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Receiver operating characteristics of perceptrons: Influence of sample size and prevalence

Ansgar Frekingd, Michael Biehl! Christian Braurf, Wolfgang Kinzel* and Malte Meesmarin
nstitut fir Theoretische Physik, UniversttaVirzburg, Wuzburg, Germany
2Medizinische Universitaklinik Wirzburg, Wuzburg, Germany
(Received 21 May 1999

In many practical classification problems it is important to distinguish false positive from false negative
results when evaluating the performance of the classifier. This is of particular importance for medical diag-
nostic tests. In this context, receiver operating charactefR@C) curves have become a standard tool. Here
we apply this concept to characterize the performance of a simple neural network. Investigating the binary
classification of a perceptron we calculate analytically the shape of the corresponding ROC curves. The
influence of the size of the training set and the prevalence of the quality considered are studied by means of a
statistical-mechanics analys[$1063-651X99)06911-1

PACS numbd(s): 87.10+e, 07.05-t, 05.90:+m

[. INTRODUCTION centage of correctly classified diseased persons. Thus, a sen-
sitivity of 100% means that any occurrence of the disease is
Classification problems in general and medical diagnosticletected by the test. Thspecificity u gives the analog ratio
tests in particular are often well suited for the application ofof the correctly classified persons without the disease.
neural networkg1-3]. The rule how to classify an item is Whereas sensitivity and specificity have a more global mean-
generally not available, but can be derived from examplesing, physicians might be more interested in the ratios taken
e.g., patients with a known clinical status. The task for thewith respect to the rows. If the test is positive, thesitive
network is to learn from these examples, i.e., to extract th@redictive values, gives the probability to have the disease.
implicit information in order to classify other items. We fo- The negative predictive value _ tells the reliability of a
cus on medical diagnostic tests, where the aim is to discriminegative test result. The fraction of diseased persons in the
nate between absence and presence of a certain diseasesample is calleghrevalence
risk, yet our analysis is not restricted to this domain.
To gain further insight into the applicability of the neural N=a+oc. @)
network approach in a clinical setting we calculated the re-
quired size of the training set in relation to the prevalence of
the disease considered. For this purpose we provide analyti- Usually, diagnostic tests yield a continuous valued quan-

cal expressions for the influence of prevalence on the shaghly which is compared to a threshold value for binary clas-
of receiver Operating characteristic curves. sification. By varying this threshold, the test can be made

more or less stringent to meet given requirements with re-
spect to sensitivity or specificity.

A more stringent test gives high specificity, i.e., the frac-

For the evaluation of a diagnostic test, it is often impor-tion of correctly classified healthy persons is high. On the
tant to distinguish false positive from false negative resultsother hand, an increase in specificity usually results in a loss
In this case the so-called generalization error as defined iof sensitivity, i.e., more persons with the disease are missed.
the context of learning theory is not sufficient to assess the This trade-off between specificity and sensitivity is de-
validity of the test. scribed by thereceiver operating characteristidROC)

A common way to summarize the results of a medical testurve. An ROC curve is the plot of a test’s true positive rate,
is to list the frequencies of positive and negative test resultge., the fractionygoc=a/(a+c) of correctly classified per-
in a 2xX 2 cross table where the columns correspond to theons with the disease, as a function of its false positive rate,
clinical status of the patientsee Table)l In the following
we use the convention that all frequencies are counted rela- TABLE I. Cross table containing the relative frequencies of

II. DEFINITION OF DESCRIPTIVE MEASURES

tively to the total number of patients, i.@+b+c+d=1. positive and negative test results subdivided with respect to the
From the cross table one defines the ratios clinical status(disease vs no disease or risk vs no xiskdepicts
correctly classified diseased persodgepresents correctly classi-
. a . a fied normalsb+ c gives the fraction of false classifications, which
U= a+tc’ V= a+b’ is often referred to ageneralization error
1 -
d d @ Clinical status
u_.=——, v_=——, With disease Without disease
b+d c+d
positive a b
which are standard measures to describe the performance ®fst result negative c d

a medical diagnostic test. Theensitivity u. gives the per-
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the fraction xgoc=b/(b+d) of misclassified healthy per- 1 1
sons. Using the definitiondl), it is obvious thatyroc=U. p(y)=—==exp — Eyz)_ (4)
andXROC:(l_U_). \/Z

