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Quantum transport in disordered mesoscopic ferromagnetic films
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The effect of impurity and domain-wall scattering on the electrical conductivity of disordered mesoscopic
magnetic thin films is studied by use of computer simulation. The results indicate a reduction of resistivity due
to a domain wall, which is consistent with the explanation in terms of the dephasing caused by domain wall.
@S0163-1829~99!03947-8#

The electrical transport properties of ferromagnetic metals
have attracted much interest recently see, e.g., Refs. 1–3. In
the present paper, we study the quantum transport in meso-
scopic wires that contain a magnetic domain wall. The mo-
tion of the electrons passing through a wire that contains a
magnetic domain wall is affected by various physical pro-
cesses. As the electron approaches the domain wall it expe-
riences a change in potential energy, leading to a reflection
and hence to a reduction of the conductivity. However, un-
less the domain wall is unrealistically narrow~compared to
the Fermi wavelength of the electrons! this reduction has
been shown to be negligibly small7 in the case of a spin-
independent collision time. In the presence of a domain wall
the spin of the electron will change as the electron passes
through the wire. This rotation will lead to a mixing of
spin-up and spin-down components. Assuming that the
~Boltzmann! collision time is spin-dependent, this mixing
then results in an increase of the resistivity, a scenario that
has been proposed8 to explain the experimental results on
thin Co films at room temperature.3 Spin dependent scatter-
ing is the essential ingredient in models for electron transport
in magnetic materials that exhibit giant magnetoresistance
~GMR!.9–12

In disordered systems at low temperatures the quantum
interference, which becomes important as a result of random
spin-independent impurity scattering, also strongly influ-
ences the electron transport properties. Theoretical work13

has shown that the domain wall suppresses the interference
~and thus weak localization! due to impurity scattering, re-
sulting in a decrease of the resistivity. Very recently there
have been several experimental studies of a resistivity in a
mesoscopic wire of ferromagnetic metals.4–6 The results sug-
gest a reduction of resistivity due to a domain wall, and
interestingly the effect increases by lowering the tempera-
ture; below 50,4 and 20 K~Ref. 6! respectively. This reduc-
tion might be related to the quantum decoherence caused by
the wall. But other classical mechanisms of the reduction
have also been proposed as well4 and further studies are
needed to clarify its origin. The purpose of the present paper
is to study the interplay of the domain wall and spin-
independent impurity scattering in more detail and to com-

pare quantitatively the theoretical prediction of the Kubo-
formula approach with first-principle quantum-mechanical
calculations.

The geometry of the model system is shown in Fig. 1. The
electrons are assumed to move in a two-dimensional metallic
strip with a single magnetic domain wall. The Hamiltonian
for this model reads

H5
1

2m*
~p2eA/c!22mBs•M1V, ~1!

FIG. 1. The geometry of the simulation model of a mesoscopic
metallic wire containing a magnetic domain wall of widthlw .
Black squares: Impurities distributed randomly over an area of size
Lx3Ly . The gray stripes at the edges indicate regions where elec-
trons entering these regions are being absorbed. The detector
screens 1 and 2 measure the electrical current through these screens.
Also shown is a schematic diagram of the magnetization inside the
strip.
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wherep5(px ,py) is the momentum operator of the electron
with effective massm* , s5(sx,sy,sz) denote the Pauli
spin matrices.M5M (x,y) describes the magnetization in
the material andV5V(x,y) represents the potential due to
nonmagnetic impurities. We neglect the vector potentialA
resulting from the sum of the atomic magnetic-dipole contri-
butions because in the case of a thin wire, it has little effect
on the electron transport.

Following,7,13 we assume that the magnetic domain wall
can be described by

Mx~x,y!5M0 sechS x2x0

lw
D ~2!

and

Mz~x,y!5M0 tanhS x2x0

lw
D , ~3!

with x0 the center of the domain wall andlw a measure of its
extent. Note thatMz

2(x,y)1Mx
2(x,y)5M0

2 so that at each
point (x,y) the magnetization is constant. For a schematic
picture of how the magnetization changes withx see Fig. 1.

