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Anomalous behavior of the semiconducting gap in WO3 from first-principles calculations
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Several crystal structures of tungsten trioxide have been studied with a first-principles pseudopotential
method. The electronic band gap increases significantly with the distortion of the octahedra that are the
building blocks of the various crystal structures. Moreover, the tilting of the octahedra in the more complex
structures leads to a strong increase of the gap upon compression.@S0163-1829~99!04104-1#

I. INTRODUCTION

Tungsten trioxide has received much attention from the
experimental point of view because of its potential for tech-
nological applications. Ion intercalation and deintercalation
into its open structure, going hand in hand with insertion and
extraction of electrons, e.g., by application of an electric
field, cause a strong modulation of its optical properties
~electrochromism!. For an exhaustive review on these so-
called tungsten bronzes see Ref. 1.

Naturally, this material has also attracted the attention of
computational physics and many useful studies have ap-
peared in the literature so far. Non-self-consistent and/or
semiempirical calculations were reported by Koppet al.,2

Bullett,3,4 Zhan and Zheng,5 and Stashans and Lunell.6 Self-
consistent, first-principles studies were carried out by Chris-
tensen and Mackintosh,7 Corà et al.,8 Stachiottiet al.,9 and
Hjelm et al.10 Except for the Hartree-Fock studies by Cora`
et al. these were all density-functional-based calculations.

The first-principles studies have only considered the sim-
plified, i.e., simple cubic, perovskitelike structure as depicted
in Fig. 1, with the exception of the model hexagonal struc-
ture studied in Ref. 10 and the tetragonal structure in Ref. 8.
The simplified perovskitelike structure indeed occurs for
high fractions of intercalated material~e.g., for NaWO3), but
it is not more than a first approximation to the structures of
the pure WO3 single crystals. It exhibits the basic structural
characteristics, i.e., corner-sharing oxygen octahedra enclos-
ing the tungsten atoms, but ignores important details con-
cerning their distorted shape and their relative orientation. In
fact, depending on these details, five different phases are
known as a function of temperature: from~approximately!
2140 °C to 250 °C a monoclinic low-temperature~LT!
phase occurs, from250 °C to 17 °C a triclinic phase exists,
followed by a monoclinic room-temperature~RT! modifica-
tion that is stable to about 330 °C. Above that temperature,
and until 740 °C,WO3 becomes orthorhombic, and finally,
above that temperature a tetragonal phase has been found.11

Studies on some of these crystals have been carried out with
the non-self-consistent methods~Refs. 3–6!. Those by Bul-
lett have demonstrated that in the simplified cubic structure
the semiconducting gap is significantly underestimated com-

pared to the monoclinic RT structure.
In this paper we investigate several of the WO3 structures

occurring in reality by means of a self-consistent first-
principles method carrying out geometry optimizations. We
demonstrate that the electronic structure strongly correlates
with the distortions of the octahedra and their mutual orien-
tation ~thereby confirming the non-self-consistent results by
Bullett! and analyze this behavior. Further we discuss how
the electronic structure changes upon compression and ex-
pansion and relate this with the deformation mechanisms oc-
curring. Section II presents details on the method of calcula-
tion. In Sec. III results of the calculations on various
structures are presented. Conclusions and discussion can be
found in Sec. IV.

II. CALCULATIONAL APPROACH

The calculations have been performed using theab initio
total-energy and molecular-dynamics program VASP~Vi-
ennaAb initio Simulation Program! developed at the Institut
für Theoretische Physik of the Technische Universita¨t
Wien.12–14

Electron-ion interactions were described using
Vanderbilt-type~Ref. 15! ultrasoft pseudopotentials~USPP!
with a frozen@Xe#4 f 14 and 1s2 core for W and O, respec-
tively, as supplied by the Institut fu¨r Theoretische Physik.16

Nonlinear core corrections were applied for W.17 For effi-
ciency, in calculations on larger cells, the real-space

FIG. 1. Cubic perovskitelike crystal structure. The small spheres
at the centers of the cubes faces represent oxygen atoms, the large
sphere in the center of the cube represents a tungsten atom.
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projection scheme by King-Smithet al. for the nonlocal part
of the USPP was used.18

Exchange and correlation were treated in the generalized
gradient approximation~GGA! based on the parametrization
by Perdew and Zunger~Ref. 19! of the local-density func-
tional of Ceperley and Alder~Ref. 20! with the gradient cor-
rections following Perdewet al. ~PW 91!.21 Several calcula-
tions were redone using the local-density functional only
~with pseudopotentials generated consistently!. This was
done in order to facilitate comparison with other calculations
and to test whether it can cure the overestimation of the
equilibrium volumes found with the GGA.

Severalk-point meshes~Ref. 22! were used, where the
density depended on the property that needed to be calcu-
lated.

