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Ruling out the inverted neutrino hierarchy with neutrinoless double beta decay experiments is possible if
a limit on the effective mass below the minimal theoretically possible value is reached. We stress that this
lower limit depends strongly on the value of the solar neutrino mixing angle: it introduces an uncertainty of
a factor of 2 within its current 3o range. If an experiment is not background-free, a factor of 2 in effective
mass corresponds to a combined factor of 16 improvement for the experimental parameters running time,
detector mass, background level, and energy resolution. Therefore, a more precise determination of 6, is
crucial for the interpretation of experimental results and the evaluation of the potential and requirements
for future experiments. We give the required half-lives to exclude (and touch) the inverted hierarchy regime
for all double beta decay isotopes with a Q value above 2 MeV. The nuclear matrix elements from 6
different groups and, if available, their errors are used and compared. We carefully put the calculations on
equal footing in what regards various convention issues. We also use our compilation of matrix elements to

Neutrinoless double beta decay, the inverted hierarchy, and precision determination of 6,

give the reachable values of the effective mass for a given half-life value.
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I. INTRODUCTION

Neutrinoless double beta decay (Ov ) is a process of
fundamental importance for particle physics [1-3]. In the
best-motivated interpretation [4] of this process, light
Majorana neutrinos, whose mixing is observed in neutrino
oscillation experiments, are exchanged in the process,
and the particle physics quantity which is probed is the
“effective mass”

(m,) = U%m; + Uymye' + Uxmse'P|. (1)

Here U, = cosfycos63, U, = sinf,cosf3; and
U2, =1—U? — U%. The current knowledge of these
mixing angles is given in Table I. The lifetime of OvSBS
decay is inversely proportional to the effective mass
squared.

Apart from verifying the Majorana nature of neutrinos,
the effective mass depends on a number of known and
unknown neutrino parameters, and testing or cross-
checking the values of these parameters is obviously an
immensely important task. Among the unknown neutrino
parameters the neutrino mass ordering (the sign of the
atmospheric mass-squared difference) is of particular in-
terest. It is indeed an exciting possibility to rule out the
inverted ordering (IH) with O3 8. This is possible because
the lower limit of the effective mass is nonzero in this case
[6,7]. Actually, if at the time when the inverted hierarchy
regime is under test at double beta decay experiments the
mass ordering is known to be inverted (by an oscillation
experiment or by a galactic supernova explosion), then
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testing the inverted hierarchy means testing directly the
Majorana nature of neutrinos. If the mass ordering is not
known, the experiments can rule out the inverted hierarchy
only if in addition the Majorana nature of neutrinos is
assumed. However, this happens in the vast majority of
models and scenarios leading to neutrino mass, and is also
natural from an effective field theory point of view.

In any case, a natural scale for the effective mass pro-
vided by particle physics is the minimal value of the
effective mass in the inverted hierarchy, and should be the
intermediate- or long-term aim of double beta experiments.

We stress in this paper that the lower limit of the
effective mass is a sensitive function of the solar neutrino
mixing angle #,: the current 30 range of 6, introduces an
uncertainty of a factor of 2. In realistic, i.e. background
dominated, experiments the achievable half-life reach is

proportional to
M Xt
T?/zmaXexwfinAE, 2)

where a is the isotopical abundance of the double beta
emitter, M the used mass, ¢ the measuring time, € the

TABLE I. Neutrino mixing parameters: best-fit values as well
as 1o and 30 ranges [5].

Parameter Best-fit* 17 30
sin®6,, 0.31850012 0.27-0.38
sin?63 0.01375:943 = 0.053
Am3 [1073 eV?] 2407043 2.07-2.75
Am} [107° eV?] 7.59+033 7.03-8.27
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detection efficiency, AFE the energy resolution at the peak
position and B the background index typically given in
counts/keV/kg/yr.

Hence, an uncertainty of 2 in the effective mass corre-
sponds to a factor of 2> = 4 in terms of lifetime reach and a
factor of 2* = 16 uncertainty in the above combination of
experimental parameters. In this work we aim to stress this
fact and to illustrate its consequences. We quantify the
requirements to test the inverted hierarchy in terms of
necessary half-life reach. We consider all Ov 38 isotopes
with a Q value above 2 MeV and compile the nuclear
matrix element calculations from six different groups.
That is, we study the isotopes “*Ca, "%Ge, 3’Se, °Zr,
IOOMO, HOPd, 116Cd, 124511, ISOTQ, 136Xe, and ISONd, as
well as nuclear matrix element calculations applying qua-
siparticle random phase approximation (QRPA) [8,9], the
nuclear shell model [10], the interacting boson model [11],
the generating coordinate method [12], and the projected-
Hartree-Fock-Bogoliubov (PHFB) model [13]. Particular
care is taken to put the calculations on equal footing in
what regards various convention issues, such as the axial-
vector coupling g, and the nuclear radius appearing in the
phase space factor. We present the results for different
values of 6, in order to show its impact.

We are taking the point of view that the spread of nuclear
matrix elements and lifetimes obtained in our analysis
is a fair estimate of the true allowed range. Though experi-
mental approaches to reduce the uncertainty [14], and
statistical approaches to better estimate the theoretical
uncertainties (see e.g., [15]), have started, at the current
stage the collection of available results and the use of their
spread is the most pragmatic procedure.