For each impurity we take a square potential barrier, i.e.,

Vn~x,y!5H 0, ~x,y!¹Sn

V0 , ~x,y!PSn ,
~4!

whereSn denotes a square with labeln. The position of the
square is drawn from a uniform random distribution, rescaled
to an area of sizeLx3Ly ~see Fig. 1!. The concentration of
impurities, c is given by c5(n51

N Sn /(LxLy) where N de-
notes the total number of impurities. The potential entering
in Eq. ~1! is given byV5V(x,y)5(n51

N Vn(x,y).
We will follow two routes to study the effect of the do-

main wall on the electrical conductivity:~1! By solving the
time-dependent Schro¨dinger equation ~TDSE! and ~2!
through an extension of the Kubo-formula-based theory of
Tatara and Fukuyama.13 The results of these two fundamen-
tally different approaches can be compared by making use of
the Landauer formula14,15 relating the conductivitys to the
tranmission coefficientT. Notice however that the analytical
result, obtained by averaging over impurity configurations
will be compared with numerical results for different realiza-
tions of impurity configurations.

In the TDSE approach the procedure to calculate the
transmission coefficientT consists of three steps. First the
incoming electrons are represented by a wave packet with
average momentum̂p&5\k5(\kF,0). For concreteness we
take this intitial state to represent electrons with spin up only,
i.e.,

C~x,y,t50!5@c↑~x,y,t50!,c↓~x,y,t50!#

5„c↑~x,y,t50!,0…, ~5!

and*dxdyuC(x,y,t50)u251. This initial state mimics the
presence of the infinitesimal electric field entering the deri-
vation of the Kubo formula: We only consider the electrical

current due to the electrons that move with an average mo-
mentum^p&5(\kF,0). Alternatively, in the TDSE approach
it is a simple matter to add toV a potential corresponding to
an electric field in thex direction. As a check, we ran several
of such simulations and found that the results are the same as
long as the electric field is a perturbation.

The second step involves the solution of the TDSE

i\
]C~x,y,t !

]t
5HC~x,y,t ! ~6!

for sufficiently long times. The method we use to solve the
TDSE has been described at length elsewhere,16,17 so we
omit details here. As indicated in Fig. 1, we place imaginary
detection screens at variousx positions. The purpose of each
screen is to record the accumulated current that passes
through it ~the wave function is not modified by this detec-
tion process!. Dividing the transmitted current~detector 2,
see Fig. 1! by the incident current~detector 1! yields the
transmission coefficientT. As the simulation package16,17

that we use solves the TDSE subjected to Dirichlet boundary
conditions, some precautions have to be taken in order to
suppress artifacts due to reflections from the boundaries at
x50,x5L. We have chosen to add toV, an imaginary linear
potential that is non-zero near the edges of the sample, as
indicated by the gray strips in Fig. 1, and found that the
absorption of intensity that results is adequate for the present
purpose.

For numerical work it is convenient to rewrite the TDSE
~6! in a dimensionless form. Taking the Fermi wavelength
lF as the characteristic length scale of the electrons, the
energy is measured in units of the Fermi-energyEF

5h2/(2mlF
2) and time in units of\/EF . For our model

simulations we have takenL5100 lF , Ly56.5 lF , mBM0

50.4 EF , V05100 EF andSn50.25lF
2 .

In Figs. 2 and 3 we show some snapshots of the probabil-
ity distribution for the spin-up~top! and spin-down~bottom!
part of the electron wave, moving through an impurity-free
region. Initially att50, the probability for having electrons
with spin-down is zero. As the wave moves to the right, the
Mx component of the magnetization causes the spin to rotate,
resulting in a conversion of electrons with spin up into elec-
trons with spin down. For realistic values of the strength
~i.e., mBM0,EF) and width of the domain wall~i.e., lw
.lF) the conversion will be almost 100%~for all practical
purposes!, which leads to a negligibly small reflection.7 We
have chosenlw52 lF , . . . ,16lF , which may be reason-
able in the case of a very narrow wire or a strong anisotropy.

