 1 ; this is
a modification of the standard Ds11 supersymme-

1 On leave from DAMTP, University of Cambridge, United
Kingdom.

try algebra to incorporate 2-form and 5-form central
w xcharges 2 . The space components of these charges

w xare associated 3,4 with the M-2-brane and M-5-
brane. The time components of the 2-form charge

w xmay be associated 4,5 with a boundary of the
Ž .Ds11 spacetime, as in the Horava-Witten HWˇ

w xconstruction of the heterotic string 6 . For termino-
logical convenience we refer to this as the M-9-brane;
it can in fact be viewed as a decompactification limit
of eight D-8-branes coincident with an orientifold

w x8-plane in Type IA superstring theory 7 . The time
component of the 5-form charge is associated with

Ž .the Kaluza-Klein KK monopole solution of Ds11
supergravity, alias the D-6-brane of IIA supergravity
w x8 . We shall refer to this as the M-KK-monopole.
Finally, the space components of the 11-momentum
are associated with the massless quanta of Ds11
supergravity or, at the classical level, with the ‘M-

w xwave’ solution of Ds11 supergravity 9 . This is
the only 1r2 supersymmetric configuration permit-
ted by the standard Ds11 supersymmetry algebra,

0370-2693r98r$19.00 q 1998 Elsevier Science B.V. All rights reserved.
Ž .PII S0370-2693 97 01591-8
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hence the necessity of considering the full M-theory
superalgebra.

To summarize, there are five ‘basic’, 1r2-super-
symmetric, constituents of M-theory. These are

M-Wave, M-2-brane, M-5-brane,

M-KK-monopole, M-9-brane. 1Ž .
The M-2-brane and M-5-brane are often referred to
collectively as ‘M-branes’; they are in fact the only
bone fide branes. All the same, we shall find it
convenient to refer collectively to all five ‘basic’
constituents as ‘M-branes’. M-theory configurations
with less than 1r2 supersymmetry may now be

w xfound as ‘intersecting’ M-branes 10 . The simplest
cases are those in which two M-branes intersect to

Žyield a configuration with 1r4 supersymmetry of
.the M-theory vacuum . From the point of view of

each of the two constituent branes, the intersection
appears as a 1r2 supersymmetric object in its world-
volume. Thus, one way to study 1r4-supersymmet-
ric intersections is by looking for 1r2 supersymmet-
ric solutions of the worldÕolume field equations of
the various M-branes. For example, it is known that
two M-5-branes may intersect on a 3-brane, preserv-

w xing 1r4 supersymmetry 10,11 , and that an M-2-
w xbrane may end on an M-5-brane 12,13 , again pre-

Žserving 1r4 supersymmetry the boundary may be
considered as a string intersection for present pur-

. Žposes . From the perspective of the M-5-brane or
.one of them if there is more than one these intersec-

tions should appear as 1r2 supersymmetric 3-brane
and string solutions of its effective worldvolume
field equations. Both solutions have recently been

w xfound 14,15 , following the discovery of analogous
solutions of the worldvolume field equations of D-

w xbranes 16,17 . It is remarkable that these solutions,
while ostensibly just configurations of a particular
worldvolume field theory, actually provide their own
spacetime interpretation as intersecting branes; this
comes about because the worldvolume scalars deter-
mine the spacetime embedding.

Here we take this a step further by showing that
the spacetime interpretation of a worldvolume p-
brane preserving 1r2 supersymmetry is encoded in
the worldÕolume supersymmetry algebra. Indeed, all
1r4 supersymmetric M-brane intersections may be
deduced this way. The first point to appreciate is that
worldvolume p-branes are associated with p-forms

in the worldvolume supersymmetry algebra. In itself,
this is not surprising given our experience with the
spacetime supersymmetry algebra. For example, it

w xwas pointed out in 15 that the maximal central
Ž .extension of the Ds6 2,0 worldvolume super-

translation algebra of the M-5-brane has the anticom-
mutator

Q I ,Q J sV I JP qY w I J x qZ Ž I J . ,� 4a b w a b x w a b x Ža b .

V Y w I J x s0 , 2Ž .I J

) Ž .where a ,bs1, . . . ,4 is an index of SU 4 (
Ž . Ž .Spin 5,1 and Is1, . . . ,4 is an index of Sp 2 , with

V I J being its invariant antisymmetric tensor. The
Y-charge is a worldvolume 1-form and the Z-charge
a worldvolume self-dual 3-form. The presence of
such charges in the worldvolume supersymmetry
algebra is implied by the existence of the 1r2 super-
symmetric string and 3-brane solutions of the M-5-
brane worldvolume field equations. There is still a
puzzle to be resolved, however. There are a total of