Nevertheless, our main conclusions are independent of
this and quite straightforward: a precision determination of
the solar neutrino mixing angle is crucial to determine the
physics potential of, and requirements for, neutrinoless
double beta decay experiments. Some proposals for solar
neutrino experiments which can pin down #;, more pre-
cisely can be found in the literature [16—19]. Large-scale
long baseline reactor neutrino experiments have also been
proposed [20-23], but to our knowledge still await detailed
study by experimentalists. The main focus of future preci-
sion neutrino oscillation physics is put on mass ordering,
the other mixing angles and CP violation in facilities such
as super-, beta-beams or neutrino factories. Given the
impact of 6, on the neutrinoless double beta decay that
we discuss here, we hope to provide additional motivation
for studies and proposals in order to determine 6, as
precisely as possible.! At least we encourage to seriously

'The additional physics potential of precision solar neutrino or
6, experiments is, e.g., solving the metalicity problem of the
Sun [24], probing the transition region of the electron neutrino
survival probability in the Sun’s interior [25], or distinguishing
theoretical approaches to lepton mixing such as tribimaximal
mixing from alternative models [26].
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determine and optimize the potential of future experiments
in what regards the achievable precision of 6,.

Using our compilation of matrix element calculations,
we also present results for the necessary half-life in order
to touch the inverted hierarchy regime. Finally, we inves-
tigate which limits on the effective mass can be achieved
for a given half-life, and what the current limits are. These
points are independent of the value of 6,.

We find that the isotope '°’Mo tends to be interesting, in
the sense that with the same lifetime it can slightly more
easily rule out the inverted hierarchy, or achieve the better
limit on the effective mass. This may be helpful for experi-
ments considering various alternative isotopes to study.

The paper is organized as follows: in Sec. II we shortly
discuss the effective mass and its dependence on the solar
neutrino mixing angle in the inverted hierarchy. Section III
deals with the various calculations of the nuclear matrix
elements and their impact on ruling out and touching the
inverted hierarchy regime. We point out the difficulties
arising from the chosen convention, which can arise by
comparing different nuclear matrix element calculations.
The general limits on the effective mass as a function of an
achievable half-life are given in a short Sec. III C, where
also current limits on the effective mass are compiled. In
Sec. IV we give some examples on the experimental con-
sequences of our results for future experiments. Tables and
details are delegated to the Appendices, and conclusions
are presented in Sec. V.

II. EFFECTIVE NEUTRINO MASS AND
EXPERIMENTAL VALUES OF NEUTRINO
OSCILLATION PARAMETERS

In general, the decay rate of Ov 88 decay factorizes in a
kinematical, nuclear physics, and particle physics part:

o = Gkinanucll2Xpart' (3)

The observation of the decay would establish the nature of
the neutrino as a Majorana particle [27], independent on
whether indeed light Majorana neutrinos are exchanged in
the diagram leading to Ov 3. However, the most natural
interpretation is indeed that this is the case, because we
know that neutrinos have a nonvanishing rest mass, and in
the vast majority of models they are Majorana particles.
The particle physics parameter in the decay width Eq. (3) is
therefore X, < (m,)?, where (m,) is the effective elec-
tron neutrino mass defined as

(m,) = |chcdymy + styclmye' + stomseP|,  (4)

where c¢;; = cos#;;, s;; = sinf;;, and «, B are the two
Majorana phases. It depends on the three neutrino mass
eigenstates m; and the first row of the Pontecorvo-Maki-
Nakagawa-Sakata mixing matrix. The effective mass,
(m,), can span a wide range due to the unknown
Majorana phases, the unknown total neutrino mass scale,
and the unknown mass ordering. Here, we are mostly
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interested in the case of the IH, which corresponds to m, >
m; > ms. In this case, the maximum and minimum values
of (m,) are given by (see, e.g., [6,7,28])

H _ / 2 2.2 .2
(M, hmax = yfm3 + Amgciyei;

+ \/mg + Amd + Ami s el + myst;,  (5)

and

H _ / 2 )
(M hin = /M3 + Amiciscis

B 2 22 2 2
\/m3 + Amg + Amysi,ci; — m3si;,  (6)

respectively. Here, Am2 = m3 —m? is the solar and

Ami = |m3 — m3| the atmospheric mass-squared differ-
ence. The values we use for the mixing parameters are
shown in Table 1.

Unless the smallest mass mj5 is larger than about 0.05 eV,
the effective mass does basically not depend on its value,
and increases linearly with mj afterwards. In the case of
m3 =< 0.05 eV, one finds

(m, i = clyy/Am3, )

and
(m,H =~ c%ﬂ/Ami c0s26;,
= (1= |UsP)AmL (1 - 2sin%0,,),  (®)

respectively. The maximal value is obtained for & = 0 and
the minimal value for « = 7/2. Since 6, is nonmaximal,
the minimal value of (m,) is nonzero, which is in contrast
to the normal mass ordering, in which the effective mass
can vanish. By obtaining experimentally an upper limit on

m; =0.001 eV
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FIG. 1 (color online).
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the effective mass below (m,)H = we can rule out the

inverted ordering. If we would know by independent evi-
dence that the ordering is inverted (i.e., from a long base-
line experiment, or observation of a galactic supernova),
then obtaining such an upper limit would even mean that
the Majorana nature of neutrinos would have been
ruled out.

From a more pragmatic point of view, particle physics
provides a scale for limits on the effective mass, which
should be the sensitivity goals of the experimental pro-
gram. These values are (m, )  and (m,)H  given in
Egs. (7) and (8), respectively. In Fig. 1 we show the
effective mass for the best fit and the 30 ranges of the
oscillation parameters as a function of sin’6,, and Ami. It
is clear that the dependence of the lower limit on sin?6, is
very strong. In the currently allowed 30 range the range of
6, quantifies to a factor of 2 uncertainty for (m,)H |
which translates into a factor 2> = 4 in lifetime reach for
an experiment. We illustrate this in the plots by translating
(m,) into the half-life for 7°Ge for three representative
values of the nuclear matrix elements (see Sec. IIT A).
Table II shows the numerical values of the effective elec-
tron neutrino mass in the case of an inverted hierarchy for

TABLE II. Lower limit of the effective electron neutrino mass
in the case of an inverted hierarchy for different values of
sin’6,,. The minimal and maximal values are obtained by
varying Am%, Am% and sin?6 5 in their allowed 30 ranges.

