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Abstract: A Smarandache drawing of a graph G is a drawing of G on the plane with
minimal intersections for its each component and a circulant graph C'(n; S) is the graph with
vertex set V(C(n;S)) = {vi|0 < i < n—1} and edge set E(C(n;S)) = {viv;[0<i#j<n-—

1, (i—j)modn € S}, S C{1,2,---,[5]}. In this paper, we investigate the crossing number
of the circulant graph C(3k—1; {1, k}) and get the result that k < er(C(3k—1;{1,k})) < k+1
for k > 3.
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81. Introduction

A graph G = (V,E) is a set V of vertices and a subset E of unordered pairs of vertices, called
edges. A Smarandache drawing of a graph G is a drawing of G on the plane with minimal
intersections for its each component. Certainly, we only need to consider Smarandache drawing
of connected graphs. The crossing number cr(G) of a graph G is the minimum number of
pairwise intersections of edges in a drawing of GG in the plane. It is well known that the crossing
number of a graph is attained only in good drawings of the graph, which are those drawings
where no edge crosses itself, no adjacent edges cross each other, no two edges intersect more
than once, and no three edges have a common point. Let D be a good drawing of the graph G,
we denote the number of crossings in D by cr(D).

The circulant graph C(n;S) is the graph with vertex set V(C(n;5)) = {v;|[0 <i<n—1}
and edge set E(C(n;S)) = {vivj|[0<i#j<n—1,(i—j)modne S}, S C{1,2,---, 5]}

Calculating the crossing number of a given graph is NP-complete [1]. Only the crossing
number of very few families of graphs are known exactly, some of which are the crossing number
of circulant graph.

Yang and Lin, etc. researched on the crossing number of circulant graphs. In [2] they
showed that

er(C(n; {1,3})) = LgJ +nmod3 (n>8).

In [3], they gave an upper bound of C(mk; {1, k}) for m > 3, k > 3, proved that

er(C(3k; {1,k})) =k (k > 3),
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and in [4], they obtained that the crossing number of C(n; {1, [§] — 1}) is n/2 for even n > 8,
for odd n > 13, they showed that

4h+2, n=8h+1, h=>2,

n 4h+2, n=8h+3, h>2,
er(C(ns{l, [5] —1})) <

2 4h + 3, n=8h+5, h>1,

4h+5, n=8h+7, h>=1.

In 2005, Ma, et al. determined that the crossing number of C(2m + 2; {1, m}) is m+1 for
m > 3, see [5].

P.T.Ho [6] investigated the crossing number of the circulant graph C'(3k + 1;{1,k}) and
proved that c¢r(C(3k + 1;{1,k})) =k + 1 for k > 3.

In this paper, we study the crossing number of the circulant graph C(3k — 1;{1,k}) and
get the main result that

E<er(CBk—1;{1,k})) <k+1 for k>3.

82. Some lemmas and the main result

Let A and B be two disjoint subsets of E. In a drawing D, the number of crossings made by
an edge in A and another edge in B is denoted by ¢rp(A, B). The number of crossings made
by two edges in A is denoted by crp(A), then er(D) = erp(F). By counting the number of
crossings in D, we have Lemma 2.1.

Lemma 2.1 Let A, B,C be mutually disjoint subsets of E. Then

crp(AUB) = crp(A) + erp(B) + c¢rp(4, B);
erp(AUB,C) =crp(A,C)+ erp(B,C).

Let E; = {0iVit1, ViVktis VkgiV2k4is Vit 1 V2h4is Vki—1 Vkis V2k4i—1V2k4i } for 0 < i <k — 2,
and let Fy_1 = {vr_1V2k—1, V2k—100, U2k—2V2k—1, U3k—2Vp |, see Fig.1. Then it is not difficult to
observe that

k—1
E(C(3k—1;{1,k}) = | E
=0

E,NE; =0, 0<i#j<k-—-1

We define fp(E;) (0 <i < k—1) to be a function counting the number of crossings related
to E; in a drawing D as follows:

fo(E;) = erp(E;) + Z crp(Ei, Ej) /2.
0<j<k—1,j7#i

With Lemma 2.1 and the above notations, we can get
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Figure 1: A good drawing of C(3k — 1; {1, k})

Lemma 2.2 ¢r(D) = S fn(Ey).
=0

In a drawing D, if an edge is not crossed by any other edge, we say that it is clean in D;
if it is crossed by at least one edge, we say that it is crossed in D. The following lemma is a

trivial observation.

Lemma 2.3 If there exists a crossed edge e in a drawing D and deleting it results in a new
drawing D*, then cr(D) > er(D*) + 1.

Lemma 2.4 ¢r(C(3k — 1;{1,k})) > k for k > 3.

Proof We will prove it by induction on k. For k = 3, from [2], we have cr(C(8;{1,3})) =
4 > 3. Now suppose that for k > 4, er(C(3(k —1) — 1;{1,k —1})) > k — 1, let D be a good
drawing of C(3k — 1;{1,k}).

Since C'(3k —1; {1, k}) is non-planar, one of the edges in D must be crossed, that is to say,
ViVi41 O Uk, is crossed for some ¢ where 0 < i < 3k — 2. If v;v;41 is crossed for some i, we
may assume that i = 3k — 2. If v;v,4,; is crossed for some i, we may assume that i = k — 1. By
these assumptions, we have

fp(Ex—1) 205

We assert that

fp(E;))>1 for 0<i<k—2 or er(D) >k (1)

Therefore, if cr(D) < k, we have fp(E;) > 1 for all i = 0,1,--- ,k — 2 by (1), combining this
with fp(Ex—1) > 0.5, by Lemma 2.2, we have k > ¢r(D) > k — 1 + 0.5, which is impossible
since cr(D) must be an integer.