Žfive 1-form charges and ten 3-form charges in the
Ž ..irreducible 5 and 10 representations of Sp 2 , which

exceeds the number of distinct worldvolume strings
and 3-branes. In the spacetime supersymmetry alge-
bra, every p-form charge corresponds to a distinct
p-brane. This is clearly not so for worldvolume
algebras. The resolution of this puzzle is simply that

Ž .the Sp 2 representations provide the information
needed to reconstruct the spacetime interpretation of
the branes within the M-5-brane. For example, iden-

Ž . Ž .tifying sp 2 (Spin 5 as the double cover of the
Ž .SO 5 rotation group transverse to the M-5-brane

worldvolume in the Ds11 spacetime, we see that
the 1-forms Y define a vector in this transverse
5-space. This information serves to identify the 1-
brane in the worldvolume as the boundary of an
M-2-brane in the M-5-brane. Note, however, that the

Ž .5 representation of Sp 2 could equally well have
been interpreted as defining a 4-form in the trans-
verse 5-space, so the 1-brane has another spacetime
interpretation as the intersection of the M-5-brane
with another M-5-brane, which is again an M-brane
intersection known to preserve 1r4 supersymmetry
w x18 .

So far we have implicitly considered only the
w xspace components of Y. As pointed out in 15 , the

time components can be viewed as the space compo-
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nents of a worldvolume dual 5-form and are there-
fore charges for a space-filling 5-brane in the M-5-
brane. We interpret this to mean that the given
M-5-brane is actually inside another brane, so that its
‘intersection’ with it coincides with the M-5-brane.
If the 5 representation is taken to define a 1-form in
transverse 5-space we might then conclude that the
M-5-brane is inside a 6-brane. There is no M-theory
6-brane as such but there is the M-KK-monopole.
Adopting this interpretation we conclude, correctly
w x19 , that an M-5-brane ‘inside’ an M-KK-monopole
preserves 1r4 supersymmetry. If instead we take the
5 representation to define a transverse 4-form then

w xwe conclude, again correctly 20 , that an M-5-brane
inside an M-9-brane preserves 1r4 supersymmetry;
in fact, this is just the heterotic 5-brane in the
HW-formulation of the heterotic string theory.

ŽThere is still much to learn from the algebra Eq.
Ž ..2 . For example, we have not yet considered the Z

Ž .charges in the 10 representation of Sp 2 . Suffice it
to say that the complete analysis precisely duplicates
the known classification of 1r4 supersymmetric in-
tersections involving an M-5-brane. There remains a
question of consistency. To take an example, we
have just deduced from the M-5-brane worldvolume
superalgebra that it can have a 1r4-supersymmetric
intersection with an M-2-brane. We should be able to
see this from the M-2-brane’s worldvolume algebra.

Ž .This is after gauge fixing a Ds3 field theory with
Ns8 supersymmetry. Allowing for all possible p-
form central charges in the Ns8 Ds3 supertrans-
lation algebra we arrive at the anticommutator

Qi ,Q j sd i jP qZ Ž i j. q´ Z w i j x ,� 4a b Ža b . Ža b . a b

d Z Ž i j.s0 , 3Ž .i j

where Qi are the eight Ds3 Majorana spinor su-
Ž .percharges i s 1, . . . ,8 , and P is the 3-

momentum 2. This supersymmetry algebra has an
Ž .SO 8 automorphism group, which we interpret as

the rotation group in the transverse 8-space. The

2 This, at least, is the obvious interpretation of this ‘charge’.
We shall see later that it has another interpretation.

supercharges do not transform as an 8-vector, how-
Ž .ever, but as a chiral SO 8 spinor. The 0-form and

1-form central charges are therefore

Z 0-form :28 , Z 1-form :35q, 4Ž . Ž . Ž .

where the 28 is either a 2-form or 6-form of the
transverse 8-space and the 35q is a self-dual trans-
verse 4-form. Consider first the worldvolume 0-
forms, corresponding to a 0-brane on the Ds3
worldvolume. Choosing the 2-form interpretation of
the 28 representation we see that the 0-brane is the
result of an intersection with another M-2-brane, a
known 1r4 supersymmetric M-brane intersection
w x10 . If we instead choose the 6-form interpretation
of the 28 then the worldvolume 0-brane acquires the
interpretation as the intersection of the M-2-brane

w xwith a KK-monopole 21 . Consider now the world-
volume 1-forms, corresponding to a 1-brane on the
Ds3 worldvolume. This 1-brane is determined by a
4-plane in the transverse space and is therefore the
intersection of an M-5-brane with the M-2-brane. We
therefore recover from the M-2-brane worldvolume
superalgebra the intersection with the M-5-brane that
we previously deduced from the latter’s worldvol-
ume superalgebra. Again, there is much more to be

Ž Ž ..learnt from the algebra Eq. 3 , but we postpone
the complete analysis.

