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Genetic variation is apportioned to components due to variation within and
betweert populations or samples (vears etc.) using the antilogarithm of
Shannen's entropy as index of gene diversity. Differences in allele frequencies
between samples are tested by a likelihood-ratio test. G-test. This test
requires pooling of samples instead .of proportions for calculation of average
diversirias. Without testing it is possible to partition diversity by pecling
proporiions, which gives equal weight to each sample. G-test aiso requires
that natural logarithins are used for calculation of Shannon's entropy.
Formulae of gene diversity are given for a two-dimensional measurement, say.
annuai and between-population variation. Diversity is particularly suitable
for the measurement of association in contingency tables, ‘but these assouia-
tione are tested as a by-product. Several loci can be analvzed simultaneously,
because likeithocd-ratios, degrees of freedoms. and gene diversities are

additive: they can be summed over many loci.

I. Introduction

Genetic variation in a population has been
often measured by the proportion of poly-
mce:phic loci and the average heterozygosity
per iocus. However, e classification of paly-
morphic iocus is based on an artificiai luuii
(say. the frequency of the commonest allele
equal or less than 0.93). On the other hand,
genetic variation can be measured unambi-
guously. Nei (1973, 1975) suggested average
homozygosity and heterozygosity as measures of
genetic variation within and - between popula-
tions. Kimura and Crow (1964) proposed the
effective number of alleles per locus, which is
the reciprocal of homotsygosity in a population.

Further, Lewontin {1972) used Shannon’s en-
tropy (i.e. diversity index) to apportion genetic
variation within and between populations.

We introduce a method modified and ex-
tended from the Lewontin's {1972) method.
We give also the connection beiween ihc
Lewontin's method and the likelihood-ratio
test. which uses chi-square distribution.

I1I. Shannon’s entropy as an index of
gene diversity

Lewontin (1972) partitioned Shannon’s entropy
without weighting samples (pooled proportions),
but stated that weighted averaging (pooled
samples) should decrease total and between-
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population diversity. Allan (1975) gave formulae
with weights and they are included in following
notation.

Shannon’s entropy is related to likelihood-
ratio tests used for contingency tables (i.e.
G-test, see Sokal and. Rohlf 1969). G-test
requires that natural logarithms are used for
the calculation of diversity and averages are
calculated weighting each sample by its relative
size (cf. Colwell 1974). This paper gives a
modified and extended partition of Shannon’s
entropy (cf. Lewontin 1972, Allan 1975, Ala-
talo & Alatalo 1977).

Suppose that there are s alleles at a locus,
which is investigated from r populations during
¢ years. Gene diversity for a sample from the
ith population in the jth year is

H, = — X Nowj N, 1)
k N;. Ny

where N, is the number of kth allele in jth
year in zth population, and N, is the number
of genes studied in jth year from :th population
(in diploid case two times the number of indi-
viduals). Gene diversity for the total sample
pooled over populations and years is

H =_-2NwpN & @)
v BN . N__
where N, is the number of kth alleles in the

pooled sample, and- & - is the number of
genes studied.

The average gene diversity within samples is
Hu=2ZZ0q,). ®)
N
The average gene dnersicy within populations
pooled over years is

H. = SN (H ), 4
i N
where N, is the number of genes studied

from the 7th population pooled over years, and
H, is diversity in notation (1), which is calcu-
lated within the ith population pooling years.
The average annual gene diversity pooling
populations is

A=2% ()
JN_.
where N, is the number of genes studied in
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‘tic G is distributed as chi-square,
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the jth year from pooled population and H , i
diversity in notation (1), which is calculatec
within the jth year pooling populations.

III. Likelihood-ratio test for genetic
variation

The likelihood-ratio test is based on the diver-
sities defined in the former section. Test statis-
if the null
and hence various associ-
a test statistic

hypothesis is true,
ations can be tested. However,
like chi-square is not a measure of association
(e.g. Poole 1974). On the other hand, test
procedure derived from diversity is not alwavs
most powerful statistically speaking (see
Margolin & Light 1974), but more elegant
methods either require more complex calcula-
tion or do not measure association (e.g. Bishop
et al. 1975). Diversity can be used particularly
for the measurement of association (see section
IV), and associations are tested as a by-
product.