(m, i, [eV]
sin?6, Minimal Maximal
0.270 0.0196 0.0240
0.318 0.0154 0.0189
0.380 0.0100 0.0123
mg = 0.001 eV
0.1 — ; : . —
H,3 | 0.
i-05 foas
— >
i 05 I3
=)
3 1 =
£ a2
2 [
N -
0.01 £ . s . . L, =18 J8

2.1 2.2 2.3 2.4 25 2.6 2.7
2 -3 .2
Am¥ [107° eV?]

(b)

The effective electron neutrino mass in the case of an inverted hierarchy is shown as a function of (a) sin’6,,

and (b) Am3 with best-fit values and 3¢ ranges for the other oscillation parameters. On the right side of the plots the corresponding
half-life for 7°Ge is shown assuming three different nuclear matrix elements: M"*” = 2.81 (red dashed axis), M’°” = 5 (blue dotted

axis), and M’%” = 7.24 (black solid axis).
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different values of the solar neutrino parameter sin’6,.
The uncertainty in the other parameters |U,;| and Am? is
by far not as significant; it amounts in total to a factor less
than 25%. An extensive program to test Am3 and |U ;] is
underway (see, e.g., [29]) and will have decreased this
uncertainty considerably by the time the Ov3 S experi-
ments of the required sensitivity are running. The maximal
value of the effective mass does not depend on 6;,, and
hence its value is uncertain by less than 25%.

III. HALF-LIFE SENSITIVITIES AND THE
INVERTED HIERARCHY

We have seen above that in order to rule out the inverted
ordering, and to evaluate the physics potential of future
experiments, the value of 6, is of crucial importance. We
will now attempt to quantify the impact of 6, in terms of
experimentally required half-life. Towards this end, we
will have to care with the available calculations of the
nuclear matrix elements (NMEs). We have scanned the
literature and extracted the NME values for five different
calculational approaches of six different groups. If given
by the respective authors, we include the error estimates in
the calculations for our results. In order to compare them in
a proper way, we carefully try to put the NMEs on equal
footing, because details of conventions are often different
in different publications. We then consider all 11 potential
Ov BB isotopes with a Q-value above 2 MeV. We discuss
the necessary half-lives to rule out and to touch the inverted
hierarchy, putting particular emphasis on the 6, depen-
dence if necessary. Finally, using our compilation we also
give the limits on (m,) as a function of future half-life
limits for the 11 interesting isotopes. Using the published
half-life limits of different isotopes, we also give the
current limits on the effective mass.

A. Nuclear matrix elements and the half-life

The OvB B decay half-life is given according to Eq. (3)
by? [30]

@iyt = goip(2Y, ©)

e

where G% is the phase space factor, M*” the NME, m, the
electron mass, and the effective electron neutrino mass
(m,) as given in Eq. (4). It is known that the conversion
of a lifetime into an effective mass, in particular, when
different NMEs are compared, should be performed care-
fully [31,32]. The nuclear physics parameters, for instance
the axial-vector coupling g, lying in the range 1 =< g, <
1.25, should strictly speaking introduce an uncertainty in
the value of M°” only. However, it is convention to include
g4 in the phase space factor as well. In addition, the nuclear

*Note that sometimes the factor 1/m?2 is carried into the
definition of G°.
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radius R, = ryA'/? (A being the atomic number) appears
in G, and there are differences in the normalization of R,
with ry, which should be taken into account. This leads to
the small complication that NMEs calculated with different
values for g, and r( cannot be directly compared with each
other, since they have different phase space factors and
hence seemingly equal (by their value) matrix elements
will lead to different decay half-lives [31] (see also the
Appendix of [33]). We will outline these issues in more
detail in what follows.

The phase space factor is through convention propor-
tional to g4 /R3 [9],

GO o 84 (10)

with R, = roA!/? being the nuclear radius and 1 < g, <
1.25 the axial-vector coupling. The dependence on R,
stems from the desire to make the NMEs dimensionless.
Therefore, in the definition of the NMEs there is a factor of
R, which is compensated for by the factor 1/R% in G*. To
resolve the issue of comparing matrix elements calculated
using different values of g,, some—but not all—authors
define

2
M/OV — (lg_;5> MOV’ (11)

thereby carrying the g, dependence from G% to M"”, i.e.,
GOI/(MOV)2 — G?.ZS(MIOV)z’ (12)

with GV%s = G"(g, = 1.25). This means that these
NMEs share a common G°” factor—that of g, = 1.25.

TABLE III. G for different isotopes using ry, = 1.2 fm.
Values taken from Table 6 of Ref. [9] (G(l)” in their notation)
and scaled to g, = 1.25 (G% of ''9Pd taken from Table IV of
Ref. [13]). Also shown is the Q value for the ground-state-to-
ground-state transition which is calculated using isotope masses
from Ref. [38] and the natural abundance in percent. Note that
there is a misprint in Ref. [9], which quotes G*” for '“'Mo as
11.3 X107 yrs™1,

Isotope G [107 ' yrs™1] O [keV]  Nat. abund. [%]
$Ca 6.35 4273.7 0.187
75Ge 0.623 2039.1 7.8
828e 2.70 2995.5 9.2
97y 5.63 3347.7 2.8
1000V 4.36 3035.0 9.6
10pg 1.40 2004.0 11.8
16cq 4.62 2809.1 7.6
1248 2.55 2287.7 5.6
130Te 4.09 2530.3 34.5
136Xe 431 2461.9 8.9
150Nq 19.2 3367.3 5.6
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TABLE IV. NMEs calculated in different frameworks. The method used to take into account
short-range correlations is indicated in brackets. We have scaled the cited values to ry = 1.2 fm
and g4, = 1.25 [see Eq. (11)] to make them directly comparable. If ranges instead of single NME
values are given then they arise due to intrinsic model details varied in the respective
publications. This table is graphically represented in Fig. 2, the pseudo-SU(3) NME for '3°Nd

PHYSICAL REVIEW D 83, 113010 (2011)

plotted there is 1.00 [45].