The remaining M-brane superalgebras can be dealt
with in the same way. The final result is that each
1r4-supersymmetric intersection of two M-branes
occurs precisely once in each of the lists of intersec-
tions derived from the worldvolume supersymmetry
algebras of its constituents. If the same analysis is
applied to D-branes the results are not quite so nice.
It remains true that every intersecting brane configu-
ration preserving 1r4 supersymmetry corresponds to
some spacetime interpretation of a p-form charge in
the worldvolume superalgebra of either participating
brane. Conversely, every p-form in a worldvolume
superalgebra has a spacetime interpretation as a
1r4-supersymmetric configuration of intersecting
branes, but it is no longer always the case that eÕery
such interpretation corresponds to a 1r4-supersym-
metric configuration; one has to impose additional ad
hoc interpretational rules. The reason for this can be
traced to some peculiarities of supersymmetry alge-
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bras with 16 supercharges. The complete list of such
algebras is as follows:

Ž .Ds1 Ns16 so 9 16 D-0
Ž . Ž .) Ds2 16,0 so 9 16 M-W
Ž . Ž .Ds2 16,0 so 8 8 [8 IIB-Ws s

Ž . Ž .Ds2 8,8 so 8 8 [8 IIB-1s c

Ž . Ž .Ds2 8,8 so 8 8 [8 IIA-1s s

Ž .) Ds3 Ns8 so 8 8 M-2s

Ž .Ds4 Ns4 so 6 4[4 D-3
Ž .Ds5 Ns2 so 5 4 D-4

Ž . Ž .) Ds6 2,0 so 5 4 M-5
Ž . Ž .Ds6 1,1 so 4 4 IIB-5

Ž .) Ds7 Ns1 so 3 2 D-6, M-KK
Ž .Ds8 Ns1 so 2 2 D-7

Ds9 Ns1 Z y D-82

Ž .) Ds10 1,0 y y D-9, M-9

The value of N is given in the third column, with the
convention that minimal supersymmetry is always
Ns1; for Ds2, 6, 10, the number of chiral and
antichiral spinors must be specified separately. The
automorphism, or ‘R-symmetry’, algebra is given in
the fourth column; the group is generally the spino-
rial covering group and the representation to which
the supercharges belong is given in the fifth column.
For Ds1, 2 we have not given the largest possible

Ž .automorphism algebra. For example, the 8,8 alge-
Ž .bras actually have a Spin 8 group acting indepen-

dently on spinors of each chirality, but in the string-
Ž .theory realization only the diagonal Spin 8 survives.

Similarly, in Ds1 the maximal automorphism group
Ž . Ž .is SO 16 but only SO 9 is realized by 0-branes.

This is because the supercharges must be spinors of
the R-symmetry group as well as of the worldvolume

Ž .Lorentz group, and SO 9 is the largest subgroup of
Ž .SO 16 with a 16-dimensional spinor representation.

In the last column we give a brane field theory that
realizes the supersymmetry algebra. Some branes do
not appear in the list because they realize only a
proper subgroup of the automorphism algebra as a
consequence of being the dimensional reduction of
another brane with the same algebra. For example,
the IIA-wave is essentially the same as the M-wave

Ž . Ž .but with the SO 9 symmetry reduced to SO 8 .
Ž .If one associates the so n R-symmetry algebra of

each of the above supersymmetry algebras to an
Ž .SO n rotation group in a space transverse to a

Ž .pq1 -dimensional worldvolume then one arrives at

an interpretation in which the p-brane is embedded
Žin a larger spacetime of total dimension Ds nqp

.q1 . This total dimension is in each case either
Ds10 or Ds11. This fact might well be consid-
ered remarkable to someone studying these algebras
as a mathematical excercise, but it is of course
expected from their interpretation as worldvolume
superalgebras of Ds10 or Ds11 branes. Note that
a single transverse dimension would be associated

Ž .with a trivial SO 1 rotation group so that in those
cases for which the R-symmetry algebra is trivial
there is an ambiguity in the dimension of the trans-
verse space: it could be zero or one. For example, if
we suppose that the transverse space associated to

Ž .the Ds10 1,0 algebra has dimension one we may
interpret the algebra as that of the M-9-brane. If
instead we choose the transverse space to have di-
mension zero we may interpret the algebra as that of
the D-9-brane, which is effectively the Ds10
spacetime of the Type I superstring. The Ds9
Ns1 supersymmetry algebra is another rather spe-
cial case. Its Z automorphism group is the vestige2

of a rotation group in a 1-dimensional transverse
space, so the D-8-brane acquires a natural Ds10
interpretation but, as usual, its 11-dimensional inter-
pretation is obscure.