Convergence tests were carried out on the primitive cell
of the simple cubic structure~Fig. 1!. Results are reported in
Table I. These were obtained from a Murnaghan fit to a set
of total-energy calculations at several volumes and fixed
plane-wave cutoffEPW on the orbitals. From the results it
follows that anEPW5400 eV ~30 Ry! is sufficient. A 4
3434 k-point mesh@i.e., 4 k points in the irreducible part
of the cubic Brillouin zone~BZ!# is already sufficient to con-
verge to the equilibrium structure, but for the total energy at
least a 63636 mesh is desirable. When carrying out struc-
tural relaxations we therefore adopted a mesh consistent with
~or better than! the 43434 mesh of this small cell. For
example, in a monoclinic cell containing eight WO3 units in
a nearly cubic supercell we used a 23232 mesh. Total
energies were calculated from the equilibrium structures thus
obtained in extra calculations using a mesh at least as dense
as, and preferably consistent with, the 63636 mesh of the
test system. So for the monoclinic cell mentioned before we
used a 33333 mesh shifted away fromG.

Relaxations were always carried out at constant cutoff,
i.e., the equilibrium volume is obtained from a fit to a set of
calculations at various fixed volumes. Positional parameters
~if any! have been relaxed for each volume separately.

Since the WO3 structures studied in this paper have a gap
of '0.5 eV or larger, the results are rather insensitive to the
kind of Fermi-surface smearing employed. We have used
both Gaussian smearing and the~modified! tetrahedron
method.23

III. RESULTS

Table II lists the total energies and equilibrium volumes
of all crystal structures studied. Also shown are the results

for the simple cubic structure by Hjelmet al.10 and Stachiotti
et al.9 as obtained with the full-potential linear muffin-tin
orbitals~FP-LMTO! method in the local-density approxima-
tion ~LDA !. These were obtained with other parametrizations
of the LDA functional than our results based on the
Ceperley-Alder functional. We do not expect this to affect
the results, and FP-LMTO calculations should serve as a
good benchmark for our calculations. Indeed our results,
both lattice constant and bulk modulus, are very close to
those of Ref. 9. Somewhat surprisingly, the equilibrium vol-
ume reported by Hjelmet al. is somewhat larger~which
amounts to a lattice constant'1.5% larger!. The GGA
causes an increase of the equilibrium volume, in accordance
with the general trend of GGA enhancing interatomic sepa-
rations over LDA. For simple cubic NaWO3 we obtain an
equilibrium volume in between both FP-LMTO results.

Comparison to experiment is most conveniently done for
the monoclinic structure for which accurate RT neutron-
diffraction data are available.24,25 Our GGA calculations
overestimate the equilibrium volume~a discrepancy of 2.1%
in the lattice constant! whereas the LDA calculations come
very close to the experimental number. This is in agreement
with the tendency of GGA to increase lattice constants com-
pared to LDA, but—unlike the simple cubic structure—the

TABLE I. Convergence test results for simple cubic WO3 in the
GGA. Equilibrium volumeVeq, bulk modulusB, and total energyE
as a function of cutoffEPW andk-point mesh.

EPW ~eV! Mesh Veq(Å
3) B ~GPa! E ~eV!

400 43434 56.3487 224.1 236.267
400 63636 56.3251 224.2 236.227
400 83838 56.3369 223.2 236.222
500 63636 56.4308 226.2 236.220

Real space projection
400 63636 56.3128 224.5 236.232

TABLE II. Equilibrium volumesVeq and total energiesE for
various crystal structures.

Veq (Å 3/WO3) E(eV/WO3) B(GPa)

Simple cubic
GGA 56.3 236.23 224
LDA 54.2 239.66 256

FP-LMTO a LDA 56.6
FP-LMTO b LDA 54.0 254

Tetragonal
GGA 57.2 236.322

Monoclinic, RT
GGA 56.3 236.341
LDA 52.3 239.752 ;40

Expt.c 52.96
Monoclinic, LT & HP

GGA 55.8 236.336
LDA 52.7 239.751

LT, expt. d 52.08
Triclinic, LT

GGA 56.5 236.342
Expt.e 52.74

Simple cubic NaWO3
GGA 57.0 239.84 203
LDA 57.2 243.73 235

FP-LMTO a LDA 58.4
FP-LMTO b LDA 56.2 241
Expt. f 58.0

aReference 10.
bReference 9.
cNeutron-diffraction experiment, Ref. 25.
dReference 37.
eExperiment at 10 °C, Ref. 35.
fExperiment, Refs. 11 and 36.
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bond length elongation cannot account for the effect~this is
discussed in detail in Sec. III D!. Moreover, it is known that
in perovskites GGA tends to overestimate the equilibrium
volume. For NaWO3 a similar overestimation of the lattice
constant with the GGA occurs, but by only 1.1%.

The total energy of the artificial simple cubic tungsten
trioxide is approximately 0.1 eV per formula unit above the
total energies of the other structures. The latter only differ by
a few meV among themselves. Entropic effects, which we
expect to be of similar size, will decide what structure is
most stable at which temperature. Only the tetragonal struc-
ture drops out, its total energy being about 0.02 eV above
that of the others. However, this is the highest-temperature
phase, occurring above 740 °C.

Below various structures are discussed in detail sepa-
rately. It is shown how the electronic gap increases with
increasing complexity of the deformation of the octahedra
and how this affects the mechanism underlying the volume
dependence of the gap.