Null hypothesis, that annual populations
have no genetic differences (i.e. no variability
between years and populations), is tested -by
statistic

Gas=2N_ (H  —H.) (6)
which under aull uYDOLhCalS is distributed as
chi-square with (7¢-1){s-1) degrees of freedom.

Genetic variation between populations is
tested by statistic

Ga=2N_ (H  —H,), (7)
which under null hypothesis is distributed as
chi-square with (r-1){s-1) degrees of freedom.
Similarly, genetic variation between years is
tested by statistic

o= 2N, (H  —Hy), ®)
which under null hypothesis is distributed as
chi-square with (c-1)(s-1) degrees of freedom.
Genetic variation between populations within
years is tested by statistic _

Ga/s=2N___(Hy ~H.s), 9
which under null hypothesis is distributed as
chi-square with (r-1)c(s-1) degrees of freedom.
Analogously, genetic variation between years
within populations is tested by statistic

Gs/a=2N__ (Hi—Hyg), (10)
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which under null hypothesis is distributed as
chi-square with r(c-1)(s-1) degrees of freedom.

Several loci can be tested simultanecusly by
combining each locus adding corresponding
test statistics and degrees of freedom. Degrees
of freedom must be lowered. if there are any
marginal zeroes - (Bishop et al. 1975) arising
from a missing allele in a population or a
missing sample from some population in a
vear.

IV. Estimation of components of gene
diversity

Standardized components are estimated by the
antilogarithm of Shannon's entropy exp (H)
(Alatalo & Alatalo 1977). However, the ant-
logarithmic transformation is made after
averaging and not first before averaging as
previously suggested. By this modification G-
test is reached as a by-product and components
calculated using alternative ways in mult-
dimensional contingency tables are standardized
more regularly (Alatalo & Alatalo MS).

The antilogarithm of Shannon's entropy
exp (H) indicates how many equally common
alleles are needed to produce the same diversity
H as is present in the sample (cf. effective
number of species, Peet 1974); hence its unit
is "the number of equally common alleles”.
The number of alleles is easier to interpret
than any information theoretical unit, say bit.
This i1s one reason to use the antilogarithmic
transformation (see Alatalo & Alatalo 1977).

Between-sample gene-diversity Vs measures
the extent to which samples (populations in
each year) differ genetically from each other
in the locus:

exp(H )—exp (His)
exp(H )—1

The complement to this is within-sample gene-
diversity Las, which measures to what extent
the genetic variation was -expressed within
samples relative to the total genetic variation
observed in the locus: _

exp (HAH) —1 )
exp(H )—1

Vag = (11)

Lig=1—Vis= (12)
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Between-population gene-diversity §; esti-
mates the degree of genetic differentiation in
the locus between populations relative to the
total variation:

expiH”)-exp(ﬁ,,)‘
exp(H )—1
Exclusive-between-population - gene-diversity
Va/s measures the average extent to which
populations have differentiated within each
year:

[/,4:

(13)

exp(Hg) — exp(Hip)
exp(H )—1
Between-vear gene-diversity ¥, standardized
to the total variation is

Vi/g = (14)

exp(H )—exp(Hy)

exp(H )—1
Exclusive-between-vear - gene-diversity Va/a is
a measure of annual genetic variation within
populations on average:

Vs = (15)

exp(Ha)— exp(Has) A

Va/a = (16)
exp(H. )—1 )

Interaction component of gene diversity Ra.s

measures the extent to which genetic differ-

ences between samples arise from a different
variation between populations in each year:

(17)

Ris =

exp('ﬁ_w)—exp(I:L) ﬁexp[ﬁa) +exp(H )
exp(H, )—1

Ra.p gives positive values, if years and popula-
tions indicate the same genetic differentiation
between samples. A negative value arises from
the annuai variation in geieciic differentation
between populations.

Components of diversity are given relative to
the total diversity or standardized; hence
components make an additive partition:

Va/g + Vaia + Rawg + Lag = Va4 + Vg —
Raw + Lag=Va+ Ve/a - Lag=1 (18)
The last partition is hierarchical, like those
presented by Lewontin (1972) and Allan
(1975). Consequently, the partition of diversity
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in this paper is an extension of Lewontin’s and
Allan’s method to multidimensional tables and
at the same time a modification (owing to the
antilogarithmic transformation). Further, we
connect the partition of diversity with testing
of components, and hence we call this method
analysis of diversity (analogous with the
analysis of variance).