An inspection of the above supersymmetry alge-
bras reveals that most are dimensional reductions of
some other one. The only exceptions are the five
supersymmetry algebras corresponding to the world-
volume field theories of the five M-branes. These
have been marked with an asterisk in the first col-
umn. The M-wave, M-5-brane and M-9-brane alge-
bras are manifestly not reductions of any other alge-
bra in the list. Dimensional reduction of the D-3-
brane algebra yields an Ns8 Ds3 algebra but its

Ž . Ž .automorphism algebra is so 7 rather than so 8 .
This is of course the algebra of the D-2-brane, which
we did not include because it is just the reduction of
the M-2-brane. Thus, the M-2-brane algebra is also
not the reduction of any other one. This leaves the
algebra associated to the M-KK-monopole. Strictly
speaking, this is an exception to the rule because it is
also the D-6-brane algebra, which is the reduction of
the D-7-brane algebra. However, this algebra shares
the nice features of the other M-brane algebras, and
when one takes into account the hidden dimension
implicit in the KK-monopole metric, there is a natu-
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ral Ds11 interpretation. In any case, its inclusion
among the ‘exceptional’ cases is forced by the inter-
secting brane interpretation of the p-form charges in
the other M-brane algebras. We learn from all this
that when determining the possible 1r4-supersym-
metric brane intersections from the worldvolume su-
persymmetry algebras of participating branes we need
only consider the five M-branes. Thus, the worldvol-
ume superalgebras of Ds10 and Ds11 branes
proclaim the ‘supremacy’ of M-theory.

Having determined all 1r4-supersymmetric inter-
sections of M-branes from the supersymmetry alge-
bras with 16 supercharges one is led to wonder
whether intersections preserving less supersymmetry
are encoded in the supersymmetry algebras with
fewer supersymmetry charges. The answer appears
to be a qualified ‘yes’, but we shall not attempt a
systematic analysis here. Rather, we shall present a
few illustrative cases in which triple intersections
with 1r8 supersymmetry can be deduced from the
p-form charges in the superalgebra with 8 super-
charges corresponding to 1r4-supersymmetric pair-
wise brane intersections. One case of interest is Type
I brane intersections viewed as triple intersections in
which the ‘third brane’ is a D-9-brane. Another class
of cases can be deduced from the worldvolume
algebra of the 3-brane in the M-theory 5-brane.
Analysis of the p-forms in this algebra shows, in
particular, that the 3-brane in the M-5-brane is a
D-brane for the self-dual string. We shall provide
both Ds10 IIB and Ds11 M-theory explanations
of this fact.

2. M-brane intersections

2.1. M-waÕe

The M-wave algebra is

Qi ,Q j sd iP qZ Ž i j. , d Z Ž i j.s0 , 5Ž .� 4y y j s s i j s

i Ž .where the supercharges Q is1, PPP ,16 are iny
Ž .the 16 spinor representation of SO 9 . This has the

obvious reduction to the Ds10 D-0-brane algebra

Qi ,Q j sd iHqZ Ž i j. 126[9 . 6� 4 Ž . Ž .j

As indicated, the 0-form central charges in this
algebra fall into the 126 and 9 representations of

Ž .SO 9 , as do the Ds2 self-dual vector Z-charges in
the M-wave algebra. Intersections of M-waves pre-
serving 1r4 supersymmetry have been classified in
w x21 , but since these are less familiar than those
involving D-0-branes it is helpful to consider the
latter first. The results for the M-wave are then
obtained by re-interpreting the D-0-brane results in
Ds11.

Ž .The 126 of SO 9 is either a 4-form or a 5-form
in the transverse 9-space. This corresponds to a
D-0-brane in a D-4-brane or a KK-monopole, respec-

Ž .tively. The 9 of SO 9 is either a 1-form or an
8-form in the transverse 9-space. This corresponds to
a D-0-brane in a fundamental string or a D-8-brane,
respectively. The Ds11 interpretation of the same

w xconfigurations is, in the notation of 21 ,

< < <1 W,M5 , 1 W,KK , 1 W,M2 ,Ž . Ž . Ž .
<1 W,M9 . 7Ž . Ž .

This is the complete list of 1r4-supersymmetric
intersections of M-waves.

2.2. M-2-brane

Ž Ž ..The M-2-brane algebra is given in Eq. 3 . We
considered earlier the spacetime interpretation of the
space components of the 1-form and 3-form charges.
This led to the following M2-brane intersections:

< < <0 M2,M2 , 0 M2,KK , 1 M2,M5 . 8Ž . Ž . Ž . Ž .
The time components of the 1-form charges are
equivalent to space components of the dual 2-forms
and hence correspond to a ‘worldvolume 2-brane’,
i.e. worldvolume filling 1r2-supersymmetric 2-
branes. These cases are naturally interpreted as ‘in-
tersections’ in which the original M-2-brane is inside
some larger brane. The latter is nominally a 6-brane
since it is determined by an additional 4-plane in the
transverse space but, as earlier, this is to be inter-
preted as a KK-monopole. We thus conclude that an
M-2-brane inside a KK-monopole preserves 1r4
supersymmetry, as indeed it does. This yields the
intersection