A. Simple cubic WO3

WO3 is a compound with a strong ionic character. In a
simplified picture, all six W valence electrons are transferred
to the O atoms, who can accommodate two additional elec-
trons each, leading to the formation of an insulator at the
stoichiometry WO3. The band structure~Fig. 2! of simple
cubic ~sc! WO3 ~whose structure is depicted in Fig. 1! is in
accordance with this qualitative reasoning: An oxygen-
derived valence band is separated by a small gap from a
tungsten-derived conduction band. The gap is indirect, oc-
curring between the lineM -R in the valence and the line
X-G in the conduction region.

One of the states at the top of the valence band~located at
M ) is depicted schematically in Fig. 3~a!. It is evident that
all interactions between the 2p functions of nearest-neighbor
oxygen atoms~in thex-y plane! are of antibonding character,
which explains why this state is at the top of the valence
band. Moreover, the interactions of this state with any tung-
sten 5d function or 2p orbital on the other oxygen atoms are
of nonbonding character. So all interactions are restricted to
the x-y plane, and dispersion is absent along the lineM -R.

The conduction-band structure reflects the octahedral
crystal field felt by the tungsten atoms; above the gap one

finds the t2g orbitals (5dxy , 5dyz , and 5dxz derived!
whereas theeg orbitals are located at much higher energies.
The conduction-band minimum occurs atG, and one of the
bands is dispersionless alongG-X ~reflecting the absence of
interaction for, e.g., the 5dxy-derived band alongz).

The band structure is in qualitative agreement with the
results by Bullett,3 the most striking difference being that
Bullett finds the top of the valence band occurring atG. The
magnitude of the gap~0.4 eV! agrees reasonably well with
the 0.6 eV found with FP-LMTO in Ref. 10. The authors of
Ref. 10 do not report a band structure, but the width of the
valence part of their DOS closely agrees with the energy
range spanned by the valence bands in Fig. 2~both are close
to 7 eV!. In Ref. 9 ~also FP-LMTO! a band structure is
reported, whose shape is similar to ours, except for some
small differences; e.g., a somewhat stronger dispersion near
the Fermi level along the linesM -R andX-G. However, the
valence energy bandwidth is 1 eV larger as it is in our cal-
culation. This discrepancy is too large to be explained by the
different treatment of exchange and correlation~GGA vs
LDA ! or by its indirect consequences~a different volume!.
Indeed, it remains enigmatic, since equilibrium volume and
bulk modulus from Ref. 9 and ours agree very closely. More-
over, this discrepancy also exist between Ref. 9 and Ref. 10,
and both of these employ a very similar computational
method. A band structure was also reported in Ref. 8. A
detailed comparison is not very useful, since it is based on a
rather different technique~Hartree-Fock!, but results agree
qualitatively.

The gap is weakly volume dependent and increases upon
compression. This behavior is consistent with an ionic pic-
ture. Considering the limit of high compression, the kinetic-
energy contribution will dominate the total energy, and
higher kinetic-energy bands will move upwards on the en-
ergy scale more rapid under compression~see, e.g., Ref. 26!.
The simple cubic WO3 will evolve towards this limit, and the
5d-derived conduction bands~having two radial nodes and
therefore higher kinetic energy! will move upwards with re-

FIG. 2. GGA band structure of simple cubic WO3 at V
556.3 Å3. The oxygen 2s bands are below the frame of the plot.

FIG. 3. ~a! One of the states at the top of the valence band~M!
in the simple cubic structure. Solid lines separate a sc unit cell from
its periodic images. The dotted lines connect nearest-neighbor oxy-
gen atoms in thex-y plane. The W and O are represented by large
and small bullets respectively.~b! Relation between the tetragonal
and simple cubic structure. In the tetragonal structure the W repre-
sented by two concentric circles have moved into the positivez
direction, whereas those represented by the filled circles have
moved in the opposite direction. The unit cell contains two formula
units and is separated from its periodic images by the dashed lines.
Note that it is rotated by 45° around thez axis.
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spect to the oxygen 2p-derived valence bands~having no
radial nodes!. Counteracting this tendency to increase the
gap is the broadening of the bands under compression. The
band broadening is expected to be stronger in a covalently
bonded material, where the increasing overlap between
nearest-neighbor-centered ‘‘atomic orbitals’’ is responsible
for the broadening. On the contrary, in an ionic material,
next-nearest-neighbor interactions determine the bandwidth,
resulting in a weaker volume dependence. In the present
case, the combined effect of these two mechanisms is an
increase of the gap with compression, which we interpret as
the material behaving in an essentially ionic fashion. More-
over, we note the absence of any interaction@notably no
bonding-antibonding~BAB! splitting# between the top of the
valence and the bottom of the conduction band.

B. Tetragonal modification

The tetragonal structure is slightly more complicated than
the simple cubic structure. It is depicted schematically in Fig.
4 and contains two formula units per unit cell. In thex-y
plane all W-O bonds are of equal length, but in thez direc-
tion alternatingly long and short W-O bonds occur. This hap-
pens in an ‘‘antiferroelectric’’ fashion, since the two infinite
W-O chains that pass through the unit cell~as depicted in
Fig. 4! can be transformed into one another by an inversion
through the center of this cell, i.e., they run in opposite di-
rections. In addition to the relaxation of thec/a ratio, in the
calculations we have to allow for a relaxation alongz of the
central W atom and its oxygen neighbors in the infinite W-O
chain running in the same direction~the relaxations in the
other octahedron follow as a consequence of the inversion
symmetry!. The relation between the unit cell of the tetrag-
onal modification and the simple cubic unit cell is shown
schematically in Fig. 3~b!. Note that thex andy coordinates
are rotated by 45°.