NSM [10]  Tii [34,35] Jy [36] IBM [11] GCM [12] PHFB [13]
Isotope  (UCOM) (CCM) (UCOM) (Jastrow) (UCOM) (Mixed)
76Ge 2.81 444-724  4195-5355  4.636-5.465 4.6
828e 2.64 3.85-6.46  2.942-3.722  3.805-4.412 4.22 e
967y e 1.56-2.31  2.764-3.117 2.530 5.65 2.24-3.46
100Mo 3.17-6.07  3.103-3.931 3.732-4.217 5.08 4.71-7.77
110pq e e 3.623 e 5.33-8.91
16cqd e 2.51-4.52  2.996-3.935 2.782 472 e
l24sn 2.62 4.81
130e 2.65 3.19-550  3.483-4.221 3.372-4.059 5.13 2.99-5.12
136X e 2.19 1.71-3.53  2.38-2.802 3.352 4.2 e
150Nd e 3.45 2.321-2.888 1.71 1.98-3.7

Still one has to be careful when comparing NMEs from
different groups, since different authors take different val-
ues for 7, usually ry = 1.1 fm (e.g., Refs. [34,35]) or ry =
1.2 fm (e.g., Refs. [10,11,36]). The NMEs are proportional
to ry and therefore when comparing two different matrix
elements MY”, M9”, which have been calculated using rg |
and r(,,, respectively, one has to rescale MY by rq /7o, or
MY by rgy/ro,. Otherwise one introduces an error of
(ro.1/r02)* = 1.19 in terms of half-life [see Eq. (9)]. A
compilation of g4, r, and G°” values used in different
works can be found in Ref. [32].

In addition, it is often overlooked that there are differ-
ences between independent phase space factor calcula-
tions, which can be as high as ~13% (see the Appendix
of [33]). For instance, Ref. [34] uses phase space factors
from [37], while Ref. [36] uses the ones from [9]. There,
G" for the isotope '3°Xe is given as 49.7 X 10715 yrs~!
and 43.1 X 10715 yrs™!, respectively, (we scaled them to
g = 1.25 and ry = 1.2 fm to make them directly compa-
rable). To perform a consistent comparison between differ-
ent NME calculations we will take the numerical values for
the phase space factors from Ref. [9] when calculating the
necessary half-life sensitivities and take carefully into
account all of the above mentioned difficulties.” Table III
shows the phase space factors used in our calculations. All
Ov 33 isotopes with a Q-value above 2 MeV are given. We
have chosen the value r, = 1.2 fm throughout our analy-
sis. Also given in the table is the natural abundance of the
isotope in percent.

The convention issues mentioned so far are of course
different from the intrinsic uncertainty stemming from the

*Note that there is a misprint for the phase space factor of
100Mo in Ref. [9].

nuclear physics itself. We will not get into detail here, and
refer to existing reviews available in the literature [1,9]. A
program to reduce the uncertainty by independent experi-
mental cross checks has been launched [14], but it is
unclear whether the results will be available and conclusive
for all interesting isotopes at the time when the decisions
on the experimental parameters have to be taken.

An important point here are short-range correlations
(SRC) since the contribution to NMEs stems mainly
from physics of internucleon distances r = (2-3) fm
[39]. There are different proposals how to treat SRC,
namely, via a Jastrow-like function [1,40], Unitary corre-
lation operator method (UCOM) [41], or coupled cluster
method (CCM) [34,42-44]. For instance, the authors of
Ref. [36] argue that UCOM should be preferred over
Jastrow, while the authors of [34] prefer CCM. In this
work we use the NME values calculated with UCOM or
CCM SRC in the NSM, QRPA, and GCM frameworks; the
NME values in the IBM framework are calculated with
Jastrow SRC. In the case of the PHFB model the authors
used a statistical estimate of the theoretical uncertainty by
calculating NMEs with three different types of SRC, four
different parametrizations of the effective two-body inter-
action and taking the mean and the standard deviation. We
used the NMEs derived in this manner and therefore no
particular SRC method can be assigned to them. With a
chosen SRC method, some groups discuss additional
sources of error which arise, such as the set of single-
particle states, the number of possible wave function con-
figurations, or other model details. These errors are given
in some publications, and we include them in our analysis.
The NME values and ranges we have compiled and will be
used in this work are tabulated in Table IV and plotted in
Fig. 2. The values are scaled to ry = 1.2 fmand g4, = 1.25
so that they are directly comparable. The original NME
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FIG. 2 (color online). NMEs calculated in different frame-
works. We have scaled the cited values to ry = 1.2 fm and g4, =
1.25 [see Eq. (11)] to make them directly comparable. The exact
values are given in Table IV.

values can be found in column 3 of Table 8 of Ref. [10]
(NSM), column 6 of Table III of Ref. [34] and column 4 of
Table II of Ref. [35] (QRPA, Tiibingen Group), column 6
of Table 1 of Ref. [36] (QRPA, Jyviskyld group), columns
2 and 3 of Table VI of Ref. [11] (IBM), column 5 of Table I
of Ref. [12] (GCM), and column 3 of Table IV of Ref. [13]
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(PHFB). Regarding IBM, the isotopes for which a range is
given are calculated in Ref. [11] with two sets of single-
particle energies, one extracted from experiment (“‘experi-
mental’”), the other from a specific model (*‘theoretical’).
Their span defines the given range. The IBM values with-
out a range are unpublished experimental NMEs kindly
provided by Francesco Iachello. As only few calculations
for 1°Nd are available, we also include the result from
Ref. [45], which applied the pseudo-SU(3) Ansatz for the
calculation, which is suitable for deformed nuclei such as
I50Nd. It gives by far the lowest NME.