Each point on the ROC curve corresponds to a certain )
stringency level of the test. If a diagnostic test makes exclulNote that in case of larghl, Eq. (4) holds true under more
sively positive classifications, the true positive rate is 1, bugeneral conditions according to the central limit theorem.
the same applies to the false positive rate. The correspondir%IVen the distributior(4) of y, the threshold is related to
point on the ROC curve is the upper right comgpoe 1€ Prevalence through
=Xroc=1. In the opposite extreme, there are no positive
classifications and therefore one =Xroc=0. ) 1 (x 1

For a test without predictive Bgfve\?gr, the ratio between M=®(6), with @(x):\/ﬁfwdtexp( B Etz)'
positive classified persons with and without disease would be

: . )

the same as the corresponding ratio of the whole test popu-

lation; in this case one has
IV. ROC CURVES OF A PERCEPTRON

88}

+c In this section we consider a perceptron with fixed weight
Td vector Je RN, J2=1. As does the rule vectod defines a
hyperplane in the feature space, and

ol o
o

and the ROC curve follows the diagongloc=Xgroc. Any
meaningful test should yield an ROC curve above this diag-

onal. By changing the threshold value of the test, one obtaing .
a curve extending between the two COM@Esc=Xpoc=0 the test result for the patiel® We use the overlaiR
andyroc=Xroc= 1 =J-B as the usual measure for the perceptron’s knowledge

The given conditions in medical practice often require aabOUt the rule. For a giveR, the projectionx=J-S of a

certain level of specificity for a test to be useful. If one thinks'ceature vector on the perceptron vecband the projection

of a risky or cost expensive treatment, it is clear that the/ = B-S on the rule vector are jointly Gaussian distributed

fraction of misclassified healthy persons should not exceed &ccording to

certain limit. On the other hand, a diagnostic test should

achieve some minimal value of sensitivity in order to be 1 1 x*—=2Rxy+y?
effective. Since ROC curves display precisely this interplay, p(x.y)= zwmex 27 1_R?
they can be used to determine the threshold value for a cer-

tain d|ggnost|c test. Additionally, ROC curves allow. fo.r In order to plot the ROC curves for the perceptron classifi-
comparison of several tests at the same level of Specmc'tyc':ation we need to know the entries of the respective cross
For a detailed discussion of the use of ROC curves see, fQ[f';\ble ,If we want to calculate, sdy, which is the relative
instance[4] and references therein. frequency of[(Sy=—1)/\(o=+1)], we have to perform
the average 00 (—Sy)®(+ o) over the distribution of fea-
Ill. DATA MODEL ture vectorsS. SinceS enters only through the scalar prod-

_ ) _ uctsx andy, we arrive in an average over E),
In our analysis, each patient is represented by an

N-dimensional feature vectoBe RN. Each component of " 0
this vector can be thought of as a clinically relevant measure b= f dxf dy p(x,y)
which characterizes the patiefg#.g., blood pressure, heart Y —
rate. The patient’s clinical status is coded by the binary
quantity Sy, whereSy=+1 meanswith andS,=—1 means — fodxexp< _ lxz) ®
without disease. J2mdy 2

Let us now assume, that diseased constellations in feature
space can be separated from the healthy ones by a =:V(y,6,R). (8)
(N—1)-dimensional hyperplane. This means, that the actual
statusS, of a patient with feature vectd is given by

o=sgn(J-S— ) (6)

)

6—Rx
1-R

All other entries of the cross table can be calculated in the
same way and hence can be expressed through the function

Sp=sgnB-S—0), (3) W defined in Eq(8),
whereBe RV, B?=1, is a unit-vector perpendicular to the a=¥(y,—0,-R), c=¥(-»-0R),
hyperplane; for obvious reasoBss called therule vector. 0 ©)
is related to the prevalence, i.e., the fraction of actually dis- and d=¥(-v,60,—R).