The lattice dimensions, calculated within the GGA, are
compared to experiment~Refs. 27 and 28! in Table III. We
see a slight overestimation ofa and c, just as for the other
structures listed in the table~see Sec. III D!. Due to limited
accuracy of the original experiment the authors of Ref. 27
could not determine whether the long-short alternation of
W-O bonds along thez axis ~as found by our calculations,
see below! occurs. However, their~high-temperature! study
showed that the W atoms lie approximately 0.23 Å above the

plane defined by their four nearest neighbors alongx andy.
We find 0.27 Å for this distance.

Using symmetry arguments only, one would expect that
the gap be direct since one of the three pointsM of the
simple cubic BZ now folds intoG @e.g., the state in Fig. 3~a!
folds back toG#. This guess is confirmed in the calculated
band structure as shown in Fig. 5. However, the degeneracy
of the three lowest bands above the gap atG is partly lifted:
a group of two bands, strongly curved and degenerate along
G-Z, and one isolated band, showing no interaction along
G-Z ~i.e., the direction corresponding to thez axis in real
space! remain. The former bands lie more than twice farther
away from the top of the valence band than the latter band.

The high shift upwards of this group of two bands atG
can be understood on the basis of the alternatingly long and

FIG. 4. Tetragonal structure. Large spheres and small spheres
represent the tungsten and oxygen atoms, respectively. Oxygen at-
oms not partaking of the two octahedra fully shown are represented
by open circles. Alongz the short W-O bonds are represented by
the fat lines.

TABLE III. Lattice dimensions. ‘‘Expt.’’ denotes experimental
data.

a ~Å! b ~Å! c ~Å! a b g

Tetragonal
Expt.a 5.19 3.86
Expt.b 5.250 3.915
Exp.c 5.272 3.920
GGA 5.36 3.98

Monoclinic LT & HP
LT, Expt. d 5.277 5.155 7.662 91.76°
GGA 5.37 5.31 7.81 90.8°
LDA 5.34 5.31 7.77 90.6°

Monoclinic RT
Expt.e 7.306 7.540 7.692 90.88°
GGA 7.55 7.62 7.83 90.2°
LDA 7.37 7.46 7.64 90.6°

Triclinic
Expt. f 7.30 7.52 7.69 88.85° 90.92° 90.95°
GGA 7.54 7.64 7.84 89.7° 90.2° 90.2°

aT5740 °C, Ref. 27.
bT5770 °C, Ref. 28.
cT5950 °C, Ref. 28.
dT55 K, Ref. 37.
eReference 25.
fExperiment at 10 °C, Ref. 35.

FIG. 5. GGA band structure of tetragonal WO3 at V
557.2 Å3.
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short W-O bonds in thez direction. The consequences can be
understood from Fig. 6, which depicts the relevant interac-
tions at G. Whereas~because of the symmetry! in the sc
structure the W 5dyz and the 2py of a neighboring O atom
~alongz) cannot have any overlap atG @Fig. 6~a!#, the move-
ment of the oxygen towards one of its tungsten neighbors
allows for such an overlap to be developed@Fig. 6~b!#. This
also holds for the 5dxz and the oxygen 2px . However, the
two tungsten atoms in the unit cell move in opposite direc-
tions, so where the tungsten atom moving in the positivez
direction can develop a significant overlap with its O neigh-
bor on top, the tungsten atom moving in the negativez di-
rection can only develop a significant overlap with its oxy-
gen neighbor below. For any interaction to result, the
overlaps should not cancel but have the same sign. There-
fore, the phase of the oxygen functions~which, atG, is the
same above and below a tungsten atom! will have to change
by p going from an O 2px or 2py centered above~below!
one of the W to an O-centered function above~below! the
other W. We have such oxygen states available now atG, as
they are folded back from one of theM points in the simple
cubic BZ ~they are situated;2 eV below the Fermi level in
the sc BZ, i.e., well below the valence-band top!. This
mechanism results in a nonzero overlap with the W 5dxz-
and 5dyz-derived states~located atG in both the sc and te-
tragonal structures!. An interaction of BAB-type occurs,
which results in a movement upwards of the 5dxz- and
5dyz-derived bands in the conduction region, as well as a
downward movement of several bands in the valence region
~this downward movement, resulting in a lowering of the
band-structure energy, provides the driving force for the
long-short splitting!. However, this mechanism cannot occur
for 5dxy , since all W-O bonds are of equal length in both the
x andy directions@seen from the positivez axis the top of the
valence band is just the state depicted in Fig. 3~a! which is
folded back toG and nonbonding with the tungsten func-
tions#. This absence of interaction accounts for the two
bands, one just above and one just below the gap, and for the
gap being of similar size as in the sc structure. These two
bands do not exhibit dispersion alongG-Z, since they do not
have any lobes pointing away from thex-y plane.