B. Ruling out the inverted hierarchy

Having compiled the NMEs in a form which makes it
possible to compare them with each other, we can now give
the necessary half-lives in order to rule out the inverted
hierarchy. Recall that the value (m, )l given in Eq. (8) has
to be reached for this, and that a strong dependence on 6,
is present.

In Fig. 3 we plot the necessary half-lives to rule out the
inverted hierarchy for all 11 isotopes with Q-value above
2 MeV. We display the situation for different values of
61,, which correspond to the best-fit value of the current
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Required half-life sensitivities to exclude the inverted hierarchy for different values of #,. For each value of

sin?6,, the other parameters (Am%, Am3, sin*6,3) are varied in their 30 ranges. The lower right plot tries to combine the other three:
the lines correspond to the combined uncertainties of the nuclear physics and the oscillation parameters. The small horizontal lines
show expected half-life sensitivities at 90% C.L. of running and planned Ov[38 experiments. The expected limits are from the
following experiments: GERDA and MAJORANA (76Ge, equal sensitivity expectations for both experiments); SuperNEMO (*2Se),
CUORE ("*%Te); EXO (13°Xe, dashed lines); KamLAND ('3¢Xe, solid lines); SNO+ (*°Nd). When two sensitivity expectations are
given for one experiment they correspond to near and far time goals.
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TABLE V. Expected half-life sensitivities for some Ov 3 ex-
periments [46]. When two values are given they correspond to
near and far time expectations with different detector masses.

Isotope Experiment T%, /yrs
76Ge GERDA 2.0 X 10%
(+MAJORANA) 6.0 X 10%7

83e SuperNEMO 2.0 X 10%
130Te CUORE 6.5 X 10%
136Xe EXO 6.4 X 10%
8.0 X 102

136Xe KamLAND 4.0 X 10%°
1.0 X 10?7

150Nd SNO+ 4.5 X 10*
3.0 X 10%

oscillation analyses, and the lower and upper limit of the
current 3o range. The full range, leaving 6, free within its
current range, is also displayed. For convenience, we give
the numerical values for necessary T?}’Z in Table VII, which
can be found in the Appendix. For each value of sin’f,, the
other parameters (Am3%, Am3, sin’63) are varied in their
30 ranges such that in Table VII one has a somewhat more
optimistic and more pessimistic prediction for the OvS
decay half-life. Recall that the dependence on the oscilla-
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FIG. 4 (color online).
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FIG. 5 (color online). Required half-life sensitivities to touch
the inverted hierarchy. The mixing parameters are varied in their
30 ranges. The small horizontal lines show expected half-life
sensitivities as in Fig. 3.

tion parameters other than 6, is rather weak (less than
25%) and will be strongly reduced in the future.

One can compare the necessary half-lives with the fore-
seen sensitivities of upcoming experiments. We refer here

%Mo, mg = 0.001 eV

16 ; o5
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141 Tip=1x1007 == 1
T/o=5x
121 Tue - —--
y
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8
7 L
6 L
5 L
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3 L
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Assuming the case of an inverted neutrino mass hierarchy and a measurement of a O 33 decay signal, this plot

shows the minimal NMEs for which the inverted hierarchy can be ruled out. For the mixing parameters Ami, Am%, and sin”6),5 best-fit
values are taken. The ranges of the NME calculations are also displayed in the figures.
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TABLE VL
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Experimental Ov 33 decay half-life limits at 90% C.L. Columns 4 and 5 show the

minimal and maximal NMEs from our compilation (see Table IV), and columns 6 and 7 the
corresponding upper limits on the effective electron neutrino mass {m,). Similar limits on 7°Ge
to the ones in [50] have been obtained by the IGEX experiment [51].

M (m,) [eV]
Isotope T?”Z /yrs Experiment Min Max Min Max
$Ca 5.8 X 102 CANDLES [52] 0.85 2.37 3.55 9.91
75Ge 1.9 X 10% HDM [50] 2.81 7.24 0.21 0.53
825e 3.2 x 108 NEMO-3 [53] 2.64 6.46 0.85 2.08
967y 9.2 X 10%! NEMO-3 [54] 1.56 5.65 3.97 14.39
100Mo 1.0 X 10% NEMO-3 [53] 3.10 7.77 031 0.79
lecq 1.7 X 103 SOLOTVINO [55] 2.51 472 1.22 2.30
130Te 2.8 X 10% CUORICINO [56] 2.65 5.50 0.27 0.57
136Xe 5.0 X 108 DAMA [57] 1.71 4.20 0.83 2.04
150Nd 1.8 X 10?2 NEMO-3 [58] 1.71 3.70 2.35 8.65

to the compilation from Ref. [46], which listed confirmed
sensitivities of the currently “most developed” experi-
ments. Table V gives the numbers, staged experiments
have two values. We have included those sensitivities in
our plots. To give an example on the interpretation of the
plots, with the final sensitivity GERDA and Majorana
(6 X 10?” yrs) could rule out the inverted hierarchy if
sin’6,, = 0.27 for all NMEs except for the NSM.