V. Components of gene diversity in Aph-3
locus of Drasophila subobscura

Partition of gene diversity is demonstrated by

Saura's et al (1973) data on Aph-3 locus of
Drosophila subobscura providing variation of
allele frequencies both between-populations and
annually. This two-dimensional measurement
(population x vear) is an example of multi-
variate analysis of diversity. Allele frequencies
in each sample are given in Table 1.

In Kolmpera gene diversity of Aph-3 locus
is higher than in Helsinki and Tvdrminne
(Table 2). In 1969 gene diversity is higher than
values observed in other years (Table 3) and
then gene diversity is particularly high in the
sample from Kolmperd (Table 1).

Table 1. Allele frequencies and gene diversities in .4ph-3 locus of D. subobscura (Saura

et al. 1973).
Population Sample  Alleles Gene diversity
Year size 90 97 100 107 111 H exp (H)
Helsink:
1970 338 - — - 0.52 0.48 — 0.6923  1.9983
1971 18 — — 0.50 0.44 0.06 0.8676  2.3811
1972 24 — — 0.54 0.42 0.04 0.8293  2.2917
Kolmperi
1969 20 0.40 — 0.55 — 0.05 0.8451  2.3282
~ 1970 62 T 0.71 = 0.29 — 0.6024 1.8266
1971 56 — 0.02 0.48 0.50 - 0.7702 2.1602
1972 24 — — 0.46 0.54 - 0.6897  1.9931
Tvirminne
1969 26 - - 0.65 0.35 — 0.6450  1.9061
1970 26 — - 0.42 .58 - 0.6813 1.9764
1971 38 — — 0.37 0.63 — 0.6581 1.9311
1972 48 — — 0.46 0.52 0.02 0.7780  2.1771

Table 2. Allele frequencies in Aph-3 locus for each population pooling vear.

Population Sample - Alleles Gene diversity
size 90 97 100 197 111 H exp(H)
Helsinki 380 —_ - 0.52 0.47 0.01 0.7212  2.0570
Kolmperi 162 0.05 0.01 0.57 0.36 0.01 0.8978 ~ 2.4543
Tvirminne 138 — — 0.46 0.53 0.01 0.7289  2.07z8

Table 3. Allele frequencies in Aph-3 locus for each year pooling populations.

Year Sample Alleles Gene diversity
size 90 97 100 107 111 H exp(H)
1969 46 0.17 — 0.61 020 0.02 1.0088 2.7423
1970 426 — — 0.54 0.46 — 0.6896  1.9929
1971 112 - 0.01 0.45 0.53 0.01 0.7787 . 2.1786
1972 96 -~ — 0.48 0.50 0.02 0.7797  2.1809
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Table 4. Analysis of diversity for allele frequencies in Aph-3 locus of D.

subobscura.

Component of

exp(H)

Likelihood-ratio test

. . % - Ry
gene diversity G df Probability
Total 2.2009 — — — —
Within-population 2.1486 95.6 - — —
Within-year 2.093%0 91.0 — — —
Within-sample 2.0265 85.5 — — -
Between-population 0.0523 4.4 $32.78 8 Bx10-*
Between-year 0.1079 9.0 68.41 12 6x10-12
Between-sample 0.1744 14.5 112.34 40 9x10-9
Population. Year 0.0665 5.5 43.93 15 0.0001
Year/Population 0.1221 10.2 79.56 22 2x10-8
Population x year —0.0142 —1.2 — — —

Analysis of diversity (Table 4) reveals that
145 % of gene diversity can be ascribed to
samples collected in different years from Hel-
sinki, Kolmperd and Tvirminne. This bet-
ween-sample component arises from a statisti-
cally significant variation of allele frequencies
between samples (p=9x10-%). 9.0 % of this
variation is contributed by annual variation,
which is also highly significant (p=6x10-1°).
Between-population variation is lower (4.4 %),
although it is still significant (p=5x10-°).
The average variation of allele frequencies
annually in each population (10.2 %) is higher
than the annual variation for pooled popula-

Table 5. Annual variation of allele frequencies in
Aph-3 locus of D. subobscura for each population.

Likelihood-ratio test

: exp(H)
Population % df Probability
Helsinki 2.3 9.04 4 0.06
Kolmperi 29.8 63.02 12 6x10-9
Tvirminne 5.2 7.51 6 0.28
Year/Population 10.2 79.56 22 .2x10-8

Table 6. Beiween-population variation of allele fre-
quencies in 4ph-3 locus of D. subobscura for each
year.