Constrained to a smaller volume, the lattice responds by
only reducing its dimension in thez direction. It relaxes at its

weakest spot: the long W-O bonds along thez direction get
compressed@see Fig. 7~a!#. In the electronic structure this
translates into the group with the 5dxz- and 5dyz-derived
bands strongly broadening, and simultaneously approaching
the valence-band top~an evident signature of the BAB split-
ting!. However, the 5dxy-derived band is not affected: it ex-
hibits no dependence onz and alongz only does the lattice
relax. Therefore, the size of the gap is~nearly! not affected
by compression/expansion for this tetragonal structure@Fig.
8~a!#.

The distortion from the simple cubic to the tetragonal
structure was studied in detail in Ref. 8 with Hartree-Fock
~and a posteriori GGA corrections for correlation!. This
study also showed that a strong W-O bond is formed, with
increased covalent character, and that it remains largely un-
affected under compression. The most significant difference
with our study is in the total energies: In Ref. 8 the tetragonal
structure was 0.8 eV~per formula unit! more stable than the
sc structure. In our study this is only;0.1 eV.

FIG. 6. Schematic representation of the interaction between the
dxz andpx ~or dyz andpy) at G. ~a! The simple cubic structure,~b!
the tetragonal structure.

FIG. 7. GGA W-O distances for several crystal phases. The
shortest and longest distances are those that are alongz. Experimen-
tal interatomic distances~denoted by3) are shown for the mono-
clinic RT ~Ref. 25!, monoclinic LT ~Ref. 37!, monoclinic HP~Ref.
39!.

FIG. 8. Gaps as a function of volume. LDA and GGA results are
represented by squares and dots, respectively.
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C. Monoclinic low-temperature and high-pressure
modifications

Recently experimental diffraction studies have been re-
ported for both the low-temperature monoclinic~Refs. 37
and 38! and high-pressure monoclinic modification.39 The
low-temperature structure is ferroelectrically distorted with
space groupPc.29,37,38The high-pressure structure has space
group P21 /c and was found to occur in the pressure range
from 1.2 kbar to 47 kbar~the highest pressure measured!. Its
derived bulk modulus~at ambient pressure! is 44.5 GPa.39 In
our calculations, starting from either the low-temperature ex-
perimental crystal structure or from the high-pressure crystal
structure as determined at 5.7 kbar, the minimizations
evolved towards very similar structures. The ferroelectric
distortion disappears as inversion symmetry develops and the
optimized structure has space groupP21 /c. This occurs
both in the GGA and the LDA. The optimized structure is
similar to the experimental high pressure structure@see the
bond lengths in Figs. 7~b! and 9~a!#. We can only speculate
why the ferroelectric distortion is not stable: e.g., it might be
that the distortion is stabilized by a small amount of oxygen
deficiency.37 In the following we discuss the behavior of our
computer-generated sample.

The nearest-neighbor~W-O! distances as a function of a
volume are shown in Figs. 7~b! and 9~a!. Upon expansion,
the crystal moves towards the tetragonal structure@compare
to Fig. 7~a!#. However, at the equilibrium volume and under
compression a long-short splitting occurs for all three direc-
tions ~the W atom moves off center in the octahedron in all
three directions!. It is most pronounced along thez direction,
whereas in the other two directions it is a bit smaller but of
equal magnitude. The splitting is more pronounced than in
the monoclinic RT and triclinic modifications~see Secs. III D
and III E!. In this, the crystal resembles the experimental

high-pressure phase, where such a relatively more pro-
nounced splitting was also noticed by the authors of Ref. 39.
Indeed, the calculated interatomic distances come rather
close to those of the high-pressure phase, but one has to note
that of the three short W-O bonds around a W atom, one is
very short and two are slightly longer in the calculated struc-
ture whereas this is reversed in the experiment.

The most striking feature of Figs. 7~b! and 9~a! is that all
nearest-neighbor distances remain almost constant on com-
pression. Indeed, also the O-W-O angles are hardly affected
by the volume change~Fig. 10! so that the shape and size of
the octahedra are essentially volume independent. In fact, the
crystal responds to pressure only by a rotation of the octahe-
dra relative to one another~Fig. 11, this is a mechanism
encountered more often in perovskitelike materials!. This is
demonstrated by the strong volume dependence of the
W-O-W angles, that determine the relative orientation of
neighboring octahedra. In fact the stiffness of the W-O-W
angles determines how easy it is to compress the crystal.
Evidently, this renders compression more easy than expan-
sion ~where, ultimately, bonds are being put under strain!, as
can be seen from the energy versus volume curves in Fig.
12~a!. For close-packed materials, there usually is a very
steep increase in total energy when the crystal is put under
external pressure, but here the compression side of the plot is
even flatter than the expansion side. This is most clear for the
GGA results, since there the equilibrium volume corresponds
best with the crossover of the regime of rotation of octahedra
to the regime where bonds are being strained on expansion.

FIG. 10. O-W-O ~a! and W-O-W ~b! bond angles in the HP
monoclinic phase of WO3 for LDA ~dots! and experiment~dia-
monds!.

FIG. 9. LDA W-O distances for several crystal phases. See Fig.
7.