eased individuals. The components $fare taken to be

Gaussian distributed with zero mean and unit variance, therérhis allows us to express the quantities in Ef.in terms of
fore the overlap/=B- S of the feature vectors with the rule the perceptron threshold, the biasf which is related to the
is Gaussian distributed as well, prevalencg5), and the overlafR,
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FIG. 1. ROC curves of perceptrons with overldps 0.1,0.2 . . .,0.9 (both panels higher values oR give larger areas under the curves.
For the left-hand panel the prevalence was set $6560%, in the right-hand panel to=1%. For a prevalence of 50%, the curves are
symmetric with respect to the line (0;2)1,0), which reflects the symmetry betwediseasedand healthyin this case.

Y(y,—0,—R) Y(y,—0,—R) and the prevalence of the quality considered to the perfor-
U+:W, V+:W1 mance of the perceptron. This means we have to calculate
(10) the quantityR as a function of the total numbéof training

_ _ _ B examples and the relative frequency of the laBgk + 1.
B :w B :w Finally, this gives us access to the desired accuracy measures
O(-0) O(~y) defined in the previous sections.
. N ] ] We apply the standard statistical mechanics approach and
For given external conditions, i.e#,andR fixed, the perfor-  consider the components of the perceptron weight velcaesr

mance measures in EqEL0) can only be tuned relative to the N degrees of freedom of a physical system with energy
each other by the choice of the perceptron thresholdA

higher value ofy gives less positive classificatiofisf. Eq. P P
(6)] and therefore an increase of with a concomitant de-  H(J)= >, O(—*SE)= > O[—(J-S—y)(B-S*—0)],
crease ol . w=1 p=1

The plot ofu, , i.e., the fraction of positive classifications (11

among the diseased persons, versus 1), the fraction of .
positive classifications in the healthy subgroup, gives thavhere the sum extends over all feature vectsfsin the

ROC curve. training set. The thresholg is considered to be fixed during
As y— +o there are no positive test results and the rethe training process.
spective point on the ROC curve is the lower left corner, In an ensemble of perceptrons at formal temperatyse 1/

— —oo equivalently corresponds to the upper right corner.a configurationJ occurs with the corresponding Gibbs-
For finite y the value ofR determines the path in between the Boltzmann density, hence the tei@ibbs learninghas been
corners. The higher the value Bf the higher the sensitivity coined for this scenarifb]. The quenched average over the
at a certain specificity and the larger the area under the curvéandomness contained in the training data is performed using
Figure 1 presents ROC curves for two different preva-the replica method assuming replica symmetry. A sketch of
lences(1% and 50% and several values d&&. In comparing the calculation is given in the appendix.
the two plots, we find that a perceptron with a certain overlap The limit §—co forces the system into its ground state.
R reaches higher sensitivities for all specificities when therd=or y= 6 the energy of the ground state tis=0, indepen-
are less patients with disease than without disease. The ROgent of a=P/N. This corresponds to an error-free classifi-
curves for the casa=1% are steeper than the ones for cation of a training set of any size. In the linht— o with
=50%. On the other hand, it should be harder for the perfinite normalized sample size=P/N, 6 can be determined
ceptron to achieve a certain knowledge about the rule, iexactly from the prevalence ang= 6 is a valid choice for
there are less examples of one group at a fixed total amouiie perceptron threshold during training. Since we expect
of training examples. that this choice already gives the largest achievable overlap
within the framework of Gibbs learning, we proceed without
an explicit optimization of the learning strategy with respect
to y for given 0, and usey= 0 instead. Note that this par-
Up to now, we have considered a perceptron with fixedticular choice ofy is only used to describe a specific training
weightsJ and a certain overlaR with the rule. The aim of process and does not affect the role of the threshold as de-
this section is to include a learning process into the analysiscribed in the preceding sections.
The perceptron gains knowledge about the rule by learning The overlapR defined in Sec. IV now plays the role of an
from examples provided in the training set. Consequentlyprder parameter. Together with the quantitywhich repre-
we shall analyze the influence of the size of the training sesents the typical overlap of two error free perceptron vectors