<2 M2,KK . 9Ž . Ž .
To find the remaining intersections of M-2-branes

Ž Ž ..we must take into account that the algebra Eq. 3
admits 1r2 supersymmetric charge configurations in
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which only the 3-vector P is non-zero; it must then
Ž .be null. Since P is also a singlet of SO 8 we may

consider it to be either a 0-form in the transverse
8-space or an 8-form. In the former case P has the
obvious interpretation as the null 3-momentum of an
M-wave ‘inside’ an M-2-brane, a known 1r4-super-
symmetric ‘intersection’. In the latter case P repre-
sents the intersection of a 9-dimensional object with
the M-2-brane; it must be interpreted as a charge
associated to the boundary of an M-2-brane on an
M-9-brane. The fact that P is null is an indication
that the string boundary is chiral, consistent with its
HW-interpretation as the heterotic string. We have
now found the additional M2-brane intersections

< <1 M2,W , 1 M2,M9 , 10Ž . Ž . Ž .
and these complete the list of possible 1r4-super-
symmetric intersections involving M-2-branes.

2.3. M-5-brane

The M-5-brane worldvolume algebra is given in
Ž Ž ..Eq. 2 . We have already explained how the Y-
charge leads to the intersections

< < <1 M5,M2 , 1 M5,M5 , 5 M5,KK ,Ž . Ž . Ž .
<5 M5,M9 . 11Ž . Ž .

Consider now the self-dual 3-form charge Z carried
by a 3-brane in the M-5-brane. This charge is in the

Ž .10 representation of Sp 2 , which may be interpreted
as either a 2-form or a 3-form in the transverse
5-space. In the 2-form interpretation, the 3-brane is
the intersection with a second M-5-brane. In the
3-form interpretation, it is the intersection with an
M-KK-monopole. We thus deduce the intersections

< <3 M5,M5 , 3 M5,KK . 12Ž . Ž . Ž .
) Ž . Ž .Finally, we must consider the SU 4 (Spin 5 5-

vector P. If P is assumed to be a 0-form in the
transverse space then P has the obvious interpreta-
tion as the null 5-momentum of an M-wave in the
M-5-brane. However, we could also suppose P to be
a transverse 5-form, which would indicate a 6-di-
mensional object. This must be interpreted as an
M-KK-monopole intersecting the M-5-brane on a
chiral string. We thus deduce the intersections

< <1 M5,W , 1 M5,KK . 13Ž . Ž . Ž .

Note that if the non-compact hyper-Kahler 4-metric¨
of the KK-monopole were replaced by a compact
hyper-Kahler metric on K then the ‘intersection¨ 3
Ž < .1 M5,KK would become an M-5-brane wrapped on

w xK , alias the heterotic string 23 . This goes some3

way to explaining why the string intersection in
Ž < .1 M5,KK is chiral. In any case, we have now found
the complete set of possible M-5-brane intersections
preserving 1r4 supersymmetry.

2.4. M-KK-monopole

The M-KK-monopole algebra is

Qi ,Q j s´ i j CG P m qC Z Ž i j.Ž .� 4a b m a ba b

q´ i j CG mn Z q CG mnr Z Ž i j. ,Ž . Ž .ab a bmn mnr

14Ž .

Ž . Ž .where is1,2 is an Sp 1 (SU 2 index. We there-
fore have the following p-brane charges with their

Ž .SU 2 representations

Z ps0 :3 Z ps2 :1 Z ps3 :3Ž . Ž . Ž .
Z ps4 :3 Z ps5 :1 15Ž . Ž . Ž .
The ps4, 5 cases come from the time components

Žof the 3-form and 2-form charges. The algebra Eq.
Ž ..14 is also the algebra of the D-6-brane and it will
be convenient to begin with an analysis of its impli-
cations for D-6-brane intersections. In this case the

Ž .transverse space is three-dimensional, so an SU 2
singlet can be interpreted as either a 0-form or as a

Ž .3-form in the transverse 3-space. Similarly, an SU 2
triplet can be interpreted as either a 1-form or as a
2-form in the transverse space. Each possibility yields
a distinct configuration of intersecting branes. The
details are much as before and the result is that one
finds all 1r4-supersymmetric intersections of D-6-
branes for which the intersection is a p-brane with
ps0, 2, 3, 4, 5. There remain two ps1 intersec-
tions not yet accounted for. One is a IIA-wave in a
D-6-brane which is obviously associated with P,
interpreted as the null 7-momentum of the wave. The
other is found by taking the space components of the
null 7-vector P to be a 3-form in transverse 3-space.
In this case P can be interpreted as the charge of a
chiral string formed by the intersection of a D-4-brane
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with the D-6-brane. This can be represented by the
array