FIG. 11. Illustration of tilting of octahedra in the HP structure.
Left: V557.1 Å3, right V549.6 Å3 ~GGA structures!. The dark
and the light spheres represent the W and the O atoms, respectively.
A projection onto thex-z plane is shown~see Fig. 4!, and bonds are
drawn between the O and the W atoms. Thez axis runs from top to
bottom.

FIG. 12. Total energies as a function of the volume for several
crystal structures. Squares and circles depict the LDA and GGA
results, respectively.~a! Monoclinic HP/LT structure, and~b!
monoclinic RT structure and triclinic structure~GGA only, dia-
monds!.
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The flatness of the energy versus volume curve renders a
reliable determination of the bulk modulus difficult. The
other complication, most severe for the GGA calculations, is
the crossover from one relaxation regime to the other, which
renders a Murnaghan-type fit troublesome becauseB be-
comes strongly volume dependent. Since there is little point
in converging the total energy to within the meV/WO3 level
for a closely spaced range of volumes, we can only give
approximate numbers forB. It is of the same order of mag-
nitude as the low experimental value of 44.5 GPa.39 We ob-
tained the most reliable number for the monoclinic RT phase
~which behaves very similar, see Table II!, for which it is
accurate to within approximately 10 GPa. The consequences
for the electronic structure, notably the semiconductor gap,
are large as will be discussed in the following.

The electronic gaps have not been calculated from a full
BZ scan, but only a fewk points have been considered.
Apart from the points used in the self-consistent calculation
~see Sec. II! these were those in the centers of the zone-
boundary faces (A,B,Z,Y) andG ~see also Sec. III D!. The
top of the valence band and the minimum of the conduction
band were always found atG and/or A ~GGA and LDA!,
consistent with the tetragonal and sc structures. In fact, close
to the gap, the states atA are almost degenerate with those at
G. As an extra check, we carried out a less restricted BZ scan
for the GGA ‘‘equilibrium’’ volume. The scan involved sev-
eral points on the lines going out fromG to theA, B, Z, and
Y points and in addition, the pointC ~which is in the middle
of an edge of the BZ!. The band structure along these lines is
shown in Fig. 13. The states near the gap have no dispersion
alongG-A and indeed the gap is located on this line.

The gap has increased appreciably compared to the tetrag-
onal structure@Fig. 8~b!#. This was to be expected since a
BAB splitting between W 5dxy orbitals and O 2px and 2py
has now also become possible. Also evident from Fig. 8~b! is
a sizeable increase of the gap with compression. This can be
rationalized from a comparison with the behavior of the sc
phase. There the different wave-function characters of the
valence and conduction bands caused these bands to move
apart under compression. This resulted in a widening of the
gap in principle. However, this tendency was counteracted
by the band broadening, and the combined result was a weak
increase of the gap with compression. For the present mono-
clinic structure, the octahedra remain rigid entities: The in-

traoctahedral O-O distances do not change. This should frus-
trate the band broadening and, therefore, the gap increases
more dramatically with compression. Of course, this picture
is somewhat oversimplified. Even in the sc structure, tung-
sten and oxygen states mix and the bandwidth is, in part, also
determined by W-O interactions. However, the states next to
the gap are of pure tungsten or oxygen character so that this
additional interaction does not affect the behavior near the
gap. For the monoclinic structure, however, these states do
mix, causing the BAB splitting that further widens the gap.
Since the octahedra remain rigid, the BAB splitting is not
much affected by the compression and should not much af-
fect the mechanism causing the increase of the gap.

D. Monoclinic room-temperature modification

The unit cell of this structure is twice the size of the unit
cell of the monoclinic low-temperature structure (8
3WO3): it contains eight corner-sharing oxygen octahedra
in a nearly cubic arrangement.

Again, the equilibrium volume is overestimated by the
GGA ~see Table II!. The LDA removes most of this discrep-
ancy. The shortest interatomic distances are somewhat over-
estimated and the longest a bit underestimated@see Figs. 7~c!
and 9~b!#. GGA distances are slightly longer than the LDA
distances.

We have calculated the gap as a function of volume. Be-
cause of the considerable computational cost involved, we
have only calculated the eigenvalues at a fewk points. These
are those that were used in the structure optimization, somek
points at the BZ boundary (A,B,Y,Z) and G. With such a
limited selection of points, it is possible~in principle! to
overlook the extrema of the valence and the conduction
bands, and thus to overestimate the gap. To test the validity
of the usage of this limited selection, we have carried out a
very thorough BZ scan with the localized-spherical-wave
~LSW! method~Ref. 30! and compared the results with those
of the pseudopotential calculation. For this, experimental
atomic positions were used.25 The LSW method is much
faster than any plane-wave method and therefore allows for a
very thorough scan of the BZ. Since it makes a shape ap-
proximation to the potential~atomic sphere approximation!,
care needs to be taken in setting up correctly the atomic
spheres. Their radii were tuned such as to reproduce as well
as possible the band structure of the sc-WO3, which was
calculated with the pseudopotential method. However, since
the monoclinic structure is quite distorted, some additional
optimization of the atomic sphere radii was found necessary
in order to obtain a good filling of space. The LSW calcula-
tion was performed in the LDA only, since differences be-
tween LDA and GGA band structures are small in general. It
is found that the extremes of the valence and conduction
bands indeed are located at the special points that we con-
sider in the pseudopotential calculation, giving confidence
that we obtain accurate numbers for the gap. Moreover, both
with the LSW and the pseudopotential calculation, the gap is
direct and occurs atG. With LSW it is 1.58 eV, to be com-
pared with the 1.68 eV obtained with the pseudopotential
calculation ~both calculations using the experimental posi-
tions!.