So, it suffices to verify that (1) is true. Suppose by contradiction that there exists i
(0 < ¢ < k—2) such that fp(E;) < 1. From the definition of fp, we get that crp(E;) = 0.

Furthermore, there are only two possible drawings of E;, which are shown in Figure 2.
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Vit1 Vok4i Voki—1 Vit1 Vok+i Vokyi—1

Vkti—1

®
Ui Vk+i Vkti—1 V; Uk+i

Figure 2: Two possible drawings of E;

Vit1 U2k +i V2k+i—1

Figure 3: E; U ViV2k4i—1

We can claim that E; must be drawn as in the left hand side of Figure 2 in D. Suppose that
E; is drawn as in the right hand side of Figure 2. Since vertex vi4;—1 and vertex vogy;—1 lie
in different regions, so both the edge vjy;—1v2k4i—1 and the path vg4;—1Vk+i—2V2k+i—2V2k+i—1
must cross the edges in F;, and we have fp(FE;) > 1, a contradiction to our assumption that
fo(E;) < 1.

Case 1. Suppose that fp(E;) > 0. Since fp(F;) < 1, from the definition of fp, exactly one of
the edges in FE; is crossed.

First we consider that v;vor4;—1 is clean. Then E; U v;v954;—1 must be drawn as in Fig-
ure 3. Denote the regions by a,b and c as in Fig.3. We can assert that vertex vi4;_2 must
lie in the same region in which vertex vi4;—1 lies. Or else, both the edge vgy;—2vk+;—1 and
the path vgi;—ov;—2v;—1Vk4;—1 must cross the edges on the boundary of a except v;vog1i—1,
so we have fp(E;) > 1, which is a contradiction. Furthermore, we can also get that vogy;—o
must lie in the region a : if vop4;—o lies in the region b, then both the edge vogti—1V2k4i—2
and the edge vj4;—2vUak4+i—2 must cross the edges on the boundary of b, which is a con-
tradiction; if wvopy,—2 lies in the region ¢, then both the edge wvg4;—2vorti—2 and the path
Ukt i Ukit1 * * * V2kti—3V2k+i—2 must cross the edges in F;, which is also a contradiction. Since
both vertex viy;—2 and vertex var4;—2 lie in the region a, the pathes v;11vito - Vgti—3Vkti—2
and V41V 4ip1Vk+it2 * - V2k+i—3V2k+i—2 must cross the boundary of a, respectively, and we can
have fp(E;) > 1, which is impossible.

Now consider that v;veg4;—1 is crossed.

Case 1.1. Suppose that the edges v;11v2k+; and vogy;—1v254; are clean. We will produce
from D a drawing D*, which is constructed by drawing a new edge connecting vertex wv;;i
to vertex vsg4i;—1 close enough to the edges v;y1vok+s and vog4i—1v2k+i, and by deleting the
edges ViU2k+i—1y ViVk+iy Uk+iU2k+i and Vj4+1V2k+4, S€E Figure 4(1) Since the edges Vi+1UV2k+1i
and vag4i—1V2k4; are clean, one can observe that the new edge v;41v2x4;—1 doesn’t produce

any additional crossing. And because the crossed edge v;vof1;—1 in D is removed from D,
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Figure 4: New drawing D* produced from drawing D

we can get that cr(D) > er(D*) + 1 by Lemma 2.3. D* is a drawing of the subdivision of
C3(k—1)—=1;{1,k—1}), s0o we have cr(D) 2 er(C(3(k—1) = L; {1,k—1}))+ 1 > k.

Case 1.2. Suppose that one of the edges v;41V2k+; OF Vag4i—1V2k+i is crossed. Analogously, by
drawing a new edge connecting vertex viy,—1 to vertex vy, quite close to the edges vgy;—1Vk4i
and vgy;v2k44, and by deleting the edges v; Vg1, Vi4iV2k+i, ViVakt+i—1 and Vg4i—1V2k4i—1, & NEW
drawing D* can be produced from D, see Figure 4(2). One can easily see that the new edge
Uk+i—1V2k+; doesn’t produce any additional crossing since the edges vgii—1Vk+; and vg4iV2k4i
are all clean. Since the crossed edge v;va4;—1 in D is removed from D, by Lemma 2.3, we can
obtain that cr(D) > cr(D*)+ 1. D* is a drawing of the subdivision of C(3(k—1)—1;{1,k—1})
as well. These facts imply that ¢r(D) > er(C(3(k—1) — 1;{1,k—1}))+ 1 > k.

Case 2. Suppose that fp(F;) = 0. Since the edges in F; are all clean, v;vox4;—1 doesn’t cross
any edge in E;, then FE; U v;v954,—1 is drawn as in Figure 3. If v;vg54,—1 is clean, then the
boundary of a is clean, we follow the analogous arguments presented in Case 1. If v;vgp44—1 is
crossed, we can follow the same arguments presented in Case 1.1.

From all the above cases, we have shown that (1) is true. O

Theorem 2.5 k < cer(C(3k —1;{1,k})) < k+1for k > 3.

Proof A good drawing of C'(3k—1;{1, k}) in Fig.1 shows that cr(C(3k—1;{1,k})) < k+1
for k > 3. This together with Lemma 2.4 immediately indicate that k < er(C(3k —1;{1,k})) <
k+1 for k > 3. O

We end this paper with the following conjecture.

Conjecture cr(C(3k —1;{1,k}))=k+1 for k > 3.
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