Another way to display the interplay of nuclear physics,
61, and OvBpB is shown in Fig. 4: assuming for four
interesting isotopes a certain half-life limit, we show for
which NME values the inverted hierarchy is ruled out. For
instance, for °Ge and a half-life of 5 X 10?7 yrs, we can
rule out the inverted hierarchy if the matrix element is
larger than about 5 if sin’#,, = 0.32. For a half-life of
1 X 10?7 yrs, the NME has to be larger than about 12,
hence not too realistic. Nevertheless, the ranges of the
NME calculations are also displayed in the figures.

Figure 5 shows the required half-life to touch the in-
verted hierarchy. This half-life [corresponding to the value
(m,)MH_givenin Eq. (7)] does not depend on #,,. The other
parameters, Am%, Am2 and 6,3 are varied in their current
30 range. The numerical values are given in Table VIII.
For instance, the combined GERDA and Majorana results,
as well as CUORE, could touch the inverted hierarchy for
all available NMEs.

From the figures and tables presented in this section, one
identifies '®Mo as the somewhat most interesting isotope.
With our compilation of NMEs, the required lifetimes to
reach and/or exclude the inverted hierarchy tends to be
generally lowest for this Ov 33 candidate. If the very low
pseudo-SU(3) NME for '"°Nd would be omitted, then this
isotope would even more favorable than '©°Mo. These
tentative conclusions may be helpful for experiments
which have alternatives in the isotopes to investigate,
such as LUCIFER [47] (currently considering %2Se or
100Mo or 116Cd), MOON [48] #Se or !Mo), or
SuperNEMO [49] (32Se, '"°Nd or others).

C. Current and future limits on the effective mass

In Table VI we show the current limits on the half-life of
Ovf3, obtained in a variety of experiments.* Using the
largest and smallest NME from our compilation, we give
the range of the current limit of (m,) for the particular
isotope.

Finally, we give the limit on the effective mass as a
function of achieved half-life for the 11 isotopes under
investigation. This is shown in Fig. 6. We have given four
different half-life values. With a half-life sensitivities of
about 5 X 10> yrs the first isotopes start to touch the
inverted hierarchy. Without specifying the value of 65,
no isotope can rule out the inverted hierarchy unless
sensitivities above 10?7 yrs are reached. Entering the in-
verted hierarchy regime requires sensitivities above
10% yrs.

IV. EXPERIMENTAL CONSIDERATION

A large variety of different upcoming experiments exists
in various stages of realization. They are in order of in-
creasing isotope mass CANDLES [60] (**Ca), GERDA
[61] and MAJORANA [62] ("®Ge), LUCIFER [47] (3?Se
or Mo or ''6Cd), SuperNEMO [49] (¥’Se or "°Nd),
MOON [48] (*?Se or '““Mo), COBRA [63] (!'°Cd),
CUORE [64] ('3%Te), EXO [65], XMASS [66],
KamLAND-Zen [67] and NEXT [68] ('3Xe), DCBA
[69] and SNO+ [70] ('*°Nd). As discussed before not for
all proposals the final decision on the selected isotope is
already made. From the discussion of the previous sections
it would of course be desirable to rule out the inverted
scenario and thus tune the experimental parameters and

“Part of the Heidelberg-Moscow Collaboration has claimed
observation [59] of Ov B corresponding to a half-life of 2.23 X
10 yrs, and a 95% C.L. range of (0.8-18.3) X 10 yrs. This
would correspond to a range of the effective mass of (0.19—
0.49) eV and (0.066-0.82) eV, respectively.
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Limits on the effective mass which can be set assuming different half-lives for the 11 isotopes under

investigation. The orange double-dashed horizontal lines show the upper and lower lines of the inverted hierarchy when the mixing
parameters are varied in their 3¢ range (see Fig. 1). Thereby the horizontal line at 0.02 eV (0.01 eV) corresponds to the lower line of

the IH for sin’6,, = 0.27 (sin*6,, = 0.38).

TABLE VII.

Required Ov 38 decay half-life sensitivity (in 10?7 yrs) in order to exclude the inverted hierarchy for different values of

sin’6,,. For each value of sin?f;, we present two values/ranges by varying the other parameters which determine the effective mass
(Am%, Am3, sin’6,3) in their currently allowed 3o region. Thereby, for each value of sin?6,, the numbers in the first row correspond
to the smallest possible half-lives. while the numbers in the second row correspond to the largest half-lives. The values calculated using
the pseudo-SU(3) NME for "ONd from Ref. [45] are (in the just described order) 2.34, 3.51, 3.77, 5.68, 8.90, 13.5 (X 10?7 yrs).

Half-life sensitivity to exclude IH [10%7 yrs]

Isotope sin26, NSM [10] Tiibingen [34,35] Jyviskyld [36] IBM [11] GCM [12] PHFB [13]
48Cq 0.270 9.88 1.27
14.82 1.91
0318 15.93 2.05
24.00 3.09
0.380 37.62 4.84
6Ge 0.270 9.22 1.39-3.69 2.54-4.13 2.44-339 3.44
13.82 2.08-5.53 3.80-6.20 3.65-5.08 5.16
0.318 14.86 2.24-5.95 4.09-6.67 3.93-5.46 555
22.38 3.37-8.96 6.16-10.04 5.92-8.22 835
0.380 35.09 5.28-14.05 9.66-15.74 9.28-12.89 13.09
53.08 7.99-21.26 14.62-23.82 14.03-19.50 19.81
825e 0.270 2.41 0.40-1.13 1.21-1.94 0.86-1.16 0.94
3.61 0.60-1.70 1.82-2.91 1.29-1.74 1.41
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TABLE VII. (Continued)