At the calculated GGA and LDA equilibrium volumes the
size of the GGA and the LDA gap is 0.90 eV and 1.1 eV,

FIG. 13. GGA band-structure fragments of monoclinic LT/HP
WO3 for V555.8 Å3 ~one formula unit!.
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respectively. It is direct and observed atG. Moreover, the
bottom of the conduction band is degenerate betweenG and
B. The top of the valence band seems rather flat, and degen-
eracies withG occur at different parts of the BZ for GGA
and LDA. This difference can be attributed to the volume
difference~see below!. Koffyberg et al. have measured the
gap and obtained a value of 2.62 eV~Ref. 31!, for an indirect
transition. Underestimation of the gap is a frequently occur-
ring feature of LDA/GGA methods.32

We find a direct gap where Koffyberget al.have obtained
an indirect gap. In the following we argue that this distinc-
tion could be artificial, i.e., under suitable circumstances a
direct gap can give rise to the same experimental properties
that led Koffyberget al. to conclude that they observed an
indirect gap.31 In their experiment, the character of the gap is
indirectly determined from the kind of energy scaling of the
optical absorption.33 The optical absorption is proportional to
a BZ integration of matrix elements of the momentum op-
erator~see, e.g., Ref. 34!, and whether these matrix elements
belong to direct or indirect~and/or forbidden! transitions de-
termines the power of the energy scaling. Thus one has a
means to extract information on the nature of the gap from
measurements of the optical absorption as function of en-
ergy. However, there is some arbitrariness in this procedure.
For example, by taking a larger unit cell, matrix elements
formerly corresponding to indirect transitions can, by means
of back folding, transform into direct transitions, without any
of the optical properties being affected. An example is the sc
structure of WO3: we saw already that if a nonprimitive unit
cell is taken~of the same dimensions as the tetragonal cell!
the gap folds back toG and becomes direct~without any
matrix element being affected!. Of course, this example is a
bit artificial, but one can imagine something similar happen-
ing also if a distortion of the lattice necessitates an enlarge-
ment of the unit cell. In that case not only do several states
fold onto the same spot in the new BZ, but also levels shift
and matrix elements change. However, the extent to which
states are affected may be very different. Some may hardly
change and just fold back whereas others~involved in the
interactions driving the distortion! may change significantly
in some respects. The result for the scaling of the matrix
elements is nota priori clear, and it is well possible that
some matrix elements of direct, but formerly indirect, tran-
sitions have not appreciably changed. So they should appear
with the scaling ‘‘appropriate’’ for indirect transitions in an
optical experiment. A similar back folding procedure can be
envisaged for the present structure: the monoclinic BZ is
very close to a cubic supercell into which eight simple cubic
cells can be fitted. TheM, X, andR point of these cells just
fold into theG point of the cubic supercell~but folding itself
does not alter the optical properties!. The deformations in the
larger monoclinic unit cell can modify the transition prob-
abilities but not necessarily to the extent that the formerly
indirect transitions develop into a direct~allowed! absorption
channel of appreciable intensity.

For the LDA sample, upon compression the gap remains
betweenG and Y in the valence band andG and B in the
conduction band (G-Y→G-B), i.e., the transition remains
direct. Only at very high compression (V548 Å 3) the tran-
sition becomes indirect (Y→G-B). Upon expansion the gap
becomes located onG-B at approximately the GGA equilib-

rium volume. The GGA sample behaves similarly. Its equi-
librium volume is larger, so for it the gap is alongG-B.

Figures 7~c! and 9~b! show the W-O distances for the
monoclinic RT structure. A splitting into long and short
bonds is again evident, but now it is of different magnitude
for the x, y, and z directions. In fact, for several O-W-O
triplets it is weaker than the splitting found in the monoclinic
LT structure@Figs. 7~b! and 9~a!#. Therefore the BAB split-
ting is less effective for several W-O pairs, which helps to
understand why the gap~at the equilibrium volume! in the
RT structure is slightly smaller than in the LT structure.

Starting from the equilibrium structure and expanding, a
few W-O bonds are strongly elongated~along z and one of
the bonds in thex,y plane!. This should lead to an increase
of the distance between several bands in the conduction-band
and valence-band regions, because of the BAB mechanism.
However, this mechanism is very weak for at least one di-
rection, which may account for the weak volume dependence
of the gap that we find upon expansion@Fig. 8~a!, GGA#.

When the crystal is compressed, something very different
happens: The longest bonds remain just as long, the shortest
bonds do not shorten. A mechanism similar to what happens
for the compressed monoclinic LT phase takes place: The
rigid octahedra start to tilt relative to one another. This cor-
relates with a considerable widening of the gap~Fig. 8!. Just
as for the smaller monoclinic cell, we interpret this as a
frustration of band broadening.