D6: 1 2 3 4 5 6 y y y
D4: 1 y y y y y 7 8 9

Note that there are no dimensions in which the
D-4-brane could be separated from the D-6-brane, so
that a chiral theory on the intersection is indeed

Žpossible the 11th dimension does not invalidate this
argument because the M-KK-monopole is not strictly

.a brane with a localized worldvolume . In fact, this
Ž .configuration is dual at least formally to a D-string

Ž .in a D-9-brane, alias the chiral type I superstring.
Let us now return to the M-KK-monopole. The

transverse space is now 4-dimensional, despite the
Ž .Spin 3 R-symmetry. This means that the transverse

dual to, say, a transverse 1-form is now a 3-form,
whereas it was previously a 2-form. However, what
was previously a 1-form might now really be a
two-form, in which case the transverse dual would
still be a 2-form. In other words, in associating forms
of two possible ranks to each worldvolume p-form
in the algebra, one of the two ranks will now in-
crease by one, the other one being unaffected. There
is therefore an additional choice that must now be
made, which amounts to a choice of where to put the
extra dimension when re-interpreting the previous
D-6-brane results in Ds11. The choice is not arbi-
trary, however, because it is determined by the possi-
ble M-branes. Only one choice has a Ds11 inter-
pretation because there is only one way to interpret
each D-6-brane intersection as a KK-monopole inter-
section. In the case of 0-brane intersections, the two
D-6-brane cases lift to the intersections

< <0 M2,KK , 0 M2,KK , 16Ž . Ž .Ž .
where the underlining in the second case indicates
that the compact isometry direction of the KK-mono-
pole is also an isometry of the M2-brane; in other
words, the M-2-brane is wrapped on the KK circle.
The two D-6-brane cases with 2-brane intersections
lift to

< <2 M2,KK , 0 KK,KK . 17Ž . Ž . Ž .

The two 3-brane intersections are

< <3 M5,KK , 3 M5, KK , 18Ž . Ž .Ž .

with the same meaning to underlining as before.
Similarly, the 4-brane intersections are

a b< <4 KK,KK , 4 KK,KK , 19Ž . Ž . Ž .
w xwhere the notation is that of 21 : the ‘a’ case is the

one in which the KK circle is common to both KK
Ž‘monopoles’ the arrays and supergravity solutions

w x.may be found in 21 . The 5-brane intersections are

< <5 M5,KK , 5 M9,KK . 20Ž . Ž . Ž .
We thus recover from the M-KK algebra the M-5-
brane intersection with an M-KK-monopole deduced
previously from the M-5 algebra. In addition we find

w xthe KK intersection with an M-9-brane 20 ; this can
be interpreted as a KK-monopole having an M-5-
brane boundary on an M-9-brane.

Finally, the waverchiral string intersections in
Ds11 are

< <1 W,KK , 1 M5,KK , 21Ž . Ž . Ž .
which we deduced earlier from the M-W and M-5
algebras.

2.5. M-9-brane

The M-9-brane worldvolume algebra is

Q ,Q s C PPqG P m� 4 Ž .a b m a b

q CG mnrsl Zq , 22Ž . Ž .ab mnrsl

where PPq is the chiral projection operator on spinors
and Zq is a self-dual 5-form. When this is inter-
preted as the D-9-brane algebra the 5-form charge is
associated with a 5-brane in the D-9-brane, alias the
Type I D-5-brane. We shall consider this interpreta-
tion in more detail in the following section. For its
M-9-brane interpretation we must suppose that there
is a one-dimensional transverse space. The 5-form
Zq could represent either a 0-form or a 1-form in
this transverse ‘1-space’. In the 0-form case we have
an M-5-brane inside an M-9-brane, alias the heterotic
5-brane. In the 1-form case we have what might
appear to be a 5-brane intersection of the M-9-brane
by a 6-brane, but this should be interpreted as an
M-KK-monopole with a boundary on the M-9-brane.
Thus, we confirm the cases

< <5 M9,M5 , 5 M9,KK , 23Ž . Ž . Ž .
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found earlier from the M-5 and M-KK algebras. To
find the remaining M-9-brane intersections we note
that the space components of the 10-momentum P
could be either 0-forms or 1-forms in the transverse
space. In the former case we have the obvious
interpretation as an M-wave in an M-9-brane. In the
latter case the object intersecting the M-9-brane is
two-dimensional; it must be an M-2-brane with
boundary on the M-9-brane. The fact that P is null
is again an indication of the chirality of the string
boundary, which is in fact the heterotic string. Thus
we deduce the intersections

< <1 M9,W , 1 M9,M2 , 24Ž . Ž . Ž .
which we also found previously from the M-W and
M-2 algebras. We have now found the complete set
of M-9-brane intersections preserving 1r4-super-
symmetry.