Half-life sensitivity to exclude IH [10%7 yrs]

Isotope sin?6,, NSM [10] Tiibingen [34,35] Jyviskylad [36] IBM [11] GCM [12] PHFB [13]
0.318 3.88 0.65-1.83 1.95-3.13 1.39-1.87 1.52
5.85 0.98-2.75 2.94-4.71 2.09-2.82 2.29
0.380 9.17 1.53-4.31 4.61-7.39 3.28-4.42 3.59
13.88 2.32-6.52 6.98-11.17 4.97-6.68 543 s
67y 0.270 cee 1.51-3.31 0.83-1.05 1.26 0.25 0.67-1.60
cee 2.26-4.96 1.24-1.58 1.89 0.38 1.01-2.41
0.318 s 2.43-5.34 1.34-1.70 2.03 0.41 1.08-2.59
R 3.66-8.04 2.01-2.56 3.06 0.61 1.63-3.90
0.380 e 5.73-12.60 3.16-4.01 4.79 0.96 2.56-6.11
ce 8.67-19.06 4.77-6.07 7.25 1.45 3.87-9.24
100Mo 0.270 s 0.28-1.03 0.67-1.08 0.58-0.75 0.40 0.17-0.47
K 0.42-1.55 1.01-1.62 0.88-1.12 0.60 0.26-0.70
0.318 ce 0.46-1.66 1.08-1.74 0.94-1.20 0.65 0.28-0.76
s 0.69-2.51 1.63-2.62 1.42-1.81 0.98 0.42-1.14
0.380 s 1.08-3.93 2.56-4.11 2.23-2.84 1.53 0.66-1.78
e 1.63-5.94 3.88-6.22 3.37-4.30 2.32 0.99-2.70
110pq 0.270 R cee 247 oo 041-1.14
0.318 s s s 3.98 s 0.66-1.84
0.380 s s s 9.39 s 1.55-4.34
s s s 14.21 s 2.35-6.57
locqd 0.270 s 0.48-1.56 0.63-1.09 1.27 0.44 s
e 0.72-2.34 0.95-1.64 1.90 0.66
0.318 s 0.78-2.51 1.02-1.76 2.04 0.71
s 1.17-3.79 1.54-2.66 3.08 1.07
0.380 K 1.83-5.93 241-4.16 4.83 1.68
K 2.77-8.98 3.65-6.30 7.30 2.54
12451 0.270 2.59 s cee cee 0.77
3.88 1.15
0.318 4.18 1.24
0.380 9.86 s s s 2.93
14.92 4.43
130Te 0.270 1.58 0.37-1.09 0.62-0.91 0.67-0.97 0.42 0.42-1.24
2.37 0.55-1.64 0.93-1.37 1.01-1.46 0.63 0.63-1.86
0.318 2.55 0.59-1.76 1.00-1.47 1.08-1.57 0.68 0.68-2.00
3.83 0.89-2.65 1.51-2.22 1.63-2.37 1.02 1.03-3.01
0.380 6.01 1.40-4.16 2.37-3.48 2.56-3.71 1.60 1.61-4.72
9.09 2.11-6.29 3.58-5.26 3.88-5.61 243 2.44-7.14
136Xe 0.270 2.19 0.84-3.59 1.34-1.86 0.94 0.60 s
3.29 1.26-5.38 2.01-2.78 1.40 0.89
0.318 3.54 1.36-5.78 2.16-2.99 1.51 0.96
5.33 2.04-8.71 3.25-4.51 2.27 1.45
0.380 8.35 3.21-13.65 5.10-7.07 3.56 2.27
12.63 4.85-20.65 7.72-10.70 5.39 343 s
150Nd 0.270 o 0.20 <o 0.28-0.44 0.81 0.17-0.60
s 0.30 s 0.42-0.66 1.21 0.26-0.90
0.318 AR 0.32 s 0.46-0.71 1.30 0.28-0.97
s 0.48 s 0.69-1.06 1.96 0.42-1.46
0.380 v 0.76 v 1.08-1.67 3.07 0.66-2.29
s 1.14 s 1.63-2.52 4.65 0.99-3.47
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hence the sensitivity to do so. The obtainable half-life can
be estimated to be
N A In2

a X e
Yy, =n—( W )MXt (13)

in a background-free scenario and

NyIn2 fa X € M Xt
0y — ‘A
Tij2 n, ( w )\/BxAE (14

in the case of a background limited search [3], where n,, is
the number of standard deviations corresponding to the
desired confidence level, W the molecular weight of the
source material, and the other parameters as in Eq. (2).
Notice, only in the background-free scenario the half-life
sensitivity scales linearly with the measuring time. To be
more conservative and realistic we assume a background
limited case. As shown in Fig. 1(a), the minimal effective
Majorana mass which has to be explored shows a factor of
2 difference due to the current uncertainty in the mixing
angle 6;,, depending on whether the actual value of 6,
comes off at the high or low end of its currently allowed
range. Thus, this implies a factor of 16 difference in the
combination of measuring time, energy resolution, back-
ground index and detector mass. From the experimental
point of view such a big potential factor causes a significant
challenge and work, as half-life measurements well beyond
10%6 yrs itself are already nontrivial. Therefore, it would be

TABLE VIIL
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extremely desirable to reduce the uncertainty on 6, in
future solar experiments like SNO+.