V. LEARNING FROM A TRAINING SET
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FIG. 2. On the left-hand panel, the overlRpof the perceptron vectal with the rule vectoB is plotted as a function of the ratie
=P/N. The individual curves correspond to the prevalence®.01, 0.05, 0.10, 0.25, and 0.50 from bottom to top. Before having seen any
example, i.e., aw=0, J is perpendicular t@ and the curves start &=0 in any case. With increasing, R increases and approaches
asymptotically the value 1 as—o0. For a fixeda the largest value oR is achieved when both classes have equal weights,\.e.,
=0.50. Nevertheless, only very asymmetric class weights cause pronounced reducements. This can also be seen from the right-hand part of
the figure. Here the value af required for a fixed overlapR= 0.8) is plotted against the prevalerselid line). Whereas the curve is rather
flat in the center region, it grows dramatically)as-0 orA— 1. For comparison, the dotted line shows the value oéquired to obtain the
same number of examples in the smaller of the subgroups as there are @50.

(A2), it is sufficient to describe the properties of the systenficity, i.e., the ordinate of the ROC curve at fixed abscissa
in the thermodynamic limitN— . (1—u).

In analogy to the casg= #=0, which was studied if6], Proceeding on a given prevalence the ovefapan be
one can argue that the unknown vec®rcoincides with  calculated for any value ofe (cf. Sec. \J. From this, the
equal probability with any error fre& As a consequence the perceptron thresholg, which yields the desired specificity
relation q=R holds true, which would be violated in more can be determined by using the ROC equatids. Finally,
general settings withy+ 6. by using Eq(10) again, one obtains the sensitivity as a func-

The remaining saddle point conditiaii’'/dR=0 [cf. Eq.  tion of the normalized sizee=P/N of the training set. This
(A4)] yields the so-called learning curve, i.®,in depen- dependence is shown in Fig. 3. The corresponding positive
dence ofa. Figure 2 displays such learning curves for dif- predictive values, which are also presented in Fig. 3, can be
ferent values off. As intuitively clear, the more examples obtained the same way.
are provided, the better the rule is captured by the percep- From graphs like the ones in Fig. 3 one can easily read the
tron. This works best if there are equal numbers of examplegequired size of the training set for a desired test perfor-
of both classification types. In case of very few examples formance. Additionally, such graphs may indicate regions,
one of the classes, i.e., for prevalences far away from thahere further collection of training examples gives only ne-
balancex =50%, it takes a huge total amount to gain knowl- glectable improvements to the test performance. The latter
edge about the rule. Nevertheless, for ratios from about applies especially with respect to the positive predictive val-
=10% up toA=90% there is a remarkably weak depen-ues.
dence ofa on the prevalence.

A rough but widely used approximation for the depen-
dence of the required sample size on the prevalence is given VII. DISCUSSION
by the statement, that the smaller subgroup ~determines the \we applied the concept of ROC curves to describe the
actual sample size. This implies the dependemed/\ for  performance of a perceptron that realizes a threshold classi-
A< 0.50, since the normalized number of examples of thdication. For this, we revisited the thoroughly studied sce-
smaller group is given byd¢\), in this case. Equivalently nario where the perceptron learns from examples classified
the dependence should beo 1/(1—\) in the case\ by a rule, which is of the same architecture as the perceptron
>0.50. The right-hand graph of Fig. 2 shows the valuerof itself (see, for instancd,1,5-8 and references thergin
necessary to obtain a certain overlap~(0.8) as a function ~Investigating the shape of ROC curves of a perceptron
of \: for comparisonz is plotted as well. As expected the with fixed overlapR, we observed a pronounced dependence

L~ . of sensitivity and specificity on the prevalence of the quality
approximatione overestimates the actually needed sample;qsigered(cf. Fig. 1. This seems to contradict the fre-
size for any value of.

quently encountered statement that these quantities should be

prevalence independent measures of validity, which is based
V1. HOW MUCH TRAINING DATA IS NECESSARY? on their definitior_w by means of the cross table. It is import_ant

to realize that this predication refers to ROC curves obtained

The relation betweel, 6, and a as derived in the pre- from differently composed validation sets for exactly the

ceding section allows for a quantitative description of thesame classification problem. But even in this sense, the state-

influence of sample size and disease prevalence on the panent does not necessarily apply to realistic situations as dis-

formance of a perceptron. As discussed in Sec. Il, a quantitgussed if9].