3. Triple intersections

We now turn to triple orthogonal intersections of
M-branes or Type II branes preserving 1r8 super-
symmetry. The common-intersection worldvolume
field theory realizes a supersymmetry algebra with 8
supercharges. The list of such algebras is as follows:

Ds1 Ns8 so 8 8Ž . s

) Ds2 8,0 so 8 8 IB-1Ž . Ž . s

Ds2 4,4 so 4 4[4Ž . Ž .
Ds3 Ns4 so 4 4 m-2Ž .
Ds4 Ns2 u 2 2[2Ž .
Ds5 Ns1 su 2 2Ž .

) Ds6 1,0 su 2 2 1B-5Ž . Ž .

The algebras marked with asterisks are those which
are not the dimensional reduction of any other. These
are the worldvolume algebras of the Type 1 string
and 5-brane, which we call the IB-string and IB-5-

Žbrane because of the IIB origin of the Type 1
.string . Double intersections of these 1B-branes, pre-

serving 1r4 of the supersymmetry of the Type 1
vacuum, can be considered as special cases of 1r8-
supersymmetric triple intersections of IIB branes in
which the ‘third brane’ is the D-9-brane. We shall
consider these cases first.

The Type 1 spacetime supersymmetry algebra is
the same as the M-9-brane worldvolume algebra
considered above. As in that case, the null 10-vector
P does ‘double duty’ as a wave momentum and
chiral string charge, while Zq does ‘double duty’ as
the charge of a 5-brane and a KK-monopole. In the
past, the necessity for charges to do ‘double duty’ in
the Ns1 Ds10 supersymmetry algebra has al-
ways seemed a drawback of the approach but we
have just seen that it has a natural explanation from

Žthe M-9-brane perspective as a result of the 0-form
.and 1-form interpretations in transverse space . In

any case, we may now attempt to determine the
intersection of Type 1 branes by considering the
supersymmetry algebras of the 1B-stringr1B-wave
and the 1B-fivebraner1B-KK-monopole. For sim-
plicity we restrict the discussion to the 1B string and
5-brane. The 1B-string worldsheet supertranslation

Ž . Ž .algebra is the Ds2 8,0 algebra is1, . . . ,8

Qi ,Q j sd i jP qZ Ž i j. 35q ,Ž .� 4y y s s

d Z Ž i j.s0. 25Ž .i j s

As indicated, the 1-form Z-charges are in the 35q

Ž .representation of SO 8 , which defines a 4-form in
the transverse 8-space. We conclude, correctly, that
the 1B-string inside a 1B-5-brane preserves 1r4 of
the supersymmetry of the Type 1 Ds10 Minkowski
vacuum. We should be able to see this intersection
from the 5-brane’s worldvolume supersymmetry al-

Ž . Žgebra. This is the Ds6 1,0 algebra is1,2;as
.1, PPP ,4

Qi ,Q j s´ i jP qZ Ž i j. . 26Ž .� 4a b w a b x Ža b .

Ž .The Z-charge is an SU 2 -triplet of self-dual Ds6
3-forms. This is the charge of a 3-brane in the

Ž . Ž .5-brane. The SU 2 (Spin 3 R-symmetry of the
Ž .algebra 26 suggests a spacetime interpretation in

Ž .Ds9, but the SU 2 doublet of supercharges can
Ž .equally well be interpreted as a spinor of SO 4 , in

Ž .which case an SU 2 triplet is to be interpreted as a
self-dual 2-form in a transverse 4-space. Thus, the
3-brane is the intersection of two 1B-5-branes. This
possibility is to be expected from the IIB origin of
the 1B string. We have still to find the 1B-string in
the 5-brane. Since the string is chiral it should be
associated with a null 6-vector. The only possibility
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is P, which therefore does ‘double duty’ as a string
charge and the 6-momentum of a 1B-wave in the
1B-5-brane.

Another class of 1r8-supersymmetric triple inter-
sections is obtained by considering double intersec-
tions of branes confined to the core of a KK-mono-
pole. For example, consider a IIB-3-brane in a IIB-
KK-monopole. The IIB-3-brane is effectively con-
fined to a Ds6 spacetime. In fact, this is one
realization of the iib-3-brane of the ‘little’ Ds6 IIB
string theory, alias iib-string theory 3. The worldvol-
ume supersymmetry algebra of the iib-3-brane is the

� 4Ns2 Ds4 algebra. The Q,Q anticommutator, in
Weyl spinor notation, is

Qi ,Q sd iP qW i , W i s0 ,½ 5˙ ˙ ˙ ˙a b j j a b a b j a b i

Qi ,Q j s´ ´ i jZqY Ž i j. . 27Ž .� 4a b a b Ža b .