In the presence of impurities two new effects appear:
1. As a result of the scattering by the potential barriers

electrons will be reflected, leading to a reduction of the trans-
mission coefficient in the sense of Boltzmann transport. At
the same time interference among scattered electrons leads to
weak localization, and this quantum-mechanical effect also
suppresses the transmission. Obviously, these effects are
present in the absence of a domain wall as well.

2. As a result of the presence of the domain wall, elec-
trons that are backscatteredandhave their spin reversed due
to the wall, no longer interfere with electrons whose spin is
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unchanged. Hence, the effect of the domain wall is to reduce
the enhanced backscattering due to the interference. On the
basis of this argument it is to be expected that in the presence
of a domain wall the transmission coefficient can be larger
than in the absence of it.

In our simulations the contribution due to quantum inter-
ference effects resulting from the presence of the domain
wall can be separated from all other contributions by a
simple procedure: We compute the ratio of the transmission
with ~T! and without (T0) a domain wall.

Some representative results of our calculations are de-
picted in Figs. 4–8. The simulation data shown are obtained
from a single realization of the impurity distribution. No en-
semble averaging of the transmission coefficient has been
performed. The transmission in the absence of the wall (T0)
is plotted in Fig. 4 as a function of impurity concentration in
the case ofLx516. In Figs. 5 and 6 we show the ratioT/T0
as a function of the impurity concentrationc, for Lx58 and
Lx516, respectively. The two sets of simulation data in Fig.
5 correspond to different impurity configurations, and the
difference between the two is due to a different interference
pattern. The enhancement alluded to above is clearly present.
The effect of conversion of the electron spin by the wall is

amplified considerably by quantum interference at larger im-
purity concentration. The larger the scattering the more ef-
fective the domain wall is in converting electrons with spin
up into electrons with spin-down.

FIG. 2. Snapshots of the time evolution of the electron wave
packet moving through an impurity free mesoscopic wire contain-
ing a domain wall withlw52lF ~represented by the smooth gray
area!, taken att1575 \/EF , t25100 \/EF, andt35150 \/EF .

FIG. 3. Snapshots of the time evolution of the electron wave
packet moving through a mesoscopic wire with impurities~repre-
sented by small black dots! with an impurity concentrationc
52% containing a domain wall (lw52lF), taken at t1

575 \/EF , t25100 \/EF, andt35150 \/EF .

FIG. 4. Transmission in the absence of domain wallT0 as a
function of impurity concentrationc for the case ofLx58 lF .
Solid and dotted line denotes the result of Kubo formula with and
without the weak-localization correction taken into account, respec-
tively. The effect of weak localization lowers the transmission at
largec. Parameters area50.05 andb56 @see Eq.~8!#.
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In Figs. 7 and 8 we present results for domain walls of
different widthlw , keeping fixed the area in which the im-
purities are present (Lx54, andLx58, respectively!. The
net result of increasinglw in this case is to reduce the effec-
tiveness of theMxs

x term in the Hamiltonian. Indeed by
increasinglw , Mx(x,y) becomes more smooth, hence less
effective in the sense that less backscattered electrons flip
their spin.

Let us compare these results with the analytical result
based on Kubo formula, which is obtained by extending the
theory of Tatara and Fukuyama.13 In the absence of a domain
wall the conductivity in two dimensions with the effect of
weak localization taken into account is given by

s05
e2nt

m
2

2e2

p\

1

V (
q

1

q2
5

e2

h
nlFl S 12

lF

l

2

p3

Lx

Ly
D ,

~7!

wheren is the electron density,t andl[(\kFt/m) being the
elastic lifetime and the mean free path, respectively. We
have carried out theq-summation in one dimension, sinceLy
is much smaller than the inelastic diffusion length in the

absence of the wall, which should be regarded as infinity in
the simulation here. The transmission coefficientT0 is re-
lated to the conductivity bys05(e2/h)(Lx /Ly)@T0 /(1
2T0)# and thus