Comparing the LDA and the GGA calculations, we see
again that the GGA overestimates the equilibrium volume
and that W-O distances are a bit larger within the GGA. Both
LDA and GGA do not entirely reproduce the large range of
W-O distances found in the experiment. In fact, the shortest
calculated distances are too long and the longest are too
short. Moreover, the size of the~rigid! octahedra is almost
identical for LDA and GGA and very close to the experimen-
tal size. What really results in the difference in equilibrium
volumes is the difference in the interactions between the oc-
tahedra, i.e., the different ‘‘angular potentials.’’ Evidently
for this type of interaction the LDA gives better results.

Another advantage of the LDA is the stability of the local
minima. In Fig. 9~b! the variation of interatomic distances is
very smooth as a function of volume, whereas for the GGA
various jumps occur. In fact, the GGA results ‘‘oscillate’’
between two nearly degenerate structures. We found this in
the LDA calculations also, but there we could separate out
both structures. The ‘‘spurious’’ structure is probably a pre-
cursor of the triclinic phase that cannot fully develop in the
monoclinic cell. Its total energy differs by approximately 1
meV per formula unit. Such a small energy difference, being
beyond the accuracy of our calculation, is not meaningful
anymore.

E. Triclinic modification

The triclinic structure~Ref. 35! differs only slightly from
the monoclinic RT one. It also has a nearly cubic supercell
consisting of eight corner-sharing WO3 octahedra. The unit-
cell dimensions are very similar to those of the monoclinic
RT structure~Table III!. Splitting into long and short bonds
again occurs for thex, y, and z directions @Fig. 7~d!# and
again to a different extent along all three independent direc-
tions. The octahedra tilt relative to one another resulting in
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zigzag chains of tungsten oxygen bonds forming in all direc-
tions. Again, this also holds for the monoclinic RT structure.
The essential difference is in how these zigzag chains are
ordered relative to one another. The chains always have four
nearest-neighbor chains. In the triclinic structure, these al-
ways zigzag in the direction opposite to the zigzag of the
central chain: they are ‘‘180° out of phase.’’ In the mono-
clinic structure this does not hold for one of the directions.
For that particular direction only two of the neighboring
chains are out of phase, the others are not. This difference is
very subtle, and it needs to be stressed that chains that are in
phase are not identical to the central chain, they merely have
the same ‘‘phase’’ in the different zigzag distortions.

IV. DISCUSSION AND CONCLUSIONS

In this paper we have studied several crystal structures of
tungsten trioxide that are distortions of the artificial perovs-
kitelike simple cubic structure of Fig. 1. Whereas the elec-
tronic structure of this artificial sc-WO3 can be understood in
terms of a simple, essentially ionic picture, for the other
structures covalent effects are of much more significance.
The alternation of long and short W-O bonds reflects the
occurrence of a bonding–anti-bonding splitting that helps
widen the gap by more than a factor of 2. Such a mechanism
can only be frustrated if breakup into long and short bonds
remains limited to just one direction. This occurs for the
tetragonal modification, where the 5dxy tungsten states can-
not develop a substantial overlap with neither thepx nor the
py ‘‘orbitals’’ of their oxygen neighbors. Consistently, only
for this structure the gap is of similar size as for the sc
structure. In the other structures such a long-short splitting
occurs in all directions, although not to the same degree in
each of them.

The long-short splitting can be decomposed into an elon-
gation of the oxygen octahedra and a movement of the tung-
sten atoms away from the centers of the octahedra. In fact,
the oxygen octahedra are part of an ‘‘orthorhombic lattice’’
that is not much affected by the occurrence of the long-short
splitting. This can change if the lattice is put under pressure.
In the more complicated structures the octahedra can tilt rela-
tive to one another. As a result, no compression is put on the

W-O bonds and the octahedra tilt as nearly rigid entities.
This results in a very flat energy versus volume curve and
thus a low bulk modulus. This is corroborated by the
diamond-anvil-cell experiments of Ref. 39.

The structural relaxation mechanisms correlate strongly
with the electronic structure. In the sc structure the different
degree of localization of the~oxygen-derived! valence-band
and ~tungsten-derived! conduction-band states results in a
tendency of the valence and conduction bands to move apart
under compression. However, band broadening reduces this
effect significantly, leading to a merely weak volume depen-
dence of the gap.

In the monoclinic and triclinic structures this band broad-
ening is much weaker~at least for the valence band! and, in
consequence, a strong increase of the gap with compression
is observed. The reason for this absence of broadening lies in
the structure relaxation: nearest-~W-O! and next-nearest-
~O-O! neighbor distances do not change on average, thus
preventing the broadening.@In addition to this comes the
interaction of BAB-type, absent in the sc structure, that re-
sults in an increase of the gap at equilibrium~ambient! con-
ditions.# We expect this mechanism to break down if the
shortest interoctahedral O-O distances becomes equal to the
intra-octahedral O-O distances. This happens in our most
compressed structures~where the gap becomes indirect also!.
Further compression should result in a different behavior.

The GGA gives somewhat larger W-O bonds than the
LDA, which is in agreement with the general trend. How-
ever, both result in octahedra of similar size. The equilibrium
volume is determined by the~bending! interactions of the
W-O-W angles~balancing the electrostatics, of course! and
these are evidently better described by the LDA.
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