One sees from this that the iib-3-brane admits 1r2-
supersymmetric p-branes for ps0, 1,2,3. The R-

Ž . Ž .symmetry group is U 2 . We interpret the U 1 (
Ž .Spin 2 factor as the rotation group of the 2-space

transverse to the worldvolume of the Ds6 iib-3-
Ž .brane, and the SU 2 factor as the rotational isometry

group of the KK-monopole implicit in the iib-theory’s
D s 10 spacetime realization. The iib-p-brane

Ž .charges are in the following U 2 representations:

Z ps0 :1 W ps1 :3 Y ps2 :3Ž . Ž . Ž .q1 0 q1

W ps3 :3 28Ž . Ž .0

Ž .where the subscript on the SU 2 representations
Ž . Ž .indicates the U 1 charge Z and Y are complex .

The 0-branes must be interpreted as intersections, or
endpoints, of iib-strings on iib-3-branes. Thus iib-3-
branes are d-branes for iib-strings, a fact that is
evident from their Ds10 spacetime interpretation
as IIB-branes in a KK-monopole. The 1-branes are
intersections with a IIB-3-brane for which the two
orthogonal directions span a 2-cycle in the 4-space

Žof the KK-monopole this is determined by a 2-form
in 3-space if the IIB brane is not wrapped on the KK
circle and by a 1-form in 3-space if it is wrapped on

.the KK circle . The 2-branes can be interpreted as

3 w xWe have found the discussion of ‘little’ theories in 22 useful
in orienting our ideas. We refer to that paper for further refer-
ences.

intersections with other Ds6 3-branes that are actu-
ally IIB-5-branes with some directions in the 4-space
of the KK-monopole. The 3-brane can be interpreted
as the original iib-3-brane inside a IIB-5-brane for
which two directions are in the KK 4-space.

Another interpretation of the iib-string and iib-3-
brane is as the string and 3-brane in the M-5-brane,
so the intersections of iib-branes just discussed have
implications for triple M-brane intersections. For
example, we saw that two iib-3-branes can intersect
on a string. We conclude that the same must be true
of two 3-branes in an M-5-brane, as it is because it is
implied by the following triple intersection of M-5-

w xbranes preserving 1r8 supersymmetry 10

M-5: 1 2 3 4 5 y y y y y
M-5: 1 2 3 y y 6 7 y y y
M-5: 1 y y 4 5 6 7 y y y

The 3-branes in M-5-branes can also intersect on a
2-brane because this is implied by the alternative
triple M-5-brane intersection

M-2: 1 2 3 4 5 y y y y y
M-5: 1 2 3 y y 6 7 y y y
M-5: 1 2 y y 5 6 y y y y

Ž Ž ..The ps3 case of Eq. 28 is realized by the triple
M-5-brane intersection

M-2: 1 2 3 4 5 y y y y y
M-5: 1 2 3 y y 6 7 y y y
M-5: 1 2 3 y y y y 8 9 y

The 3-brane intersection of the first two M-5-branes
lies inside the third M-5-brane.

Ž Ž ..This leaves only the ps0 case of Eq. 28 to
be accounted for as a triple M-brane intersection. We
have already deduced that it must be an endpoint on
a 3-brane of the iib-string, now in its guise as the
self-dual string in the M-5-brane. The fact that the
iib string can end on the iib 3-brane can now be seen
from the triple M-brane intersection array

M-5: 1 2 3 4 5 y y y y y
M-5: 1 2 3 y y 6 7 y y y
M-2: y y y y 5 6 y y y y

This can be interpreted as the intersection of two
M-5-branes on a 3-brane with the 3-brane intersect-
ing the string boundary of an M-2-brane. The mem-
brane boundary is continuous but switches from one
M-5-brane to the other at the intersection point.
From the perspective of one of the M-5-branes the
string boundary appears to end on a 3-brane.
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4. Discussion

We have seen that 1r4 supersymmetric intersec-
tions of M-branes, and Type II superstring branes,
are encoded in the supersymmetry algebras with 16
supercharges interpreted as worldvolume supersym-
metry algebras. The interpretation of the M-brane
algebras is particularly natural. We have also shown
how some algebras with 8 supercharges encode triple
intersections, but the interpretation is less natural in
the sense that there are various ambiguities that arise
which must be resolved by additional information.
This is probably inevitable because a 1r8 supersym-
metric M-brane configuration, to take an example,
could be a non-orthogonal double intersection rather
than an orthogonal triple intersection. Thus, it is
likely that the algebras with less than 16 super-
charges have several inequivalent interpretations as
intersection worldvolume algebras. However, we
suspect that there exists some natural iteration proce-
dure that will at least allow a classification of all
orthogonal multiple intersections from the supersym-
metry algebras with 16, 8, 4, 2, 1 supercharges. In
any case, it is now clear that the various supersym-
metry algebras in various dimensions encode an
enormous amount of information about partially su-
persymmetric configurations of branes in M-theory.
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