T0.
b

b1nc F12
nc2

b1nc

2

p3

1

a

Lx

Ly
G , ~8!

whereb[nlF
2a, n[(Lx /Ly) and the mean free path is re-

lated to c through l[alF /c. We treata and b as fitting
parameters. The solid curve in Fig. 4 is obtained fora
50.05 andb56 ~or equivalently l;0.5lF.3kF

21 for c
50.1%, which appears to be reasonable!. The dotted line is
the classical contribution toT0 @i.e., the first term in Eq.~8!#
and it is larger thanT0 at largec.

The perturbative treatment of the Kubo formula together
with the averaging over impurity configurations leads to ex-
pressions@e.g., Eqs.~7! or ~8!# that contain a relaxation time
t. Strictly speaking no such relaxation time is present in our

FIG. 7. Relative enhancementT/T0 of the transmission as a
function of the widthlw of the domain wall for various impurity
concentrationsc andLx54 lF . The circles, squares, and diamonds
correspond toc53.85%,c57.69%, andc515.38%, respectively.
The solid line depicts the theoretical result forc515.38% (a
50.02, b56).

FIG. 8. Relative enhancementT/T0 of the transmission as a
function of the widthlw of the domain wall for various impurity
concentrationsc andLx58 lF . The circles, squares, and diamonds
correspond toc53.85%, c55.77%, andc57.69%, respectively.
The solid line depicts the theoretical result forc57.69% (a
50.02, b56).

FIG. 5. Relative enhancementT/T0 of the transmission resulting
from the presence of the domain wall as a function of impurity
concentrationc. The width of the domain wall islw52 lF and
Lx516 lF ~see Fig. 1!. Simulation data for different impurity con-
figurations are represented by diamonds and circles~the dashed and
dotted line are guides to the eye only!. Also shown is the theoretical
result ~10! with a50.05 andb56 ~solid line!.

FIG. 6. Relative enhancementT/T0 of the transmission resulting
from the presence of the domain wall as a function of impurity
concentrationc. The width of the domain walllw52 lF and Lx

58 lF ~see Fig. 1!. Circles: simulation data; solid line: theoretical
result ~10! (a50.02, b56).
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TDSE calculations: There is only elastic scattering by impu-
rities. In perturbation theory the main contribution to this
scattering can be described in terms of an effective diffusive-
scattering model characterized byt. As shown in Fig. 4 this
model works well for the case at hand.

In the presence of a domain wall the conductivity is ex-
pressed as

s5
e2

h
nllFF12

1

2p2

lF
2

lwL
2

2

p2

lF

l S Lw

Ly
tan21

Lx

pLw
D G ,

~9!

where the second term is the classical contribution from the
wall reflection and the third term is a weak localization cor-
rection with the effect of the wall included. The effect of the
wall is to cause dephasing among the electron as is repre-
sented by the inelastic diffusion length,Lw[ADtw, D
[\2kF

2t/2m2 being the diffusion coefficient. Here,tw is the
inelastic lifetime due to the spin-flip scattering by the wall,
tw

21[(lFEF)2/(24p2lwLxD
2t) (D[mBM0 denoting the

Zeeman splitting!.13 The expression ofT/T0 is obtained as

T

T0
511

nc2

b1nc

1

a F 2

p3

Lx

Ly
S 12

pLw

Lx
tan21

Lx

pLw
D

2
1

2p2

lF
2

lwLx
G . ~10!

The result is plotted as solid lines in Figs. 5–8. The classical
contribution ~the last term! is negligibly small compared
with the quantum correction in the region we are interested,
and thus the enhancement of the transmission by the wall is
seen. We have used the same value of parameterb56, but
with different a (a50.05 for Fig. 5 buta50.02 for Figs.
6-8!. We think this dependence ofa on Lx is due to the
ambiguity in relating the mean free path in Kubo formula to
c in the simulation. Results of Eq.~10! thus obtained explain
the simulation data well.
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