As an example consider a 1 ton Ge-experiment, enriched
to 90% in 7°Ge. Furthermore, consider a full detection
efficiency, an energy resolution (FWHM) of 3 keV at
peak position, the best one of all considered double beta
experiments, and 10 years of running time. For an opti-
mistic combination of the other mixing parameters (upper
rows in Tables VII and VIII) such an experiment could
touch the IH at 20 C.L. even using the less favorable NME
if a background level of 5.5 X 1073 counts/keV /kg/yr
could be achieved. This should be feasible as already
for GERDA phase II the aim is to achieve
1073 counts/keV /kg/yr. Ruling out the complete IH for
small 6, would require 2.4 X 10~* counts/keV /kg/yr.
For large 6, it is not possible to exclude the IH (assuming
the smallest NME) with the considered experimental pa-
rameters. Excluding the IH would require a half-life sensi-
tivity of 3.5 X 10?® yrs (Table VII). But even considering a
background-free case and therefore using Eq. (13), one
obtains a 2¢ half-life limit of only 2.47 X 10?® yrs. By
using Eq. (14) one could formally calculate a necessary
background of 1.6 X 107> counts/keV /kg/yr to exclude a
half-life of 3.5 X 10?® yrs with the stated experimental
setup. But this background corresponds to only about 0.5
total background counts during the whole operational
period of 10 years which has to be compared to 1.4
expected counts from the Ov BB decay with a half-life of

Same as Table VII, but here the required Ov 88 decay half-life sensitivity in order to fouch the inverted hierarchy is

given. For the pseudo-SU(3) NME for '°Nd we get the values 0.49, 0.72 ( X 10?7 yrs).

Half-life sensitivity to touch TH [10?7 yrs]

Isotope NSM [10] Tiibingen [34,35] Jyviskyld [36] IBM [11] GCM [12] PHFB [13]
BCa 2.05 0.26
75Ge 1.91 0.29-0.77 0.53-0.86 0.51-0.70 0.71
2.82 0.42-1.13 0.78-1.27 0.75-1.04 1.05
828e 0.50 0.08-0.24 0.25-0.40 0.18-0.24 0.20
0.74 0.12-0.35 0.37-0.59 0.26-0.36 0.29 s
%Zr s 0.31-0.69 0.17-0.22 0.26 0.05 0.14-0.33
0.46-1.01 0.25-0.32 0.39 0.08 0.21-0.49
100Mo 0.06-0.21 0.14-0.22 0.12-0.16 0.08 0.04-0.10
0.09-0.32 0.21-0.33 0.18-0.23 0.12 0.05-0.14
110pq s s 0.51 s 0.08-0.24
s s 0.76 s 0.12-0.35
116¢cd 0.10-0.32 0.13-0.23 0.26 0.09 S
s 0.15-0.48 0.19-0.33 0.39 0.13
124Sn 0.54 s s s 0.16
0.79 0.24
130Te 0.33 0.08-0.23 0.13-0.19 0.14-0.20 0.09 0.09-0.26
0.48 0.11-0.33 0.19-0.28 0.21-0.30 0.13 0.13-0.38
136Xe 0.46 0.17-0.74 0.28-0.39 0.19 0.12 s
0.67 0.26-1.10 0.41-0.57 0.29 0.18 i
150Nd s 0.04 s 0.06-0.09 0.17 0.04-0.13
0.06 0.09-0.13 0.25 0.05-0.18
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3.5 X 10?® yrs. Hence, the experiment cannot be consid-
ered to be background dominated and thus Eq. (14) is not
applicable.

As another example, consider a large-scale experiment
like SNO+ using '3°Nd, enriched to 60%. With a total mass
of 760 kg of natural Nd, 10 years of running time and an
energy resolution of about 300 keV (the resolution depends
on the percentage of Nd-loading of the scintillator, here a
resolution of 3.5%/ JVE was assumed) it would require a
background of 6.1 X 10~* counts/keV/kg/yr to touch
the IH at 20 C.L. To exclude IH a background as small
as 2.7 X 1073 counts/keV/kg/yr (for small 6,,) or
1.9 X 107® counts/keV/kg/yr (for large 6,,) would be
required (note that due to the presence of the 2v(3[3
mode in conjunction with the energy resolution of only
300 keV this low background is very hard to reach and one
has to scale up the other parameters of the experiment to
fully cover the IH). Nevertheless, one can check that the
background levels we have estimated here still correspond
to a background dominated case.

V. CONCLUSIONS

The main focus of the present paper was put on testing
the inverted neutrino mass hierarchy with neutrinoless
double beta decay experiments. The maximal and (non-
zero) minimal values of the effective mass are natural
sensitivity goals for the experimental program.

We have stressed that the mixing parameter 6;,, the
solar neutrino mixing angle, introduces an uncertainty of
a factor of 2 on the minimal value of the effective mass.
This implies an uncertainty of a factor of 22 = 4 on the

PHYSICAL REVIEW D 83, 113010 (2011)

lifetime and 2* = 16 on the combination of isotope mass,
background level, energy resolution and measuring time.
Given the long-standing problem of nuclear matrix ele-
ment calculations we have taken a pragmatic point of
view: to quantify the necessary half-lives to test and/or
rule out the inverted hierarchy we have attempted to
collect as many theoretical calculations as possible, and
included their errors if available. The nuclear matrix
elements we have compiled have been put on equal foot-
ing in what regards convention issues. We have used our
compilation of NMEs to give the current limits on the
effective mass of different isotopes, and to give the limits
on the effective mass as a function of reached half-life.
The isotope '"°Mo tends to look interesting, in the sense
that with the same lifetime limit stronger constraints on
the effective mass than for the other isotopes can be
reached, an observation potentially interesting for upcom-
ing experiments without a final decision on which isotope
to use.

We finish by stressing once more that a precision deter-
mination of the solar neutrino mixing angle 6, is of crucial
importance to evaluate the physics potential of neutrinoless
double beta decay experiments. A better knowledge of this
parameter is desirable, and we hope to provide here addi-
tional motivation for further studies.
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