of interest might be the sensitivity of a test at a given speci- By introducing the biasy in the rule, we extended the
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FIG. 3. Variation of the perceptron performance with increasing size of the training set. As in the left-hand panel of Fig. 2 the individual
curves of both plots correspondxe=0.01, 0.05, 0.10, 0.25, and 0.50 from bottom to top. The graph on the left shows the sensitivity at fixed
specificity @_=0.95). The sensitivity atv=0 is common to all curves. This is due to the fact that the ROC curve for a test without
predictive power is given by the line of identity; the value 5% just reflects the considered specificity level of 95% d&pendence of the
sensitivity looks very similar to the shape of the learning curves shown in Fig. 2. The corresponding positive predictive values are displayed
in the right-hand panel; the valuesat 0 coincide with the respective values of the prevalence. The increase i@comes astonishingly
slow, yet all curves tend to 1 as— .

analysis in 6] to situations where items of the two subgroupswhere

occur with different frequencies. Combining the results of

this statistical-mechanics approach with standard measures Fu_ 7. cu_ u ; B (R.QU_

of validity as defined in the context of biomedical statistics, Bf=(J-S'=y)sgnfs, with - F#=(B-S°-0).

we described analytically the influence of sample size and

disease prevalence on the performance of a diagnostic test. i€ guenched free energy1/3(In Z) can be performed us-
is hoped that this theoretical knowledge allows for more efing the identity

fective planning of clinical studies.

Our work is based on simple, yet rather general assump- 9
tions on the underlying data distribution and the classifica- (Inz)= I|ma—n(2”>.
tion scheme. Naturally, real world problems are more com- n—0

plicated in many respects. They are usually not completely

learnable since the architecture of the rule is not known. IrFor integern, Z" is the partition function of am-fold rep-
addition, classification tasks in practice will be affected bylicated system. Its average can be calculated by means of a
noise, i.e., the feature vectors can contain inaccurately meaaddle point integration and involves the order parameters
sured values or the example classifications might be wrong
themselves. The considered ideal training situation provides
first insights and we expect the results to hold qualitatively in
a wider range of settings. In particular, earlier studies of the
perceptron have shown that the presence of noise does nderea,b=1, ... n denote the replica indices.

prohibit the successR— 1) of appropriate training schemes, ~ In analogy to[6] we assume replica symmetry, i.&?

in principle [6,10,11. Nevertheless, further research should=R for all a andq,,=q for all a#b. Within this simplify-
incorporate such more realistic situations, including nonisoing scheme it is straightforward to identify the solution in the
tropic data distributions and more complicated classificatiodimit n—0. We obtain, for3—, the quenched free energy
schemes which require, for instance, the use of multilayer

R2=J2.B and q,,=J%-J° for a#b. (A2)

networks. ro? (z" q-R? 1I L
“n| N 2(1-q 29
ACKNOWLEDGMENTS
, = dx x2\ = dF
We would like to thank E. Domany, I. Kanter, M. Opper, +af — exg — — f —
and K. Wegscheider for useful and stimulating discussions. —o\ 27T 2))-w\27
This work was supported by the Deutsche Forschungsge- 2
meinschaftMe 799/3. X ex;{ — —(F *9)
2

APPENDIX x\Jg—R?+|F|R—(y— 6R)sgnF

Vi-gq

XIn ®

(A3)

The partition function corresponding to Ed.1) reads

Further, we restrict the analysis to the case 6. As dis-
cussed in the text, the relatian=R is satisfied in this case
and one obtains the simplified free energy

N N
z=(1'[ fdaj)5<2 Jf—l)exp{—ﬁ} O(—EX)
=1 =1 "
(A1)
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I= R In(1-R) ]+ an e [ = 2 ) exd t+ 2 CD(t\/R>ICD<t\/R) A4
2[ n( ]+t a R ) . J2n ex R ex R —g/M 1-R/" (A4)
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