Likelihood-ratio test

exp(H)
Year % G df Probability
1969 38.1 25.47 3 0.00001
1970 2.2 9.46 2 0.009
1971 5.6 6.92 6 0.33
1972 2.0 209 4 0.72
Population/Year 5.5 43.93 15 0.0001

tions (9.0 %). This difference gives a negative
interaction component (—1.2 %).

The annual variation of allele frequencies is
highest in Kolmpera (Table 5). In Tvirminne
annual variation is higher than in Helsinki,
although these between-year components are
not statistically significant. The between-popu-
lation variation of allele frequencies was excep-
tionally high in 1969. There is one sample
with exceptional allele frequencies in 1969
from Kolmperd (Table 1). In 1971 and 1972
allele frequencies had no statistically significant
differences between populations (Table 6).

V1. Discussion

Siatisticians have not reached a generally
accepted standard method for the measurement
of association ‘in a multidimensional contin-
gency table. Different methods are needed for
each type of measurement problem (Bishop
et al. 1975). For example, chi-square test can
be used to determine whether a certain asso-
ciation is probable or not, but the test never
measures the intensity of -association (Poole
1974). Consequently, analyses for discrete dara
are divided into two groups: they measure
associations or they test them (see Bishop
et al. 1975).

Mitton (1977) suggested the simultaneous
use of many loci to estimate the degree of
differentiation between populations. However,
this may sometimes be unpractical, if several
polymorphic loci are studied and many multi-
locus genotypes are observed only once. Then
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it is more practical to analyze each locus sepa-
rately; hence likelihood-ratios, degrees of free-
dom and gene diversities are additive.. The
sums of these can be used for testing and esti-
mation the variation of all gene loci of a
species.

Averaging of gene diversities is presented
using weight for each sample. On the contrary,
if samples are considered equivalent, weights
are omitted. In this case total and between-
population diversities are usually higher than
corresponding values with weights (Lewontin
1972). Weighting is essential for the likelihood-
ratio ‘test, because it requires pooling of the
number of alleles instead of allele frequencies.
The estimation of components gives more
unambiguous results, if samples are relative to
population size, and weighting does not arise
from an arbitrary sample size.

To measure differentiation between popula-
tions for their gene pools the loci studied
should be a random sample of all loci (Nei
1975). In this case monomorphic loci are also
present and they have no between-population
variation; hence within-population component
is 100 % for a monomorphic locus (Jirvinen

et al. 1976). Monomorphic loci are not useful.

for the partition of genetic variation, but if
the number of substitutions per locus is to be
estimated they should be included (Mitton
1877). On the other hand, partition of varia-
tion to within-population and between-popu-
lation components is not the best approach, if
only the differences in allele frequencies bet-
ween populations are studied. For example,
between-population component can be equal
to within-population component, although po-
pulations have no alleles in common (Mitton
1977). In this case the genetic difference bet-
ween populations is maximal, but between-
population variation is only half of its maxi-
mum.

In general, diversity indices are more or less
dependent on sample size (e.g. Caswell 1976).
There are corrected formulae for Shannon’s
entropy, which increase diversity for small
samples and usually lower between-sample di-
versity (see Jirvinen & Sammalisto 1976, At-
kinson & Schorrocks 1977). If the estimation
of components is preferred, a corrected for-

mula can be used, although it makes the likeli-
hood-ratio test conservative. Further, this test
is approximate in any case for small samples
(Margolin & Light 1974). For large samples
the corrected formula does not affect results
markedly.

Assumptions required for a likelihood-ratio
test are usually met with in a measurement of
genetic variation. The most likely bias is de-
pendence between successive samples, which in
many case is overlook in a testing of biological
data (Eberhardt 1976). Components of diver-
sity require no assumptions about the popu-
lation structure (Jarvinen ef al. 1976). How-
ever, the use of diversity is generally based on
the assumption that random samples are used
(Eberhardt 1976).

The study of genetic variation needs more
sophisticated  statistical methods, although
progress in collection of samples and identifi-
cation of alleles is a key problem when better
results are desired. Statistical methods for the
analysis of multidimensional contingency tables
are under continuous development. The need
to study partition of diversity and alternative
methods seems to be urgent.
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